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Abstract

Population phylogenomics uses sampled genomes to jointly infer population genetic
processes (ancestral and contemporary population sizes, historical gene flow) and a phylo-
genetic tree relating species or populations including species split times. This challenging
problem has been tackled most successfully in the Bayesian framework under the multi-
species coalescent (MSC) model via Markov chain Monte Carlo (MCMC) computational
algorithms. However, MCMC methods suffer from two serious problems: (i) mixing dif-
ficulties due to the high-dimensional state space with complex constraints, and (ii) the
intrinsically serial nature of MCMC algorithms that defies parallelisation. To deal with both
issues, we develop a new method, called Virtual Dimension Reduction allowing Paralleli-
sation (VDRoP), that achieves the same MCMC mixing efficiency as dimension reduction
through analytical integration of parameters, but without sacrificing parallel computation
and without the restriction to conjugate priors. We implement the new method in the
Bayesian program Bpp and apply it to genomic datasets from Adansonia baobab trees,
Anopheles mosquitoes, and Heliconius butterflies. The new algorithms reduce the run-time
of MCMC analyses by 3 to 8 fold and improve the mixing efficiency by up to 50 fold for
representative empirical datasets.
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Introduction

In population phylogenomics, genomic sam-
ples are analysed to infer phylogenetic
relationships among species or populations
accounting for local population genetic pro-
cesses (such as genetic drift and selection)
and potential gene flow. This is a challeng-
ing problem of fundamental importance in
understanding the evolution of all organisms.
Methods for inferring key parameters such
as population split times, rates of migra-
tion, and effective population sizes under
the multispecies coalescent [1, 2] rely heav-
ily on Bayesian Markov chain Monte Carlo
(MCMC) algorithms [3, 4]. Those algorithms
generate a Markov chain of samples from the
posterior distribution of parameters, combin-
ing information from the genomic sequence
data and prior distributions.

Two significant challenges have slowed
progress in scaling population phylogenomic
methods to handle large genomes and com-
plex patterns of gene flow between popu-
lations [5-7]. First, MCMC algorithms are
difficult to parallelise; because each MCMC
step can start only after the previous step
finishes, the algorithm is intrinsically serial.
Second, the massive size of genomic datasets
and large number of highly correlated param-
eters makes it difficult to achieve good
mixing in MCMC algorithms; poor mixing
occurs when sampled parameter values in the
Markov chain are highly correlated reducing
the effective number of samples from the pos-
terior distribution. Under the MSC model,
gene trees (at potentially thousands of loci)
are unobserved latent variables and are part
of the state space for the Markov chain. They
constitute a large highly complex space with
both discrete structures (the gene tree topol-
ogy) and continuous variables (the branch

lengths or coalescent times), and place strin-
gent constraints on the species tree and MSC
model parameters.

The first challenge, parallelisation, can
be addressed by exploiting conditional inde-
pendence. In a Bayesian hierarchical model,
conditional independence allows a subset of
variables in the state space of the Markov
chain to be updated in parallel when other
variables are fixed. Most high-dimensional
MCMC algorithms use multiple proposal
steps, each updating a subset of parameters,
while collectively the steps ensure that every
dimension of the state space is updated in
each MCMC iteration. While the MCMC
iterations are sequential, proposals updating
subsets of parameters within each MCMC
iteration can be applied in parallel by relying
on conditional independence.

In algorithms under the MSC model, gene
trees at different loci are independent given
the species tree and parameters and can thus
be updated in parallel. Parallelising MCMC
updates of gene trees is particularly impor-
tant because these are computationally the
most expensive proposals in the algorithm.
Indeed under the MSC model (with and with-
out gene flow), sequence data at different loci
are independently and identically distributed
(i.i.d.), so that the number of loci is the sample
size in the inference problem [1, 2]. Among
many factors that affect the information con-
tent in the data (such as the number of loci,
the number of sequences sampled per species,
the sequence length, and the mutation rate),
the number of loci is often the most impor-
tant [e.g., 8—10]. For example, to estimate the
rates of gene flow reliably, thousands of loci
are often needed and itis important to develop
algorithms that can accommodate many loci
even if for a relatively small phylogeny.



The second challenge, poor mixing in
high dimensions, can be addressed by ana-
lytically integrating some parameters out of
the model, reducing the dimension of the
parameter space. Analytical integration of
population size parameters and migration
rates have been used to reduce dimensionality
and improve mixing in population phyloge-
nomic models [5, 11, 12]. However, this
approach has two serious limitations. First, it
is tractable only under conjugate priors, but
conjugate priors may not be the most appro-
priate and may cause inference problems as
well as MCMC mixing problems. Second,
integrating out parameters using conjugate
priors often destroys conditional indepen-
dence. For example, gene trees for different
loci are independent given the parameters on
the species tree, but they are not independent
when those shared parameters are integrated
out.

In this paper we propose a solution to
the integration versus parallelisation trade-
off that allows their simultaneous use in an
MCMC analysis of a hierarchical Bayesian
model reaping the benefits of both. The
method, which we refer to as Virtual
Dimension Reduction allowing Parallelisa-
tion (VDRoP), proposes certain parameters
from their conditional distribution (achiev-
ing the same mixing efficiency as analytical
integration) but allows the updates of gene
trees to be executed in parallel. Here, effi-
ciency is measured by the variance of an
estimate from an MCMC sample relative to
the variance based on an independent sample.
We solve the second problem of the integra-
tion approach, the need to use a conjugate
prior, by using approximations to the condi-
tional distribution for non-conjugate priors.
We show that the approximation improves
with increasing data size. Thus, the VDRoP
algorithm removes the limitations of both the
integration and parallelisation strategies for
improving MCMC efficiency.

We describe MCMC  algorithms
under the MSC models emphasizing the
conditional-independence structure of the
hierarchical model. We implement new
algorithms that leverage the conditional
independence and exploit the use of (approxi-
mate) conditional distributions of parameters
to design MCMC moves that achieve the
same efficiency as analytical integration.
We develop new methods to generate pos-
terior summaries for parameters which are
integrated out in the MCMC algorithm or
whose conditionals are tractable or can be
approximated. A simple example involving
a bivariate Gaussian target is presented
to illustrate the new algorithms. We then
analyse three genomic datasets to assess
the performance of the new algorithms in
real-world applications.

Results

The multispecies coalescent model has been
extended to account for gene flow between
species [2]. Gene flow is modelled as either
a discrete introgression/hybridization event
which occurred at a time point in the past
in the MSC-introgression (MSC-I) model
[13-15] or as a continuous migration pro-
cess in the MSC-migration (MSC-M) model
[5, 7, 16]. Both models are implemented
in Bpp [7, 15], and have been applied to
data of more than 10,000 loci (albeit for a
small number of species), providing a pow-
erful framework for testing gene flow and
estimating its rate from genomic data [e.g.,
18-20]. Previous studies have demonstrated
the correctness and efficiency of our imple-
mentations [7, 15]. Our focus here is on
improvement of computational and mixing
efficiency of MCMC algorithms. Theories
and algorithms developed in this study are
implemented in Bpp under the MSC, MSC-I
(fig. 1a) and MSC-M (fig. 1b) models [21],
detailed in Supplementary Note 1. Here we



briefly describe our implementation of the
MSC-M model, while noting the differences
from the simpler MSC and MSC-I models.

The gene-tree density under the
MSC-M model

We consider an MSC-M model for two
species (fig. 1b) to introduce the parameters
in the model and the calculation of the den-
sity for gene trees. The probability density
of the gene tree at each locus under MSC-
M is given by the backwards-in-time process
of coalescent and migration [22-25] and has
been described previously [e.g., 5, 12]. Here
we follow eqgs. 2&3 in ref. [7].

There are three types of parameters
in the MSC-M model: species/population
split times (1), population sizes (),
and the mutation-scaled migration rates
(@) (fig. 1b). For example, the MSC-
M model for two species of figure 1b
involves six parameters, ® = (1,60,@) =
(1,04,0B,04B, WaAB, @BA). In analysis of
sequence data, we measure time by mutations
so that one time unit is the expected time to
accumulate one mutation per site. Then both
7 and 6 are measured in the expected number
of mutations per site. The mutation-scaled
migration rate is then wap = map/u, where
u is the mutation rate per site per generation,
and m 4 p is the expected proportion of immi-
grants in the recipient population B from the
donor population A in each generation. We
use the real-world view with time running
forward to define parameters (m, @).

Let the multi-locus sequence data be
X = (X)), where X) denotes the sequence
alignment at locus i. Let G = (G?)) be the
gene trees, where G¥) includes the rooted
tree, the coalescent times, and the migration
history at the locus (including the number,
directions and timings of migration events).
Given the species tree and parameters, the
gene trees are assumed to be independent,
while different sites in the sequence at the

same locus are assumed to share the same
genealogy. These assumptions hold if there
is free recombination between loci and no
recombination within a locus. Simulation
suggests that inference under the MSC such
as estimation of the rate of gene flow is robust
to moderate levels of within-locus recom-
bination, with rates at about ten times the
human rate [10, 26, 27].

The MCMC algorithm samples from the
joint conditional distribution of the parame-
ters and the gene trees.

p(0,G[X) « p(©)p(G|O)p(X|G), (1)

where p(®) is the prior, p(G|®) is the
probability density of the gene trees given
the parameters in the MSC-M model, and
p(X|G) is the probability of the sequence
data given the gene trees or the phylogenetic
likelihood [28]. The hierarchical model is
illustrated in figure 2.

When we trace the history of the sample
backwards in time in any population j atlocus
i, two kinds of events may occur as competing
Poisson processes. Coalescence between any
pair of sequences occurs at the rate of ﬁ,
where h; is the heredity (ploidy) scalar for
locus i (e.g., 1 for a diploid autosomal locus,
% for an X locus, and i for a Y or mitochon-
drial locus). Migration for each sequence in
population j from population s occurs at the
rate of @, (here an s — j migration means
that a sequence in population j is traced back
to population s).

The gene-tree density, p(G|®), is a prod-
uct over populations and over loci. For each
population j and locus i we break the time
period into K;; time segments (defined by
species divergence, coalescent and migra-
tion events) during which the coalescent and
migration rates are constant (fig. 1b). Seg-
ment k (k = 1,---,K;;) has time duration
tijx and n;;; lineages ancestral to the sam-
ple. Let ;i be an indicator which takes the



value 1 if migration from s to j is possible
during time segment & (that is, if both species
s and j exist during time segment k and are
permitted to exchange migrants in the model)
and 0 otherwise. Let c;; be the number of
coalescent events in population j at locus i
and wy;; be the number of migration events
from population s to population j at locus i.
The contribution to the gene tree density from
population j and locus i is equal to the prod-
uct of the Poisson rates for events that have
occurred and the probability of no events dur-
ing the time duration of the population, given
by the variable-rate Poisson process [see, e.g.
29, p.322].

K;j

k=1
K;
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where Cj; = ZK” ("”k)t, jk is the total coa-
lescent waiting time in population j at locus
i, summed over time segments and lineage
pairs, Wy; = ; Zf;’l Ly jknijktijk is the total
migration waiting time for s — j migration
in population j, summed over time segments,
lineages and loci, and wy; = 3; wy;; is the
total number of s — j migration events over
all loci.

In ref. [7] we used the population migra-
tion rate, Map = mapNp = wapNpu =
wapbp/4, which is the expected number of
A — B migrants per generation. Here we
reparametrize the model using the mutation-
scaled migration rate (@) as this leads to sim-
pler algorithms. The change of parametriza-
tion from M to @ means a change to the prior
on migration rates while the likelihood model
stays the same. Also there is an error in eq. 2

of ref. [7]: the mutation-scaled migration rate

from species s to j should b

4M
7, }j L The error affects analyses in which loci

w1th different heredity scalars are included in
the dataset (e.g., a mixture of autosomal and
X-linked loci), and has no effect when all loci
have the same heredity scalar (for example
when all loci are autosomal).

Let G; be the part of the gene trees in
species j over all loci, with G = (G;). We
rewrite the gene-tree density of eq. 2 as

p@Gle)y =] [r(G @) =] [ p\p!",
J J
3)

2 whe

P(G|®):UU[(#)- exp{ Z(”uk)ajhitijk}j

o= Ll el 3]

1_[ @ exp{-W;;my;}.
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This is the same factorisation as in equation
2 of ref. [12] [see also 11]. The contribution
to the gene-tree density from each population
Jj consists of two components. The coales-
cent component, p( ©) , is the coalescent rates
multiplied by the probability of no coalescent
events over the total time period in the popu-
lation when coalescence was possible, while
the migration component, p(.m) , is the migra-
tion rates multiplied by the probability of no
migration events over the total time period
available for migration in the population.

Inverse-gamma priors on 6 are
conjugate

The gene-tree density (eq. 3) has the form
of an inverse-gamma density for any 6; for
population j. We can use inverse-gamma pri-
ors to integrate out 6s to reduce the space
of the Markov chain [6, 12, 21, 30]. Previ-
ously Hey and Nielsen [11] integrated out 6s
by using uniform priors with user-specified



upper bounds; see ref. [10] for a discussion
of issues arising from the use of uniform pri-
ors in the IMA3 program [5]. Note that from
the inverse-gamma density,

g0la.B) = sy e, 5)

we have

yele ay=5g (6
0

Let 8; ~ IG(ac, B.). If we integrate out

6, from the gene-tree density, the coalescent-
component of the gene tree density becomes

Py = / §(0)lac. po)p}” a6

2 \¢ji e I'(ac +cj)
) [D(h_i) ] T(ao) (B +c;>af'+‘ff’

@)

where

cj= chi,
i
o 2C.
Cj= 2 mCor
i

In other words, when all population size
parameters are integrated out, the gene-tree
flensity becomes p(G|r, @) =]; ﬁ;c)pﬁ.m)
instead of eq. 3.

However, when population size parame-

ters are integrated out, gene trees at different

®)

loci are not independent, and 155.6) for popu-
lation j is not a product over loci (7). Thus
MCMC steps updating gene-tree node ages
or gene-tree topologies (via subtree pruning
regrafting or SPR) [1] cannot be parallelised.
Instead we use the conditional distributions
of s to propose new values (i.e., the Gibbs
sampler) and modify MCMC steps to make
use of the knowledge of the conditional.
Given the species tree (S) and the gene trees
(G), the conditional distribution of 6; is

inverse-gamma IG(a/;.C)*, ﬂ;c)*), with

o\ =acte;, B =B+Cl ()

The Gibbs sampler can thus be used to
update ;. The algorithm works also under
models which assume that several popula-
tions share the same 6; one simply counts
the coalescent events (c;) and calculates the
total coalescent waiting time (C}‘.’) by sum-
ming over all populations that share the same
0.

Gamma priors for 6 are not
conjugate but approximate
conditionals can be used to achieve
similar performance to integration

The inverse-gamma prior (on 6s) is a heavy-
tailed distribution, which sometimes makes
unreasonably large 6 values appear during
the MCMC. Heterozygosity of 6 > 10%
is rare in extant species of plants and ani-
mals and is expected to be rare in extinct
ancestral species as well. Thus the inverse-
gamma prior may be a poor prior and may
adversely impact inference under the model
or cause MCMC mixing problems. The light-
tailed gamma distribution appears to be a
better choice. However, the gamma prior is
not conjugate, and the conditional distribu-
tion p(6;|X,,G) is intractable, so that the
Gibbs sampler is impossible.

We have developed gamma and inverse-
gamma approximations to the conditional
and implemented Metropolised Gibbs algo-
rithms to update 6s in Bpp. We describe the
approach in Supplementary Note 2 in the con-
text of Bayesian inference under a Poisson
process in which a gamma prior is assigned
to the expected waiting time for the event.
We evaluated the approximation under dif-
ferent scenarios (e.g., with the prior being
consistent or conflicting with the data) and
found that the approximation is good even



with only 2 or 10 events (fig. S1). Both the
gamma and inverse-gamma approximations
converge to the correct conditional when the
amount of data (i.e., the total number of coa-
lescent events over all loci in that population)
approaches infinity, so that the approximation
is more accurate in larger datasets with more
loci and more sequences.

We also note an interesting difference
between the gamma and inverse-gamma
approximations when the Markov chain is far
out in the tail (fig. S2). In such a case, the
light tail of the gamma may lead to rejection
of the proposal, causing convergence issues
(fig. S2), and the inverse-gamma should be
preferable. The situation is similar to rejec-
tion sampling or importance sampling, in
which the sampling density should have a
heavier tail than the target [e.g., 31, p.60-63,
p-122-3]. When the chain has reached sta-
tionarity, both the gamma and inverse-gamma
approximations are effective.

Gamma priors on migration rates
(@, j) are conjugate

The gene-tree density of eq. 3 has the form of
the gamma density for any migration rate @,
from population s to population j [11, 12].
Note that from the gamma density

g0la,B) = oy e,y >0, (10)

we have
e dy =52
0

Let @s; ~ G(@m, Bm). If we integrate out
w,; from the gene-tree density (eq. 3), the
migration component of the gene tree density

in eq. 3 becomes

Ijj'm) :‘/g(wsjlamugm)p;m) dwsj

_ l_[[ Bu" (am +ws))

s C(am) (Bm+ WYj)Om+WSj '
(12)
In other words, when all migration rates are
integrated out, the gene-tree density becomes

p(Glt,0) =11; pj.c)ﬁ;m) instead of eq. 3.
Furthermore, if we assign the gamma
prior @s; ~ G(am,Bnm), the condi-
tional distribution of @y; will be gamma

G, B, with

oM

— (m)* _
sj —a'm+wsj, ﬁsj —ﬂm+ij~

(13)
Thus one can sample @, ; from its conditional
distribution, given the species split times (7s)
and the gene trees.

Integrating out both § and @

Under inverse-gamma priors on population
sizes, 8 ~ IG(a., B.), and gamma priors on
migration rates, @ ~ G(@,,, Bm), We see from
eq. 2 that @ and @ are conditionally inde-
pendent given the coalescent and migration
histories in the gene trees. We can integrate
out both @ and € from eq. 3, to give the
gene-tree density

p@Glo) =[5\, (4
J

with ﬁﬁ.c) and ﬁj.m) given in eqs. 7 & 12.

To allow parallelisation, we keep 6 and @
in the MCMC and instead sample from their
conditional distributions given the species
split times 7 and the gene trees, 6; ~
IG(a;‘.,B;‘.) and wy; ~ G(a:j,ﬁf,j). In the case
of gamma priors on 6s, either approximate
gamma or inverse-gamma conditionals are
used instead.



Improved MCMUC algorithms

While our theory above concerning the treat-
ment of the population size parameters (6s)
is developed under the MSC-M model, it
applies to all MSC models including the sim-
ple MSC model with no gene flow and the
discrete MSC-I model [15]. We note that in
the MSC-I model the beta distribution is a
conjugate prior for the introgression proba-
bility (¢), and ¢ can be treated similarly to
the migration rate @ in the MSC-M model.
Modifications to the MCMC steps in BPP
[1,7,15,32] are described in Supplementary
Note 1 (fig. 3). Here we provide an overview.
Step 1 updates coalescent times and
migration times on gene trees. If there are L
loci, with n sequences per locus, there will
be L - (n — 1) coalescent times, while the
number of migration times on gene trees is
arbitrary depending on the migration rates.
Step 2 applies gene-tree SPR or simulation
to update gene tree topologies (and coales-
cent and migration times), looping over loci
and for each locus over branches on the gene
tree. With thousands of loci and dozens of
sequences per locus, the gene trees consti-
tute a complex space of huge dimensions. A
major effort has been to parallelise those two
steps which update gene trees at all loci.
Step 4 updates species split times (7s)
using the rubber-band proposal under the
MSC, MSC-I, and MSC-M models, with
coordinated deterministic changes to coales-
cent times and migration times on gene trees
[1, 7]. Step 5 is a scaling or mixing move
that multiplies all species split times on the
species tree (7) and coalescent and migration
times on all gene trees by the same scale fac-
tor. In both steps, we sample 6, ¢ (in MSC-I)
and @ (in MSC-M) from their (approxi-
mate) conditionals given the newly proposed
species split times and the gene trees.
Other steps are used to update 6 and @
under MSC-M or 6 and ¢ under MSC-I.

Simple example for a bivariate
Gaussian target to illustrate the
algorithms

In this section, we define the mixing effi-
ciency (E) for an MCMC algorithm and use
a simple problem involving a bivariate Gaus-
sian target to illustrate the new algorithms
implemented in BpP and tested in the Results
section using three empirical datasets (table
S1).

Let (¢1,¢2, -+ ,dn) be a sample for
any parameter ¢ from the MCMC, and we
estimate the expectation of any function of
the parameter, h(¢), by the sample mean
h= % > h(¢;). The mixing efficiency of the
MCMC is then defined as the variance ratio

V(h) 1
= lim — = ,
NowV(h) 1+2(p1+p2+--+)
15)
where 7 is the estimate based on the MCMC
sample and / is the estimate based on an inde-
pendent sample of the same size, and where
pr = corr(h(p;), h(pisr)) is the lag-k auto-
correlation [e.g., 33-35]. Thus efficiency is
measured by the ratio of the variance for an
estimator based on an independent sample
to the variance based on the MCMC sam-
ple of the same size. The effective sample
size (ESS) is given as N - E. We also use the
lag-1 autocorrelation p, which is simpler to
compute.

Besides the mixing efficiency E (eq. 15),
the computational cost for each MCMC
iteration may differ among algorithms. How-
ever unless stated otherwise explicitly, the
algorithms tested in this study have sim-
ilar running time per iteration. Also the
mixing efficiency may differ widely for dif-
ferent parameters in the model, and as a rule
of thumb, the MCMC should be run long
enough so that ESS exceeds 100 or 200 for
every parameter. All runs in this study exceed
this expectation.




Consider MCMC algorithms sampling
from a two-dimensional target,
n(x,y) =w(x)m(ylx), (16)
to estimate uy; that is, the function A(uy) =
Uy in eq. 15. We use the bivariate Gaussian
(N;) target so that m(x) = ¢(x), n(ylx) =
¢(y:px,1 - p?),and

rx.y) = 1@l = aa([31: (8] [221]).

a7
where ¢(x;u,0?) is the probability den-
sity function (PDF) for N(u,c?), with
#(x;0,1) = ¢(x), and where ¢y (x; u, X) is
the k-variate Gaussian density with the mean
vector g and variance-covariance matrix X.
Note that for the algorithms discussed here,
mixing efficiency and acceptance rate depend
on the correlation p but not the means or
variances of the N, target (fig. 4).

In algorithm A1, we integrate out y, and
sample from the marginal distribution 7 (x) =
¢(x) using a Gaussian sliding-window pro-
posal, with g(x’|x) = ¢(x’;x,s2). It is
well-known that the optimal step length is
s = 2.5, at which efficiency (for estimating
the target mean u,) is £ = 0.228 (with the
acceptance rate 43%) [35, 36].

In algorithm A2, we generate x’ from
the sliding window, ¢(x’|x) = ¢(x’;x,2.5?)
as in Al, and also sample y’ from its con-
ditional, with g(y’|x’,x) = =(y’|x"), with
the (x,y) — (x’,y’) proposal accepted with
probability

— minlp 46D (lx,x) ﬂ(X',y’)}

¢ m“’{ g gD )
(18)

[ aGl) A

=mnl1 SR

Efficiency E (for estimating u,) and the
acceptance rate are then independent of p
(fig. 4, Al or A2), and indeed algorithms A1

and A2 are equivalent as far as sampling of x
is concerned.

Algorithms Al and A2 here are analo-
gous to algorithms Al and A2 of table S1
implemented in BPP; the variable x represents
7s and gene trees in the MSC models while y
represents 6, @ or ¢. As the inverse-gamma
priors are conjugate for 8s, we can integrate 6
out (in A1) or sample them while updating the
species split times and gene trees (in A2), and
both algorithms have equivalent efficiency.

When the conditional n(y|x) is
intractable, we may use a proposal den-
sity that is close to the conditional,
qg(y'lx’,x) = q(y'lx’) =~ m(y'lx’). Then
eq. 18 holds but eq. 19 does not. This mim-
ics algorithms A4 and AS under MSC-I,
and B4 and B5 under MSC-M (table S1),
in which the gamma priors on fs are not
conjugate, and the conditionals for 8 are
approximated using the gamma (A4 and B4)
or inverse-gamma (AS and BS) distributions.
If the approximation is good, the algorithm
may achieve nearly the same efficiency and
acceptance rate as if the exact conditionals
were used.

In algorithm 3, we use two 1-D Gaussian
sliding-window proposals, updating x and y
separately. With the step lengths adjusted to
have the acceptance rate of 40%, the effi-
ciency (for estimating u,) decreases with the
increase of correlation, dropping to 0.024 at
p =0.9and 0.012 at p = 0.95 (fig. 4). This
mimics algorithms A3, A6 and B6 of table
S1, algorithms in earlier versions of BPP.

More efficient estimation of
posterior means for parameters by
use of conditionals

Population sizes (fs), introgression proba-
bilities (¢), and migration rates (@) are of
biological interest, so it is useful to gener-
ate their posterior distributions, in particular,
posterior means and highest probability den-
sity (HPD) credibility intervals (CIs), even



when they are integrated out in the MCMC to
improve efficiency. Furthermore even if those
parameters are sampled during the MCMC
(as in the algorithms of this paper), their con-
ditionals contain more information than the
sample values and can be used to produce
more precise posterior summaries than the
MCMC sample.

Suppose we have an MCMC algorithm
operating on X with the variable Y integrated
out. Let (xy,x2,---,xn) be a sample from
this algorithm. Given each x;,i = 1,--- , N,
the conditional distribution of Y is available.
Thus one can sample from the conditional
distribution y; ~ p(Y|x;) and use the sample
mean j = ﬁ 2. yi to estimate u,. However,
we can also calculate the conditional means,
u; = E(Y|x;), and use the sample mean
= ﬁ Zf.\:,l u; to estimate u,, with a reduced
variance relative to j. The efficiency of i rel-
ative to y (or the ratio of the variances for
estimating uy) is

; 1
fim ) _

E; s =
TN V(@) 1 (1-1)E

> 1,

(20)
where Ej is the efficiency of j relative to an
independent sample, and where

0_2

c=—=>1 1)
O-M

is the variance ratio with o3 = E(Y — py)?
and o2 = f(u(X) —,uy)zp(x) dx. The theory
is developed in Supplementary Note 3. Note
that here we are treating u as the expectation
of a deterministic function of X: u, = Ex(u)
where u = u(X) = E(Y|X) is a function of X.

In the statistics literature, the conditional
expectation is commonly used to improve
an estimator, a technique known as Rao-
Blackwellisation [37]. For an estimate based
on an independent sample the conditional
expectation always leads to reduced variance,

but this may not be true for a dependent sam-
ple [38, 39]. Here our use of the conditional,
u; = E(Yl|x;), is guaranteed to reduce the
variance in the estimate, with V(i) < V(¥).
See Supplementary Note 3. Furthermore, the
improvement in mixing efficiency requires
virtually no extra computational cost after the
MCMC sample (x;) has been generated.

The improvement of & over ¥, measured
by Ej 5, is a monotonically increasing func-
tionof ¢ and E5 (eq. 20). Here ¢ is determined
by the inference problem or the posterior dis-
tribution, and it is an interesting question how
c is influenced by the model, the parameters
and features of the data (such as the number
of loci, the number of sequences per locus,
&c.). Incontrast, Ej5 is affected by the MCMC
algorithm operating on X. In this regard, the
more efficient y already is, the greater will be
the improvement achieved by switching to il
(eq. 20).

Consider for instance two algorithms for
sampling from X ~ G(10,100) and Y|X ~
IG(2 +10,0.02 + x). We have ¢ = o7y /oy =
2.54. In the first algorithm, we use a sliding-
window on log(x) to update x, and y is
sampled from p(y|x). The estimated effi-
ciency for § is E5 = 0.43, while i based on
the sample of u = % gave E; = 0.58,
with an improvement of E; 3 = 1.35 folds
(eq. S21). In the second algorithm we use the
mirror move to update log(x) [40], with y
sampled from p(y|x). Then E5 = 1.13, while
the efficiency for the u# sample is E; = 3.58,
with an improvement of E; 3 = 3.59 folds
(eq. S21). See Supplementary Note 3 for
details.

The theory also works for a function of
the variables, such as E(Y,Y;), where both Y;
and Y, may be integrated out in the MCMC.
This is useful for generating the posterior
summaries for the population migration rate
Map = wA303/4 in the MSC-M model,
when both w4p and fp are integrated out or
sampled from their conditionals.



Besides the posterior mean, p, = E(Y) or
E(Y1Y>), the whole posterior distribution, or
the probability density function (PDF) for Y
can be recovered from the conditionals sam-
pled throughout the MCMC, p(Y|x;). We
also generated the 95% HPD CI as well as the
95% equal-tail CI for Y. The detailed analyses
and proofs are presented in Supplementary
Note 3 (fig. S3, table S2).

Three datasets for evaluating the
mixing efficiency of the new
algorithms

We used three real datasets with different
features to examine the mixing efficiency
of our new algorithms. The first dataset
consists of 344 target-enrichment loci from
eight baobab species in the genus Adanso-
nia (fig. 5a). Previous analyses of genetic
data found considerable uncertainty in the
species phylogeny [41, 42]. We inferred the
species phylogeny under the MSC model
using Bpp [43, 44]. The maximum a pos-
teriori (MAP) tree (fig. 5a) has a posterior
of ~ 100%, possibly because the full like-
lihood method uses the information in the
data more efficiently than summary meth-
ods used in previous studies. This species
tree differs from those inferred in ref. [41]
using subsampled data and summary meth-
ods such as AsSTRAL, and is similar to the
maximum likelihood tree from plastid data
[41, fig. 6]. The phylogeny, with the mono-
phyly of the six Malagasy species and strong
support for the two Malagasy sections (Lon-
gitubae and Brevitubae), appears to simplify
the interpretation of the evolution of mor-
phological characters such as flower colours
and pollination [45]. We introduced potential
gene-flow events onto the species phylogeny
based on previous tests of ref. [41] using the
D-statistic [46] and SNaQ [47]. Only one of
the two events of figure 5a was supported
in our analysis. Below we run MSC-I and

MSC-M models with the x — y gene flow
(fig. 5a).

The second dataset consists of 4,133 non-
coding loci from chromosome 2L1 from
six species of African mosquitoes in the
Anopheles gambiae species complex: A. gam-
biae (G), A. coluzzii (C), A. arabiensis (A),
A. melas (L), A. merus (R), and A. quadri-
annulatus (Q) [48, 49]. The species tree is
shown in figure 6a&b, with two gene-flow
events (A — GC and R — Q) accounted for
using the MSC-I and MSC-M models.

The third dataset consists of 5341 non-
coding loci from chromosome 1 for three
species of Heliconius butterflies: Heliconius
hecale (H), H. cydno (C), and H. Melpomene
(M) [17, 50]. The species tree is shown in
figure7a&b, with C—M gene flow modeled
using either the discrete MSC-I model or the
continuous MSC-M model.

Mixing efficiency of different
algorithms applied to empirical
data

We analysed the three empirical datasets
using six MCMC algorithms under the MSC-
I'model (A1-A6) and three algorithms under
the MSC-M model (B4-B6) (table S1). The
mixing efficiency E (and p;) were used to
compare algorithms. The results are sum-
marised in figures 5-7. Computational tests
were conducted on a Lenovo ThinkSystem
SR850 server with 4x Intel Xeon Gold 6154
18C processors. Apart from algorithm A1, all
other algorithms involve similar amount of
computation, so the improvements are mostly
due to reduced variance or improved mixing
efficiency. We discuss the results for the baob-
abs (fig. 5) in detail, and the results for the
Anopheles and Heliconius (figs. 6&7) follow
the same format.

First in algorithm A1l (I-IG-int), we inte-
grate out @ using the conjugate inverse-
gamma priors, while algorithm A2 (I-IG-
¢IG) under the same MSC-I model and same



inverse-gamma priors uses a Gibbs sampler
to sample 6 from the inverse-gamma con-
ditional. Here the key ‘I-IG-int” means the
MSC-I model, with inverse-gamma priors on
s, and with s integrated out. In general, our
key to algorithms is in the format ‘model-
prior-algorithm’, with model to be ‘I’ for
MSC-I and ‘M’ for MSC-M; with prior for
fs to be ‘IG’ for inverse-gamma and ‘G’ for
gamma (beta for ¢ in MSC-I and gamma for
@ in MSC-M are always used); and with algo-
rithm to be ‘slide’ for sliding-windows, ‘it’ for
integrating out 6s, ‘glG’ for (Metropolised)
Gibbs based on inverse-gamma conditional
for s, ‘gG’ for Metropolised Gibbs based on
the gamma conditional for 6s.

Figure 5b shows the posterior means and
95% HPD Cls for parameters produced by
the nine algorithms. The posterior should be
the same under the same model and prior,
that is, among algorithms A1l (I-IG-int), A2
(I-IG-gIG), and A3 (I-IG-slide) for the MSC-
I model under the inverse-gamma priors on
fs; among algorithms A4 (I-G-gG), AS (I-
G-glG), and A6 (I-G-slide) under the MSC-I
model with gamma priors on 8s; and among
B4 (M-G-gG), B5 (M-G-gIG), B6 (M-G-
slide) under the MSC-M model with gamma
priors on 6s. The gamma and inverse-gamma
priors on fs produced virtually identical
posteriors (fig. 5b), as the dataset is large.
Also species split times &c. are very similar
between the two models (MSC-I and MSC-
M). In particular, the posterior mean (and
95% HPD CI) for the rate of gene flow is
@xy = 0.428 (0.352, 0.503) under the MSC-
I model, and @y, = 20.0 (4.0, 37.0) under
MSC-M (fig. 5b, table S3).

Next we examine the mixing efficiency
of different algorithms. Algorithm A2 (I-IG-
glG) is expected to have the same mixing
efficiency as Al (I-IG-int). This is reflected
by the efficiency E and autocorrelation p;
(eq. 15) for the two algorithms falling on the
diagonal line for all parameters in figure 5S¢

(A2 = Al). Note that good mixing is indi-
cated by high E and low p1, and there is large
variation in mixing efficiency among param-
eters. While @ are integrated out in A1, in A2
we keep 6 and @ as part of the Markov-chain
state and sample them from their condi-
tional distributions given the species tree and
the gene trees. This allows parallelisation of
MCMC proposals that update the gene trees
at all loci. Thus A2 has a large computational
advantage on multi-core computers over Al,
achieving a 8.2-fold reduction in running time
(fig. 8).

The same idea works even under the
gamma priors on 6s, for which analytical
integration over 6s (as in algorithm Al) is
impossible. By using approximate gamma or
inverse-gamma conditionals, algorithms A4
(I-G-gG) and AS (I-G-gIG) under the gamma
priors on @ achieve similar efficiency as A2 (I-
1G-gIG) for the inverse-gamma priors (fig. Sc,
A4~ A5, A5~ A2). See also similar results in
figure S¢, B4 = BS under the MSC-M model.

In algorithm A6 (I-G-slide) for the MSC-
I model with gamma priors on 6, parameters
0 are updated using sliding windows, and
no change of 8 is made in the rubber-band
or mixing (scaler) steps which updates the
species split times with coordinated changes
to the gene-tree node ages. This is effectively
the algorithm in the previous version of Brp
(version 4.7). We expect the new algorithm
A5 (I-G-gIG) to have higher mixing effi-
ciency than the old algorithm A6 (I-G-slide),
and this is indeed the case (fig. 5¢, AS > A6).
Similarly algorithm B5 (M-G-gIG) is much
better than B6 (M-G-slide) under the MSC-
M model (fig. 5S¢, BS > B6). Note that the
gamma priors on 6 are not conjugate, so it
is impossible to integrate out 6 analytically.
Our use of the approximate conditionals thus
make it possible to achieve the impossible.

Similarly in analyses of the Anopheles
and Heliconius datasets, all algorithms pro-
duced the same posterior under the same



model and priors (figs. 6&7), and the gamma
and inverse-gamma priors on @ had mini-
mal impact on the posteriors of parameters.
For Anopheles (fig. 6d, table S4) the poste-
rior means and 95% HPD ClIs for the rate of
gene flow are ¢4 ,g¢c = 0.963 (0.950, 0.975)
and pr_o = 0.016 (0.008,0.024) under
the MSC-I model, and wgr_o = 0.137
(0.007,0.291) and wa—gc =203 (191, 215)
under MSC-M. For Heliconius the posterior
means and 95% HPD ClIs are ¢, = 0.465
(0.430,0.500) under MSC-I and w = 2.25
(0.05, 5.38) under MSC-M (fig. 7d, table S5).
Similarly in the Anopheles and Helico-
nius datasets our expectations for the mixing
efficiency of different algorithms are also
confirmed (figs. 6&7). The mixing efficiency
of algorithms under the MSC-I model is
expected to be in the order: A2 (I-IG-gIG)
= Al (I-IG-int), A2 (I-IG-gIG) > A3 (I-
IG-slide), A2 (I-IG-gIG) =~ A4 (I-G-gG) =
A5 (I-G-glG), A5 (I-G-gIG) > A6 (I-G-
slide). For example A2 (I-IG-gIG) has the
same mixing efficiency (E and p;) as Al
(I-IG-int) (figs. 6d&7d), but a large compu-
tational advantage over A1 on multithreaded
computers, achieving a reduction in running
time of 3.1x and 3.4x in the two datasets
(table 1). Similarly under the MSC-M model,
with gamma prior on s, the mixing effi-
ciency of the algorithms is expected to be
in the order B4 (M-G-gG) = B5S (M-G-gIG),
and B5 (M-G-gIG) > B6 (M-G-slide). These
expectations are confirmed in all datasets
(fig. 6d, and fig. 7d). Relative to version 4.7
of Bpp [7, 15] which uses the sliding window
moves to update s and M (i.e., algorithms
A3 and A6 for MSC-I and B6 for MSC-M),
the improvement in mixing efficiency of the
new algorithms (A2, A4 and AS for MSC-I
and B4 and BS5 for MSC-M) is up to 4-fold
for baobabs (table S3), 51-fold for Anopheles
(table S4) and 19-fold for Heliconius (table
S5). Note that the improvement in mixing
efficiency varies among parameters.

Discussion

In this study we introduce three improve-
ments to current MCMC algorithms in
Bayesian phylogenomics. First, we imple-
ment new moves that are equivalent to reduc-
ing the dimension of the MCMC algorithm
by integration but still allow parallelisation of
computations and inference of all parameters.
It is known that conjugate priors may be used
to integrate out certain parameters (such as 6
under the MSC, MSC-I, and MSC-M mod-
els, ¢ under the MSC-I models, and @ in the
MSC-M models) to reduce the dimension of
the state space for the Markov chain, leading
to improved mixing of the MCMC algorithm.
However analytical integration destroys the
conditional independence of the hierarchi-
cal model, so that most of the computational
tasks involved in the MCMC algorithm can-
not be parallelised. We make use of the
fact that if we keep those parameters in the
MCMC but sample them from their con-
ditional distributions, the MCMC algorithm
remains equivalent in terms of the parameters
that are not integrated out, including species
split times Ts, gene trees and coalescent times
in the MSC models. Keeping those param-
eters in the MCMC (algorithm A2) allows
the MCMC moves that update the gene trees
and coalescent times to be executed in paral-
lel. In the three empirical datasets tested, this
strategy produces a 3 to 8 fold reduction of
running time (fig. 8, table 1).

Second, we develop methods for dimen-
sion reduction by virtual integration with
non-conjugate priors. This approach relies
on approximate conditionals when non-
conjugate priors are used for some parameters
(6s). Note that conjugate priors, while com-
putationally convenient, may not be the most
appropriate biologically. Under MSC mod-
els, the heavy-tailed inverse gamma prior on
6 has been observed to cause the chain to visit
implausibly large 8 values, causing both mix-
ing and inference problems. In such cases,



the gamma prior has been noted to ameliorate
the problem. However the gamma prior is not
conjugate, and an algorithm that integrates
out fs is beyond reach. By using gamma and
inverse-gamma approximations to the condi-
tional, we have achieved mixing efficiency
previously possible only if the parameters
were integrated out. The approximations
are more accurate in larger datasets (with
more loci and/or more sequences leading to
more coalescent events). Most phylogenomic
datasets should be large enough to achieve
good approximation. In analyses of empiri-
cal datasets such as those tested in this study,
the Metropolised gibbs move updating 6s was
noted to have acceptance rate close to 100%,
indicating the effectiveness of the approxi-
mate conditional (note that acceptance rate
should be exactly 1 if the true conditional
is used). Furthermore, algorithms A2 under
the inverse-gamma prior (which uses the true
conditional) and algorithms A4 and AS under
the gamma prior (which use approximate
conditionals) achieved the same mixing effi-
ciency. We envisage that similar approximate
conditionals may be useful in other expensive
MCMC algorithms.

Third, we develop a theory to use the
conditionals or approximate conditionals to
estimate the posterior distributions for param-
eters 0, ¢, and @, including posterior means,
PDFs and CDFs. This allows the estimation
of the posterior for parameters that are inte-
grated out in the algorithm. It also improves
on the efficiency of inferences when vari-
ables are not integrated out but conditionals
or approximations of conditionals are avail-
able. We quantify the relative improvement
(or reduction in variance) achieved by using
the conditional mean u; = E(y;|X) rather
than sampled value (y;).

Together these algorithmic advances lead
to improvements in mixing efficiency of
MCMC for inference using genomic data
under the MSC models with and without

gene flow. Currently Bpp is the only pro-
gram that appears to implement the MSC-M
model correctly; see figures 4 & 5 in ref. [7]
on our tests of IMA3 [5] and MIGRATE [51],
respectively, and table S1 and Supplementary
Note 1 in the same paper for our tests of G-
PuoCS [16]. Beris also the only program that
can handle datasets with thousands of loci
under either the MSC-I or MSC-M models,
datasets that are large and informative enough
to allow meaningful inference of gene flow
[e.g. 7, 15, 17, 49]. However, only within-
model algorithms for estimating parameters
such as the rates of gene flow are imple-
mented in BppP, while cross-model MCMC
moves for searching in the space of gene-
flow models are lacking. For species triplets,
a model-comparison approach to selecting
models of gene flow (including ghost intro-
gression, inflow, and outflow) is developed
in BpP with the Savage-Dickey density ratio
used to calculate Bayes factors [52, 53], but
there is a need to develop model-comparison
strategies or cross-model MCMC algorithms
that work on larger phylogenies. Algorithms
for searching in the space of gene-flow mod-
els are available in the MSC-M framework
in IMa3 [5] and in the MSC-I framework
in PaYyLoNET [13] and *BEAST [14]; how-
ever those programs can handle only small
datasets with < 100 loci.

Another advantage of the BPP program
is that it implements both the continuous
MSC-M and discrete MSC-I models [7, 15],
making it straightforward to apply both mod-
els to the same genomic datasets to test their
goodness of fit and to learn about the mode
of gene flow. We conclude that algorithmic
improvements such as those described in this
study have made Bpp a practically useful tool
for analysing genomic data to test for gene
flow and to estimate its rate.

We note that the algorithms developed
in this paper may be useful for other simi-
lar Bayesian implementations under the MSC



models [5, 6]. For example, in the saturated
migration model of ref. [5], population size
parameters and migration rates (6s and @s)
are integrated out. In particular, migration
rates are specified in the saturated model even
for migration events that are not supported
by the data. Our theory (Supplementary Note
3) allows estimation of the posterior distribu-
tions of those important parameters, includ-
ing Bayesian tests of migration under the
MSC-M model. Similarly, the virtual dimen-
sion reduction algorithms and approximate
conditionals may have general applicability
in other major applications of hierarchical
models with conditional independence.

Methods

We use three empirical datasets to examine
the mixing efficiency of MCMC algorithms
under the MSC-I and MSC-M models.

Baobab species in the genus
Adansonia

We analyse the dataset of 344 target-
enrichment loci (i.e., putative single-copy
nuclear genes) from eight baobab species in
the genus Adansonia generated in ref. [41].
We removed the two outgroups Bombax ceiba
and Pseudobombax croizatii as they are very
distant [54] and kept the close outgroup Scle-
ronema micrantha. Multiple samples for the
same species are kept in the same alignment
at each locus without subsampling. There are
28-38 sequences per locus, and the sequence
length ranges over 759-9574 sites (median
1679). We note that Wan et al. [42] generated
genome assemblies for the eight species of
baobabs, but only one sample is sequenced
per species so that the data may not be ideal
for inferring gene flow. There is considerable
uncertainty in the species phylogeny and gene
flow. In particular, the relationships among
A. digitata, A. gregorii, and the clade of six

Malagasy species is highly uncertain, as is the
position of A. rubrostipa (fig. 5a) [41, 42].

We conducted species tree estimation
under the MSC model with no gene flow
(the AO1 analysis, 55) using different start-
ing trees. The inferred species tree is in figure
5a. We then included gene-flow events on
the phylogeny based on previous analyses
[41]. Only one gene-flow event in figure 5a
(x — y) was supported in our analysis. Thus
we fit MSC-I and MSC-M models with the
x — y gene flow (fig. 5a).

We used the gamma prior 8 ~ G(2,200)
or inverse-gamma prior IG(3, 0.02) with
mean 0.01. The age of the root was assigned
the gamma prior 7, ~ G(2, 100) with mean
0.02. Under the MSC-I, we assigned the prior
¢ ~ U(0, 1) on the introgression probability.
We used the linked-msci option so that a
branch before and after an introgression event
are assigned the same 6. Under the MSC-M
model, we assigned the gamma prior @w ~
G(2, 1) with mean 2. The MSC-I model was
implemented using MCMC algorithms Al-
A6, and the MSC-M model was implemented
using algorithms B4-B6 (table S1). We used
aburn-in of 4x 10* iterations and took 5x 10°
samples, sampling every iteration.

African mosquitoes in the
Anopheles gambiae group

We analyse a dataset of noncoding loci
from chromosome arm L1 from six species
of African mosquitoes in the Anopheles
gambiae species complex: A. gambiae (G),
A. coluzzii (C), A. arabiensis (A), A. melas
(L), A. merus (R), and A. quadriannula-
tus (Q) (fig. 6a&b). The data consist of
4133 noncoding loci, with 12 sequences per
locus (two sequences per species). The data
consist of “haploid consensus sequences’,
with heterozygotes resolved into the major-
ity nucleotide [56]. The data were originally
published and analysed in ref. [48], and
recompiled by Thawornwattana et al. [49],



who analysed coding and noncoding data
from all chromosome arms (see also 7, 15).
Here we used noncoding loci from L1 only.

We fitted the MSC-I and MSC-M mod-
els (fig. 6a&b), using the algorithms of table
S1 with similar settings to the above. We
used the gamma priors 8 ~ G(2,100) or
1G(3,0.04) with prior mean 0.02, and 7, ~
G(2,20) with prior mean 0.1. Under the
MSC-I, we assigned the prior ¢ ~ U(0, 1)
on the introgression probability. Under the
MSC-M model, we assigned the gamma prior
@ ~ G(2,1). We used a burn-in of 4 x 10*
iterations and took 2 x 10° samples, sam-
pling every iteration. The results under both
the MSC-I and MSC-M models match those
published in table 1 of ref. [7]. Here we focus
on the mixing or computational efficiency of
the algorithms.

Heliconius butterflies

We analysed a dataset of 5341 noncoding
loci from chromosome 1 from three species
of Heliconius butterflies: Heliconius hecale
(H), H. cydno (C), and H. Melpomene (M)
(fig. 7a&b), from ref. [17]. The species tree
is (H, (C, M)), with gene flow between C and
M. Thawornwattana et al. ([17], tables 2&3)
detected ongoing gene flow from C — M but
rejected gene flow in the opposite direction.
See tables S4-S6 and figure S8 in ref. [17] for
analyses of both coding and noncoding data
from all 21 chromosomes. Here we use the
MSC-I and MSC-M models to account for the
C — M gene flow to analyse the noncoding
data from chromosome 1 only.

We use the gamma prior for the age of
the root, 7, ~ G(2,200). We used the priors
G(2,200) and 1G(3,0.04) for 6, both with
prior mean 0.01. For the rate of gene flow, we
assigned the uniform prior ¢ ~ U(0, 1) under
MSC-I and the gamma prior w ~ G(2,1)
under MSC-M. We used a burn-in of 2 x 10*
iterations and took 5x 103 samples, sampling
every iteration.

Data availability

The three empirical datasets analysed
in this study and BPP scripts are avail-
able at https://figshare.com/articles/
dataset/bppMigration-algorithms-data_tgz/
30032800. Accession codes for sequences
in the baobabs dataset are in table S6 [41].
For the Anopheles dataset, 12 genomes (two
per species) were from the assemblies of
refs. [57] and [48]; GenBank accession num-
bers and NCBI BioSample numbers are in
table S7 [7, 49]. The BioSample accession
numbers for the three Heliconius genomes
are SAMNI11398304, SAMNI11398291,
and SAMN11398301 [50] (see table S1 in
ref. [17]).

Code Availability

The VDRoP algorithms are implemented in
the Bpp software, available at https://github.
com/bpp/bpp.
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Table 1: Running time of algorithms
Al and A2 applied to three datasets

Dataset Al A2 ratio
Adansonia  43h15m  5h18m  8.16
Anopheles  30h27m  9h57m  3.06
Heliconius ~ 25h49m  7h35m  3.40

Note.— Each algorithm is run using 18 threads
on the same CPU in a server while no other
jobs are running. CPU usage on the threads for
the Adansonia dataset is shown in figure 8.

Fig. 1: MSC models of interspecific gene
flow. (a) MSC-introgression (MSC-I) model
on a phylogeny for three species (A, B, C)
with introgression/hybridisation between B
and C at time 7x = 7y. There are three types
of parameters in the MSC-I model: species
split and introgresion times (7gr,Ts,Ty),
population sizes (64, 60p,0c,0r,0s,0x, Oy)
and introgression probabilities (px, py).
(b) MSC-migration (MSC-M) model with
migration between B and C. There are three
types of parameters in the MSC-M model:
species split times (7g, Ts), population sizes
(04,0B,0c,0r,0s) and population migra-
tion rates (wgc, WCR).-

Fig. 2: Directed Acyclic Graph (DAG) rep-
resentation of the MSC-M model. The
parameter vector is ® = (7,6, @), while
the state of the Markov chain is (0,G) =
(1,0,@,G). Species split times (t) are
assigned the gamma-Dirichlet prior [58,
eq. 2], population size parameters (#) are
assigned inverse-gamma or gamma priors,
and mutation-scaled migration rates (@) are
assigned gamma priors. The MSC-I model is
similar, with introgression probabilities (¢,
with beta priors) replacing migration rates.
The conditional independence of the model
is exploited in the MCMC algorithms.

Fig. 3: MCMC proposal algorithms imple-
mented in BpP. Species split times (step 4)
are updated one after another, and within each
calculations of the gene-tree density and like-
lihood for all loci are executed in parallel.

Fig. 4: Efficiency for three MCMC algo-
rithms in a bivariate Gaussian target.
Efficiency for estimating p, in the N, tar-
get of eq. 17 is measured by E of eq. 15.
In algorithm Al, y is integrated out and a
sliding-window move is used to sample x
from its marginal. This has the same effi-
ciency as algorithm A2, which samples y’
from its conditional for the newly proposed
x": m(y’|x"). Note that E does not depend on
p for Al and A2. In Algorithm A3, two one-
dimensional sliding-window moves are used
to update x and y, respectively. Efficiency is
calculated for 1,000 values of p by running
the algorithm over 10’ MCMC iterations. A3
suffers from the correlation between x and y:
E = 0.228 at p = 0 (equivalent to Al and
A2) but drops to 0.024 at p = 0.9 and 0.012
at p = 0.95.



Fig. 5: Analysis of the Adansonia baobab dataset. (a) Species tree for eight baobabs species
in the genus Adansonia and the outgroup Scleronema micranthaum, inferred in Bpp analysis
of the Adansonia data under the MSC model assuming no gene flow. Picture of Adansonia
rubrostipa from SW Madagascar courtesy of Dr Nisa Karimi. (b) Parameter estimates (poste-
rior means and 95% HPD Cls) for nine algorithms of table S1: Al (I-IG-int), A2 (I-IG-gIG),
A3 (I-IG-slide), A4 (I-G-gG), A5 (I-G-gIG), and A6 (I-G-slide) under the MSC-I model; and
B4 (M-G-gG), B5S (M-G-gIG), and B6 (M-G-slide) under the MSC-M model. Note that 6s
are integrated out in A1, so that there are eight estimates for 6s (for A2—-A6, B4-B6) but nine
estimates for s (for A1-A6, B4-B6). (¢) Scatter-plots of mixing efficiency E and autocorre-
lation p; (eq. 15) for pairs of algorithms. The labels for the panels indicate our expectations,
so that y = x means that the algorithm on the y-axis is expected to have identical (equivalent)
performance to the algorithm on the x-axis, ‘y = x’ means similar performance, and ‘y > x’
means y has much better performance than x (with larger £ and smaller p;). See table S1 for
detailed descriptions and BPP settings for the algorithms.

Fig. 6: Analysis of the Anopheles mosquito dataset. (a) MSC-I and (b) MSC-M models for
six species of African mosquitoes in the Anopheles gambiae species complex: A. gambiae
(G), A. coluzzii (C), A. arabiensis (A), A. melas (L), A. merus (R), and A. quadriannulatus
(Q). Redrawn according to figure 6 in ref. [7]. (¢) Posterior means and 95% HPD CIs for
parameters and (d) mixing efficiency (E) and autocorrelation (o) for nine MCMC algorithms
(table S1). See legend to figure 5.



Fig. 7: Analysis of the Heliconius dataset. (a) MSC-I and (b) MSC-M models for three
Heliconius species: H. hecale (H), H. cydno (C), and H. melpomene (M), with potential gene
flow between H. cydno and H. melpomene. Models with the C — M gene flow are used to
analyse genomic sequence data. Picture of Heliconius melpomene melpomene from French
Guiana [59] courtesy of Dr James Mallet. (¢) Posterior means and 95% HPD Cls for parameters
and (d) mixing efficiency (E) and autocorrelation (p1) for nine MCMC algorithms (table S1).
See legend to figure 5.

Fig. 8: Screenshot for the htop command showing the CPU load for algorithms A1 (integrating
out #s) and A2 (sampling 6s from their conditionals) applied to the Adansonia dataset under
the MSC-I model (fig. 5a). The two algorithms were run on two CPUs in the same server,
each using 18 threads, taking 5 x 10° samples after a burn-in of 5 x 10*. With algorithm A1,
all MCMC steps including the gene-tree node age and gene-tree SPR proposals are conducted
serially (although likelihood calculation is parallelised by loci), so that the main thread has
CPU usage close to 100% while the worker threads spend most time waiting with low CPU
usage of < 1%. With algorithm A2, the gene-tree node age and gene-tree SPR proposals are
conducted in parallel so that the worker threads achieve high CPU usage of ~ 75%. Running
time was 43h15m for Al and 5h18m for A2, with an 8.2-fold speedup.
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