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Abstract

Progress toward a complete understanding of cuprate superconductors has been hindered by their intricate
phase diagram, potentially linked to a quantum critical point (QCP). However, conclusive evidence for the
QCP is lacking, as the presumed QCP is buried under the superconducting dome, disguising its presence.
Here, we use high-resolution resonant inelastic X-ray scattering to examine the dynamical charge-charge
correlation in Lag_,Sr,CuOy4 and uncover the quantum critical scaling, a key feature required for a QCP.
Specifically, we observed that the inverse correlation lengths for various dopings and temperatures collapsed
onto a universal scaling curve, yielding a critical exponent v of 0.74 £ 0.08. The non-negativity of this
exponent confirms the presence of a QCP. Remarkably, the value of v suggests that while the QCP is
manifested through the charge-density wave, other orders also participate, such that the QCP appears to
belong to the universality class characterized by the O(4) symmetry, reminiscent of the microscopic SO(4)
symmetry in the Hubbard model at half-filling. Further analysis indicates that the QCP is highly dissipative
with a short quasi-particle lifetime, reflecting the intertwined quantum fluctuations due to its being buried

inside the superconducting state.

The physics of cuprate superconductors has long held a position of paramount importance in
condensed matter physics, yet it continues to be in an enigma [1]. Despite advances in our under-
standing, the underlying mechanisms driving cuprate superconductivity (SC) remain shrouded in
mystery. Central to the physics of cuprate superconductors is their remarkably rich and complex
phase diagram, plotted in the plane of temperature versus doping concentration. Figure 1 shows
the phase diagram of La,_,Sr,CuO, (LSCO), a prototypical single-layer hole-doped supercon-
ducting cuprate. When doped with holes, cuprates at low temperatures can be tuned from a Mott
insulating phase to a superconducting phase, and then to a Fermi liquid phase. This landscape of
phases and transitions unveils the fascinating physical properties of cuprates, ranging from SC to
charge order and beyond.

In the underdoped regime of hole-doped cuprates above the SC transition temperature 7, var-
ious physical quantities show an enigmatic electronic excitation gap called a pseudogap [1]. Such
a pseudogap phase forms below a crossover temperature 7™, which decreases monotonically and
ends at the critical doping z. when the doping is increased. The origins of the pseudogap remain
the subjects of intense study, adding to the mystique of cuprate physics. Additionally, several
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symmetry-breaking orders, such as charge-density waves (CDW) [2-9], pair-density waves (PDW)
[4, 10-13], and nematic order [14, 15] have been discovered in the cuprates; their mechanism and
competition with SC remain the subjects of debate.

One of the fundamentally significant and novel properties of cuprate superconductors is their
defiance of the conventional Fermi-liquid theory. Anomalous thermodynamic [16] and transport
properties [17, 18] near the critical doping have been observed in cuprates, indicating their non-
Fermi liquid behavior. For example, as temperature 7" approaches the absolute zero, the electrical
resistivity of cuprates displays a T-linear relationship, deviating from the 7 dependence charac-
teristic of Fermi liquids [19]. This distinctive behavior is understood to arise as the scattering rate
of charge carriers reaches the Planckian limit above the quantum critical point (QCP), irrespective
of the underlying Fermi surface topology.

Upon tuning a non-thermal parameter through a critical value, quantum phase transitions oc-
cur at the absolute zero of temperature. The presence of the QCP in a cuprate holds the key to
understanding many profound phenomena related to its SC [16-23]. It provides a more com-
prehensive and holistic perspective on the complex behaviors of cuprates and offers insights into
their underlying physics. The concept of quantum criticality has the potential to reshape our un-
derstanding of the phase diagram of cuprate superconductors and to explain the non-Fermi liquid
behavior observed in them. Figure 1 also illustrates that the ground state of LSCO is a supercon-
ducting state for doping x between 0.05 and 0.28 [5, 24]. Interestingly, LSCO exhibits anomalous
quantum criticality; its strange-metal phase at 7" = 0 extends to the overdoped region of x = 0.3
[17, 25]. Quantum fluctuations near a QCP can give rise to anomalous behaviors in transport,
thermodynamics, and other properties. However, numerous experimental results have raised skep-
ticism regarding the ideal QCP scenario [25-27]. Obtaining evidence for the QCP associated with
the CDW in the superconducting phase of cuprates is challenging. Further investigation into the
evolution of CDW as the QCP is approached is of importance in enhancing our understanding of
CDW dynamics.

In this Article, we present results of high-resolution resonant inelastic X-ray scattering (RIXS)
of LSCO at various hole concentrations and temperatures to unravel its intriguing quantum fluc-
tuations associated with CDW that exhibits relaxation characteristics. Through temperature- and
doping-dependent measurements, we found that when the QCP is approached, the interaction of
CDW with SC gives rise to unusual CDW dynamics. In this dynamics, both the relaxation rate

and the correlation length of the CDW increase, while the lifetime of CDW quasiparticles near the



QCP decreases. We observed a key feature indicative of a QCP: the correlation length of CDW
dynamics exhibits a critical scaling with an exponent v of 0.74 + 0.08 and diverges as the QCP is

approached.

Results and Discussion

CDW revealed by RIXS

The dynamical structure factor S(q,w) of X-ray scattering probes the space and time Fourier
transform of the charge density-density correlation function. Here q and w are the momentum and
the energy transferred to charge excitations, respectively. RIXS measures the dynamical charge
fluctuations modulated by the effects of RIXS matrix elements, X-ray polarization, and orbital
characters [6-9, 28]. In the absence of superconducting pairing, this technique investigates static
charge distribution and dynamical charge fluctuations, corresponding to charge susceptibilities de-
noted by xo(q,w = 0) and x(q, w), respectively. Recently, RIXS has been proved to be an effec-
tive spectroscopic tool for the exploration of charge-density fluctuations (CDF) in cuprates [6-9].
When the superconducting order A is in presence, RIXS can also probe the pairing-density wave
(PDW). In this case, the elastic peak at Q results from the mixture of the CDW order pq and the
PDW order Aq with the structure factor S(Q,w = 0) given by a linear combination of |A*Aq|?
and |pql|? [13]. In particular, CDF is strongest at the doping level where the superfluid density and
the superconducting critical current are highest, reflecting the signature of an anomalous QCP [9].
However, definite proof of the existence of QCP is not established.

In a classical phase transition, anomalies in transport coefficients and relaxation rates occur
close to a critical point, exhibiting dynamical critical phenomena [29]. Likewise we anticipate
similar behaviors to occur in the dynamics of a QCP. To unravel the dynamics of CDW fluctua-
tions in the vicinity of QCP, we measured the high-resolution O K-edge RIXS of LSCO with hole
concentrations approaching the critical doping at 24 K. Figure 2(a) shows RIXS intensity in the
plane of energy loss vs. in-plane momentum transfer q = (g, 0). With q varied along the anti-
nodal direction, we observed static CDW of LSCO with wave vector Q = (0.235,0), expressed
in units of 27 /a throughout the paper. This CDW appears incommensurate due to defects known
as discommensurations in the commensurate CDW state [8, 10]. We found that |Q| did not sig-
nificantly depend on doping z, which is consistent with the saturation of the incommensurability
of spin and charge order [30]. The temperature-dependent CDW intensity and the half width of

the momentum scan, which reflects the correlation length, show that the CDW are slightly sup-



pressed in the superconducting phase as the temperature is decreased across 7, [3, 5], indicating
the competition of CDW with SC. The CDW state and the superconducting state near 7' = 0
are intertwined below the QCP. Because of small energy difference, switching back and forth be-
tween CDW and the superconducting ground states is energetically likely, resulting in quantum

fluctuations.

CDW quantum fluctuations

At low temperatures, the quantum nature of charge fluctuation is important because the thermal
energy is less than the excitation energy w, which is dominated by the amplitude fluctuation of
the charge density. Previous RIXS results showed the spectral signature of the CDW quantum
fluctuations in LSCO [8]. Therefore, we separated the spectral contributions from xo(q,w = 0)
and y(q,w). Figure 2(b) displays the RIXS intensity maps after subtraction of the contribution of
elastic scattering. One hallmark of a QCP is the expected divergence in susceptibility to external
perturbations at a phase transition. However, the measured RIXS intensity of CDW fluctuations
does not increase near the QCP (see Fig. S1 in the Supplementary Information), contrary to the
expectations that quantum fluctuations would enhance scattering intensity at a QCP. At first glance,
our observation seems to support the absence of the QCP. In the following, we will show that this
is disguised by intertwining of CDW and superconducting orders. Through quantitative analysis,
we show that the intertwining leads to enhanced CDW relaxation, causing the resonance peak to

broaden near the QCP.

To perform a quantitative analysis of the RIXS spectral features associated with the dynamical
CDW, we initially employed curve fitting to extract the spectral components of RIXS resulting
from phonon excitations mediated by electron-phonon coupling. Figures 3(a)-3(d) plot the fit-
ted spectra of ¢ = 0.12, away from |Q|. In addition to elastic scattering, the dominant spectral
weights of the measured RIXS comprise several phonon modes including acoustic, buckling, api-
cal oxygen, and breathing phonons. The phonon energies from our fitting are consistent with those
of neutron scattering, X-ray scattering, and other measurements [31-34], revealing the phonon
softening induced by charge correlations [8]. Figures 3(e) and 3(f) depict the intensity of elastic
scattering and the lowest-energy RIXS excitation as a function of ¢ for various doping levels.
These g|-dependent plots indicate that the lowest-energy excitations show a peak feature at |Q|,
highlighting the change in the RIXS excitation from being dominated by acoustic phonons to be-

ing dominated by CDW fluctuations as ¢ approaches |Q|. Additionally, the static CDW vanishes



for doping beyond = = 0.17, while the dynamical CDW persists near |Q|, suggesting the evolution
of the static order into the continuum of quantum fluctuations [7].

To describe such CDW quantum fluctuations, we resorted to a phenomenological form of
charge susceptibility based on the Ginzburg-Landau approach [6, 8, 9, 21]. When the system
is far from the QCP, the lifetime of charge excitation, which is inversely proportional to the relax-
ation rate I, is long, leading to the expectation that the relativistic form of the charge susceptibility
Xeopw 1D the g-w space is retained. Considering the Taylor expansion of ., in terms of w and ¢
separately, one can exploit the Ginzburg-Landau Hamiltonian to derive the charge susceptibility.

See the Supplementary Information for details. For the CDW with order parameter p,,, its charge

susceptibility takes the following form [8, 21]

1

1
m? + 2q? — (w +40)?’ 1

Xcpw (qH>w> =

where m, referring to the mass term in the propagator, denotes the characteristic energy of the

dynamical CDW, q represents |q|| — Q|, cis a parameter that characterizes the speed of excitations
of CDW, and I' characterizes the inverse lifetime for the excitations. In the absence of fluctuations
of order parameter in space and time, m is uniform in space and time. In this situation, the pole
of X pw OCCUurs at w = \/m reflecting the excitation energy [21], and m can be identified
as the gap of CDW amplitude excitations, i.e., m = [p,|. These bosonic excitations are named
quasiparticles in the following. When the CDW order fluctuates in space and time, its correlation
decays over correlation length £, which depends on doping x and temperature 7". One expects that
a pole of g occurring at 277 /¢ in Eq. (1) gives rise to the decay of correlation length. By including
an additional term due to &, m* can be expressed as |p,|* + 47%c*¢ 2. As x and T approach the

QCP, one expects |p, | oc {7* [21], with z being the dynamical exponent. For the QCP that involves

with the CDW order, z = 1 and |p,| is proportional to £ ~1. Hence, m is inversely proportional to

¢.

Quantum critical scaling
In general, m = m(z,T) is a function of doping = and temperature 7". The critical scaling [35]
implies that
m(z,T) = T"F(|x — x| /T*), 2)
where . is the doping level at the QCP, the exponent v is the scaling dimension of m, « character-
izes the potential anisotropy between doping and temperature, and F'(y) is a universal scaling func-

tion. To find the asymptotic form of m(x, T") near zero temperature and the critical doping, we note



that m(z,T) = m(z.,T)+om(z,T), where dm(x, T) is the deviation of m(x, T') from m(x., T),
ie., om(z,T) = m(z,T) — m(x.,T). Since for temperature near zero m(x,T) ~ m(x,0) and
m(z.,T) ~ m(z.0) = 0, we find that ém(z,T) ~ m(z,0), and hence m(z,T") obeys addi-
tivity in its parameters = and 7', i.e., m(z,T) ~ m(x.,T) + m(z,0). Indeed, as shown in the
Supplementary Information and Ref. 21, when x and 7" are close to the critical point, the correla-
tion length £ can be expressed as {1 = %(5;1 + &), Here €, ~ |z — x| is the correlation
lenth of p, projected at zero temperature for x ~ ., while {7 ~ T is the correlation length
projected along the temperature axis near zero temperature. Therefore, m takes the asymptotic
form of m ~ A|r — z.|” + BT" with A and B being constants. This implies that « = 1 and
F(y) = Ay + B.

The pole of x,, 1n the limit of I' — 0 has a simple meaning. It gives rise to quasi-particle
energy with w = \/m, reflecting the relativistic dynamics such that w is proportional to
g when m = 0 ; this is similar to antiferromagnetic magnon. When the doping = approaches the
critical doping, quantum critical fluctuations activate competing orders temporarily so that CDW
order can transform into other orders through scattering (which is termed as intertwining). Thus
one expects that CDW quasiparticles are with large I' and eventually I' may exceed m so that the
quasi-particle picture breaks down [36]. As a result, the term I'? in the denominator of X, iS
large and responsible for the decrease in the observed RIXS intensity. The relaxation rate I' also
defines the cut-off energy w, = 2I'; if w > w,, the RIXS intensity is negligible because the term

12l'w 1s relatively small and ImY ., 1s insignificant.

To find the critical exponent v in the experiment, we analyzed the RIXS spectra for ¢ = 0 in
terms of the dynamical structure factor S(q,w) derived from a charge susceptibility x., (q,w)
taking the form given by Eq. (1). For RIXS derived from CDW fluctuations, spectral characteris-
tics including energy position, widths in w and ¢, and relative intensity dictate the values of param-
eters m and I' of our phenomenological analysis. Figures 4(a)-4(h) present RIXS spectra of doping
x = 0.15 with curve fitting analysis at various temperatures, and those of z = 0.12, 0.17, & 0.18
at " = 24 K. From these, we obtained doping- and temperature-dependent characteristic energy m
as indicated by black circles shown in Fig. 5(a). We then simultaneously fitted m to the power-law
expression m = A(x. — x)” + BT" for various dopings and temperatures. The fitted critical ex-
ponent v was 0.74 = 0.08. Other fitted coefficients are given in the caption of Fig. 5(a). To further
verify the exponent v, we performed a scaling analysis by collapsing data from various dopings

and temperatures according to Eq. (2) with a = 1. Figure 5(b) plots m/T" versus |z — x.|/T



and shows that, with minimal variations, all data points collapse onto a single curve that takes
the power-law form of F'(y) with v = 0.74, although m(x, T') varies for different doping levels z.
Here, the uncertainty in the exponent arises from the finite instrumental resolution and fluctuations
associated with fitting to the proposed form of susceptibility X, . The successful collapse of the
data for the inverse correlation lengths demonstrates the quantum critical scaling, which provides
key evidence for the existence of a QCP in LSCO [21]. Note that the scaling behavior further
indicates that the data points are captured in the critical regime of the quantum critical point. The

critical regime does not need to be extremely close to the critical point [37].

We further checked if the observed exponent v is reasonable. First, the CDW order in cuprates
resides in a layered structure so that the effective dimension for QCP is D =2 + 1, similar to the
classical CDW transition in NbSes, in which the CDW order can be characterized by the three-
dimensional O(2) model [38]. The observed value, v = 0.74 + 0.08, satisfies v > 2/D; hence,
according to the Harris criterion [39], the critical scaling is not affected by disorder and the QCP
is governed by a clean model. The exponent value v ~ 0.74 is not a mean-field value, consistent
with our LSCO samples being already in the critical regime. Remarkably, the observed value
of v is close to that of the clean O(/V) model with N > 2 (for N = 2, the e-expansion gives
v ~ (.67 [40]), indicating that orders other than the CDW order also participate. Furthermore,
the central value of the obtained v is close to that of the O(4) model in which v ~ 0.74 (from the
e-expansion), rather than that of O(2) model [40]. This suggests that the symmetry of the QCP
is enlarged from O(2) symmetry to O(4) symmetry. What would be the extra components in the

enlarged symmetry?

Intertwining of CDW, PDW, and SC

To address the interplay among CDW, PDW, and SC orders, we note that the ordering phe-
nomena in cuprates are intrinsically complex. In particular, the CDW order is known to couple to
multiple degrees of freedom in intricate ways, including octahedral tilts, structural disorder, SDW
order, stripe order, and SC. While there is evidence for the presence of short-range LT T-like tilts
[41], the effects of structural disorder can be ruled out based on the Harris criterion discussed
above. Therefore, the possible candidates for the additional components are narrowed down to

charge- or spin-related orders.

Experimentally, there is evidence of magnetic fluctuations [42] and charge fluctuations [12]

near the QCP. The remaining candidates for the extra components include spin density waves



(SDW), PDW, SC, stripe, and nematic order. To further identify the extra components, we first note
that the O K -edge of RIXS of cuprates is weakly sensitive to spin order. The contribution of orders
with magnetic origin, if it exists, must be indirect through the spin-charge coupling. Furthermore,
just like the phase transition, orders that contribute to the exponent v for the quantum critical point
must be static. Fluctuating orders that couple indirectly to the charge order do not contribute to
v. However, it is known that SDW is not a static order around x = z. and 7" = 0 [5] and even
for the fluctuating stripe order that contains SDW, the ordering wavevector is not Q. Secondly,
we note that as shown in the Supplementary Information, the derivation that leads to Eq. (1)
can be generalized to O(/V) models so that Eq. (1) is still applicable with v characterizing the
O(N) model. Furthermore, in the O(4) symmetry, the four components of the order parameter are
symmetric and play the same role. As a result, the above analysis implies that extra components
are in the charge sector. Further hinted by the weak PDW signatures shown in Fig. S9 of the
Supplementary Information and those observed in La-based cuprates doped with Sr or Fe via
resonant X-ray scattering [13], we consider the PDW orders for the additional components in the

enlarged symmetry.

Indeed, in the Ginzburg-Landau theory [43, 44], there are two possible PDW orders that go
with the CDW order and could be stablized as thermodynamic orders: AQ/2 and Aq, where
Ap represents the PDW order parameter that describes particle-particle pairing with a total mo-
mentum of P. These PDW orders interact with CDW and SC orders through the interactions:
I = pg A_Q/QA;‘;/2 + h.c.and Iy = pg A*A_q + h.c.. For Aqys,, I is present when 7" is above T-..
We have checked its existence (see Fig. S9 in the Supplementary Information), consistent with the
results shown in Ref. 13. For T" < T, I; needs to combine with the superconducting order A. The

2, which is a higher order term near the critical point.

lowest non-trivial term would be I; x |A
Hence it can be neglected. As a result, the extra components arise from Agq. In this case, as the
superconducting order A is a fixed background order, I is a bilinear term of pg and A_q, which,
when combined with |po|? and |Aq|?, forms the quadratic terms of the combined order (pq, Ag)
for the O(4) model. Furthermore, the momentum in Aq is also consistent with the momentum
carried by the CDW order and with the experimental findings [12]. Therefore, we conclude that
the observed QCP belongs to the universality class characterized by the O(4) symmetry with the
order parameter being (pg,Aq). Note that the found O(4) symmetry reminisces us of the micro-
scopic SO(4) symmetry in the Hubbard model at half filling [45, 46], where the CDW order is also

combined with the superconducting order to form the order parameter. The O(4) symmetry of the



QCP may thus be rooted from the microscopic SO(4) symmetry.

As indicated above, a unique feature of the QCP in cuprate superconductors is that it is buried
in the SC phase, resulting in all transitions involved occurring within the superconducting state.
Hence one expects that quantum critical fluctuations are induced by intertwining of orders, mostly
occurring among SC, CDW, and PDW orders. The effect of intertwining is reflected in Fig. 5(c),
which plots the doping-dependent relaxation rate I' obtained from curve fitting for 7" = 24 K.
We found that m reduces as the hole doping approaches the critical doping, while the relaxation
rate [' increases. This observation of CDW dynamics supports the QCP scenario and offers an
explanation for the difficulty in detecting the QCP due to the enhanced scattering by the quan-
tum fluctuations. In addition, the quasiparticle inverse lifetime versus doping is shown to exhibit
similar trend as that of the superfluid density. This behavior can be obtained by using the phe-
nomenological form of charge susceptibility derived in the Supplementary Information, where it
is shown that £ 2 results from correlations of phase gradient of the CDW orders. By the coupling
of the phase gradient of the CDW order to that of the SC order, it is easy to see that the self-energy
(thus the inverse lifetime) of quasiparticle is proportional to the correlation of phase gradient of the
SC order. Since the phase gradient of the SC order is proportional to the supercurrent, the inverse
lifetime is proportional to supercurrent-supercurrent correlation which is then proportional to the

superfluid density.

The model of the QCP in LSCO given by Eq.(1) fits our experimental data successfully. It
differs from the model of the Ohmic dissipative QCP [7], which has been used to interpret the
weakening and broadening of the observed CDW peak in cuprate superconductors. For an Ohmic
dissipative QCP, due to disorders, the Ohmic dissipation occurs during the tunneling between large
clusters near the critical point. In this scenario, the weakening and broadening of the CDW peak
is attributed to the dissipation of the order parameter through its quantum fluctuations and the gen-
eration of fermionic particle-hole excitations. However, unlike Eq.(1), the charge susceptibility of
the Ohmic dissipative QCP takes the form (m? + ¢?¢* + v|w|) ! [47], where the linear term, y|w|,
is generated by fermionic particle-hole excitations. This form of x, (q),w) exhibits a shape
kink at w = 0 and thus doesn’t fit our data. On the contrary, in our model based on Eq.(1), the
weakening and broadening of the observed CDW peak is attributed to the increase of I' such that
it exceeds m as the doping = approaches z., the QCP. This behavior is known as the breakdown of
bosonic quasiparticle picture and is consistent with a similar observation in a Bose-Einstein con-

densate within the temperature domain [36]. The breakdown of the CDW quasiparticle in cuprates



results from quantum fluctuations near the QCP enhanced by the intertwining of SC, CDW, and
PDW [10, 11, 48-50]. Our findings suggest a new perspective for comprehending the quantum
phase transition in cuprates. The transition involves two phases: below the QCP, a state character-
ized by intertwined CDW, PDW, and SC; above the QCP, a pure d-wave SC state with maximum

superfluid density.
Method

Crystal growth and characterization

The Lay_,Sr,CuQy, single crystals with various doping levels x were grown by the traveling-
solvent floating zone method [51-53]. After growth, the crystals were annealed to remove oxy-
gen defects. The precise values of doping concentration were determined from an inductively-
coupled-plasma atomic-emission spectrometric analysis. For the samples of nominal doping » =
0.12, 0.15, 0.17, and 0.18, their precise dopings were 0.12 £ 0.005, 0.145 % 0.005, 0.166 £ 0.004
and 0.182 £ 0.008, respectively. The T, of the ¢ = 0.15 sample was 37.5 K.

RIXS

We conducted O K-edge resonant inelastic X-ray scattering (RIXS) measurements using the
AGM-AGS spectrometer of beamline 41A at Taiwan Photon Source of the National Synchrotron
Radiation Research Center, Taiwan [54]. This AGM-AGS beamline was constructed based on
the energy compensation principle of grating dispersion. The best energy resolution at incident
photon energy of 530 eV was 16 meV. The scattering angle was fixed to 150°. The wave vectors
of incident and scattered X-rays are k; and k¢, respectively. The momentum transfer is q = k; — kg,
and its projection onto the ab plane is q. The a-axis and c-axis lay in the horizontal scattering
plane while the b-axis was perpendicular to the scattering plane.

Prior to XAS and RIXS measurements, the crystallographic axes were aligned with hard X-ray
diffraction using a special holder with tilting adjustment, and then the sample was cleaved in air to
have a (001) surface. The resonant conditions were achieved by tuning the energy of the incident
X-ray to the O K-edge absorption peak around 528.5 eV, which arises from the resonance to the
mobile p holes hybridized with the Cu 3d,2_,2 orbital to form a spin singlet termed Zhang-Rice
singlet. RIXS spectra were recorded using o polarized incident X-rays of which the polarization
was perpendicular to the scattering plane. The total energy resolution, characterized by the full

width half maximum of elastic scattering, was between 16 and 25 meV, due to the use of a bend-



able grating in the spectrometer. For every RIXS spectrum, we also measured reference spectra

from a reference sample—carbon tape—before and after the real measurement to determine the

zero-energy position and the instrument’s energy resolution, which were used in subsequent curve

fitting to ensure accurate data analysis. Despite these variations, the energy resolution A E' of our

RIXS measurements remained better than 25 meV.

Data availability

All data supporting the findings of this study are available within the paper and its Supplemen-

tary Information. Additional data are available from the corresponding author upon request.
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Figure Captions



FIG. 1. Phase diagram of Lay_,Sr,,CuO, plotted in the plane of temperature versus hole doping level x and
its anomalous quantum criticality. The solid curve, denoted by 7T, and the dashed curve, denoted by T,
mark the superconducting transition temperature and the pseudogap crossover temperature, respectively.
The dashed line labeled T indicates the Néel temperature. The circle denotes the putative QCP. Circles
and squares indicate the onset temperature of the CDW, with a dashed curve serving as a guide to the eye
[3, 5, 24]. Reports have indicated varying onset curves [55, 56]. Additionally, studies have observed spin-
density wave (SDW) orders in the underdoped region (z:<0.13) at low temperatures [30]. In the present
work, we shall focus on the CDW order. There is also a strange-metal phase in which the coefficient of the
T-linear term in resistivity is non-vanishing and much larger than that of the quadratic term [17, 25]. The

black dotted line separates the Fermi-liquid and strange-metal phases.

FIG. 2. Doping-dependent O K-edge RIXS of Las_,Sr,CuO4 with x = 0.12, 0.15, 0.17, & 0.18. RIXS
spectra were recorded with o-polarized incident X-ray tuned to the Zhang-Rice singlet hole peak at 24 K.
The momentum transfer is q = (q” ,0, L) with L varying between 0.47 and 1.03 in reciprocal lattice units.
(a), RIXS intensity distribution maps in the plane of energy loss vs. in-plane momentum transfer q; along
(m,0). (b), RIXS intensity distribution maps after the subtraction of elastic scattering. The raw RIXS data

for each momentum scan are plotted in Figs. S2-S5 of the Supplementary Information.



FIG. 3. Curve-fitting analysis of O K-edge RIXS of Las_,Sr,CuO4 with x = 0.12,0.15,0.17, & 0.18.
(a)-(d), RIXS spectra and their spectral components after curve fitting for ¢ = 0.12. The RIXS spectra
were fitted with four components and a linear background: elastic scattering, acoustic phonons, a mixture of
buckling and apical oxygen phonons, and half-breathing (bond-stretching) phonons, represented by dotted
(gray), dashed (pink), dash-dotted (green), and solid (blue) lines with shaded areas, respectively. Each
phonon component was fitted to a spectral function of damped harmonic oscillator. RIXS data are plotted
as black circles, and the fitted curve is given as a gray line. Detailed information about the curve fitting
is provided in the Supplementary Information. (e) & (f), Integrated spectral weights of the fitted elastic

scattering and the lowest-energy RIXS excitation, i.e., acoustic phonon for g away from |Q| and CDW

fluctuations for ¢ = |Q|, as a function of q) for various doping levels.

FIG. 4. Analysis of the RIXS spectral profile of CDW fluctuations in Lag_,Sr;CuOy4 for ¢ integrated
from 0.23 to 0.24 at various temperatures and dopings. Selected RIXS spectra and spectral components
from curve fitting are plotted in subplots: (a)-(b) for x = 0.12 at T' = 24 & 50 K; (¢)-(e) for x = 0.15 at
T =24,50,& 80K; (f)-(g) forx = 0.17atT = 24 & 50 K; (h) for z = 0.18 at T' = 24 K. The plotted RIXS
spectra are after the subtraction of elastic scattering. The curve-fitting scheme is the same as that of Fig. 3
except for the acoustic component, which was replaced by a component of CDW fluctuation. The dynamical
structure factor due to CDW fluctuations is related to the charge susceptibility x(q,w) by S(q,w) = Sp(1—
e~79)~1Imy(q, w), in which Sy is a proportion constant and 3 = 1/k, T, with k,, denoting the Boltzmann
constant. Note that the reduced Planck constant 7 is set to 1 in the expression of S(q,w). The raw RIXS

data of all doping levels and temperatures are plotted in Figs. S8 of the Supplementary Information.



FIG. 5. Scaling of the inverse correlation length of the CDW fluctuations and the evolution of relaxation
rate ' in Las_,Sr, CuQy. (a), Doping and temperature dependence of the characteristic energy m. Black
circles depict the deduced m for various temperatures at x = 0.12, 0.15, 0.17, and 0.18. They were fitted
to a power-law form: m = A(x. — x)” + BT" with a fitting scheme described in the Supplementary
Information. The fitted coefficients were: A = 81.68 £+ 16.2, . = 0.195 £ 0.007, v = 0.74 £ 0.08, and
B = 0.25 £ 0.11, defining the energy of m shown by the color surface. Solid lines plot power-law curves
of (¢ — x)¥ for T' = 24 K and T" for x = 0.12, 0.15, and 0.17. (b), Plot of m/T" versus (x. — x)/T for
various doping levels = and temperatures 7'. All data points, with minimal variations, collapse onto a curve
that takes the power-law form of Ay” + B, where y = (z. — z)/T. The gray vertical bars represent the
error bars of m/T", where the individual uncertainties of m and v were derived from the fitted errors and
then combined through error propagation. (c), Doping-dependent relaxation rate compared with the doping

dependency of superfluid density ps, reproduced from Refs. 57 (Panagopoulos et al.) and 58 (Tallon et al.).

2

2> Where Ay, is

The uncertainties of I' were derived from the fitted errors. ps is expressed in terms of 1/

the in-plane magnetic penetration depth. The solid line serves as a guide for the eye.
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