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Atomistic simulations of out-of-
equilibrium quantum nuclear dynamics
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The rapid advancements in ultrafast laser technology havepaved theway for pumping andprobing the
out-of-equilibrium dynamics of nuclei in crystals. However, interpreting these experiments is
extremely challenging due to the complex nonlinear responses in systems where lattice excitations
interact, particularly in crystals composed of light atoms or at low temperatures where the quantum
nature of ions becomes significant. In this work, we address the nonequilibrium quantum ionic
dynamics from first principles. Our approach is general and can be applied to simulate any crystal, in
combination with a first-principles treatment of electrons or external machine-learning potentials. It is
implemented by leveraging the nonequilibrium time-dependent self-consistent harmonic
approximation (TD-SCHA), with a stable, energy-conserving, correlated stochastic integration
scheme that achieves an accuracy of Oðdt3Þ. We benchmark the method with both a simple one-
dimensional model to test its accuracy and a realistic 40-atom cell of SrTiO3 under THz laser pump,
paving theway for simulationsof ultrafast THz-Xraypump-probespectroscopy like thoseperformed in
synchrotron facilities.

Nuclear quantum effects often play a crucial role in determining properties
of materials1, affecting their thermodynamic stability2–4, electronic
structure5,6, and transport phenomena7. Understanding and accurately
accounting forquantumcontributions in tunnelingandvibrational statistics
requires simulations that go beyond classical nuclei approximation. Path-
integral molecular dynamics (PIMD) is the most common approach to
simulate nuclear quantum effects in complex anharmonic crystals8–11,
especially with the ring-polymer formulation12,13, which is an exact frame-
work for sampling the equilibrium nuclear density matrix. However, PIMD
is rigorously formulatedwith anassumptionof thermodynamic equilibrium
as it evolves the trajectories in imaginary time. Simulating out-of-
equilibrium quantum nuclear dynamics requires a theory for the real-
time evolution, such as thepath-integral quantumMonteCarlo (PIMC)14–17,
which is extremely challenging due to the appearance of the so-called sign
problem, in which different trajectories contribute with different signs,
introducing noise in determining dynamical observables18. Therefore, most
applications of real-timePIMC remain limited to systems composed of only
a few degrees of freedom19.

Several techniques have been proposed to overcome the limits of real-
time PIMC to study nuclear quantum effects in systems of realistic
interest20–22. Among these, the time-dependent self-consistent harmonic
approximation (TD-SCHA23,24) holds significant promise. The theory
extends the stochastic self-consistent harmonic approximation

(SSCHA)25–27, a well-established technique to simulate equilibrium ther-
modynamics of solids accounting for quantum nuclear fluctuations. The
success of SSCHA lies in the adoption of approximations that are particu-
larly effective for crystals, achieving a computational cost that is orders of
magnitude lower than PIMD, while still producing predictions in very good
agreement with experiments2,3,7,28,29.

TD-SCHA has already been employed in the linear response regime,
where it enabled the prediction of Raman and IR spectra of metallic
hydrogen with unprecedented accuracy30. However, up to now, no appli-
cation of TD-SCHA beyond equilibrium has been attempted. The difficulty
in obtaining accurate and stable dynamic solutions of TD-SCHA equations
is challenging due to the need for the evaluation of ensemble averages of the
nuclear potential energy landscape.

In this work we address this challenge by developing an algorithm to
solve the dynamical TD-SCHA equations and simulate the out-of-
equilibrium dynamics of nuclei in complex realistic systems. In Section
“Time-dependent self-consistent harmonicapproximation”, we revise the
TD-SCHA equations of motion for the nuclear density matrix. Section
“Numerical integration of TD-SCHA equations” introduces three different
numerical algorithms to integrate the TD-SCHA equations, and their sta-
bility is discussed in Section “Stability of the integration schemes”. Section
“Stochastic formulation” presents the correlated sampling technique to
perform the evaluation of the stochastic quantum averages. This
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formulation ensures both the efficient evaluation of ensemble averages and
the numerical stability of the equations. Crucially, we show that such a
correlated approach conserves energy in one dimensional problems inde-
pendently of the number of stochastic configurations adopted. We bench-
mark the method in Section “Tests”, where we compare the different
numerical schemes on a one dimensional model system. Finally, in Section
“Dynamics in SrTiO3”, we provide an example of the application of TD-
SCHA to realistic systems by studying the quantum dynamics in SrTiO3

(STO) when driven out of equilibrium by a strong laser pulse of THz
frequency.

Results and discussion
Time-dependent self-consistent harmonic approximation
The TD-SCHA formulation leverages the Wigner formalism31,32. The
Wigner transform of the nuclear quantum density matrix ρ̂ðtÞ describing
the quantum state is defined as

ρðR;P; tÞ ¼
Z

e�
i
_P�R0

ð2π_Þ3N Rþ R0

2
jρ̂ðtÞjR� R0

2

� �
dR0; ð1Þ

and it maps the quantum operator ρ̂ðtÞ into a function of positions and
momenta ρ(R, P, t) that is analogous to the classical nuclear density. All
atomic quantities are rescaled bymass to simplify the notation:Ri ¼ ~Ri

ffiffiffiffiffi
mi

p
and Pi ¼ ~Pi=

ffiffiffiffiffi
mi

p
, where the index i goes from 1 to 3N, containing both the

Cartesian and atomic index, and the tilde indicates the standard (not mass-
rescaled) quantities. Dynamical averages of any quantum observable are
obtained by tracing R and P on the density:

hOiðtÞ ¼
Z

dRdPρðR;P; tÞOðR;PÞ: ð2Þ

TheTD-SCHAmethod is based on expressing theWigner densitymatrix as
a general Gaussian form in terms of ionic positions R and momenta P:

ρðR;P; tÞ ¼ 1
N e�

1
2ðδR�α�δRþδP�β�δPþδR�γ�δPÞ : ð3Þ

Here δRðtÞ ¼ R�RðtÞ and δPðtÞ ¼ P�PðtÞ and N is the normal-
ization factor, where RðtÞ ¼ Rh iðtÞ represent average positions and
PðtÞ ¼ Ph iðtÞ the average momenta. The α(t), β(t) and γ(t) matrices are
related to, respectively, position-position, momentum-momentum, and
position-momentum covariances by the following relations:

A�1 ¼ δRiδRj

D E�1
¼ α� γ � β�1 � γT ; ð4Þ

B�1 ¼ δPiδPj

D E�1
¼ �γT þ β � γ�1 � α ; ð5Þ

Γ�1 ¼ δRiδPj

D E�1
¼ β� γT � α�1 � γT : ð6Þ

The evolution of the density Wigner-space density matrix ρ(R, P, t) is
determined by the propagation in time of the parametersRðtÞ,PðtÞ,A(t),
B(t) and Γ(t). Analogously to the time-dependent Hartree–Fock or time-
dependent density functional theory for electrons, the time evolution is
obtained by imposing the least action principle24, leading to the time-
dependent self-consistent Liouville-von Neumann equation for the density
matrix:

i_
∂ρ̂

∂t
¼ H½ρ̂�; ρ̂� �

; ð7Þ

where H½ρ̂� is a self-consistent harmonic Hamiltonian whose parameters
depend on the anharmonic potential and the density matrix ρ̂ and the
square brackets indicate the quantum commutator (more details in ref. 23).

Notably, in TD-SCHA,H½ρ̂� is local in time, so the time evolution depends
only on the current quantum state. Expressing Eq. (7) in the Wigner
formalismand substituting theGaussian form for thedensitymatrix leads to
the set of differential equations

_R ¼ P
_P ¼ fh i
_A ¼ Γþ Γy

_B ¼ �h∂2ViΓ� Γyh∂2Vi
_Γ ¼ B� Ah∂2Vi

8>>>>>><
>>>>>>:

; ð8Þ

where the dot over a tensor _� indicates the time-derivative, the product
between tensors is the standard rows-by-columns contraction among all
indices, and the dagger symbol indicates thematrix transposition operation
Oy
ij ¼ Oji. Here, the atomic potential energy landscape (PES),V(R, t), enters

the quantum averages of forces 〈f〉 and the average curvature tensor 〈∂2V〉,
defined as

hf aiðtÞ ¼ �
Z

dRdP
∂V
∂Ra

ðtÞρðR;P; tÞ; ð9Þ

h∂2abViðtÞ ¼
Z

dRdP
∂2V

∂Ra∂Rb
ðtÞρðR;P; tÞ: ð10Þ

The solution of Eq. (8) provides the quantum state ρ(R, P, t), enabling the
direct computation of the time envelope of any quantum observable.

The stationary solution of Eq. (8) coincides with the equilibrium fixed-
volume state thatminimizes theHelmholtz free energy and can be obtained
with the standard SSCHA algorithm24,25.

When simulating a pump-probe experiment, the system is prepared at
equilibrium and perturbed with a radiation pulse modeled as a time-
dependent external potential Vext(R, t). The overall potential that enters in
Eqs. (9) and (10) is

VðR; tÞ ¼ VBOðRÞ þ VextðR; tÞ; ð11Þ

whereVBO(R) is the instantaneous interaction potential of nuclei within the
Born-Oppenheimer approximation that depends only on the nuclear
positions.

Numerical integration of TD-SCHA equations
Numerical solutions of the TD-SCHA equations of motion (8) have so far
been limited to simple one-dimensional models24 and linear-response cal-
culations, enabled by an efficient Lanczos algorithm23. The major challenge
to applying TD-SCHA in the out-of-equilibrium regime is associated with
the cost of calculating the averages 〈f〉 and particularly 〈∂2V〉, Eq. (10), as
sampling the second derivatives of the potential is computationally
expensive. This section introduces afinite-difference scheme to integrate the
TD-SCHA equations with an error scaling as Oðdt3Þ that requires the
computation of Eq. (10) only once per time step. Expanding the time evo-
lution of TD-SCHA quantities in the Taylor series to second order in the
time step increment dt, we derive the following expressions:

Rtþdt ¼ Rt þPtdt þ 1
2 f t
� �

dt2 þOðdt3Þ
Ptþdt ¼ Pt þ f t

� �
dt þ 1

2P
00
t dt

2 þOðdt3Þ
Atþdt ¼ At þ Γþ Γy

	 

tdt þ 1

2 B� Ah∂2Vi	 

tdt

2 þ 1
2 B� h∂2ViA	 


tdt
2 þOðdt3Þ

Btþdt ¼ Bt � h∂2ViΓþ Γyh∂2Vi	 

tdt þ 1

2B
00
t dt

2 þOðdt3Þ
Γtþdt ¼ Γt þ B� Ah∂2Vi	 


tdt þ 1
2 Γ

00
t dt

2 þOðdt3Þ

8>>>>>>><
>>>>>>>:

ð12Þ

Notably, while the equations for the evolution ofR andA are explicit
up toOðdt3Þ, we need the values of the second derivatives of Bt, Γt andPt .
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Topreserve theOðdt3Þ error of the time propagationwe use the central
difference formula to approximate those second derivatives (see Supple-
mentary Section II of the Supplementary Information, SI33):

Ftþdt ¼ Ft þ
1
2
ðF0

t þ F0
tþdtÞdt þOðdt3Þ ; ð13Þ

where F represents a generic variable. This expression only requires the
knowledge of its first derivatives at times t and t + dt, but not of the
second derivative. We can rely on two observations: (i) The calculation
of 〈f〉 and 〈∂2V〉 depends only onR andA as the potential is a function
of only the positions (see Eqs. (9), (10) and Supplementary Section I of
the SI); (ii) both R and A can be integrated explicitly with accuracy
Oðdt3Þ. TheGeneralizedVerlet (GV) algorithmwe devise comprises the
following steps: (I) calculate Rtþdt and At+dt with accuracy Oðdt3Þ
using the first and the third of Eqs. (12) respectively; (II) useRtþdt and
At+dt to determine fh itþdt and h∂2Vitþdt ; (III) determine P, B and Γ
using Eq. (13)

Ptþdt ¼ Pt þ hfi�t dt þOðt3Þ
Btþdt ¼ Bt � h∂2ViΓþ Γyh∂2Vi	 


�tdt þOðdt3Þ
Γtþdt ¼ Γt þ B� Ah∂2Vi	 


�tdt þOðdt3Þ :

8><
>: ð14Þ

Here we use the shorthand F�t to indicate 1
2 ðFt þ FtþdtÞ. Even though

Eq. (14) is implicit in the variables B and Γ, it requires the calculation of
〈f〉 and 〈∂2V〉 just once per time step (due to observation (i)), and it
evolves the parameters with accuracy Oðdt3Þ. Furthermore, the equa-
tions for integratingR andP coincide with the familiar velocity Verlet
scheme34.

We now compare the above GV integration scheme with alternatives,
namely explicit Euler (EE) and semi-implicit Euler (SIE) algorithms,
showing that the GV is more accurate than both EE and SIE and stable for
larger values of the time-step dt. Alternative integration strategies for Eqs.
(12) are founded on the semi-implicit Eulermethod. Since Γ is related to the
derivatives of A and B (see Eqs. (8)), the semi-implicit Euler (SIE) scheme
consists in updating Γ first, then computing At+dt and Bt+dt by using Γt+dt

instead of Γt:

Atþdt ¼ At þ Γþ Γy
	 


tþdtdt þOðdt2Þ
Btþdt ¼ Bt � h∂2VitΓtþdt þ Γytþdth∂2Vit

� �
dt þOðdt2Þ

Γtþdt ¼ Γt þ B� Ah∂2Vi	 

tdt þOðdt2Þ

8>><
>>:

: ð15Þ

Instead, R and P are evolved according to Verlet. These integration
schemes can be compared to the simplest approach, the explicit Euler (EE)
scheme, where all the parameters are evolved simultaneously:

Atþdt ¼ At þ Γþ Γy
	 


tdt þOðdt2Þ
Btþdt ¼ Bt � h∂2VitΓt þ Γyt h∂2Vit

� �
dt þOðdt2Þ

Γtþdt ¼ Γt þ B� Ah∂2Vi	 

tdt þOðdt2Þ

8>><
>>:

: ð16Þ

Stability of the integration schemes
Here, we investigate the stability of the integration schemes introduced in
the previous section. Particularly, we are interested in the dynamics of the
variablesA, B, and Γ, which are not present in classical Newtonian nuclear
dynamics equations.

Let us consider a 1D wave packet evolving in a Harmonic potential.
Thanks to the constant curvature κ of the PES,A,B and Γ donot depend on
the average coordinates (centroids)R andP since

h∂2Vi ¼ κ: ð17Þ

The TD-SCHA equations for these variables reduce to

_A
_B
_Γ

0
B@

1
CA ¼

0 0 2

0 0 �2κ

�κ 1 0

0
B@

1
CA

A

B

Γ

0
B@

1
CA : ð18Þ

By rescaling the parameters as

A0 ¼ ffiffi
κ
2

p
A

B0 ¼ 1ffiffiffiffi
2κ

p B

t0 ¼ ffiffiffiffiffi
2κ

p
t

8><
>: ð19Þ

we get a generalized equation that does not depend on the PES curvature κ

_A
0

_B
0

_Γ
0

0
B@

1
CA ¼

0 0 1

0 0 �1

�1 1 0

0
B@

1
CA

A0

B0

Γ0

0
B@

1
CA : ð20Þ

The above equation can be written in a compact notation as

_x ¼ M � x ð21Þ

where the propagation matrix M is skew-symmetric. This symmetry
imposes that the norm of x is conserved

A02 þ B02 þ Γ02 ¼ const : ð22Þ

In the following, we omit the prime symbol to maintain a cleaner notation
and introduce the integer step n as n = t/dt. The stability of the methods is
investigated by calculating the step transformation matrix S(dt), which
connects the degrees of freedom at time step n + 1 with those at step n:

xnþ1 ¼ SðdtÞxn : ð23Þ

Iterating Eq. (23), we obtain

xnþ1 ¼ SðdtÞnx0 : ð24Þ

The stability condition is achieved if the propagator S(dt)n remains finite for
arbitrary large powers n. This is equivalent to requiring that all its eigen-
values λ are such that ∣λ∣≤1. We calculate the step transformation matrices
for EE, SIE, and GV schemes. The details of the derivation are reported in
Supplementary Section II of the SI. For the EE method we find that

λmax ¼ 1þ 2dt2 > 1 8dt ; ð25Þ

meaning that the EE method is unconditionally unstable. The stability
condition obtained for the SIE method is instead

dtSIE ≤
1
ω
; ð26Þ

whereω ¼ ffiffiffi
κ

p
is the frequency of the harmonic oscillator, while for theGV

method we obtain

dtGV ≤

ffiffiffi
2

p

ω
: ð27Þ

Thus, both the SIE and GV are stable for sufficiently small dt, with the GV
method having a larger stability range. The integration step of the GV
algorithm must thus be shorter than approximately 1/5th of the shortest
period of vibrational motion of an atomic system.
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Stochastic formulation
The ensemble averages of the potential energy and its derivatives are
multidimensional integrals that are challenging to calculate. One strat-
egy for addressing this issue involves expanding the potential energy in a
Taylor series centered at a high-symmetry point of the structure, which
allows analytically computing the thermodynamic averages. This
approach relies on the analytic knowledge of Gaussian integrals, and it is
at the basis of the self-consistent phonon (SCP) approach35. The alter-
native consists in evaluating the integrals through a stochastic Monte
Carlo algorithm, as exploited by the SSCHA approach25. Here, we
introduce a stochastic formulation for the TD-SCHA. The ensemble
average of the potential energy on the nuclear density in Eq. (3) can be
calculated as:

Vh iD ¼ 1
Nc

XNc

i¼1

VðRðtÞ þ JðtÞ � yiðtÞÞ ; ð28Þ

where yi(t) are i.i.d. normal randomvariables,Nc is the number of stochastic
configurations, and the subscriptD stands for the discrete evaluation of the
ensemble average (amoredetailed introduction is in Supplementary Section
III of the SI). J(t) is theprincipal square root (oneofmanypossibilities) of the
position-position covariance A(t):

Jab ¼
X
μ

ffiffiffiffiffi
λμ

q
eμaeμb ; ð29Þ

where λμ and eμ are respectively eigenvalues and eigenvectors ofA. The TD-
SCHAequations only require the averages of thefirst and secondderivatives
of the potential. In our formulation, both averages require only the
calculation of forces, which can be obtained either from first principles or
from surrogatemachine-learning force fieldmodels. The average of the first
derivative of the potential simplifies to

∂V
∂Ra

� �
D
¼ � 1

Nc

XNc

i¼1

f aðRþ J � yiÞ ; ð30Þ

where the Cartesian force component is

f a ¼ � ∂V
∂Ra

: ð31Þ

(Here, we have omitted the time dependence for clarity in notation). The
calculation of the ensemble average of the second derivatives leverages
integration by parts to solely utilize the forces26

∂2V
∂Ra∂Rb

� �
D
¼ �

X
cd

A�1
ac

XNc

i¼1

Jcd ydif bðRþ J � yiÞ : ð32Þ

Equation (32) is symmetric in theCartesian indexes a and b only in the limit
Nc →∞. For a finite number of configurations, it must be symmetrized:

∂2V
∂Ra∂Rb

� �sym

D
¼ 1

2
∂2V

∂Ra∂Rb

� �
D
þ 1
2

∂2V
∂Ra∂Rb

� �T

D
ð33Þ

The stochastic evaluation of these integrals is characterized by Gaussian
noise, which decreases as 1/Nc. If the random displacements yi are sam-
pled in uncorrelated way at each time step, this implies the presence of
stochastic noise as input in the TD-SCHA differential equations, which
can significantly affect their accuracy and stability. As demonstrated in
ref. 24, theTD-SCHAequations conserve the total energy in the absenceof

external potentials acting on the system:

d
dt

X
a

Baa þ P2
a

2


 �
þ d

dt
Vh i ¼ 0 ð34Þ

However, the total energy is conserved only in the limit forNc→∞.We can
show that these issues can befixedbyusing the same randomconfigurations
�yi in different time step evaluations, which we refer to as correlated sam-
pling. In practice, this means drawing the random configurations �yi at the
first time step and reusing them for the evaluation of ensemble averages at
every subsequent time step, rather than generating new configurations at
each step. This choice introduces a systematic bias but eliminates the sto-
chastic noise of the ensemble averages of forces and curvatures, making the
time evolution smooth. Moreover, we can demonstrate that for one-
dimensional problems, energy conservation holds true for any finite
number of configurations when a constant �yi is employed as dt → 0 (see
Supplementary Section IV of the SI). For higher-dimensional problems,
energy conservation remains dependent on the number of configurations
due to arbitrariness in the definition of J. Nevertheless, the correlated
sampling approach drastically improves the energy conservation for a given
number of configurations Nc, as shown numerically in the following
sections. The possibility of choosing a gauge for J that allows for energy
conservation independent of the number of configurations in higher-
dimensional problems is discussed in theSupplementary Section IVof theSI
and will be the subject of future research. The systematic bias introduced by
the correlated approach vanishes in the limit Nc →∞. Therefore, it can be
completely removed by ensuring the convergence of the trajectory with
respect to the number of configurations.

Tests
We test the integration schemes on a one-dimensionalmodelwith potential
energy

VðuÞ ¼ 1
2

�au2 � bu3 þ cu4
	 


; ð35Þ

wherea=1.00 eV/Å2, b=1.00 eV/Å3, and c=1.00 eV/Å4. The ionicmass is
1 amu. As illustrated in Fig. 1, this potential exhibits two local minima
separated by a barrier of approximately 0.58 eV. The initial conditions for
the parameters R;A;B; Γ correspond to thermodynamic equilibrium,
determined by solving the SSCHA equations25 at 100 K. In such equili-
brium, the nuclear density is centered at the lowest minimum, with a
spread of about 0.5Å due to the ion’s light mass. The initial momentum of
the oscillator is set to Pffiffiffi

m
p ¼ 0:075

ffiffiffiffiffiffi
eV

p
. First, we assess the accuracy of the

stochastic formulation of TD-SCHA introduced in Section “Stochastic
formulation”. In particular, we compare the performance of the correlated
and uncorrelated approaches for generating random displacements. To
achieve this, we solve the TD-SCHA equations using both methods with
Nc= 100 random configurations. The simulation is performed over 400 fs
with a time step of 1 fs, employing theGVscheme to integrateEqs. (8). The
results, shown in Fig. 2, are compared with the solution of the TD-SCHA
equations in the Nc → ∞ limit, which is numerically obtained by
calculating the ensemble averages in Eq. (8) using trapezoidal integration
on a dense grid. This is referred to as the “exact” solution. The
uncorrelated sampling algorithm quickly deviates from the Nc → ∞
solution. The correlated sampling algorithm, instead, remains stable
throughout the dynamics due to the suppression of the stochastic noise
across different time steps. This demonstrates the ability of the correlated
approach to accurately reproduce the ensemble averages and, conse-
quently, the dynamics.

Next, we evaluate the accuracy of the integration schemes outlined in
Section “Numerical integration of TD-SCHA equations” with respect to
energy conservation. Figure 3 shows the total energy over time for the GV
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and SIE schemes using a correlated approach for random displacements, as
well as the GV scheme with an uncorrelated approach. The uncorrelated
sampling approach fails to conserve energy, although reducing the simu-
lation time step by half partiallymitigates this issue. The SIE algorithmwith
correlated sampling suppresses the energy oscillations, but it suffers from a
uniform energy drift that decreases with a reduction in the simulation time
step. In contrast, the correlated GV method demonstrates flawless energy
conservation for both time steps, exhibiting no energy fluctuations or drift.
Finally, we numerically demonstrate that the correlated approach conserves
energy independently of the number of configurations. To this end, we
perform dynamics simulations for Nc = 50, 100, and 200, with the results
presented in Fig. 4. For the uncorrelated sampling algorithm, energy con-
servation improves significantly as the number of configurations increases.
In contrast, the correlated sampling approach ensures robust energy con-
servation, regardless of the number of configurations (see Supplementary
Section IV of the SI for the formal proof).

Dynamics in SrTiO3

In this section, we showcase a realistic application of TD-SCHA by inves-
tigating the out-of-equilibrium quantum dynamics in SrTiO3 (STO) that
follows a resonance-exciting short pulse of infrared light. STO is a proto-
typical quantum paraelectric36–38, where nuclear quantum fluctuations
suppress the ferroelectric order at low temperatures. STO has been exten-
sively studieddue to the emergingphenomenaoccurringwhendrivenout of
equilibriumby strong electricfield pulses39–44. Notably, irradiating STOwith
a THz-frequency pulse at low temperatures induces a long-lasting second
harmonic generation signal39,40, suggesting the occurrence of a light-induced
ferroelectric phase transition; however, this interpretation is still debated45.
Furthermore, recent studies have demonstrated the possibility of transfer-
ring energy from lower frequency phonons, pumped by the optical excita-
tion, to higher frequency phonons in an out-of-equilibrium process called
upconversion41, enabled by the anharmonic coupling between them.

In our simulation, a 40-atom supercell of STOoriginally equilibrated at
100 K through a static SSCHA calculation is excited by an infrared pulse
with an amplitude of 833 kV/cm, which is resonant with the soft phonon

Fig. 1 | Poltential energy surface of the model. The solid curve represents the
potential energy surface of the model, while the dashed Gaussian corresponds to the
equilibrium nuclear distribution.

Fig. 2 | Comparison of uncorrelated and correlated approaches. The panels in the
upper row compare theNc→∞ solution to the TD-SCHA equations (blue line) with
the finite sampling solution using uncorrelated displacement (red line). The lower
row of panels compares the exact solution to the TD-SCHA equation with the
numerical solution using correlated sampling (yellow line). The quantities

represented are (moving from left to right) the position R, position-position cor-
relationA, average force f

� �
, and average curvature ∂2V

� �
. For both the calculations

with correlated and uncorrelated displacements, we employed Nc = 100 and a time-
step of 1 fs.

Fig. 3 | Energy conservation. Energy conservation for different integration schemes
and time-step.
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mode (SPM, represented in Fig. 5a of STO.We account for the light-matter
interaction in the dipole approximation through the Born effective charges.
Details on the coupling with the electric field and the atomic energy land-
scape calculation are discussed in Method section F. We integrate the TD-
SCHA equations using the GV scheme in the correlated formulation,
adoptinga time stepof 1 fs and sampling thepotential energy landscapewith
Nc = 4000. The system, originally in equilibrium at 100 K, interacts at t = 0fs
with an external pulse of oscillating electric field, triggering a non-
equilibrium evolution of the densitymatrix. Fig. 5b shows themotion of the
SPM phonon coordinate

Qμ ¼
X
ax

eμaxðRax �Req
axÞ ð36Þ

as a function of the time delay after the pulse. Here Req
ax represents the

equilibrium centroid position of the atom a in the direction x, and eμax is the
equilibirum eigenvector of the soft phononmode μ. The irradiation of STO
with resonant pulses drives large oscillations of the SPM,which slowly decay
due to the interaction with other phononmodes. The blue area in the figure
corresponds to the quantum uncertainty in the position of the SPM. It is
computed as ±

ffiffiffiffiffiffiffi
Aμμ

p
, which is equal to

ffiffiffiffiffiffiffiffiffiffiffiffi
Q2

μ

D Er
. The large extent of this

uncertainty relative to the motion of Qμ highlights the fundamental

importance of quantum effects in the dynamics of STO. An extensive dis-
cussion of the relevance of the simulation for the physics of STO goes
beyond the scope of this work, and is subject of a separate publication46.

In conclusion, we introduced the first approach to simulate none-
quilibriumquantumnuclear dynamics using the TD-SCHA.Wederived an
integration scheme, theGeneralizedVerlet,whichallows for the evolutionof
the equations with an error of Oðdt3Þ, demonstrating that its conditional
stability is consistent and of the same order as the Nyquist sampling rate.
Additionally, we introduced a stochastic formulation of the TD-SCHA,
which enables efficient calculation of ensemble averages while ensuring the
stability of the evolution. Finally, we showcased the method’s potential,
proving it is well-suited for simulating quantum nonequilibrium processes
in pump-probe setups on the scale of hundreds of atoms.

Methods
Machine learned potential
The TD-SCHA simulations on STO utilize machine-learned potentials
(MLP) to model the potential energy surface. We opted for FLARE47 for its
active learning capabilities, enabling efficient data generation and rapid

a

b

Fig. 4 | Effect of the number of configurations on energy conservation. a Energy
conservation of the GVmethod as a function of the number of configurations Nc in
the uncorrelated formulation. b Energy conservation in the correlated formulation.
Note that the y-scale of the two panels differ bymore than two orders of magnitudes.

a

b

Fig. 5 |Dynamics in STO. aThe STOunit cell. The arrows indicate the displacement
pattern of the SPM excited resonantly by the THz impulsive pump. b Dynamics of
the SPM as a function of the time delay after the pulse. The blue area represents the
quantum uncertainty, which is comparable to the amplitude of the oscillations,
witnessing the importance of nuclear quantum effects in the dynamics.
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inference times48. Through active learning, we explored various tempera-
tures and volumes to develop a broadly applicable potential.

Simulations were conducted at 100, 300, and 500 K, each for 200 ps, at
the DFT-relaxed lattice parameter, as well as at ±2% strain, amounting to a
total of 1.8ns of dynamics.A timestep of 2 fs and a thermostat damping time
of 200 fs were employed, utilizing the default Nosé-Hoover thermostat in
LAMMPS49.

DFT calculations were performed at the PBE level of theory using
QuantumESPRESSO50.Weused a plane-wave cutoff of 80Ry and a k-point
grid of 6 × 6 × 8 for the 20-atom cell, adopting the pseudopotentials
recommended by the SSSP efficiency library51.

Interaction with the electric field
The forces on the atom i by the electric field is obtained as

f i ¼
1
εeff

Zi � E : ð37Þ

HereE is the external electricfield, εeff is thedielectric constant andZi are the
Born effective charge tensors. The effective charges are computed through
DFPT, using the same parameters as above. Their value for the different
atomic species is reported in Table 1.

Here we employ the screening model proposed in refs. 42,52

εeff ¼
1þ ffiffiffiffiffiffiffiffiffiffiffi

εDFPT
p
2

; ð38Þ

with εDFPT = 6.31.

Data availability
No datasets were generated or analyzed during the current study.
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