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A machine learning approach to predict
tight-binding parameters for point defects
via the projected density of states
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Calculating the impact of point defects on the macroscopic properties of technologically relevant
semiconductors remains a considerable challenge. Semi-empirical approaches, such as the tight-
binding method, are very efficient in calculating the electronic structure of large supercells containing
one or several defects. However, the accuracy of these calculations depends on the quality of the
parameters. Obtaining reliable parameters by fitting to the large number of entangled bands in
defective supercells is a demanding task. We therefore present an alternative way by fitting to the atom
and orbital projected densities of states. Starting with a tight-binding fit of the pristine material, we only
need a few physically motivated parameters for the fitting of defects. The training is done on data sets
generated purely with parameter variations of tight-binding Hamiltonians. We demonstrate the
efficiency of our approach for the calculation of the carbon monomer and the carbon dimer
substitutions in hexagonal boron nitride. The method opens a path towards understanding
complicated defect landscapes using a computationally affordable semi-empirical approach without

sacrificing accuracy.

The calculation of electronic properties of defects in solids using density-
functional theory (DFT) in a supercell approach is now a well-established
and frequently used method'’. Total energy calculations give access to
formation energies, charge transition levels or even optical transitions’™. For
relatively simple and localized defect states, it is even feasible to investigate
the optical properties through many-body perturbation theory . How-
ever, studying the impact of defects on transport, mechanical, or excitonic
properties of complex materials requires a large number of atoms. This
challenges pure ab-initio approaches and suggests the use of complementary
methods.

Recently, there has been a growing interest in applying machine
learning techniques to the scalability of electronic structure calculations. The
predictive power of neural networks can utilize information obtained by
DFT on smaller systems to construct Hamiltonians for larger systems (e.g.,
by obeying the system symmetries)'*™"*.

Another use of machine learning is in the context of semi-empirical
tight-binding, where it has emerged as a powerful regression tool. For
example, Wang et al.” used machine learning for a tight-binding para-
meterization where the neurons of the network act as matrix elements.
Nakhaee et al.” fitted Slater-Koster parameters for BiTeCl by optimizing the
parameters through machine learning. Soccodato et al.”' and Gu et al.”?
obtain distance-dependent tight-binding (TB) parameters by applying local

changes to the structures. However, all of the mentioned methods either
require training data sets based on many DFT calculations, or they
empbhasize that a small cell is necessary to achieve a reasonable TB fit.

These efforts are complemented by the use of machine learning within
the the self-consistent charge density-functional tight-binding method
which aim to accurately perform geometry relaxations™**. The goal of such
general tight-binding approaches is the ability to predict, for a given set of
atomic positions, the corresponding tight-binding Hamiltonian and the
resulting energy and forces.

For the description of point defects in their dilute limit, large super cells
in real space are necessary. This results in a large density of intertwined
bands in reciprocal space. Disentangling the bands (in the sense of making
sure that the right tight-binding band is fitted to the right abinitio band)
becomes challenging. In recent years, quantitative parameterizations of the
tight-binding model for defects, fitting to ab-initio calculations, have been
attempted. One way is a transformation from the (delocalized) DFT Bloch
states to localized Wannier functions™. This approach remains challenging
in the presence of many entangled bands, although some progress has been
made by Fontana et al.”’. By enforcing the localization of the orbitals with the
help of additional “spread functionals”, they were able to obtain a Wannier
fit of the electronic bands of the NV~ center in diamond in a 64 atom
supercell.
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One way to overcome the problem of band disentanglement in large
supercells is by evaluating the Green’s function G(r, r’; E) of the perturbed
system (i.e., the defective material). The imaginary part 3 of its diagonal
elements is proportional to the local density of states p(r; E):

~23G(r, 1 B) = plx: ). )

This enables the qualitative study of defective systems and has been widely
applied for defects in graphene® ™. In particular, nitrogen substitution in
graphene has been studied by Lambin et al.” by introducing a dependence of
the onsite energies on the distance from the defect. They optimize the tight-
binding parameters with the local density of states.

In this contribution, we follow the idea of using the local (i.e., atom and
orbital projected) density of states for the description of defects. In contrast
to earlier work, we make it quantitative by optimizing a small (but physically
relevant) set of defect-related parameters through machine learning. We
note that a fitting by machine learning of (total) electronic densities of states
for various periodic systems (including defects) has been performed within
the TBMaLT toolkit of DFTB***. In our work, we introduce the fit to the
atom and orbital projected density of states as the essential ingredient to
obtain not only a reliable result for the (global and local) densities of states
but also for the electronic band structure, a topic that was mentioned in
ref. 34 to be addressed in future studies.

Considering the balance between accuracy and transferability, we
choose an approach different from training on a large set of DFT calcula-
tions. We rather create a large training data set directly by using our lean
tight-binding model and varying its parameters in a certain range around
the values for the pristine material. With the trained neural network, we then
efficiently parameterize a defect using only one single DFT calculation for
this defect.

A similar approach in this direction has been made by Schattauer et al.
who used hopping parameters obtained from a pristine Wannierization as a
starting point to describe different vacancy defects in graphene®. They have
trained a machine learning model with band structures obtained by a
distant-dependent Wannier parameters and showed the capability of the
model to describe a vacancy in a transition metal dichalcogenide monolayer
via the variation of pristine Slater-Koster parameters found in the literature.
However, this approach is still based on the band structure, which becomes
increasingly challenging to interpret for larger supercells due to the expected
complex band folding (Fig. 1). For larger cells, a model based on real-space
instead of reciprocal-space data seems useful.

In this paper, we describe a systematic way to obtain an intuitive,
accurate, and transferable set of tight-binding parameters for the electronic
structure of defects. We present a procedure to obtain such a model with the
help of machine learning. We start with the tight-binding parameters of the
pristine material. The defect (in this work we consider only substitutional
atoms) is then treated as a perturbation of the pristine material and enters
the TB model in four ways: (i) it has a different onsite energy and hopping
parameters to its nearest neighbors, mimicking the difference in chemical
properties of the substitutional atom. (ii) In the vicinity of the defect, the shift
of onsite energies is modeled by a Gaussian dependence on the distance
from the defect. (iii) An extra hopping parameters between the nearest
neighbor of the defect is introduced to capture the impact on the pristine
parameters in the close vicinity. (iv) The defect may lead to a distortion of
the surrounding lattice. This distortion is taken into account through the
distance dependence of the tight-binding parameters of the pristine
material.

Our approach keeps the number of fitting parameters for the defective
cell to a minimum. As standard fitting tools fail to consistently predict a
good parameter set, we employ a machine learning algorithm for this task.
The machine learning model is trained with a set of local densities of states
calculated in the tight-binding approximation. Consequently, no expensive
DFT calculations are involved in the training. Once trained, the models are
given the projected density of states from DFT and provide the

corresponding tight-binding parameters that properly reproduce both the
projected density of states and band structures (obtained with DFT) of
supercells with defects.

To demonstrate our method, we study three cases of substitutional
defects in monolayer hexagonal boron nitride (hBN): the carbon substitu-
tion of a boron atom (Cp), the carbon substitution of a nitrogen atom (Cy)
and the carbon dimer substitution (CsCy). For single carbon substitutions,
there are many-body calculations of the band structures and optical
absorption levels of the defects'*'"”. The carbon dimer is the main candidate
for the 4.1 eV peak observed in the PL-spectra, as shown by constrained
hybrid DFT calculations™. Semi-empirical models, even at a tight-binding
level, have not yet been made available for these defects. Thus, in addition to
serving as benchmark calculations for the development of our method, our
results will enable the exploration of defects in hBN, which is a promising
host for defect-related single-photon emission”.

This paper is structured as follows: We first discuss the problems of
fitting the defect parameters in “The band structure problem”, where we also
explain the general workflow. This is followed by motivating the machine
learning approach and explaining its components, after which we introduce
our approximations for the defect tight-binding Hamiltonian. We then
benchmark our results with carbon defects in hBN by means of the projected
density of states (PDOS) and the band structure, before concluding in
“Discussion”.

Results

The band structure problem

To properly describe a defect in an otherwise perfect crystal, using periodic
boundary conditions, the defect is usually embedded within a sufficiently
large supercell of the host material. The construction of a supercell leads to
the back-folding of the bands of the primitive unit cell into the corre-
spondingly reduced 1st Brillouin zone of the supercell (Fig. 1). The intro-
duction of a defect (here a carbon dimer substitution) then leads to a
perturbation of the valence and conduction bands and, depending on the
defect, to the appearance of one or more localized (i.e., weakly dispersing)
states in the band gap. The description of such a system using a tight-binding
Hamiltonian obtained by jointly fitting the defect bands and the perturbed
valence/conduction bands becomes a formidable task. Directly fitting the
TB bands to the respective DFT bands (i.e., minimizing |27 — €| forall
n and k) requires their disentanglement: the respective eigenvalues have to
be from the same band 7 at the same k. Tweaking tight-binding parameters
to shift the “wrong” eigenstate to match a DFT energy will actually worsen
the overall fit. The disentanglement of the bands becomes cumbersome
quite quickly with increasing supercell size, and Wannierization reaches its
limits already for defective 2D materials™.

Using instead the PDOS offers several advantages. Most importantly,
the key problem of the disentanglement of the bands is overcome by pro-
jecting the density of states onto the orbitals and atomic sites. Furthermore,
the PDOS at the defect site and its close neighbors converges quickly as a
function of supercell size. Even in the limit of large and complex defect
supercells (where DFT calculations are restricted to a single k-point), the
PDOS is still accessible and reliable.

The PDOS has significant advantages for the fitting process, but the
perturbation of the host material by the defect also influences the tight-
binding Hamiltonian which presents another challenge. The reduction of
the symmetry from the primitive cell to the defect supercell leads to many
new parameters. In principle, all site energies and the parameters for all
possible hoppings between the first, second, and third nearest neighbors
within the supercell would need to be refitted. In the case of a defective hBN
supercell of 162 atoms, we would be faced with more than 1000 parameters.
Although this number can be reduced by symmetry™, in the present work
we aim for a minimal parameter set. We therefore employ two distance
dependencies for the pristine parameters, resulting in a simpler fitting
problem.

Specifically, we used a neural network that predicts these tight-binding
parameters for defects from the PDOS. The work flow is shown in Fig. 2. The
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Fig. 1 | Illustration of the problems associated with a defective band structure.
DFT band structures along high symmetry points of a hBN unit (2 atoms), of a

9 x 9 x 1 pristine supercell (162 atoms), and of a 9 x 9 x 1 supercell containing a
carbon dimer. Increasing the unit cell leads to folding of the band structure. The
presence of the defect then perturbs the bands and introduces states within the
band gap.
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Fig. 2 | Workflow to obtain tight-binding parameters for defects. Oval nodes
indicate the starting points, cornered nodes represent steps including calculations
and rounded nodes represent data. DFT related calculations are displayed in orange,
TB in green and ML in purple. Although some similarities are present to Schattauer
et al.”, instead of refitting the pristine parameters, we treat the defect as a pertur-
bation to reduce the number of fitting parameters. Furthermore, we introduce an
additional step for the generation of the pristine model, where we calculate a distance
(strain) dependence of the TB parameters for the long-range description. Last but
not least, instead of using the band structure, we use the PDOS to avoid the cum-
bersome disentanglement of the bands.

starting points are optimized geometries of the pristine cell and the defect
supercell, calculated using DFT. The pristine tight-binding model is
obtained by fitting to the ab-initio band structure in the primitive cell. A
distance dependence of the hopping parameters can be obtained by refitting
to ab-initio calculations of strained unit cells. Once the pristine tight-binding
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Fig. 3 | Scheme of the data preparation and the neural network. Upper part:
scheme of the data preparation. PDOS D(r;; E) at different sites r; is normalized
separately. Lower part: Scheme of the neural network, displaying the order of the
different parts of the network.

parameters have been established, we used the defect geometry obtained
from a DFT relaxation to build the defect Hamiltonian as a perturbation of
the strain-dependent pristine Hamiltonian.

Random sampling of the tight-binding parameters that define this
Hamiltonian generates the data sets on which we train, and the neural
network learns the mapping between the tight-binding PDOS (input) and
the tight-binding parameters (output). A key benefit is that the training data
is solely acquired within the tight-binding framework, making it compu-
tationally inexpensive. After the training, a DFT PDOS is used to predict
tight-binding parameters that accurately describe the Hamiltonian defect.
Before discussing the details of the tight-binding model, we will introduce
the machine learning approach to obtain the parameters.

Machine learning

The key task in our approach is to find tight-binding parameters that give
rise to localized defect states within the band gap and simultaneously
describe the bands properly. Using standard fitting tools to directly fit the
tight-binding PDOS to DFT provides a first hint on the complexity of this
task (Supplementary Information). Without prior knowledge of the defect
parameters, standard fitting tools struggle to find the localized peak and
simultaneously describe the bands properly. Another problem is the scal-
ability of this procedure. While with a small number of parameters, one can
still manually fit the parameters, this becomes increasingly difficult the more
parameters need to be fitted.

In recent years, state-of-the-art fitting tools have been complemented
by machine learning algorithms, enabling the exploration of a complex
parameter space with many parameters. It is the goal of this article to make
this connection between machine learning and fitting TB parameters via the
PDOS: The neural network learns the direct correspondence between the
PDOS and the parameters used for the generation, minimizing the chance of
being stuck at a local minimum and making sure that the defect state and the
bands are properly described.

The PDOS D(r; E) as a fitting property has multiple advantages, but it
also inherits some difficulties. The considered defects are deep defects within
hBN, a material with a large band gap. For such a material, D(r; E) is mostly
zero within the band gap, with narrow defect peaks with large contributions
at the defect site, resulting in few activations in the first layer.

To prepare the data for the training, we first simplify the problem by
considering D(r; E) only at a small set of points r;and only within a restricted
energy range around the band gap to train only on the 1D PDOS data. In
addition, we include the sum > ;D(r; E) for training, since we get this
additional information free. We then normalize each Di(E) = D(r; E)
(between 0 and 1) separately as normalization of the data is essential for
training and allows access of all features equally at every site (Fig. 3).

The separately normalized D;(E) are then stacked before entering a 1D
convolution (conv1D) layer. The aim is to capture the correlated nature of
the PDOS, but also to compress the data and simultaneously reduce the
fraction of zeros (Supplementary Fig. 1). Here, the stride defines how much
the data is squished while the kernel size determines the broadening of the
PDOS features. The output of the conv1D layer is pooled along the channel
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direction and averages the outputs for different kernels to maintain the
features of the input.

The pooling of the conv1D is followed by a scaled dot-product atten-
tion as proposed by Vaswani et al.*’. The aim is to include long-range
dependencies between the defect states and bands. This is achieved by
separating the input in query (Q), key (K), and value (V). A matrix-
multiplication of the weighted Q and K results in a dependency between
each of the entries of the respective inputs. Finally, the matrix is multiplied
by the weighted value matrix to incorporate the dependencies into the
output. The short formulation of the process reads as™

N

T
Attention(Q, K, V) = softmax <QK> v, 2)

here the softmax function associates the matrix entries with a probability
and 1//d, stabilizes the training.

The final component of the network architecture is a multi-layer
perceptron, which consists of fully connected linear layers. For each layer the
ReLu function is used as an activation function. The architecture of the
network is depicted in Fig. 3. The final output is evaluated by the standard
mean-square error (MSE)

1
loss = N ; W, — f’n)z , 3)

where y, is the generated and y,, the expected output of the network. We
tested including the Gaussian relation for ¢*** and ¢ for a given d, but we
found no improvement for the final results.

This network is trained using the data produced with the tight-binding
approximation. The data set consists of PDOSs, serving as input, and the
corresponding labels [¢?, o, ] as output. After training, the network can
predict the tight-binding parameters from DFT PDOS obtained from a
single calculation.

The network has been developed in parallel with the tight-binding
model. Since such architectures solved the parametrization problem at
hand, we did not increase its complexity further. For more complex mate-
rials and more parameters to be fitted, this can be adjusted. Possible
adjustments include further separation of the training at different levels of
the neural network. For example, a separation of the convlD layer with
padding in reflection mode enables more data from the bands. On can also
use multi-head attention or include more scaled dot-product attention
mechanism similar to a transformer neural network.

Defect tight-binding model

The tight-binding Hamiltonian is an approximation of the full many-body
Hamiltonian projected onto the localized atomic orbital basis |#) located at
site n. The Hamiltonian can be formulated as follows

Hy= D ef™n)nl+ ) _In)t,, (ml, @

where diagonal matrix entries (n|H,|n) are described with the onsite
energies /™, whereas the off diagonal elements, <n|’H0 |m), are referred to
as hopping matrix elements, f,,,,, from site m to n. Due to the localized
nature of the orbitals (fast decay), the hopping parameters can be restricted
to the n-th nearest neighbor (usually # < 3), limiting at the same time the
number of hopping parameters and the accuracy of the model. The
Hamiltonian can be obtained by a fit of the parameters to experiments or ab-
initio calculations.

In the case of a monolayer of hBN, we employ a pristine model
including the p, orbitals of both N and B with nonzero hopping parameters
up to the 3rd nearest neighbors. Furthermore, we use different 2nd nearest
neighbor parameters for N-N and B-B hoppings, t);)' and t},} , in order to
reproduce the asymmetry in the highest valence and lowest conduction

Table 1 | Strain dependent tight-binding parameters

€N €8 e tgﬁ' tgf ta'gas

0.0 2.37 -3.12 0.002 -0.77 -0.35
a —2.66 0.18 0.05 -0.19
B 5.86 —0.08 0.97 0.55

The table contains the pristine tight-binding parameter, including the two onsite energies and four
hopping parameters. The second nearest neighbor hopping is regarded separately for nitrogen and
boron. The parameters a and f refer to the quadratic fit for the distance dependent hopping
parameters.
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Fig. 4 | Pristine band structures and hopping parameter models in the presence of
the defect. a DFT (blue) and the TB (orange) band structure fitted to reproduce the
DFT band structure along MK. Red dotted line indicates range for later PDOS
calculations. b Defect and its nearest neighbors and the adaptations used for the
pristine hopping parameters. The short-range (SR) impact on the hopping para-
meters is described with an additional parameter between the nearest neighbors
(INN) of the defect. The long-range impact effects all other hopping parameters viaa
distance dependence between the hopping neighbors.

band. Together with the two onsite energies, a total of six tight-binding
parameters have been obtained and are shown in table 1. To best describe
the valence band maximum and the conduction band minimum, these have
been fitted to an ab-initio band structure along KM (Fig. 4a).

In the more general case of a defective monolayer of hBN, the per-
turbation introduced by the defect is naturally expected to significantly
influence the physics of the system, including changes in the positions of
neighboring atoms. The defect has different chemical properties which we
account for by new parameters. A new onsite parameter €*** is com-
plemented by three hopping parameters to its nearest neighbors similar to
the pristine model, all having the same distance to the defect, as there is no
Jahn-Teller distortion for the investigated defects.

Although this introduction of four additional TB parameters for the
defect site is straightforward, it is not sufficient because the defect also has a
subtle and delicate influence on the chemical properties of its surroundings.
Instead of refitting all the hoppings and site energies in the defect supercell,
we limit the number of additional fitting parameters to two by shifting the
onsite energy of each atom as a function of its distance from the defect site.
Additionally, the hopping between pristine neighbors may vary due to
geometric deformation. This is taken into account by making the corre-
sponding hopping parameters dependent on the hopping distance.

For the onsite energies, we employ a dependence on the distance from
the defect. We use a Gaussian function to describe the perturbation potential
introduced by the defect. The function is defined as follows

e(edefect7 o, d) — eprist + [edefect _ €prist} . 67211722’ (5)

where d is the distance to the defect site and ¢ is the variance, which is
directly proportional to the width of the potential. The dependency is
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modeled such that the height of the potential is represented by the difference
of the onsite energy of the defect (€***) and the host atom (e’™). This
approach is similar to the approach of Lambin et al.” who used a Gaussian
potential to investigate the N substitution defect in graphene in the TB
approximation. Accounting for the defect and its perturbation on the onsite
parameters (height and width of the Gaussian function), this results in a total
of five parameters for the defect itself.

For the defect’s influence on the hopping parameters, we distin-
guish between short-range and long-range effects. The first model
contribution accounts for the local change of the chemical environment
introduced by the defect. This is done by means of an additional hop-
ping parameter between its nearest neighbors and is referred to as the
short-range (SR) model (Fig. 4b). Because no Jahn-Teller distortion is
present for the studied monomers, only one extra parameter needs to be
fitted for the defective supercell.

The second contribution to the model accounts for the long-range (LR)
component of the perturbation, and it is an expansion of the pristine tight-
binding model by a distance dependence between the hopping neighbors.
With it we aim at capturing the perturbation on the geometry of the host
crystal (Fig. 4b). The four hopping parameters were fitted to strain-
dependent band structures, while the onsite energies were kept fixed for later
adjustments. For the studied defects, at the DFT level, the maximum change
in the distances of the host atoms is 3.7% for the Cy and 3.5% for the Cg. A
biaxial strain within a range of 4% is therefore sufficient to capture the
distance dependence for which the band structure was still well described.
The strain-dependent fit of the hopping parameters can be found in Sup-
plementary Fig. 4.

The best description of the long-range distance dependence is found to
be a quadratic dependence

t(d) =a- (d - dprist)z + /3 : (d - dpn’st) + tprist ’ (6)

which is constructed to reproduce the pristine hopping parameters for the
pristine distance between atoms. It adds two more parameters to the
respective pristine hopping terms. An advantage of our method is that this
distance dependency is naturally well suited for applications where strain
plays a role.

To benchmark our methods, we investigated the carbon monomers
and the carbon dimer. Both show deep defect states respectively and are
perfect candidates to test the workflow. The defect states within the band gap
are also p, orbitals and therefore match the p, model for the pristine crystal.
In the following, we will benchmark the tight-binding method by fitting to
the PDOS and comparing the band structures. We will investigate, in par-
ticular the importance of including SR and/or LR contributions to the
TB model.

Benchmark results

For both carbon monomers, we want to answer the question of how
important adjustments of the pristine hopping parameters are. To do so, we
analyze the individual contributions of all components of our model.
Therefore, we use the complete model (SR + LR), along with models
obtained by inclusion of either short or long range (SR, LR) or the exclusion
of both (w/o).

We first check the performance of the neural network with respect to
the number of PDOS used as an input for the neural network. To identify the
trends, we take into account the density of states projected to the defect site,
its first, second and, finally, its third nearest neighbors. Our analysis shows
that the usage of the PDOS at three sites is sufficient to describe the
monomers (Supplementary Information). We can use these results and
generate new data sets with a denser sampling of the PDOS to obtain the best
parameters (Table 2).

These parameters are then used for the evaluation of the hopping
contributions. We compare the sum of the PDOS values and their cosine
similarities up to the 6th nearest neighbor (defect site and 3 atom sites of
each element). Since the defect peak outweighs the differences in the bands,

Table 2 | Defect tight-binding parameters

Cn ederect o 1S3 SN S8 188

SR 2.611 0110  —2772  -0.044  -0415  —0.830
+LR

SR 2813 0106 -2.835  —0015  —0471  —0.904
LR 3208 0094  —2.932 0028  —0.400

w/o 3.092 0088  —2917  —0.031  —0.380

Cs G o o oo S i

SR 0142 0091  —3164  —0758  —0.735  —0.090
+LR

SR -0268 0092 3414  -0801  -0.698  —0.323
LR 0053 008  -3106 0830  —0.837

w/o 0178 0092  -3.102  —0.761 0.683

Gy Stg‘efect on Scli;fect o8 tﬁf

LR 4.363 0.077 0.303 0.124 -3.003

The table contains the predicted parameters for the respective hopping models used for the
comparison of the monomers and the parameters for the carbon dimer. Superscript of the hopping
terms denote the elements of the hopping neighbors. Subscripts for the dimer denote the species of
the substituted host atom. The hopping terms for the dimer are the hopping terms of the respective
w/o model. The energies are in eV.

a 1.00 77— b 1.00 T ———
= 0.98 -/\- =098 [ .
z z
%0.96'_ full . %0.96'_ full .
- vb = vb
cb cb

0.94
SR+LR SR LR w/o

0.94
SR+LR SR LR w/o

Fig. 5 | Cosine similarities for different hopping descriptions. Cosine similarity of
the different hopping description, including the complete model (SR+LR), either
just the short-range (SR) or the long-range (LR) model, and without any adaptation.
The cosine similarity is calculated for the valence (vb), conduction band (cb), and the
full PDOS of Cy in (a) and Cg in (b). The corresponding PDOS of the respective
bands can be found in Fig. 6.

we separate the evaluation into different parts of the PDOS, namely the
valence band (—0.4-0.1 eV) and the conduction band (4.6-4.85 eV). The
cosine similarities of the respective contributions are shown in Fig. 5 and
reveal no major differences with high similarities of above 0.96. The valence
band is described slightly worse for the models including an additional
parameter within the SR contribution. The opposite is observed for the
conduction band, where the additional parameter improves the cosine
similarity. For all contributions, the cosine similarity of the full PDOS does
not change considerably. The Cg, is described equally well for all different
hopping models.

The good agreement of similarities is also reflected in the direct
comparison of the summed PDOS of the bands (Fig. 6). Again, we observe a
slightly worse description for the valence band when including the SR
contribution for the Cy, which is reflected in a shift of the valence band
maximum. In general, we find that the differences for all contributions are
negligible.

This indicates that the perturbation of both monomers to the host
material is sufficiently accounted for without any hopping contribution.
Therefore, considering new defect tight-binding parameters and their
impact on the pristine onsite energies is enough to describe the carbon
monomers. This is a key advantage for the monomers, as it enables a tight-
binding model with few fitting parameters, but also for more complex
defects like the carbon dimer.
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Fig. 6 | Summed projected densities of states of the valence and

conduction bands. Comparison of the summed PDOS at the defect and its 6 first
nearest neighbors of the CN in (a) and CB in (b) for DFT and the different hopping
approximations.

The carbon dimer consists of two carbon atoms that substitute for one
pair of neighboring nitrogen and boron atoms. This results in a shift of the
two respective monomer states towards the band edges, an effect that is
similar to that of two atoms forming a molecule with a bonding and an anti-
bonding state. This requires the introduction of an additional hopping
parameter t5°. However, our fitting attempts show that this is not sufficient
to obtain a good fit for the positions of both defect peaks at the same time. In
order to achieve this, one needs to take into account the additional sym-
metry breaking for the carbon dimer that leads to new distances in the
vicinity of the defect. To properly account for all changes, more hopping
parameters than those already used for the respective monomers would be
necessary. However, we have obtained a distance dependence for the carbon
hopping matrix elements that describe the evolution of the respective peaks
under compressive and tensile strain (Supplementary Information). These
can be used to properly account for the different distances of the carbon
atoms from its neighbors. Our calculations for varying distances between
carbon monomers indicate that for distances where the Gaussian pertur-
bations of the respective defects overlap, the parameters are not transferable
(Supplementary Information). Thus, we have to fit the respective Gaussian
dependencies (¢3!, o, €3, 5;,) and the new hopping parameter ().

In conclusion, the analysis of the long- and short-range contributions
showed no major improvements for the monomers. However, to accurately
describe strained conditions, the long-range part should be included, since
the distance dependence also impacts the peak position. Therefore, further
benchmark calculations for the two monomers are performed with the LR
contribution. For the fitting of the carbon dimer, we use the model described
above, in which we only need to fit five parameters.

The PDOS on the full energy range that we trained provides additional
insight into the descriptive power of the predicted tight-binding parameters
(Fig. 7). Both carbon monomers show a very good agreement between their
respective tight-binding and DFT PDOS. In particular, for Cy;, the second
nearest neighbor has a larger contribution to the defect peak than the first,
whereas the opposite is observed for Cg. Both are properly described with
the respective tight-binding Hamiltonians.
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Fig. 7 | Projected densities of states of the carbon monomers and the

carbon dimer. Projected densities of states obtained from DFT (upper subplots) and
from the fitted TB parameters (lower subplots) of the (a) Cy and (b) of the Cg for the
defect and its first 6 nearest neighbors including the sum of all. ¢ Projected densities
of states of the Cpy, for the defects and the neighbors depicted in the upper-right sub-
panel. The defect peaks are scaled by 0.3 for better visibility in comparison to the
band edge contributions to the PDOS. The inset shows the defect peak without
rescaling to assess the different contributions of the neighbors.
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For the carbon dimer, we use the simplified model described in the
previous section, and we use PDOS at both defect sites to obtain the para-
meters. We observe some differences for the contributions of different
atomic sites for the peaks, but the results are satisfactory as we were able to
properly describe the main features by only fitting five parameters.

In summary, our results show that the machine learning algorithm is
capable of predicting tight-binding models for carbon defects in hBN via the
PDOS. Although the tight-binding descriptions are relatively simple, they
are able to reproduce the DFT PDOS fairly well. The remaining question is
whether the PDOS as a fitting observable is enough to also reproduce the
band structure of the defective supercell.

We compare the tight-binding and DFT band structures in Fig. 8,
where we use the same tight-binding parameter as for the previous PDOS.
As expected, the narrow defect peaks observed in the PDOS result in a
correct description of the undispersive defect states in the band gap. The
introduction of the defect results in the splitting of the bands from which the
defect states emerge. This feature is captured by all tight-binding Hamil-
tonians as well. However, for Cg, we observe an underestimation of this
effect which is enhanced by the difference of the conduction band minimum
already observed in the pristine fit. This difference is related to the simple
pristine model with six parameters. It is not able to capture simultaneously
the shape of the conduction band and the position of its minimum (Sup-
plementary Fig. 5). More hopping parameters might fix this, but the aim of
this work is to use a pristine model with its limitations to describe a defect.
An improvement of the pristine model should also result in a better
description of the defective model.

The conduction band of the carbon dimer shows a split off band which
is captured with the tight-binding model. Although the splitting itself is
similar, we observe a difference between the conduction band minima,
similar to the Cg. Nevertheless, our very simple model reproduces the main
features of the band structure, including the valence band, the defect states
and the split off conduction band.

Overall, we have demonstrated that the use of the PDOS to obtain
tight-binding parameters also shows good agreement for the band struc-
tures, thus enabling a novel method to obtain a tight-binding model for
defective systems. The observed differences are related to the simplicity of
tight-binding models (pristine and defective), rather than to the fitting
method.

Discussion

We propose a new way to construct semi-empirical models, at a tight-
binding level, of technologically relevant defects by means of a machine
learning approach. The embedding of the defect perturbs the pristine
Hamiltonian, and the refit of all the parameters quickly gets out of hand. We
suggest using a perturbed version of a pristine tight-binding model along
with additional defect parameters to overcome this problem and to enable a
description with only a few parameters.

We make use of the atom and orbital projected density of states to
obtain the parameters, instead of the common way of fitting parameters to
the band structure. This overcomes the known problem of disentanglement
of the bands. We demonstrate that a neural network is capable of predicting
a tight-binding model from the projected density of states (PDOS) for
defects with localized peaks within a large band gap. We show that these
parameters are also reproducing the band structure, thus confirming the
PDOS as a well suited observable for fitting.

We investigate different adjustments of the pristine hopping terms and
find that neither a short-range (additional parameter) nor long-range
contribution (distance dependent hopping parameters) show a significant
improvement of the results. However, we propose to include the long range
contribution, as it allows to describe strain dependencies. Therefore, a very
simple tight-binding model is able to deliver an adequate description of
carbon defects in hBN.

Our tight-binding approach is able to describe defects under strained
conditions. The distance dependence for the hopping parameters obtained
for the pristine crystal under strained conditions is transferable, and we only
need to introduce a distance dependence for the carbon hopping terms.
Both distance dependencies have been obtained for biaxial strain. A com-
parison of uniaxial strain suggests that they accurately describe the behavior.
We used these results to build a tight-binding model for the well known
carbon dimer, expected to be responsible for the single photon emission at
around 4.1 eV.

Calculations for varying distances between two monomers indicate
that the parameters are also transferable to systems where the defects are
closer to each other. Comparisons for different distances show that the DFT
results are well reproduced up to the point where the respective Gaussian
functions for the onsite perturbations overlap.

We emphasize that while this has been done for relatively simple
defects, the use of the projected density of states is expected to be transferable
to more complex systems. The projection on the orbitals enables a simple
access to the description of multi-orbital states. The machine learning
architecture might need to be adapted to describe a more complex tight-
binding description, but this is not expected to be a barrier.

In conclusion, we show that a tight-binding model consisting of defect
parameters and a perturbation of the pristine onsite energies is sufficient to
describe the carbon monomers in monolayer hBN. We propose a simple
model for the carbon dimer that makes use of the respective results for the
monomers, thus enabling a description with few parameters for more
complex carbon defects. We demonstrate that the tight-binding Hamilto-
nian can be fitted via the projected density of states with a neural network.
This opens a novel pathway for obtaining tight-binding parameters for
defective systems.

Methods
Computational details
The ab-initio calculations have been performed with the VASP software
package™™*. For all density functional theory calculations, we used the
Perdew-Burke-Ernzerhof (PBE) exchange correlation functional and the
projector augmented-wave method. The pristine unit cell has been opti-
mized prior to the defect calculations using a plane wave cutoff at 580 eV and
a9 x 9 x 1 Monkhorst-Pack grid for the sampling of the first Brillouin zone.
The total energy did not change more than 1x 10~ eV after a vacuum
distance of 10 A.

The defects were embedded in a supercell of 9 x 9 x 1 to include all
high-symmetry points in the folding process. The forces have been
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converged to be below 1 x 107 eV/A, whereas the electronic optimization
converged for 1 x 107> eV. The projected density of states was post pro-
cessed from the VASP calculations with the VASPKIT package”. The
projected density of states converged for a Monkhorst-Pack grid of 9 x 9 x 1
in the 1st BZ of the supercell (corresponding to 81 x 81 x 1 in the 1st BZ of
the primitive unit cell) with a Gaussian smearing of 0.04 eV.

The tight-binding models have been implemented using the pybinding
package™. The projected density of states has been calculated with the kernel
polynomial method and a Gaussian broadening of 0.04 eV as implemented
in pybinding.

For the training of the neural network, we used the Adam optimizer
with a learning rate of 17 = 1.0 x 10~ and an exponential learning rate decay
with A = 0.99. Before the training we split the data into train, validation and
test data (80/10/10) to monitor the training and possible over-fitting. The
training converges for 700 epochs (Supplementary Fig. 3) and takes around
1.5-3h on a NVIDIA Tesla V100 SXM2 16G/32G.

Data availability

The VASP input files and the plot data of this study are available via the
Zenodo repository at https://doi.org/10.5281/zenodo.15359254. Tight-
binding and machine-learning scripts are available from the correspond-
ing author upon reasonable request.
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