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While moiré phenomena have been extensively studied in low-carrier-density systems such as
semiconductors, their implications for metallic systems with large Fermi surfaces remain largely
unexplored. Using GPU-accelerated large-scale ab-initio quantum transport simulations, we inves-
tigate spin transport in two distinct platforms: twisted bilayer MoTes (semiconductor) and NbXs
(X =S, Se; metals). In twisted MoTez, the spin Hall conductivity (SHC) evolves from 4;% at
5.09° to 104% at 1.89°. Remarkably, in heavily doped metallic regimes—without isolated Chern
bands—we observe a universal amplification of the SHC from Fermi surface reconstruction under
long- Wavelength potential, with the peak SHC tripling from 6% at 5.09° to 17;% at 3.89°. For
moiré metals like twisted NbX2, we identify a record SHC of 5200 (A/e)S/cm, surpassmg all known
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bulk materials.

INTRODUCTION

When two layered materials are stacked with a mis-
match, a moiré pattern emerges and generates a long-
range periodic potential that significantly modifies the
underlying electronic band structure [1, 2]. In momen-
tum space, the moiré potential folds the original Bril-
louin zone into a smaller mini Brillouin zone, effectively
transferring the original bands onto multiple intersecting
minibands, leading to band inversion and rich topologi-
cal phase diagrams [3]. Moreover, in graphene or semi-
conductors, the Dirac pocket or band edge at each val-
ley can be folded into a series of isolated topological flat
bands (ITFBs) [4, 5]. These topological flat bands serve
as the building block for realizing the diverse topological
and correlated phases including Mott insulators, super-
conductivity, and quantum anomalous Hall states [6-11].
Recent experiments on twisted bilayer WSes (t-WSez)
and MoTes (t-MoTey) reveal the emergence of double
and triple quantum spin Hall (QSH) effects facilitated
by these flat bands. t-WSe, exhibits a spin Hall conduc-
tivity (SHC) of 1< at a twist angle near 3° [12], whereas
t-MoTes has demonstrated an SHC of ¢ at a smaller an-
gle of 2.1° [13, 14]. The giant spin current in moiré ma-
terials paves the way for future spintronic applications.

So far, most studies of the SHC in moiré systems have
focused on topological flat bands, which reside within
a narrow energy window—about 100 meV around the
Fermi level—and thus limits current research to lightly
doped moiré semiconductors [15]. Naturally, one may
ask whether it is possible to bypass these flat bands and
seek an even higher SHC in the heavily doped metal-
lic regimes of moiré semiconductors, or, more ambi-
tiously, in moiré metals [16] with large Fermi surfaces.
Under the influence of the moiré potential, these com-
plex Fermi surfaces often host numerous band-inversion
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points, which can substantially enhance topology-related
transport phenomena. Despite their importance and rel-
ative abundance, the transport properties of these moiré
metallic systems remain largely unexplored. Two key
factors make first-principle transport calculations chal-
lenging: the high computational cost of full diagonaliza-
tion, which scales as O(N?), and the requirement of an
extremely dense k-mesh (~ 100 x 100 points) for conver-
gence in the Kubo formula. Graphics processing units
(GPUs) naturally address these challenges through mas-
sive parallelization [17]. By leveraging GPU parallelism,
it becomes feasible to efficiently diagonalize large-scale
Hamiltonians, enabling accurate exploration of transport
properties across moiré materials.

In this work, we systematically investigate spin trans-
port in t-MoTes from lightly doped to heavily doped
metallic states, and extend our study to intrinsic moiré
metals, twisted bilayer NbXs (X = S, Se) (t-NbXy).
In the lightly doped regime, we observe quantized SHC
with peaks evolving from 4 ;= at twist angles 5.09°-2.88°
to 8 &= for angles 2.88°-2.13°, and further increasing to
10 &= at 2.00° from the increasing number of isolated
Chern bands. Strikingly, in the heavily doped metal-
lic regime—despite the absence of isolated topological
flat bands—we uncover a dramatic SHC amplification
driven by moiré-induced Fermi surface reconstructions.
At 3.89°, the SHC peaks at 17 =, nearly fourfold larger
than the maximum values in the multi-QSH states [13].
Remarkably, in t-NbX5 at 5.09°, we identify a colossal
SHC of —17 %, corresponding to —5200 (%/e)S/cm in
three—dlmenblonal units. This value surpasses all known
bulk spin Hall materials [18-21] and is experimentally ac-
cessible without fine-tuning, as the peak resides precisely
at the Fermi level.



RESULTS

Starting with the two A A-stacked monolayers, we sys-
tematically construct t-MoTes structures across a range
of commensurate twist angles between 1.89° and 5.09°.
After obtaining the initial rigid moiré structures, we em-
ploy a transfer learning structure relaxation approach
to perform large-scale lattice relaxation [22-25]. We
then feed the optimized structures into OpenMX for
self-consistent calculations. Using the numerical pseudo-
atomic orbitals (PAOs) as implemented in OpenMX,
we focus on the electronic properties of the configura-
tions [26, 27]. Here, PAOs are constructed from the non-
orthogonal atomic orbitals:

7, im) = Ri(r)Yim (0, ¢), (1)

where R;(r) is the radial function and Y;,,, (6, ¢) are spher-
ical harmonics describing the angular part of the func-
tion. For simplicity, we use « to represent the combined
index Im in the following. We set the convergence cri-
terion for the self-consistent field (SCF) calculations to
a total energy difference smaller than 6 x 10~° Hartree
between the last two SCF loops.

Upon convergence, we obtain the real-space Hamilto-
nian H,g(R), the overlap matrix So5(R), and the Wan-
nier center matrix elements A,g(R) as follows:

H.s(R) = (0a | H |RB),
Sap(R) = (0 | RB), (2)
Aas(R) = (0o | 7 | RB),

where o and 3 label different orbitals, and R is the lattice
vector (i.e., the displacement from the reference cell at

R = 0 to the cell containing orbital 3). Here, ﬁ, S’, and 7
denote the Hamiltonian, overlap, and position operators,
respectively. Applying a Fourier transform, we obtain the
Hamiltonian and overlap matrices in reciprocal space:

Hap(k) =Y " Hup(R),
R

ik-R (3)
Sas(k) = D € R Sun(R).
R

We then solve the following generalized eigenvalue prob-
lem:

(H(K) ~ E(k) S(K)) V(K) = 0. (4)

Subsequently, we can use the coefficients V' (k) to write
the Bloch wavefunction as

Was) =D Vaalk) [kB) =D ™R Vsa(k) [RB).
’ o (5)

Here, the coefficients V' (k) are not strictly orthogonal.
Instead, they satisfy the generalized orthogonality condi-
tion:

VISV (k) = 1, (6)

where [ is the identity matrix.

Due to the high dimensionality of our matri-
ces—specifically, a dimension of 45,132 at a twist angle
of 3.89°—it becomes computationally challenging to di-
rectly diagonalize the full Hamiltonian using conventional
CPU methods. To overcome this limitation, we first ap-
ply Cholesky decomposition to transform the generalized
eigenvalue problem into a standard eigenvalue problem:

Cy=J)y, C=L"'HKL™T Sk)=LL" (7)
where C' and L denote the transformed Hamiltonian ma-
trix and Cholesky factor. We then employ a two-stage
dense matrix diagonalization technique (as detailed in
Supplementary Material Section VII). Firstly, the dense
matrix C' is converted into a banded form. Subse-
quently, we utilize the divide-and-conquer algorithm to
obtain all eigenvalues and eigenvectors of this banded
matrix. Finally, we recover the original eigenvectors us-
ing x = L~Ty. This approach is particularly suitable
for GPU parallel architectures, as it allows simultane-
ous eigenvalue calculations for multiple smaller matrix
blocks. By leveraging these algorithms, we efficiently
compute the complete set of eigenvalues and eigenvec-
tors. Figures 1(a) and 1(b) illustrate the band structures
near the Fermi level at twist angles of 5.09° and 3.89°.
At both twist angles, the two valence bands nearest the
Fermi level can be approximately treated as isolated flat
bands. Specifically, at a twist angle of 5.09°, the two
uppermost bands exhibit relatively large bandwidths of
approximately 35 meV and 39 meV. At 3.89°, due to the
increased moiré superlattice periodicity and the resulting
shrinkage of the Brillouin zone, the two topmost bands
demonstrate reduced bandwidths of 17 meV and 14 meV.

To provide a more intuitive representation of the elec-
tronic state distribution within the Brillouin zone, we
calculated the density of states (DOS) according to the
equations in Supplementary Material Section III. As
shown in Fig. 1(c), the DOS exhibits two prominent
peaks near the Fermi level, each corresponding to one of
the two flat bands. Notably, the DOS peak at a twist
angle of 3.89° is closer to the Fermi energy and dis-
plays a significantly higher amplitude compared to the
one at 5.09°. This indicates that the flat band at 3.89°
is considerably flatter. When normalizing the DOS of t-
MoTe, against that of the corresponding bilayer system,
we find no significant global enhancement in the number
of states.

We now discuss the topological properties of these iso-
lated flat bands. In t-MoTe;, the low-energy valence
bands originate predominantly from the £K valleys of
the untwisted bilayer. Due to strong spin-orbit coupling
(SOC) and the absence of inversion symmetry, the elec-
tron spins are locked along the z-axis, and opposite val-
leys exhibit opposite spin orientations. This behavior re-
flects an Ising-type SOC described by Hsoc = A7, - 03,
where 7, and o, act on the valley and spin spaces, re-
spectively [28, 29]. Consequently, there is no strong spin
mixing in the low-energy valence band, allowing S, to



be treated as a good quantum number. To separate the
eigenvectors associated with different valleys for subse-
quent topological analysis, we perform a transformation
on the degenerate bands,

|\i/n,k> = Z Unm(k)|qjm,k>v (8)
where the transformation matrix U (k) is given by

cos® e ®ginfh
U= (ei‘S sinf  cosf ) ’ )

with 6 and § being the k-dependent parameters. To find
the optimal parameter, we should evaluate the expecta-
tion values of the valley operator (§,) for these eigenvec-
tors as [30, 31]
Sin(k) = (Ui | 8. | ni)- (10)

Then, eigenvectors with S?,, (k) = +1 or —1 can be as-
sociated with the +K or — K valley, respectively. Hence,
half of the eigenvectors correspond to the +K valley,
while the other half correspond to the —K wvalley. In
the following topological discussion, we focus on the + K-
valley.

Next, we compute the Chern band using the Fukui-
Hatsugai-Suzuki method, where the Berry curvature
within each plaquette is given by [32]

Q(k) = ImIn(F(k, k) F(k + kg, k + kg + ky)

F(k+ky + ky, k+ ky)F(k +ky, k)). (1)
Here F(k, k + k) is the overlap matrix, as defined in
the Supplemental Material [33]. The Chern number is
then evaluated as the integral of the Berry curvature.
Cc = % >k Q(k). Consequently, for twist angles be-
tween 5.09° and 3.15°, the Chern number of the three
flat bands remains (1,1, —2), while at 2.88° it becomes
(1,1,0). For twist angles between 2.65° and 2.13°, four
ITFBs with a Chern number of 1 are observed. At 2.00°
and 1.89°, five ITFBs with a Chern number of 1 show
up. We also confirmed the Chern number through Wilson
loop and edge states (as detailed in the Supplementary
Material Sections IV and V) [33].

Focusing on the ITFBs near the Fermi level, we pro-
ceed to investigate their transport properties using the
Kubo formula. To ensure numerical convergence, a suffi-
ciently dense k-mesh (100x100) is employed for the moiré
Brillouin zone. Owing to the presence of three-fold ro-
tation symmetry, two-fold rotation symmetry, and time-
reversal symmetry in the t-MoTey system, points in the
Brillouin zone related by these symmetries share identi-
cal spin Berry curvature (as detailed in Supplementary
Material VI). Exploiting these symmetries, we signifi-
cantly simplify the k-point sampling from an original set
of 10,000 k-points to 884 irreducible k-points. This sub-
stantial reduction considerably decreases computational
costs, allowing the Kubo formula calculations to converge

effectively with a relatively dense mesh. Here, the ma-
trix elements of the momentum operator are expressed

as [34-36]

(alpli) = 37 itV ( Z5 - B 25 )

ok (12)
+1 (Eka — Ekﬁ) Z V;ang Z A(R)eik.R,
R
The SHC is then evaluated as
P>k
s _ S
o5 = eh/ oy 270, (13)

where the spin Berry curvature (k) is defined by

05 () = ot 3 (KAL) Oy ko)
R

Here, the spin current operator along z is given by
Jik) = 2L s0(k), pu}, with sL(k) = S(k) * s., where
s, is the z-component of the spin operator and p, (or
v, ) denotes the corresponding momentum (or velocity)
operator in the a-direction [37].

As shown in Fig. 2, the spin Hall effect displays univer-
sal amplification across doping regimes but reveals funda-
mentally distinct angular dependencies. In lightly doped
regimes, quantized SHC plateaus emerge from isolated
topological flat bands, solely dependent on the number
of flat Chern bands and showing limited angular sen-
sitivity. At 5.09° twist angle, the maximum quantized
SHC reaches 4, increasing only to 104 at 1.89°. No-
tably, between 5.09° and 2.88°, the SHC remains fixed
at 4, demonstrating the inherent stability of ITFB-
derived spin transport against angular variations.

In stark contrast, metallic regimes exhibit dramati-
cally enhanced angular sensitivity despite lacking ITFBs.
These systems feature gapless, massively entangled band
structures that generate unexpectedly strong SHE con-
tributions surpassing those from topological flat bands.
The SHC increases nonlinearly with decreasing twist an-
gle, reaching a maximum amplification of 17 at 3.89°—
nearly triple the 6= value observed at 5.09°. As shown
in Fig. 2(c), this enhancement peaks approximately 170
meV above the conduction band edge, where moir’e-
induced band inversions maximize Berry curvature den-
sity. The metallic regime’s combination of giant response
and strong angle dependence suggests superior experi-
mental viability compared to quantization-limited topo-
logical bands.

Extending this concept to intrinsic moiré metal sys-
tems [16], we note that niobium (Nb, 4d*5s') has one
fewer valence electron compared to molybdenum (Mo,
4d°5st), thereby shifting its Fermi energy downward by
approximately 1 eV. Consequently, NbX, compounds
can form large Fermi surfaces, covering about 48% of the
Brillouin zone, which, upon stacking, naturally give rise
to a sequence of band inversions under long-wavelength



moiré potential. We therefore construct a moiré super-
lattice by stacking two layers of 2H-NbSsy or NbSe; with
a twist angle of 5.09°. As shown in Fig. 3(a), the twisted
structure remains metallic and features a large and com-
plex Fermi surface near the Fermi level. Under the influ-
ence of the long-range moiré potential, the Fermi surface
develops multiple band inversions and crossing points.
The entanglement among these crossing bands generates
a significant spin Berry curvature in momentum space.
As shown in Fig. 3(b), NbSey exhibits a SHC as large as
—17e/4m at the Fermi level, which becomes as large as
—5200 (h/e)S/cm in three-dimensional units. We note
this is almost three time of current record SHE in plat-
inum around —2000 (A/e)S/cm [18-21].

To directly reveal the origin of enhanced SHC in the
moiré metal regime with large Fermi surface, we un-
fold the moiré bands into the primitive Brillouin zone of
monolayer MoTe; and NbSey using the spectral function
defined as [38]

Ak, €) = > W(k)6(e — k), (15)

where the spectral weight can be expressed as

1 .
Ak, €) = v Z VkaVkﬁezk~[r~,—rﬁ]5’a7(k). (16)

afy

Here, we approximate the Dirac delta function by a
Gaussian function, with the smearing parameter 7 set
t0 0.02: §(x) =~ +n e==*/7" In Fig. 4(a), we present the
folded Fermi surface of t-MoTeq at a twist angle of 5.09°,
with the Fermi energy located 170 meV above the con-
duction band minimum. A large Fermi surface emerges
near the Brillouin zone boundary, where band folding
leads to partial fragmentation of the originally continu-
ous Fermi surface. The fragmentation arises as bands
crossing the Fermi level become gapped by the moiré
potential, breaking the continuity of the Fermi surface
and yielding a broad distribution of spin Berry curva-
ture. Correspondingly, as illustrated in Fig. 4(b), sig-
nificant spin Berry curvature appears near the Brillouin
zone edge, contributing to a spin Hall conductivity of
64=. In Fig. 4(c), we present the folded Fermi surface of
t-NbSe, at a twist angle of 5.09°, with the Fermi energy
located at the charge neutrality point. Due to the rel-
atively large Fermi surface area in this metallic system,
more states on the Fermi surface are gapped out by the
moiré potential, thereby contributing significantly to the
spin Berry curvature. Figure 4(d) shows the spin Berry
curvature of t-NbSe, at 5.09°, with large curvature ap-
pearing at the chemical potential where the Fermi surface
is gapped and dense band-inversion networks are created
by long-wavelength moiré potentials.

To quantify how Fermi surface reconstruction enhances
the SHC, we compare the monolayer and twisted bilayer
MoTe; in Fig. 4(a)—(b). In the monolayer, the Fermi sur-
face consists of a large I'-centered pocket and six small
pockets along the '-M directions. Upon introducing the

moiré potential in the twisted bilayer, the Fermi surface is
strongly reconstructed. Notably, the I'-centered pocket
undergoes only weak hybridization, and therefore con-
tributes modestly to the spin Berry curvature. By con-
trast, the six '-M pockets experience pronounced band
inversions, which generate intense spin—-Berry—curvature
hotspots and dominate the SHC enhancement. Fig-
ures 4(c)—(d) further illustrate that in monolayer NbSes,
the Fermi surface already exhibits a rather large distri-
bution, consisting of a circular pocket around the I' point
and six elliptical pockets along the I'-M directions. Sim-
ilarly, moiré potential drives multiple band inversions
near both the I'-centered pocket and the I'-M pocket,
generating ring-like and patch-like distributions of spin
Berry curvature. Compared with MoTes, twisted NbSeq
possesses a significantly larger Fermi-surface area. As
the Fermi surface expands, the number of inversion re-
gions and associated Berry-curvature hotspots increases
accordingly, which leads to a much stronger enhancement
of the SHC in twisted NbSe,.

DISCUSSION

In summary, we employ GPU-accelerated large-scale
ab-initio quantum transport simulations to reveal univer-
sal spin Hall effect enhancement mechanisms across moiré
semiconductors and metals. For t-MoTe;, we demon-
strate a dual amplification pathway: (1) In lightly doped
regimes, isolated topological flat bands produce quan-
tized SHC reaching 10 ;= at 1.89°, while (2) heavy doping
induces metallic states where moiré-driven Fermi surface
reconstruction triples the peak SHC to 17 ;= at 3.89°—
surpassing values from topological bands. Remarkably,
in intrinsic moiré metals (5.09° t-NbSy/t-NbSez), we dis-
cover a colossal SHC of —17 & (-5200 (h/e)S/cm in
3D units) at Fermi level, significantly surpassing the
current record in Platinum. This enhancement arises
from dense band-inversion networks created by long-
wavelength moiré potentials, which amplify spin Berry
curvature across extended Fermi surfaces. Our findings
establish moiré engineering as a versatile platform for gi-
ant spin current generation and general topology-related
transport, with metallic systems offering particularly ro-
bust signatures for experimental detection.

METHODS
A. Transfer learning lattice relaxation

We adopted a two-step transfer learning approach to
model lattice relaxation. In the first stage, a DeepPot-SE
descriptor-based model [39] was trained using a dataset
of 6,200 structures, which were generated from 200 ran-
dom perturbations applied to 28 intermediate transition
states. This diverse dataset ensured a comprehensive ex-
ploration of the potential energy landscape. In the second



stage, by freezing the embedding layer and fine-tuning
only the hidden and output layers, the model was specif-
ically optimized for the twisted MoTe, systems, success-
fully accommodating twist angles ranging from 5.89° to
1.89°.

B. OpenMX Calculations

For the OpenMX calculations, we employed highly ef-
ficient basis sets tailored for MoTey [26, 27, 40]. The
Mo7.0-s3p2d1 basis set, incorporating 14 atomic or-
bitals, was used for Mo, while the Te7.0-s3p2d2 basis
set, with 19 atomic orbitals, was utilized for Te. Using
the Perdew-Burke-Ernzerhof (PBE) functional in combi-
nation with norm-conserving pseudopotentials, we com-
puted the overlap matrices for the twisted MoTey struc-
tures with twist angles between 5.09° and 1.89°. This
strategy provided accurate results at an exceptionally low
computational cost.

C. DOS calculations

The DOS is defined by the expression:
D(E) = Ne_ S| (B - ens) d’k (17)
(2m)? £~ Jpgz "

where NV, is the band occupancy, and §(E — €, k) is the
delta function centered at energy FE. In practice, the
delta function is approximated using a Gaussian broad-
ening function:

0(E—FE,)~

exp (_W) . as)

202

1
V2mo?

with 0 = 0.5 meV.

D. Edge state calculations

The spin Chern number determines whether a system
supports topologically protected edge states under open
boundary conditions. Furthermore, its magnitude corre-
sponds to the number of helical edge states in the system.
Therefore, we construct the Hamiltonian and overlap ma-
trices for a ribbon geometry and perform sparse diagonal-
ization to explore the multiple quantum spin Hall states.
The bulk Hamiltonian and overlap matrices include nine
distinct hopping types, defined by the distances Ri_g =
[000],[010],[0-10],[100],[-100],[110], [1-1
0], [1 -1 0], and [-1 1 0]. Among these, Rs.9 are used for
interlayer hoppings, while Ry.4 are used for intralayer
hoppings. We then define the ribbon Hamiltonian and

overlap matrix as

H/S'M(K) H/S2(K) --- H/S™(K)

H/sslab(k): H/S (k) H/S (k) H/S (k) 7
H/SY(K) H/S"(K) - H/S"™ (k)

(19)

where n labels the layer index, and (H/S) """ (k) repre-
sents the corresponding Hamiltonian or overlap matrices
for distances R,,, = R,, — R,,. Since only nine hop-
ping types are included, (H /S ) "" (k) vanishes whenever
|m—n| > 1. The band structures are obtained via Fourier
transform. As shown in Figs. 77, multiple edge states
emerge within the bulk gap. In particular, for a twist
angle of 3.89°, one pair of edge states emerges between
the first and second bands, while another pair appears
between the second and third bands. In contrast, for
a twist angle of 5.09°, a global gap exists only between
the second and third bands, so only a single pair of edge
states is observed within this insulating gap.

E. Wilson loop calculation

A convenient approach to analyze topological proper-
ties is to perform a Wilson loop calculation, which can
achieve convergence even with a relatively small k-mesh
(e.g., 20 x 20 in our case). Following Refs. [41, 42], we
begin by computing the expectation value of the position
operator through

n,ma, kg
(20)
where 0k, denotes the discrete spacing along the k, axis.
For convenience, we introduce the overlap matrix,

Frn(0k) = > Vi, (k) Vaa(k + k),  (21)

which simplifies the eigenvalue problem. By employing
the Wilson loop approach, we construct the matrix prod-
uct

D(ky) = ForFioFa3 -+ Fn,—2 N,—1 Fn,—1,0, (22)

The eigenvalues d of D(k:y) are then used to extract the
Wannier charge centers (WCC) via

v(ky,) = Im[log d(k,)]. (23)

Therefore, the Chern number can be determined by
counting the Wannier charge center (WCC) crossings
along an arbitrary line as k, varies from 0 to 7. Our re-
sults for various twist angles are presented in Figs. 77-77.
In particular, for twist angles between 5.09° and 3.15°,
the Chern number remains (1, 1, —2), while at 2.88° it be-
comes (1,1,0). For twist angles between 2.65° and 2.13°,
four flat Chern bands with a Chern number of 1 are ob-
served, and at 2.00° and 1.89°, five flat Chern bands with
a Chern number of 1 are present.



F. Twisted bilayer MoTe; under hetero-strain

In twisted bilayer MoTes, hetero-strain refers to the
situation where the two layers experience different strain
conditions. This differential strain leads to an anisotropic
modification of the moiré superlattice, which in turn af-
fects the electronic properties of the system. For sim-
plicity, we refer to the rotated layer as layer 1 and the
strained layer as layer 2. The reciprocal lattice vectors
of monolayer can be given by

k k cos 60°
by = (o) ke = <k sin60°> (24)
where the magnitude k is defined as

4
k= 25
\/3(10 ( )

with ag = 3.52A being the monolayer lattice constant
of MoTe;. When layer 1 is twisted by an angle 6, the
corresponding reciprocal lattice vectors become

K, =R(Or)k;, i=1,2, (26)
where the rotation matrix is
__ (cosOr —sinfr
R(br) = <sin9T cos O ) ’ (27)

The resulting moiré wave vectors are defined as the dif-
ferences between the reciprocal lattice vectors of the two
layers:

K, =k, — k. (28)

This leads to the moiré wavelength

ao

~ 2sin (%) (29)

Am

Next, we apply a strain transformation to layer 2.
Here, we only consider uniaxial strain along the z-axis.
In general, if one wishes to apply uniaxial strain along
a direction that makes an angle 6, with the z-axis, the
transformation is given by

El(eaos) = R(*@S)E(G)R(HS) (30)

The strain matrix and the rotation matrix are

E(e) = <1<1r5 0 > R(6,) (cosﬁs —sin@s)
0 ﬁ ’ s sinfy cosfl, |’
(31)
where € represents the strain magnitude and 9§ is the Pois-
son ratio of MoTey. Note that the factor 1%66 accounts

for the Poisson effect. Then, the modified moiré wave
vectors are given by

K; =k, — ki = R(0r)k; — E'(¢,0,) k. (32)

In our case, since the strain is applied along the z-axis,
we set 8, = 0. Moreover, the superlattice vectors for layer
1 are given by the linear combination of the monolayer
lattice vectors,

Ly =ma;+nay, Ls=pa;+qas, (33)

and for layer 2 by

'=m'al +n'a,, L)=pa\+qa), (34)
where a} and df, are strained lattice vectors. Due to the
strain, the superlattice vectors cannot perfectly match
the modified moiré wave vectors, resulting in an inherent
error. To minimize this error, we employed a gradient de-
scent method by setting the twist angle #7 in the range
of 2° ~ 3°) and eventually determined the optimal pa-
rameters (m,n,p,q,m’,n',p',q").

Specifically, we obtained the following configurations:

e For 07 ~ 3.676°, with a uniaxial strain of 0.006 and
an angle between a; and ag of 114°, the optimal
parameters are

(m7 n,p,q, mla nlvpla ql> = (9a 17a _185 _77 8a 177 _187 _8)

e For 1 ~ 3.305°, with a uniaxial strain of 0.005 and
an angle between a; and as of 115°, the optimal
parameters are

(m7 n,p,q, mlv n/vplv q/) = (107 197 _207 _87 97 ]-97 _207 _9)

e For 0 ~ 2.05°, with a uniaxial strain of 0.01 and
an angle between a; and as of 103°, the optimal
parameters are

(mv n,pdq, m/, n/,P/, q/) = (147 287 7333 78, 137 287 7337 79)

G. Two-Stage Dense Matrix GPU Diagonalization

The first stage is to reduce the original matrix A to a
band form matrix B. Given a dense Hermitian matrix A,
the first step is to reduce it to a band matrix B using
a series of Householder transformations. To do that, we
compute orthogonal matrices Q1, Qo, ..., Qk such that

B=Q[ - Q3QTAQ:1Qz - Qx, (35)

where B has nonzero elements only in a band of width
w around its main diagonal (with w < n). Each House-
holder reflector @; is defined by

Qi =1— 1w}, (36)

with v; being the Householder vector and 7; being the
scaling factor

[\)

(37)

T; —

e



Then, we apply Q; to matrix A,

A =QTAQ; = A7 (vi(v;rA) + (Avi)vZT)—i-Tf(viTAvi)vwiT.

(38)

Once we get the band form of B, the next step is to

further reduce it to a tridiagonal matrix 7. A symmetric
tridiagonal matrix has the structure

ar B 0 .- 0
B1 az Ba - 0
T=10 B a3 . = |. (39)
’ . Bn—l
0 0 ! anl Qp

Householder transformations are again used to eliminate
the remaining off-band elements. In other words, we ob-
tain

T =Q%LBQs, (40)

where Qp is the product of the Householder reflectors
used in this stage. The eigenvalue problem for the tridi-
agonal matrix is transformed into

Ty = Ny, (41)

which can be solved very efficiently using methods such
as the divide-and-conquer algorithm or QR methods. Be-
cause the tridiagonal eigenvalue problem involves only
O(n?) operations and has a much simpler structure, the
two-stage method overall results in a significant perfor-
mance gain, particularly when implemented on GPUs.
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FIG. 1. Band structures of t-MoTe; with twist angles of (a)
5.09° and (b) 3.89°. (c) Density of states within a 2 eV energy
range, where the red, blue, and black lines correspond to the
AA-stacked bilayer and t-MoTe, with twist angles of 5.09°
and 3.89°, respectively. All DOS values are normalized to
that of the AA-stacked bilayer. The DOS range within the
yellow box corresponds to the energy range in panels (a) and

(b).
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FIG. 2. Zoomed-in views of the SHC over a 0.15 eV energy
window for t-MoTe; with twist angles of (a) 5.09° and (b)
3.89°, respectively. Quantized SHC plateaus emerge near the
flat bands. (c) Broad energy-range comparison of the SHC
over 2 eV for the untwisted bilayer and t-MoTez at 5.09° and
3.89°. The SHC in twisted structures is enhanced by several
orders of magnitude compared to the untwisted bilayer, in
stark contrast to the DOS shown in Fig. 1(c). All calculations
employ a 100 x 100 k-point mesh within the Kubo formalism,
using a broadening parameter of 1 meV to capture long-range
SHC enhancements.
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FIG. 3. (a) Band structure of t-NbSe; with a twist angle of
5.09°. (b) Variation of the SHC with energy, where the red,
blue, and black curves correspond to bilayer NbSa, t-NbSa,
and t-NbSez, respectively.
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FIG. 4. (a) Folded Fermi surface within the Brillouin zone of
a monolayer, where the black line indicate the Fermi surface
of monolayer MoTesz. (b) Spin Berry curvature distribution of
t-MoTez. In both panels, the Fermi energy is set to 170 meV
above the conduction band minimum, where the SHC can in-
crease to approximately 6=. (c) Folded Fermi surface within
the Brillouin zone of a monolayer for NbSez. (d) Spin Berry
curvature distributions of t-NbSez, where the Fermi energy is
set at the charge neutrality point (zero energy).



