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Angle-resolved photoemission spectroscopy is a powerful experimental technique for studying
anisotropic many-body interactions through the electron spectral function. Existing attempts to
decompose the spectral function into non-interacting dispersions and electron-phonon, electron-
electron, and electron-impurity self-energies rely on linearization of the bands and manual assignment
of self-energy magnitudes. Here, we show how self-energies can be extracted consistently for curved
dispersions. We extend the maximum-entropy method to Eliashberg-function extraction with
Bayesian inference, optimizing the parameters describing the dispersions and the magnitudes of
electron-electron and electron-impurity interactions. We compare these novel methodologies with
state-of-the-art approaches on model data, then demonstrate their applicability with two high-quality
experimental data sets. With the first set, we identify the phonon modes of a two-dimensional electron
liquid on TiO,-terminated SrTiOs. With the second set, we obtain unprecedented agreement between
two Eliashberg functions of Li-doped graphene extracted from separate dispersions. We release these

functionalities in the novel Python code xARPES.

The coupling of electrons with bosons is a central subject in condensed
matter physics', governing many experimental phenomena'™. In solids, a
commonly encountered boson is the phonon, where lattice vibrations affect
electronic properties such as the resistivity in metals’, Cooper pairing in
conventional superconductorss, lifetimes of electron spinsg, and the for-
mation of polarons'’. Depending on the material, the coupling of electrons
with other types of bosons such as magnons'"'* and plasmons" may also
show pronounced effects. In this work, we focus on systems where electron-
phonon coupling (EPC) is the predominant type of electron-boson cou-
pling, as it is intrinsic to all materials. In metals, EPC typically appears as a
photoemission kink in the spectral function near the chemical potential “,
which can be quantified in terms of the Eliashberg function'. The Eliash-
berg function directly affects the effective mass of the charge carriers in the

metallic state, reveals the frequencies and coupling strength of the
relevant phonons', and enters into the Migdal-Eliashberg theory of
superconductivity'”. In general, the Eliashberg function is an anisotropic
function of the electron momentum'®; for example, MgB, is an anisotropic
superconductor with one of the highest ambient-pressure phonon-medi-
ated critical temperatures of T. = 39 K. Its two superconducting gaps
originate from the out-of-plane o-state Fermi sheets and the two in-plane
tubular structures arising from the 7 states™”’.

The Eliashberg function is accessible through experimental techniques,
including optical-conductivity experiments®, electron tunneling”’, Landau
level spectroscopy”’, and angle-resolved photoemission spectroscopy
(ARPES)*". However, optical-conductivity experiments and electron tun-
neling only provide access to the isotropic Eliashberg function, making
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ARPES the experimental method of choice for accessing anisotropic EPC. In
an ARPES experiment, photoelectrons are ejected out of a material via the
photoelectric effect™, after which their kinetic energies and emission angles
are detected”’. The kinetic energy is then related to the electronic binding
energy and the angle to the momentum, via conservation equations™.
Recent progress has made the spin degree of freedom also accessible via
high-accuracy spin-ARPES***, The effect of anisotropic EPC on an electron
in the n™ band at wavevector k is described by a complex quantity known as
the electron self-energy 2,(E, k) = X/ (E, k) + iZ/(E, k)’ where %, is an
abbreviation for the band-diagonal %,,,”. The real part ¥/ (E, k) renorma-
lizes the eigenenergy of an electron from the non-interacting dispersion
e,(k) into E, (k) = ¢,(k) + X (E,(k),k), whereas the imaginary part
Y/(E, k) defines a lifetime 7,,(k) via /7, (k) = —22"(E, (k), k)", where /
is the reduced Planck constant, which after energy renormalization gives the
quasiparticle lifetime. The self-energy and non-interacting dispersion enter
into the electronic spectral function A, (E, k)™, which can be interpreted as a
momentum- and band-resolved density of states (DOS).

To gain fundamental insight into the intrinsic EPC of materials, it is
desirable to extract the electron self-energy from an ARPES band map. This
extraction is often performed by fitting momentum-distribution curves
(MDCs), during which the momentum dependence of the self-energy is
neglected”, giving rise to an extracted self-energy %,(E) for a specific
momentum cut and branch index, collectively labeled as n. Here, we call
“branch” a dispersing feature of a band map that can be singled out during
the MDC fitting, where it is jointly described by ¢,(k) and X,(E). In this
process, ¢,(k) of such a branch is usually approximated by a polynomial
dispersion and sometimes obtained from first-principles calculations’. The
spectral function A,(E, k) is often approximated by a Lorentzian as a
function of k, which is exact only when X, (E, k) is momentum-indepen-
dent, and ¢, (k) is linear in k*'. The angular/momentum resolution during
the MDC fitting is usually incorporated by convolving each Lorentzian peak
with a Gaussian, leading to a Voigt profile”. Given that many non-
interacting dispersions are non-linear, the use of Lorentzians leads to a
biased extraction of X,(E)*. In this work, we propose a more general
approach based on non-interacting dispersions described by polynomials,
which improves the self-energy extraction when the dispersion relation is
notably non-linear, as is the case for, e.g., St,Ru0,” or StMoO5™.

A common treatment of EPC expands Zﬁh (E, k) to lowest order in the
reciprocal of the atomic mass, which includes the dynamical Fan-Migdal
term ZPM(E, k)", as well as the static Debye-Waller term =P (k)** and
the tadpole/polaron term EF (k)">. We argue here that for photoemission
kinks, ¥,,(E) is often dominated by the Fan-Migdal contribution ZFM(E),
from which one can extract the Eliashberg function o’F,(w) with phonon
energy w, which combines the phonon DOS F(w) with a coupling function
o2 (w)*®. Furthermore, we argue that purely static, real-valued self-energies
such as PV (k) should be captured by ¢,(k) during the fit. ARPES can
therefore give access to anisotropic EPC through analysis of =:(E) along
different momentum paths.

Some of the first determinations of —(E) from ARPES band maps
were performed for elemental metals in the mid-1990s****, while one of the
first extractions of /,(E) was performed for Bi,Sr,CaCu,Og, 5 in 1999%.
Furthermore, in 2004, Shi et al.”” were among the first to obtain &’F,(w) by
solving an inversion problem for £/ (E) for a branch of the (1010) Be shallow
A-point surface state using the maximum-entropy method (MEM)",
establishing ARPES as the method of choice to quantify anisotropic EPC.
The MEM allows for the incorporation of prior knowledge in o’F,(w), such
as positive semidefiniteness over a finite bandwidth'”. In subsequent years,
o’F,(w) was extracted for a wide range of materials, including a Be(0001)
surface state*’, MgB,", doped graphene™ ™, the kagome metal CsV5Sbs”,
the two-dimensional electron liquid (2DEL) of Nb-doped SrTiO;*, a
Ni(111) surface state also including electron-magnon coupling™, and sev-
eral cuprates”*. In parallel to the experimental investigations into EPC,
first-principles methods have grown into a powerful tool to simulate elec-
tronic band structures using density-functional theory (DFT) and beyond®,
as well as phonon energies and EPC from density-functional perturbation

theory (DFPT)******°, Calculations of the latter have become computation-
ally feasible by momentum extrapolation”, Fourier interpolation of the
perturbed potential®®®, or Wannier interpolation”””" of the EPC matrix
elements’’, nowadays implemented in various first-principles codes™*”*”".
State-of-the-art developments in the calculation of Zﬁh(E) include a
description of the perturbation of the electronic potential at the GW level”
and a description of the electron’s Green’s function at the level of dynamical
mean-field theory (DMFT)®. Thus, the time is ripe for the treatment of
ARPES data in a many-body framework and to connect ='™(E) and o’F,,(w)
from ARPES to their first-principles counterparts.

Matthiessen’s rule states that =, (E) = ZP"(E) 4 Z9(E) + ZImP(E)***,
with ZEI(E) and Z™P(E) the respective electron-electron and electron-
impurity contributions. A key problem in determining ZP"(E) from
A, (E, k) is that ¢,(k), Zfll(E), and Zi™P(E) are unknown. To distinguish
between ¢, (k) and X,,(E), the current state of the art relies on the Kramers-
Kronig relations between X/,(E) and =,(E)°. Typically, one makes an initial
guess of a linear ¢, (k) leading to X/ (E) and —X/ (E); the Kramers-Kronig
relations are then used to obtain ¥ (E) as the Hilbert transform of 2/ (E),
which is then compared to the initial 2/ (E). The non-interacting parameters
are then obtained by minimizing the difference between the two
% (Ey"**, a procedure sometimes referred to as the Kramers-Kronig
bare-band fitting (KKBF)*'. However, in practice, an ARPES band map
yields a finite, noisy set {X,,(E)}, such that the transform of X (E) will not
perfectly reconstruct X/ (E), and some expression for —2/(E) must be
assumed outside the fitted range to perform the Hilbert integral. Several
Python codes are readily available for the treatment of ARPES data, such as
PYARPES®, pesto®’, NavARPY, and ERLABPY®. While these codes offer
advanced data visualization capabilities, their many-body functionality is
generally limited to extracting X,(E) for a single linear dispersion relation
without matrix-element correction, and no decomposition into XP*(E),
Zil(E), or ZIMP(E) is available.

In this work, we describe a consistent way to extract X,,(E) for parabolic
non-interacting dispersions, which can be extended to bands described by
polynomials of all orders. Next, we show how to extract o’ F,,(w) from Z,,(E)
and demonstrate with an artificial example that this inversion mono-
tonically converges towards the true result for a sufficient amount of
unbiased data. Specifically, we extend the MEM with Bayes' rule” to
determine the non-interacting dispersion parameters and the magnitudes of
>4(E) and =(E) from the most probable o’F,(w)", eliminating human
bias from their evaluation. We aim to describe these quantities in a termi-
nology that unifies experimental and first-principles communities, and we
show how the experimental quantities for ¢,,(k), £,,(E), ’F,,(w) are related to
their first-principles counterparts. We distribute these novel functionalities
in the first release of the GPLv3-licensed code XARPES v1.0.0.

In the Results section, we introduce the photointensity containing
A, (E, k), show how to obtain %,,(E) in the presence of a parabolic ¢, (k), and
provide expressions for X,,(E) from impurity, electron, and phonon inter-
actions. We then show how a one-shot solution for &*F,,(w) can be obtained
from X,,(E), or alternatively how Z,,(E), o’F,(w), and the model parameters
can be iteratively obtained with Bayesian inference. We then illustrate the
different capabilities of the code with three examples: a model system, and
two case studies of TiO,-terminated SrTiO; and of Li-doped graphene,
which are also distributed as XARPES example JupyTer notebooks. In the
Discussion section, we summarize our findings and provide an overview of
future directions on the subject, including the use of approximated non-
interacting dispersions from DFT, which may aid the first-principles
community by offering controlled reference data to benchmark new and
existing approaches.

Results

Angle-resolved photoemission spectroscopy

First, we introduce the experimental geometry of a typical ARPES experi-
ment—as displayed in Fig. 1—with electrons collected along a detector slit
characterized by an angle #. Photons of energy hv, with h the Planck con-
stant and v the photon frequency, illuminate the material at an incident light
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Fig. 1| ARPES geometry and energy diagram. Light reaches the material, leading to
emission of photoelectrons, where a selection passes through a hemispherical ana-
lyzer and gets detected. The inset shows an energy diagram for the one-step pho-
toemission process. The displayed variables are defined in the main text.

wavevector k. The material contains electrons with a distribution of
energies E, yielding a binding energy E™ = y — E with respect to the
chemical potential i, where we set the vacuum energy at the analyzer to zero.
When hyv is sufficiently high for electrons to reach the vacuum energy at the
sample, photoelectrons of rest mass 1, are detected with kinetic energies E
=hv — ® — B, with ® the work function. In a typical ARPES setup, the
chemical potentials of the sample and the analyzer are aligned, while the
vacuum level at the detector serves as the zero of energy, such that @ can be
identified as the work function of the analyzer”. Far from the sample, the
wavefunctions of the photoemitted electrons can be approximated by plane
waves with momenta 7p and energies E" = /%|p|*/(2m,). A radial electric
field E is applied within the hemispherical analyzer, such that electrons
arrive at the detector with F" within the energy resolution.

During the experiment, electrons enter a hemispherical analyzer
through a detector slit characterized by an angle #. Figure 1 shows the
situation where the normal vector of the material and the normal vector of
the detector lie along the same axis, with electrons collected at the detector
angle 7 in the xz-plane. Rotations of the sample along the x- and y-axes are
described by the angles 6 and ¢, respectively. Potentially, the set of accessible
material rotations can be completed by including a rotation about the z
axis’". Following these conventions, the components of p are given by:

cos(¢) sin(n) + sin(¢) cos(6) cos(#)
sin(6) cos(r) , (1)
sin(¢) sin() + cos(¢) cos(6) cos(#)

p=Ipl

where |p| = 4/2m E" /#%. When 0= 0, p, = |p| sin(y + ¢), such that p,,
can directly be calculated after correcting with ¢, either to correct for mis-
alignment or to cover a larger portion of reciprocal space. The in-plane
momentum is conserved in the photoemission process, so that the in-plane
components k, and k, can be inferred from #, 6, and ¢.

The ARPES experiment can be described using photoemission theories
at different levels of approximation. Early models based on a phenomen-
ological three-step decomposition” were superseded in the 1970s by a
fundamental one-step theory that describes photoemission as a single
quantum-mechanical process™ . Although formally rigorous, the funda-
mental theory is intractable when applied to real materials. Therefore, it is

usually replaced by a simpler one-step description, where the steady-state
photoelectron flux is regarded as a transition rate computed using Fermi’s
golden rule”””. Bach possible final state of the transition is written as a
product of a sample eigenstate and the photoelectron wavefunction. This
factorization enables separating the spectroscopic properties of the sample
—represented by the spectral function—from geometric factors related to
the photoelectron wavefunction that are gathered in a matrix element. For a
crystalline surface, the transition rate has the form**:

WE ) =2 S 1M, (0P, g A B KIF(E), )
nk

where the sum runs over all Bloch waves with band index n and wavevector
k within the first Brillouin zone. In Eq. (2), M,,(p, k) is the matrix element of
the light-matter coupling between the Bloch wave and the photoelectron
state identified by its wavevector p. The notation of Eq. (2) emphasizes the
conservation of in-plane crystal momentum at an ideal planar surface, where
the in-plane wavevector k; of the Bloch state matches the vector
corresponding to p; within the first Brillouin zone, here denoted p;. As a
consequence, changing p by an in-plane reciprocal lattice vector Gy,
corresponding to a higher Brillouin zone, will affect the matrix element but
not the spectral function, which has the periodicity of the lattice. The
dependence of M, (p,k) onk, and p, is set by the material-specific wave
functions and depends on kv and the light polarization €. The photoemission
matrix element (PME) is often assumed to be peaked atk, = p **'”, witha
span of the order of /', where £, is the photoelectron escape depth.
A, (E,k) is the spectral function evaluated at the initial energy E of the
photoelectron (see inset of Fig. 1), which includes the non-interacting
dispersion and the self-energy discussed in the Introduction section:

"

A(ER) = T G
7IE — &,() — Z,(E ] + [Z,(E K]
Non-interacting electrons have all the spectral weight at the band energy,
corresponding to X,(E,k) = —i0" and A,(E, k) = 6(E — ¢,(k)). Suffi-
ciently weak interactions preserve this peak structure, but broaden the -
function while shifting it to the quasiparticle energy E, (k). The broadening
corresponds to the lifetime via #/7,(k) = —22"(E,(k),k) and may be
expressed in terms of a mean free path €,(k) = v,,(k)7,(k) via the group
velocity v, (k) = 7' VE, (k). The last factor in Eq. (2) is the Fermi-Dirac
distribution f(E) = [eE-o)/GsT) 1]71 with kg the Boltzmann constant
and T the temperature, representing the requirement that the photoelectron
state is initially occupied.

The spectral function of surface states and of states in two-dimensional
(2D) systems is independent of k| . As a result, w factorizes into a part
involving the matrix element and a part involving the spectral function.
Such a factorization is, in general, impossible for three-dimensional (3D)
states, such as the o-state sheets of MgB,, since the sum over k, in Eq. (2)
mixes the matrix element with the spectral function. The factorization is
nevertheless possible if either £, > |€,| or |€,| > .. In the first regime, the
matrix element is sharply peaked at k, = p,, while in comparison, the
spectral function varies slowly around k , with a span of order |£ . Thus,
the matrix element enforces approximate conservation of perpendicular
momentum, and the spectral function is evaluated atk | = p . If|€,| > €.,
the spectral function is sharp and the matrix element is broad, such that w is
proportional to the surface-projected spectral function 3, A,(E, k),
leading to intrinsic broadening of the spectral features. In many 3D systems,
neither of these two regimes is realized, and the matrix element and spectral
function are inextricably mixed. As this work focuses on the self-energy of
2D systems and surface states, we adopt the product ansatz and we treat the
matrix element as a phenomenological ingredient.

The experimental band map is recorded through a detector slit char-
acterized by an angle n while selecting and counting photoelectrons
according to their kinetic energy. As E" = hv — ® + E — y, the photo-
electron wavevector may be viewed as a function p(E, #) of the two variables
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E and #. Due to finite energy and angular resolutions of the hemispherical
analyzers'”, the measured intensity is convolved with resolution functions
R(E) and Q(#) with full widths at half maximum (FWHM) AE and Ay,
which are usually taken to be Gaussian distributions. Taking into account an
energy- and possibly weakly angle-dependent background B(E, #7), we arrive
at the photointensity at light polarization € as the time-integrated transition
rate:

P(E, 7 hv,€) / dE'R(E — E) / dr QU — 1)
x [B(E’, W)+ E) X IM,(E s hv, 2 A, E ).

The photointensity at fixed # yields an energy-distribution curve (EDC), and
the photointensity at fixed E yields an MDC. After specifying the rotation
angles displayed in Fig. 1, the #-dependent quantities in Eq. (4) can be
converted into k-dependent quantities.

xARPES workflow

In this section, we give an overview of the different steps that can be per-
formed with the XARPES code. The workflow is displayed in Fig. 2, where
boxes describe individual steps of the code and refer to the sections in which
these steps are described in detail. The first step is to load raw photointensity
data for a given photon energy hv and polarization e.

After loading the band map containing data in E", the user can either
perform a Fermi-edge fit or provide a previous Fermi-edge fit result, which
gives the electron energy E in the photointensity P(E, 7). Next, the user
selects a region from the band map to be used for MDC fitting—with
discrete energies indexed as E;—and selects a set of linear/curved dispersions
indexed with » to be fitted in this region. When using parabolic non-
interacting dispersions, the locations of the band extrema must also be
provided, either as an angle #¢ or wavevector k;,. Next, the code fits the
MDC:s to capture the band map information in terms of the dimensionless
peak positions 7,,(E;) and peak widths y,(E;), where the tilde (~) refers to
fitted quantities. Afterwards, initial guesses (denoted with 0) for the real
(i;o (E;)) and minus imaginary parts (—i:o (E;) of the self-energy are
calculated by merging these fitting results with initial guesses for the non-
interacting band parameters, such as the Fermi wavevector k.. If a pho-

toemission kink is present in the phonon contribution to f;o (E), the user
may wish to extract the Eliashberg function &’F,,(w) with the Maximum-
Entropy Method (MEM) implemented in XARPES. In the one-shot mode,
extraction of &’F,o(w) requires the user to assign the magnitude of the
electron-electron coupling coefficient A} and minus the imaginary part of

the impurity contribution to the electron self-energy I';*. After obtaining
the one-shot results with the initial guesses for the model parameters—
including the non-interacting band parameters and the electron and
impurity contributions—the Bayesian inference loop can be called for a full
optimization of the parameters. This full optimization also results in the
final o’F,,(w), from which Z,,(E) can be calculated at every E. Optionally, the
results can be improved by repeating the above code steps for various k;,
followed by choosing the most probable result from the individual opti-
mizations. Finally, we remark that while &’F,(w) is traditionally extracted

using only i;o(Ej), XARPES provides the possibility of employing E;O (E)s
—i:o(Ej), or both.

Extraction of the self-energy

We consider photoemission kinks of electronic bands that are sufficiently
far from other bands to ignore band mixing'”, such that they can be
described as individual branches 7, starting out with Eqgs. (3) and (4). The
MDC fitting is performed in #-space instead of wavevector space, because
the angular resolution of the detector Ay is approximately constant as a
function of #. A wavevector-based fitting will be implemented in a future
version of XARPES, which will be useful when the desired momentum-space

4Rn
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Photointensity data fit
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Methods: Fermi-edge fit
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{’777, (Ej)v WW(E])}
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Fig. 2 | xXARPES logo and flowchart. Different steps of the workflow are described in
detail in the text. The workflow can be divided into three parts. First, the Fermi edge
and the momentum-distribution curves from photointensity data P*(E“", #) are
fitted to obtain the respective peak positions and widths {’Fy,(Ej).')?ﬂ (Ep}- Second,
initial guesses for the model parameters are inserted into the maximum-entropy
method to obtain the one-shot self-energy %,(E) and Eliashberg function o’F,(w).
Third, the optimization loop can be called to obtain the optimized self-energy X,,(E)
and Eliashberg function o’F,(w). The boxes contain the variables and are tagged with
the subsection in which the step is fully described. The subsections belong to the
Results section unless described as a “Methods” section.

path is poorly parameterized by a single angle, such as for cuts through 3D
data sets. The photoelectron wavevector p(E, #) is mapped to the crystal
wavevector k(E, #) in the first Brillouin zone. This is accurate for 2D states,
which have no dispersion along k | , but ignores a broadening in k, for 3D
states. The MDCs are created as different slices of the band map, after which
the branches labeled with # are fitted on the selected angular range, leading
to extraction of 2,,(E;) from MDC fits at selected energies Ej, with j the MDC
index. The momentum dependence of the self-energy is ignored during the
MDC fitting, resulting in a fitted self-energy X, (E). Therefore, the non-
interacting band ¢, (k) is the only momentum-dependent quantity during
the fitting. As a consequence, any purely static, real-valued self-energy
contributions X (k) from the true self-energy are likely captured by ¢, (k)
instead of 2/ (E). If the MDC presents a sufficiently sharp single peak at
wavevector k,(E)), the fitting is mostly sensitive to the self-energy in the
vicinity of k,(E;). The solutions Z,(E;) should then be regarded as an
experimental determination of the self-energies %, (E;, k,(E;))""*""". Thus,
when comparing to theoretical calculations (calc), the experimental ¢, (k)
should be compared to the sum of the non-interacting dispersion and static
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self-energy e(k) + fo‘lc/ (k), while 2,(E) should be compared to the
dynamical folc(E ,k) evaluated at the momentum k corresponding to the
quasiparticle energy E¥(k) closest to E.

We start from the photointensity in Eq. (4) with fixed € and hv, where n
is now a branch index, and assume that the PME depends more strongly on
1 than on E, which results in |M,(E, n; hv, €)]* — |M,(n)*, which is a
dimensionless quantity that the user can set manually. We refer to the use of
a non-constant |M, () during the MDC fitting as the matrix-element
correction (MEC). For the MDC j, we approximate the Ek‘“—referenced

photointensity P*(Ekm, #) from Eq. (4) with an expression P( kin ) for
which the energy convolutlon is neglected:
P(E™, ) = / dn' Q(y — n’){ﬁwj-“'", 1)+ IM, ()P
~0 = (5)
An(E]-) _Zn(Ej)Edim
x T ~/ 2 ~n 2
[E— e - S.8)| + [£15)]

where E . is constant with dimensions of an energy and E(Ejl-d“, 1) is a user-

defined polynomial in #, which is fitted for each E}‘“‘ In Eq. (5), A?[ (E;) and
E(E}“"‘, 1) have units of photointensity, while the relation E}“n =hv—-0+
E; — p canbe established after /v — ® has been determined from the Fermi-
edge fit. Interestingly, a convenient rewriting allows for eliminating two of
the I + 1 fitting parameters of a non-interacting band described by a
polynomial of order I during the fitting procedure. Consequently, a
parabolic dispersion can be fitted with one parameter, which in XARPES is
either the wavevector of the extremum kj, or the corresponding angle #¢ (E)
at E = y, with no parameters needed for a linear non-interacting dispersion.
As an example, we perform the convenient rewriting for a parabolic
dispersion, with example analyses provided in the Verification using model
data and Photoemission matrix elements in TiO,-terminated SrTiO;
sections. The implementation works for electron-like (positive mass) as well
as hole-like (negative mass) bands. The code also supports the linear case,
which is presented in Supplementary Section S1.

Here—and in the first release of XARPES—we assume that the parallel
momentum p of the photoelectron is related to the detector angle # as:

P = \/2m BN /12 sin(y + ¢). (6)

The parallel component in Eq. (6) can be obtained from the x-component in
Eq. (1) by using a possible rotation around the z-axis, and by subtraction of the
angle ¢, after which we denote 1 4+ ¢ — # for brevity. Thus, Eq. (6) describes
detection along all planes that contain the normal vector of the material, with
more complicated expressions for p; scheduled for future releases of XARPES.
A generic parabolic dispersion along this path may be written as:

sin(r)I”

(1) = 1 + T " {[sin() - — s} @)

where m] is the mass of the non-interacting band, and the angles 1% and 1ff are
related to the pro;ected centers k;, and Fermi wavevectors k., of the parabola by
sin?(1%) = (hkc) /(2m E5™) and sin?(nf) = (flkF) /(2m ENM), respec-
tively. The branch label 7 takes into account the momentum path of Eq. (6)
such that the band parameters kﬁ, mE, and kfI are projected onto the
momentum path, and the same underlying band may result in different
projected parameters along a different path. With ¢,(17) given by Eq. (7), Eq. (5)
becomes:

we = [ dn’omw’){E(E}‘*“,n’HDMn(n’)P

- 8
XA‘;(Ej) 7.(E) ®

2 2 ’
{ [sin(r]’) - sin(r];"(Ej))] - 73;@;)} + %(Ej)

after which the self-energy data can be computed via:

S(E)=E —u — EEk"’[ Y(E) — sin()], ©)
~TE) = B 1), (10)

where 7n(Ej) is a dimensionless broadening parameter, and 7n(Ej) is a
dimensionless peak maximum relative to sin(qf[(Ej)). Furthermore,
the  prefactors in  Eqs. (5) and (8) are related by
A,(E)) = A, (E)m E™ /(Im}|Egy,). The MDC maxima can then be
recovered by assigning the fitted quantities to the left-hand or right-hand
sideofa parabola Eq. (8) allows for fitting the MDCs with the dimensionless
quantltles y (E) and7, 4(E;), while the fit no longer has to be performed with
m® and kF. The rewrltmg also simplifies finding a sufficiently good initial
guess for the MDC fitting, as the angular distance between 7,(E;) and
sin(r;,(E j)) can directly be visualized.

Once the fitting parameters {7,,(E;), y,(E;)} have been obtained, they
can be substituted into Egs. (9) and (10) to obtain the extracted self-energy
3, (E;). In this process, mP and k' may either be provided by the user in the
one-shot mode, or they can be optimized through the Bayesian inference
feature of XARPES described in the Model parameter optimization
subsection.

Extraction of the Eliashberg function
In this section, we describe how the Eliashberg function o’F,(w) can be
extracted from X, (E) for a given set of parameters, whose optimization is
described in the Model parameter optimization subsection. Considering
phonons as the only type of coupling bosons, we assume validity of Mat-
thiessen’s rule’"®, which implies that ¥,,(E) can be decomposed into the
following contributions:
%,(E) = 8 (E) + Z5(E) + I (E). (1)
Matthiessen’s rule implies that mixed contributions, as for example an
electron propagator renormalized by electron-electron interactions in the
lowest-order electron-phonon coupling diagram®, are negligible. The rule
applies if all couplings are in the perturbative regime and if the self-energy is
evaluated at leading order in each of them, since the mixed terms are of
higher orders.

In XARPES, the impurity contribution to the electron self-energy
TImP(E) is fitted with an imaginary static decay rate term —il'™. For Zf} (E),
it is desirable that it simultaneously satisfies (i) Fermi-liquid behavior:
3<(E) = —A%E — ) and ==& (E) o (E — u)* + (ks T)* for small E —

“)’ , (ii) particle-hole symmetry: Z(E + u) = —Z(—E + p), (iii) Kramers-
Kromg consistency’, and (iv) |E| *-decay for large |E| to avoid an ultraviolet

divergence'®”. These considerations yield the expression:
el el o _ ~ B ~
%?zo_j{)\w{%[ﬁ(l +E) - (1-8)] - iv2(B+ 1) 1

(12)

where E, = (E — )/ W, and T, = 7k T/ W, are energy ratios, with W,,
an ultraviolet scale that the user must specify (see Supplementary Section
S2). The derivation of Eq. (12) is given in Supplementary Section S2, where
an alternative expression for ¢(E) (also implemented in XARPES) is pro-
vided. The Fermi-liquid behavior imposed on Eq. (12) has relatively wide
applicability, since it is obtained for various theoretical models, as well as
observed experimentally in several systems, as detailed in Supplementary
Section S2.

Finally, we discuss Zgh(E) and its relation to &’F,,(w). In the problem of
Bloch electrons coupled to non-interacting phonons, the finite-temperature
perturbation theory in the atomic displacements for the retarded self-energy
yields at the lowest order in the reciprocal of the atomic mass, beside
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E-independent terms contributing to the static self-energy’>", the dyna-
mical Fan-Migdal term**'%;

ZEM(E7 k) = /QBZ Z |gmnv

f* (enk + @)+ n(w,q)

Fow E+w(q)—s (k + q+i0"’
(13)
where f* (&) =f(e), f () =1 — fle), n(w) = [e“’/(kBT) — 1]71 is the Bose-

Einstein distribution, Q** the Brillouin-zone volume, g,,,,,,(k, q) is the EPC
matrix element between electronic states ¢,,(k) and ¢,,(k + q) coupled by a
phonon of band v, wavevector q, and energy w,(q), while 0" is a positive
infinitesimal. Eq. (13) can equivalently be written with the following two
expressions:

SME k) = / dw/ de 0*F (w, e, k)ZEer :)EH— (@) (14)

e+i0"

d
@F,(w,e,k) = / S D 8, DP(@ = 0,(@)3(e — &,k + )
(15)

where we stress that w is a vibrational energy, not a frequency. Eq. (14) can
also be derived with a definition of a®F,(w, ¢, k) that contains the full
instead of the non-interacting phonon spectral function™*'”, which includes
a subset of the higher-order terms in the reciprocal atomic mass.

In ARPES experiments, we are mostly interested in ZF™(E, k) when E
remains close to . The denominator in Eq. (14) shows that the relevant
energies ¢ are close to E + w. Phonon energies are typically a few tens of meV,
which means that the ¢ integral in Eq. (14) probes o?F,,(w, €, k) within no
more than a few hundred meV around ¢ = . If electronic energy scales are
large compared to phonon energies, as occurs when studying photoemis-
sion kinks for bands ¢,,(k) that disperse much more steeply than the phonon
dispersion w,(q), one expects that the variation of a*F,(w, €,k) over the
relevant & range is weak in comparison with the variation of the energy
denominator in Eq. (14). Under these conditions, one can retain the first
term of the Taylor expansion of a*F, (w, ¢, k) around e = 4**. Similarly, the
wavevector dependence is weak if the electrons disperse much more steeply
than the phonons, such that a?F, (w, y, k) can be evaluated at the Fermi
wavevector k. of the photoemission kink being analyzed. Finally, con-
tributions to XP"(E) from higher-order dynamical terms are not captured
independently with our formalism, while the E-independent terms should
be captured in ¢, (k) during the fitting, leading to XP!(E) = ZIM(E). These
considerations lead to:

S™ME) = / oodw o?F, (w)K(E, w), (16)
0
°° (&) + n(w)
K= [ a3
o L Eeutw (17)
_\P<7_ ZHIZT> W(E_IEZn‘Z:T>

—in2n(w) + 1]

where K(E, w) is a kernel function®'** and ¥ the digamma function. In the

limit of infinitely large electronic energy scales over phonon energies and no
higher-order terms, the extracted o*F,(w) may coincide with &? F, (w, g, k%),
which we denote as the “Fermi-surface Eliashberg function” as all electronic
scales are evaluated at the Fermi surface. When these conditions are not
perfectly met, the extracted o’F,(w) will represent some mixture of
o?F,(w, &, k) for different e and k, as well as higher-order contributions. The

workflow uses the experimentally acquired {iiM (Ej)} to obtain o’F,,(w) via
kernel inversion of Eq. (16) as an estimate of the true a®F™(w). Here,

(sz;me(w) is the quantity that is recovered from Eq. (16) for of an infinite
amount of unbiased data. Subsequently, FM(E) is obtained from &’F,,(w)
through Eq. (16). However, direct inversion of Eq. (16) can result in negative
values'” or spurious behavior of &’F,(w) at low/high energies'’. The
function ’F,,(w) should be positive semidefinite for w € [0, Wi with @™
a maximum frequency, while o’F,(«w) is zero outside this interval. This
positive semidefiniteness can be encoded as prior knowledge in a
regularization term aS, where a is a Lagrange multiplier or hyperparameter,
and S is the generalized Shannon-Jaynes information entropy''":

1 00
/ dw
Edim 0

where m,,(w) is a model function of maximum height h,, that encodes the
prior knowledge on o’ F,(w). Additional details on Sand m,,(w) are provided
in Supplementary Section S2, where we also provide the definition of the
normalized Euclidean distance measure M(a’F;(w), &*F,(w)) for the com-
parison of two Eliashberg functions o’F;(w) and o’F,(w).

After inclusion of aS as the log-prior, the most probable «’F,(w) is
obtained in the MEM from the maximization of the log-posterior L + aS"":

S(@E, m,) =

o’F,(w) — m,(w) — «’F,(w)ln <%>] , (18)

ocan(w) = argmaxazF;(w)(L + tZS), (19)

where L is the log-likelihood after rendering the likelihood dimensionless,
and o’ F3(w) is the argument of the log-posterior optimization. In XARPES,
the maximization of Eq. (19) is performed using Bryan’s algorithm®.
Furthermore, a’F,(w) can be extracted using E; (E), —EZ(E), or both. While
o’F,(w) is commonly extracted using only i;(E)”‘(’“, simultaneous

incorporation of —EZ(E) may lead to a better extraction. In that case, L

becomes:
~/ 2
N [ (3E) -3 (E) o (E)
_ 1 n\Tj n\5j Inf 25
L 2j:l {( “;(Ej) ) * n( Egim >

~n 2
SI(E;) — 5,(E)) oi(E))
where g, (Ej) and o}, (E j) are the standard deviations from the MDC fitting of
the respective i/n (Ej) and i: (Ej), whereas 2, (E) is calculated from Eq. (11),
with ZPP(E) determined using Eq. (16). Several approaches exist in the
MEM community to determine a, including the historic method”, the
classic method”, and Bryan’s method”. Recent approaches suggest deter-
mining a by a transition from noise fitting to information fitting of the data

upon increasing a'".

(20)

Interestingly, there is a “tail” or “upturn™*'"* in % (E) near E = y from

the interplay of the FWHM energy resolution AE with a strong decrease in
P(E, 1)) through f(E). Consequently, we exclude %, (E) for u — E < AE during
the inversion of Eq. (16). Furthermore, optimization of Zel(E) and ZMP(E)
as described in the Model parameter optimization subsection is only
available when the full 3, (E) is used in L, as ) . (E) by itself was found to give
insufficient information to optimize these terms.

Finally, the EPC strength /\}ih/ = —03P" (E)/0E| Py 1 —commonly
determined by a linear fit through % _(E) near the Fermi edge'"”. However,
this evaluation inconveniently coincides with the upturn for E = y. We
observe that o’F, (w)K(E, w) is continuous over the domain of w-integration,
so that Leibniz’ integral rule can be applied. Combining AP =

—9=I™'(E) /oE| =y With Eq. (16) then yields:

1 iw 1 iw
(E B anBT> —% (E + 2nkBT>] - @D
where ¥, is the trigamma function. Instead of fitting near the upturn, A" in
XARPES is based on all the %,,(E;) for which y — E; > AE through Eq. (21).

ph __
" an T

/ dwa?F, (w)lm |¥
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We remark that A, = —0%/ (E)/ OElp_, = A

—1F“np is used.

+1? because TP =

Model parameter optimization
A key problem in the parameterization of A,(E, k) is determining the
magnitude of ZP*(E), 2(E), ZMP(E), and the coefficients that represent
&,(k). While the KKBF can be used to distinguish between ¢, (k) and 2,(E),
the decomposition of the latter into its constituents is usually still performed
by visual inspection' instead of using a quantitative approach. Here, we
extend the probabilistic procedure for extracting o’F,(w) with Bayesian
inference to obtain a quantitative procedure for obtaining the model
parameters, whose set we denote with V. Therefore, Vincludes m® or vF, k¥,
rimp, Ael and h,,, where inclusion of the latter implies that the shape ofm (w)
is c0n51dered known, but its height is not.

‘We denote with D a set of self-energy data, comprising {Z (B)},
{— 3 (E)} or {Z (E), -3 (E)} The posterior probability density
p(ocan(w)ID a, my(w)) over aan(w) for given D, a, and model function

m,(w) can be expressed as**''":

eL+aS

(22)
where Z%(a) and Z"(D) are normalization factors over the respective Sand L,
and where Eq. (19) is equivalent to maximizing the logarithm of Eq. (22). It
may be recognized in Eq. (20) that L is not just a function of D, but also a
function of V. Thus, after realizing that Z"(D) — Z'(D, V), the expression in

Eq. (22) may be recognized as p (a*F,,(w)| V, D, a, m,(w)). Applying Bayes’
rule'"" to Eq. (22) then yields:

p(e?F (0)|V, D, a, m,())
p(D, a?F,(w))

p(V|a2Fn(w),D, a, mn(w)) = p(V,D),

(23)

where the evidence p (D, o’F n(w)) is a normalization factor that is constant
during determination of p(V|a*F,(w), D, a, m,(w)), and p(V, D) contains
the prior probabilities over V and D. Thus, Eq. (23) provides a quantitative
criterion to determine the most probable V for a given o’ F, (w). The xARPES
code supports uniform probability distributions over V'in p(V, D), although
different expressions may be implemented in the future, such that previous
experimental/theoretical knowledge can be incorporated for subsequent
data sets. Iterative optimization of Egs. (22) and (23) constitutes the outer
loop in Fig. 2. First, a’F,(w) is determined for a given V, after which V is
determined for the updated o’F,(w), until the change of
p(Vlocan(w)7 D,a, mn(w)) is below a given threshold, see the Methods
section. The Bayesian procedure described here can be generalized to other
inversion problems in which the data D themselves depend on unknown
parameters V.

Introduction to the model system and use cases

In the following three sections, we showcase the capabilities of XARPES by
studying a model system and two use cases. In the Verification using model
data subsection, we use artificial data to demonstrate that XARPES recovers
95% overlap of the 95% confidence intervals of S(E) with the true Z(E), for
an energy resolution AE — 0. We then compare our approach with a
frequently used Lorentzian fitting approach'>>*'”, which performs
increasingly poorly towards higher binding energies. Subsequently, we show
that the sharpness of recovered phonon modes is limited by AE, and that the
optimization loop recovers k™™, s, TP and \ime = ) Jphinue
within about 5% for realistic values. Finally, we show that o’ F(w) converges
towards o’ F "™(w) with increasing amounts of unbiased data.

The first use case concerns the 2DEL of the d,,-derived bands of Nb-
doped TiO,-terminated SrTiOs, showcasing extraction with a parabolic
&,(k) from experimental data, displaying high similarity between the
Eliashberg functions from left/right branches of the inner d,-derived band.
We additionally show that omission of |M,,(#)|* matrix elements can change

the extracted Z(E) by over a factor of two. The second use case is on Li-doped
graphene, showcasing the implementation for a linear ¢,(k). We provide
JupYTER notebooks for the three examples as described in the Code avail-
ability section. The SrTiO; and Li-doped graphene examples are remarkable
due to PMEs [M,,()|* for which theoretical expressions exist and notably
improve on the self-energy fitting. Their importance depends primarily on
interplay between experimental geometry, light polarization, and orbital
character®®, and has to be evaluated on a case-by-case basis. Users interested
in specifying |M,,(n)|* for fitting their data with XARPES may estimate the
PMEs from their data with a heuristic approach™, from tight-binding cal-
culations separately'’® or combined with Wannierization'”, from the so-
called scattered-wave approximation'”, or from Lippmann-Schwinger-
based simulations'”'. PMEs are also naturally incorporated in one-step
photoemission simulations'”, although separating their effects from A,,(E,
k) is not always straightforward from such calculations.

Verification using model data
We analyze an artificial band map with Gaussian noise, |M,,()]* = 1, and a
parabolic ¢, (k) to verify our implementation and investigate how noise and
energy resolution affect the extraction of %,,(E) and the reconstruction of
a’F, (w). We perform the self-energy analysis on the left-hand (L) and right-
hand (R) branches of a parabolic dispersion, follow up with the extraction of
o’ Fr(w), and omit the branch index for symmetric quantities. The added
noise is the sole source of difference for the extracted quantities. We generate
A(E, k) from a single parabolic e(k) at T'= 10 K with a known &’F™(w)
composed of a sum over two peaks with phonon energies w; € {22, 58} meV,
broadenings p, € {0.9, 3.5} meV, and matrix elements gi € {0.6,1.0} meV
computed from:

2 prtrue 2 *1 )
o F'(w) = Im|{ ——F .
(@) ;gk (wiwﬁmk

From o (), we generate ¥"™™(E) = ™'™*(E) using Eq. (16), to which
we add =*"**(E) using Eq. (12) while setting W = E* (the default for parabolic
bands), where we define the Fermi energy as EF = (fzsz )" /(2mP), and we
add =™ = — [ The resulting o’ F™(w) and Z™(E) are displayed in
Fig. 3a. The parabolic dispersion is displaced by k= 0.1 A", while the values
completing the description of A(E, k) constitute the first row of Table 1 and
result in E* = 150 meV. We discretize the resulting A(E, k) with p(Ekin 1)
parametenzed according to Eq. (6) with N; = 80 pairs of data (ZR(E)
—ZR(E)) for realistic E* € [29.8, 30.25] eV with the photon energy minus
the work function hv — ® =30 eV and 0.02° angular steps for 7 € [—6, 10]°,
multiply with an energy- mdependent A =10* counts, and set
the polynomial terms B,/ A’ =02% and B, =0 in Eq (5). Next, we
convolve with Gaussian distributions with FWHMs AE=2.5meVand Ay =
0.1° and add Gaussian noise N/ (u"o5¢, (0“"‘*) ) at each (E, ) with

e/ A =02 %, and noise-to-intensity ratio ¢/ A= 0.025%,
obtaining the photointensity P'(E™, #) displayed in Fig. 3b. We obtain
the estimate v — ® from the Fermi-edge fitting and compute P(E, 7). We
find o — @ = hv — © — (0.06 +0.03) meV. Next, we perform the MDC
fits using a parabolic e(k), showing the fits at a selected binding energy E*" =
80 meV in Fig. 3c, which corresponds to the dashed line in Fig. 3b, and
compared to a fit with a linear ¢(k). We find that the quadratic dispersion fits
the data better than the linear dispersion.

We remark that the Gauss1an noise results in (Ek‘n)

(P (Ek‘“7 n) — P (Ekln i )) / (6™°5¢)* with N the number of angular
data points. For AE — 0, we find the expected y (E]lfm) ~ N, for the

(24)

parabolic e(k), versus y*(E jki“) ~ 7.7 Ny for the linear dispersion, demon-

strating that a Lorentzian MDC fitting of A(E, k) yields biased results when
the underlying e(k) is curved. We temporarily use the true m" and k' for the

self-energy extraction step to highlight the best possible recovery of EL‘R(E)
in presence of a finite energy resolution (Fig. 3d) and to evaluate the
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Fig. 3 | Verification band map and MDC analysis. a The total real 2™ (E) (blue)
and minus imaginary parts —>"¢' (E) (orange), comprising sphte (dotted blue) and
—yPhirue’ (dotted orange) based on o’F"™(w) (magenta), the electron real Fel.true’
(dashed blue) and minus imaginary parts —zebtne” (dashed orange), and the impurity
term IMP™(E) = — il™"™ (not shown). b Artificial photointensity P'(E", #) for a
parabolic dispersion e(k) displaced by k° = 0.1 A", after adding the energy and angle
convolutions, Gaussian noise, and 2"(E) from a. The dashed line corresponds to the
selected binding energy E™ = 80 meV in c. ¢ MDC photointensity P*(EX™, 1) (blue
dots), fitted with quadratic e(k) (black) and linear e(k) (red) non-interacting disper-
sions. d Reconstruction of £ (E) (blue) and —X"™’(E) (orange) for the left-hand
% (E) (dark green) and —3, (E) (lime) and the right-hand ¥7(E) (pink) and —3y ()
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(indigo). e Reconstructlon at AE = 0 with ZR(E) (maroon) and — ZR(E) (violet) from
XARPES, compared to ZR (E) (gold) and ZR (E) (green) from the method
described in the text. The confidence intervals of some ZL r(E) and ZL R (E) in d-e are
smaller than the markers. f Bands with Ef = 150 meV (blue) and E5 = 300 meV
(magenta) shown in the inset (different 7" but identical k*), which for a range of energy
resolutions AE leads to the displayed overlap of 95% confidence intervals against the
energy resolution of E/(E) with ' (E) (blue/magenta circles) and —EH(E) with
—="(E) (blue/magenta triangles), with the dashed vertical line corresponding to AE
used in a-d.

Table 1 | True, optimized, and relative differences of
parameters for the verification example

Parameter mg (mg) k; (A7) l“iF""" (meV) A:‘I ) Agh “
True 1.5875 0.25 10.0 0.12 0.28
Opt. 1.596 0.25001 10.04 0.113 0.30
Diff. % 0.5 0.004 0.4 -6 7

performance of XARPES versus another, commonly used approach (Fig. 3e).
At AE = 2.5 meV, the left- and right-hand EL.R(E) differ from each other
only due to noise, as shown with 95% confidence intervals in Fig. 3d on top
of the model 2(E). The finite AE leads to three distinct deviations from
>™¢(E). First, —EN(E) is overestimated everywhere because a finite AE
combined with a dispersive band broadens the MDCs at every E. Second, the
relatively sharp peak in "™ (E) near E — y = — 22 meV cannot be fully
recovered. Third, we observe the tail/upturn discussed in the Extraction of
the Eliashberg function subsection for ¥ (E— p).

In Fig. 3e, we compare the performance at AE = 0 with a commonly
used approach that we will call the Lorentzian-based (Lor) method, found in

refs. 15,52,56,117. We will refer to the self-energy extracted with this method

as itor(E). Strictly speaking, a linear non-interacting dispersion ¢,,(k) leads
to a Lorentzian lineshape in MDC fitting at a given Ej, with peak maxima
k,(E) = r,(E) 2meE]1.‘i“ /#* and FWHMs Ak, (E;), as described in
Supplementary Section S1. By contrast, if the non-interacting dispersion is
curved, fitting MDCs with Lorentzian lineshapes results in biased line-
shapes, as was demonstrated in Fig. 3c. The Lorentzian approach incon-
sistently inserts Lorentzian-based fit parameters into formulae
or'

(E)=E —p—

corresponding to a curved ¢,(k), commonly ii

e,(k,(E) and =3, (E)) = (Ak,(E))/2)2e, (k, (E;))/9k. We compare this
approach in Fig. 3e, obtaining 95% overlap of the 95% confidence intervals

for the XARPES approach, whereas EEOI(E) deviates increasingly from 2, (E)
towards higher binding energies.

Finally, we quantify the bias originating from a finite energy resolution
AE in the extraction of the real and minus imaginary parts of the self-energy
data T (E) and -3 (E) To do so, we calculate the overlap of the 95%
confidence intervals of these data with the respective X'¢(E) and
—3¢"(E) for energy resolutions ranging from 0.25 meV to 32 meV, and
repeat this analysis while changing the Fermi energy (band bottom below E

npj Computational Materials | (2026)12:172


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-026-02026-9

Article

=) E" from 150 meV to 300 meV, based on a different effective mass m° but
the same Fermi wavevector k°. To single out the bias effect, we use the true
chemical potential ¢ instead of its estimate from the Fermi edge fit described
in the Fermi-edge fit subsection. The calculated overlaps are shown in Fig. 3f
for bands with Fermi energies Ef = 150 meV and E5 = 300 meV shown in
the inset. The overlaps converge to 95% for AE — 0, demonstrating that the
recovery of 2(E) is unbiased for the correct choice of the non-interacting
dispersion ¢(k). The overlap decreases more rapidly with increasing AE for
-3 (E) than for ¥ (E) because the energy convolution broadens the MDCs
with intensity from adjacent MDCs, an effect that largely cancels out for the
peak centers. This broadening effect is further illustrated with the steeper
non-interacting band having E} = 300 meV, which experiences less
broadening and peak shifting upon increasing AE. The results in Fig. 3f are
invariant to the photointensity noise 0" as the self-energy confidence
intervals increase accordingly until the MDC fitting fails, occurring at
o™/ A" = 1.5% for this example.

We now extract the Eliashberg function from the right-hand branch
o Fp(w) and determine the model parameters in the parameter optimization
loop: the non-interacting band mass m% and Fermi wavevector kk, which
together describe the non-interacting dispersion e (k), the electron-electron
coupling coefficient AS, the electron-impurity coupling magnitude "™, and
the height hy of the model function mg(w). For this artificial example, the
code converges to the same maximum for a sufficiently consistent set of
initial parameters. As a consequence, we obtain similar results for o’ F; (),
which the user can verify through the Data availability section. We set W =
E" during the optimization, and we initialize my(w) discretized on 250
evenly spaced energies for w € [wF", WI™] with @DP" = 1 meV, w* =
80 meV, and hgo = 0.08. The parameter ranges prov1ded in Supplementary
Tables S1, S2,and S3 indicate for this example how much the parameters can
deviate in the respective one-shot, inference loop, and tightly converged
cases, without causing the code to fail, while a typical convergence scenario is
shown in Supplementary Fig. S1. The resulting o’Fr(w) is shown in Fig. 4a
against the known o’F"™(w) together with the extracted 2 (E), the recon-
structions X(E) and =%(E) calculated from o’Fg(w) via Eq. (24), and mg(w)
based on the optimized hy. The reconstructions closely follow the extracted
self-energies. In addition, Ty *, kg, and m}, are obtained with high accuracy,
as listed in Table 1. By contrast, A% is systematically underestimated, ori-
ginating from the imposed positive semidefiniteness of o’Fr(w). An
unconstrained o Fp(w) would otherwise contain negative values due to the
noise in ER(E) Due to the positive semidefiniteness, o’ Fg(w) and Ay are
overestimated w1th respect to o’ F™(w) and A"™. We find an increase of 7%
from AP to Aﬁ , while 13" only differs from A'™ by 3%, emphasizing that
the decrease of 6% from )Le“'“e to )le is a compensation mechanism. Fur-
thermore, o Fp(w) captures the two peaks from o’ F"™(w), although the peak
at w = 22 meV is broadened due to the energy resolution and the somewhat
sparsely distributed £(E) over the energy range. The peak at w = 58 meV is
slightly broadened as the MEM has less confidence in 3z (E) at higher
binding energies due to its larger confidence intervals.

To show that the extraction of &’Fr(w) can, in principle, be unbiased,
we repeat the extraction for an 1deal scenario. In this scenario, we use
Nj = 320 pairs of data (ZR(E) — R(E)) energy resolution AE = 0, and
noise-to-intensity ratio g"°% / A = 0.025%. Furthermore, we broaden the
first peak of &’ F"**(w) modeled with Eq. (24) from p; =0.9 meV to 2.0 meV,
use hg = 0.08 as well as the true model parameters k™™, m™™¢, A", and
'™ The resulting o’ Fg(w) and related quantities are displayed in Fig. 4b,
showing a complete recovery of a’F™(w) for a large amount of unbiased
data. While these ideal conditions might never be obtained experimentally,
the agreement demonstrates convergence toward o’ F™*(w) with increasing
amounts of unbiased data.

Lastly, we quantify the difference between the input o’Fr(w)
and &’F"™(w) for representative laser (AE = 2.5 meV) and synchrotron
(AE = 5 meV) resolutions™, with noise-to- 1nten51ty ratios o™ / A =
0. 025% (used previously for Fig. 3c, with A defined in Eq. (5)) and

ghoise / A" = 0.05%. We calculate minus the information entropy
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Fig. 4 | Quantitative analysis of the extraction of «’F(w). a The optimized o’ Fy(w)
(magenta) versus o’ F"**(w) (black dotted) and model function mg(w) (dash-dotted
gold), with the real part of the self-energy data E;(E) (blue bars), the reconstruction
SR (E) (blue translucent) and electron contrlbutlon Zel (E) (blue dashed); minus
imaginary part of the self-energy data — ZR(E) (orange bars), reconstruction —2 (E)
(orange translucent) and electron contrlbutlon Zel (E) (orange dashed) for the
right-hand branch with N; = 80 pairs of data (2 (E), — (E)) b The same quantities
as in a for Nj = 320 pairs of data, while using the true model parameters and ideal
experimental conditions, as described in the main text. ¢ Box plot for minus the
information entropy —S(a*F™, a’Fy) for combinations of AE € {2.5, 5} meV and

L ~0
noise-to-intensity ratio 6"*¢/ 4" € {0.025,0.05} %, based on 50 code executions at

L ~0
each combination of (N}, AE, 6"/ A").

—S(o?F™, «’Fg) according to Eq. (18), which represents the extent of
surprise in learning o’ F™*(w) when already possessing o’Fx(w). Box plots
with extrema, quartiles, and medians are shown in Fig. 4c for 50 code
executions Wlth random n01se for each combination of (AE, g"°'*¢ / A )and
Nj pairs of (ZR(E), — R(E)). We find several trends in the generated
Eliashberg functions: spurious peaks and peak-shoulder splittings usually
originate from a small amount of N; for a given phonon energy range, with
their effect on S depending on the magnitude of the Eliashberg function.
Furthermore, peak magnitudes are governed by the standard deviations
a’n(Ej) and UZ(EJ-) of the respective i;(E) and —i;(E). At the smallest N,
the large —S is mostly due to overconfidence of the “chi2kink” method,
resulting in overfitting. The curves for AE = 2.5 meV at high Nj are illus-
trative of Fig. 3b, reiterating that o’ F™**(w) can be fully recovered for a
sufficiently small AE and sufficient Nj. For the AE = 5 meV cases, —S
remains large at higher N; because the sharp peak in o’ F™**(w) is broadened
during the MDC fitting. We conclude that inversion of &’F,(w) is successful
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for sufficiently large amounts of unbiased data, although phonon peaks
generally broaden with increasing AE, while 0" increases the variance.

Photoemission matrix elements in TiO>-terminated SrTiO5

In this first use case, we extract 2,,(E) and &’F,,(w) for a 2DEL of two non-
degenerate d,, bands on the TiO,-terminated surface of Nb-doped SrTiO;
along the kj,¢) direction. In cubic semiconducting SrTiO;, DFPT calcula-
tions for the LO; (longitudinal-optical) and LO, modes show large long-
wavelength coupling (|g,,,.,(k,q — 0)])'*, while cumulant expansion
calculations for this system exhibit sidebands displaced from the quasi-
particle peak by the LO3 and LO, energies'*. Sidebands displaced by the LO,
mode were experimentally observed in several Nb-doped SrTiO; 2DELs
with the Fermi energy E' comparable to the phonon bandwidth'*~'*’ (the
satellite case™), whereas sidebands of the FeSe dispersion displaced by the
LOs and LO, modes were observed in monolayer FeSe/SrTiO;'**. Here, we
quantify the EPC with EF larger than the phonon bandwidth (the photo-
emission kink case™), where ¥P(E) shows kinks at 4 — E corresponding to
several phonon modes™.

We consider a 0.7% Nb-doped SrTiO; sample (SrTip993Nbggo703) at T
=20K. The other experimental conditions are identical to those listed in the
Methods section of ref. 58, and we repeat the PME correction discussed
therein. We extract the Eliashberg functions from the inner left (IL) and
inner right (IR) branches.

The PMEs of the d,, orbitals of the 2DEL are dependent on the polar
emission angle, which we assume to be equal to the detector angle # after
correcting for the small misalignment in ¢ inside Eq. (6). Fortunately,
performing the MEC with the physically motivated®*'” photoemission
matrix elements |[M d, ()|* o sin*(y7 — ¢) surrounding the Ty,-point for
the d, bandsi 1mpr0ves the accuracy of extracted quantities. As in ref. 58, we
fita sm 2(n — ¢) distribution to the energy-integrated photointensity P(r),
after which we subtract the fitted ¢ = 0.57° from the band map to account for
detector misalignment. We then determine y, (E) and 7,(E) for the four
branches, while manually iterating over k;, finding that the zone
center displacements and inner/outer (I/O) Fermi vectors, namely k;, =
—0.0014 A, kf =0.142 A, and k§ = 0.208 A", yield the desired
particle-hole symmetry for X/ (E) calculated with Eq. (9) simultaneously for
all four branches. We preliminarily assign m?, = 0.6 m, from visual
inspection for the inner (I) and outer (O) bands. The d,, bands together with
the MDC maxima along the k{1 10; direction are shown in Fig. 5a, while E; (E)

and —EZ (E) are shown for all four branches in Supplementary Fig. S2. Next,
we perform the optimization loop with an electron-electron scale parameter
WIR =E = (fzk ) /(2mb) in Eq. (12). The optimization loop yields
mby = 0.59 me, ki = 0.141 A, TixP = 16.5 meV, and/leR = 0, such that
Ak might be too small to be resolved. We calculate AP?
Eq. (12), appreciably smaller than the outer branch values /\g]; = 0.63 and

)LPL = 0.68 from ref. 58. The TO4 and LO, modes'” found previously in
&*Fr(w)*® at wro, = 69 meV and wio, = 84 meV are also observed in

= 0.46 using

our o’Fg(w) within approximately 2 meV. By contrast, the previously
observed w; o, = 56 meV now appears as a shoulder, while the large feature
near 40 meV has been red-shifted towards 30 meV. Furthermore, o’ Fip(w) is
resolved with less detail compared to those in ref. 58, primarily because the
current data have been sampled for fewer #-values. Our LO, mode is red-
shifted by approximately 8 meV compared to the DFPT calculations of
ref. 131, potentially due to accumulated charges'” from the in-gap states'”’
and from the 2DEL.

We calculate the Euclidean distance measure provided in Supple-
mentary Section S2 as M(o’Fi(w), &’Fg(w)) = 0.0099. The high similarity
raises the question whether a? Fii**(w) and a?Fi3(w) should be identical.
The Fermi surface of the TiO,-termination suggests that the band structure
still has the C,-symmetry obtained by terminating tetragonal SrTiO; along
the [001]-direction. However, previously measured spin components for the
d.,~derived bands find a small difference in the z-component'*, potentially
affecting the spin dependence of the Eliashberg function'”. Future first-
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Fig. 5 | Self-energy and Eliashberg function of SrTiO;. a Band map of the 2DEL on
the TiO,-terminated surface of SrTiO; along ki;10}, showing MDC maxima with
95% confidence intervals for the outer left (green), inner left (red), inner right (blue),
and outer right (purple) branches, with inner/outer bands (black) from initial
guesses and the optimized inner left/right branches (dashed red/blue).

b Comparison of the inner left a’Fy; (w) (red) with the inner right o’ Fir(w) (blue)
with the optimized model function mr(w) (dash-dotted gold), based on the inner
right real E;R(E) (green bars) and minus imaginary data — E;,R(E) (indigo bars), with
reconstructions i, (E) (blue) and —Z[; (E) (indigo). ¢ Self-energies of the outer right
branch obtained with and without (NM) photoemission matrix elements, com-
prising the corrected real 2 (E) (light blue) and imaginary parts —Z{ (E) (gold),
and the real XM (E) (pink) and imaginary parts —=NN"(E) (teal) without the cor-
rection. Corresponding data are denoted using a tilde.

principles calculations and experiments on the Eliashberg functions and the
spin texture of the 2DEL on SrTiO; might elucidate if the underlying
quantities are identical indeed.

Finally, we investigate the effect of the PMEs by comparing the self-
energies after the optimization loop for the XARPES approach for the outer
right (OR) branch versus omitting the PMEs (NM for “no MEC”) during the

h,NMy/ h,NM/
MDC fitting. We choose the OR branch as — p "(E) and — ZfR '(E)
contain negative values after running the opt1m12at10n loop, which is
unphysical. Figure 5¢ shows the self-energies and reconstructions with and

without the MEC, with ZXN(E) being approximately twice as large as
2or(E), primarily because the optimization loop assigns a small mb NM —
0.46 m, versus m%, = 0.59 m, for a good simultaneous fitting of ZOR (E)
and —2NM'(E) (compare Egs. (9)-(10)). By contrast, 2, (E) and — 2 (E)
from the fit with the MEC agree well with the respective data E/OR(E) and

—igR(E), and closely resemble those of ref. 58. In agreement with ref. 58, we
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also obtain A3, =0 = Agﬁ\IM. Finding that X(E) can be over twice as large
when neglecting the MEC, we conclude that the MEC can be essential for
reducing bias in extracted quantities.

Eliashberg-function similarity in quasi-freestanding graphene
The data were provided by the authors of ref. 54 and are shown as cut #2 in
Fig. 7b of ref. 54. Bands of the Dirac cones surrounding K-points are
approximately linear', such that we fit them with the linear & (k) fitting
procedure of XARPES described in Supplementary Section S1. The geo-
metry of the setup is obtained by performing a 90° rotation of the detector
around the z-axis—aligning the detector slit along the y-axis—followed by a
positive ¢-rotation that results in the finite k,. We follow ref. 54 in employing
a “small-angle approximation””, resulting in k, = py, =~ |pl sin(6 + 1),
followed by correcting for misalignment with 6= — 2.28°. In ref. 54, the data
from the two kinks were combined into one pair of real and minus ima-
ginary parts by a method that we describe in Supplementary Section S5,
followed by the extraction of a single Eliashberg function. Instead, we
separately extract ¥ (E), @’F(w), Zr(E), and o’Fy(w), and discuss the
symmetries that relate them to one another. A linear dispersion can be
described by two non-interacting band parameters: the Fermi velocity vE
and Fermi wavevector k.. Since two parameters can be eliminated during
the MDC fitting, all model parameters with a linearized band can be
quantified in the optimization loop.

Prior DFPT calculations of the decay rate in graphene display two large
peaks near w = 160 meV and w = 195 meV'*, arising largely from the in-
plane A} mode at the K-point and the in-plane E,, mode at the I-point”,
respectively. Charge dopants red-shift these modes, bring them closer
together, increase the relative intensity of the A} -based mode, and introduce
additional spectral weight in &’ F,,(w) below w = 100 meV from out-of-plane
coupling of the C-atoms with dopants'*.

Using AE = 10 meV™, we perform the Fermi-edge correction
described in the Fermi-edge fit subsection, finding the best fit for T = 50
K, which we assign as the sample temperature. Next, we fit the MDCs on
an interval y — E € [0, 246] meV to capture the E,; and A contributions.
We use the MEC from ref. 54 with its details discussed in Supplementary
Section S5. Afterwards, we perform the optimization loop for the left-
hand and right-hand sides using Wy r = 1.5 eV in Eq. (12), equal to the
binding energy of the Dirac crossing. The MDC maxima and optimized
non-interacting dispersions are displayed in Fig. 6a, based on v =
—2.67eV A/h,andkj = —0.354 A™', vk = 2.85eV A/h, and ky = 0.358
A", Figure 6b displays the extracted X (E) and reconstructed Zy(E), as
well as o’F;(w) compared to azFR(g)) displayed together with its opti-
mized mp(w). The complete set of =, (E) and Z1(E) is provided in Sup-
plementary Section S5. We calculate /\Eh = 0.48 and )Lﬁh = 0.53, with
most of the discrepancy potentially originating from experimental
asymmetry. A large peak at @ = 166 meV can be observed in o’Fg(w),
likely incorporating the E,, and A} contributions. These peaks are red-
shifted by w = 10 meV in DFPT calculations of the isotropic «’F(w) in Li-
doped graphene'”’, where absence of the substrate and intercalation
compounds might contribute to the discrepancy. Some spectral weight
can be observed in &’Fr(w) near w = 35 meV and w = 85 meV, reflecting
the low-frequency spectrum found in the DFPT calculations'”’. The
optimization also yields T}™ = 115.6 meV, Tx" = 120.9 meV, and
M =0 = AZ. Introduction of curvature in the non-interacting disper-
sion—with the center wavevector k;, determined by the KKBF—did not
lead to a finite /\f,l or other appreciably different results. While calcula-
tions for doped graphene in the random-phase approximation (RPA)
predict a plasmon contribution in —2¢ (E) of the order of 100 meV as E
— u approaches the Dirac point'*'™'*, our results suggest that Z(E) is
weak for binding energies up to the phonon bandwidth. However, while
>¥(E) in Eq. (12) may be related to coupling with particle-hole excita-
tions in the RPA for a parabolic ¢,(k) as described in Supplementary
Section S2, its functional form should be different for approximately
linear ¢,(k)""'. Moreover, Eq. (12) does not include coupling with
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Fig. 6 | Self-energy and Eliashberg function of Li-doped graphene. a Band map of
Li-doped graphene along cut #2 from ref. 54 with two optimized linear bands, as well
as the left-hand (L, blue) and right-hand (R, red) MDC maxima with 95% confidence
intervals. b Comparison of o’F; (w) (red) against a*Fr(w) (blue), with optimized
model function my(w) (dash-dotted gold), based on the right-hand real f;((E) (green
bars) and minus imaginary data —fﬁ(E) (indigo bars), with reconstructions 2 (E)
(green) and —X (E) (indigo).

plasmons, rendering it increasingly unsuitable to describe electron-
electron interactions in doped graphene towards higher binding energies.

We observe good agreement between o’F; (w) and o’ Fr(w), obtaining
the large peak in the latter at w = 164 meV, consistent with verification for
large N found in the Verification using model data subsection. The weaker
resolution of the phonon modes in X, (E) reflects lower confidence of the
MEM in the left-hand data. The Euclidean distance measure between the
two Eliashberg functions is M(o*Fy(w), o’ Fr(w)) = 0.0067. This Euclidean
distance is lower than M(a*F; (w), &*Fgr(w)) = 0.0099 obtained for the SrTiO;
in the Photoemission matrix elements in TiO,-terminated SrTiO5 subsec-
tion and much lower than the distance between two previously compared
experimental Eliashberg functions'*, suggesting that the agreement for the
Li-doped graphene is unprecedented. As with the SrTiOs, this high simi-
larity between o’ F; (w) and o’Fg(w) suggests that the underlying a® Fy"(w)
and a’F™(w) may be identical. The two kinks are given by two =k,
components perpendicular to the I' — K high-symmetry line, which in
monolayer graphene are related by a C, axis and a o, plane'”. The Si/
Co(0001) subsystem (see Fig. 3 of ref. 54) breaks the o, plane symmetry,
whereas the introduction of Si/Co(0001) and Li intercalation both break the
C, symmetry. However, the Li/graphene subsystem is often regarded as
quasi-freestanding™, which would still preserve the g, symmetry. Although
a spin splitting between the sublattices of doped graphene could also break
the symmetry along the I' — K-path via spin dependence of the Eliashberg
function'”, this degree of freedom should not be important as the magne-
tization in the graphene sheet was found to be negligible™. Therefore, we
expect that the asymmetry of the experimental setup might be the main
cause of the observed difference between o’Fi(w) and o’Fr(w), as the
underlying functions should be identical based on the symmetry. Interest-
ingly, the omission of the Fermi-edge correction for linearized bands leads to
a much larger M(o’Fi(w), o’Fg(w)) = 0.022, with o’F;(w) and o’Fr(w)
obtained without the edge correction shown in Supplementary Fig. S3. This
increase of M(«’F(w), o’Fr(w)) of over a factor of three shows that
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experimental factors can lead to large differences in extracted self-energies
and Eliashberg functions.

Discussion

We have introduced rigorous and quantitative approaches for extracting
many-body properties from angle-resolved photoemission band maps. We
make our methodologies available to the scientific community through the
first release of XARPES, a GPLv3-licensed Python package. This initial
release focuses on the analysis of dispersion kinks arising from electron-
phonon interactions. Two of its building blocks are based on the current
state of the art. Starting from raw experimental data, the code first quantifies
the band map data via non-interacting dispersions and causal self-energies,
with the user specifying the number of dispersions, the self-energies, and the
values for parameterizing them, optionally complemented with a photo-
emission matrix element. Second, it decomposes the self-energy into
impurity, electron-electron, and electron-phonon contributions, con-
currently extracting the electron-phonon Eliashberg coupling function
(Fig. 3).

XARPES complements existing codes for angle-resolved photoemis-
sion analysis—which are usually tied to a beamline and excel at data
visualization—with novel and powerful functionalities for many-body
analysis. Concerning the self-energy extraction, we show that traditional
Lorentzian fitting of momentum-distribution curves, suitable for linear
dispersions™, introduces bias when applied to curved dispersions. The
present approach improves on the extraction by fitting curved dispersions,
which has been implemented in XARPES for parabolic bands. Furthermore,
we introduce the possibility of specifying the photoemission matrix element
during the fitting process. Existing methods for extraction of the Eliashberg
function with the maximum-entropy method usually rely on manual
assignment of the parameters governing the non-interacting dispersion and
individual scattering channels. By contrast, the extraction is wrapped inside
a bilevel optimization, using a newly derived criterion based on Bayesian
inference for determining the most probable model parameters. This fra-
mework is designed to eliminate tedious and arbitrary manual parameter
optimization, resulting in a robust and reproducible platform that is well-
suited for objective comparisons between different datasets. We illustrate
this by extracting and comparing Eliashberg functions from two symmetry-
equivalent kinks within the same photoemission band map (Fig. 6).

We have extensively verified and validated the performance to
demonstrate the potential of the present analysis. The robustness of the
maximum-entropy-based Bayesian inference is confirmed using synthetic
data with added noise and energy resolution as input. We show that the
model parameters are accurately recovered, with precision converging
monotonically to the exact result as energy resolution improves, the signal-
to-noise ratio increases, and the data sampling becomes finer (Figs. 3-4).

Using a case where the quadratic dispersion is indispensable, we
analyze photoemission kinks from the 2-dimensional electron liquid on
TiO,-terminated SrTiO; (Fig. 5a). We achieve good agreement between
the Eliashberg functions extracted from both sides of the parabolic band.
Furthermore, we demonstrate that omission of the photoemission matrix
element can modify the results by over a factor of two (Fig. 5b). We also
apply our approach to published data on Li-doped graphene™, show-
casing the applicability of linearized non-interacting dispersions in
XARPES. Here, a comparison of the Eliashberg functions extracted from
two different kinks of a band map shows that Li-doped graphene is an
excellent platform for future benchmarking of the extraction procedure
(Fig. 6). With the advent of ever-improving experimental equipment, we
introduce an Euclidean distance measure to compare Eliashberg func-
tions that are believed to be identical, either via symmetry or from one
experiment to the next.

The development of the present formalism was driven by the need for a
platform to accurately compare experimentally extracted electron spectral
functions with first-principles calculations in the presence of many-body
interactions, particularly electron-phonon coupling. Achieving this long-
term objective requires a standardized method for extracting the Eliashberg

function from photoemission measurements. Like other ARPES-based
approaches, XARPES extracts an Eliashberg function that depends only on
the band, its location in reciprocal space, and on the exchanged phonon
energy. However, in fundamental theory, this function also depends on the
initial energy and momentum of the electron’. We have shown under which
conditions the experimentally extracted Eliashberg function can be com-
pared with its theoretical counterpart, usually evaluated at the chemical
potential and Fermi momentum relevant to the experimental
conditions™'®. In the future, XARPES may be expanded to compare the
non-interacting dispersion calculated from theoretical methods with its
experimental counterpart, as well as for comparing the self-energy evaluated
on the renormalized dispersion. As a first step in this direction, in Supple-
mentary Fig. S4, we have fitted the mass of the non-interacting dispersion to
Kohn-Sham eigenvalues of the bottom of the zone-center surface state on
the surface of Al(001) calculated with ABINIT®*', followed by extracting
the self-energies and the Eliashberg function with this fixed non-interacting
band mass for a band map published in ref. 147. The relevant parameters of
this fitting procedure are provided in Supplementary Table S4. The modular
structure of XARPES supports future development, extension, and potential
interfacing with existing codes for analyzing angle-resolved photoemission
spectroscopy. With respect to the underlying physical model, we foresee
three main avenues for evolution. First, implementing higher-order poly-
nomial forms of the dispersion would improve accuracy in cases where
linear or quadratic models fall short. Second, incorporating higher-order
phonon processes could be pursued, for example, through self-consistent
calculations at the self-energy level ** or via the cumulant expansion applied
directly to the spectral function'”. Third, the library of Kramers-Kronig-
consistent phenomenological models for the electron-electron self-energy,
currently limited to Fermi-liquid forms, could be expanded to capture a
wider range of behaviors found in quantum materials, such as marginal
Fermi liquids'” or systems with strong plasmon coupling™. On the
implementation side, the current method relies on fitting isolated
momentum-distribution curves, which do not account for the finite energy
resolution. A natural next step would be a code that analyzes the full two-
dimensional photoemission intensity while incorporating the effects of
energy resolution, by directly extracting the Eliashberg function from the
photointensity”. Additional enhancements could broaden the user base and
improve usability. These include support for multiple experimental file
formats, support for different experimental geometries, and interfaces with
existing codes that specialize in data visualization.

The integration of machine learning could accelerate various tasks of
the formalism. One such option is the automatic selection of the energy and
momentum windows for the fitting. Ultimately, the current optimization
loop could be replaced by an artificial neural network that directly optimizes
all the model parameters. Meanwhile, the standardized extraction approach
presented here can be used to procure harmonized training data for the
supervised learning of these future machine learning models.

With the release of XARPES, we aim to foster a collaborative effort
between the photoemission and first-principles communities to establish
shared standards that enable unbiased comparisons between first-principles
many-body theories and experimental data, thereby driving progress on
both theoretical and experimental fronts.

Methods

Technical details of the xARPES code

The code is object-oriented, allowing the user to manipulate data through
objects such as the BandMap class. It can be executed in JupYTER notebooks
or with regular Python files, requiring Python version 3.10 or higher. Fitting
of momentum-distribution curves is wrapped around the Python fitting
package LMFIT'”, allowing the specification of the number of bands. The
Bayesian inference loop employs scipy.optimize.minimize'”, so
that the user can choose different optimization algorithms. On a 12th Gen
Intel(R) Core(TM) i7-1255U 2.60 GHz CPU, individual code blocks from
Fig. 2 typically complete within one second. The Bayesian inference loop
wrapping the MEM can take several minutes to complete, depending on the
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initial guess and the size of the singular space controlled with the cutoff value

0" in Bryan’s algorithm®. XARPES can currently load band maps from
NumPy arrays and from the IGOR Pro binary wave format (. 1bw). The
band map needs to have the detector angle on the abscissa and the kinetic
energy on the ordinate, while the user must provide the angular resolution
and the sample temperature. The energy resolution must be provided by the
user if the chemical potential has to be determined from the Fermi edge
fitting.

Maximum-entropy method in xARPES

Within the MEM, xARPES uses the so-called “chi2kink” method'"* to
determine the hyperparameter/Lagrange multiplier a. With this method, x*
is defined as the sum of the squared terms in Eq. (20), followed by fitting
log,,[x*(log,,(a))] with the following function:

¢(x;g,b7c7d)=g+m~ (25)

Once the fitting has been completed, a is obtained from a = 10~/ “/d with a
tuning parameter fX € [2,2.5]". The default values in XARPES are f* =
2.5 when fitting with both Zn(E) and —Zn(E), contrasting fX = 2.0 when

fitting just one of them (commonly E; (E)). In practice, users must provide a
chi2kink range minimum log,,(a™") and a maximum log,,(a™>), and
check that the kink in XZ is correctly fitted within this interval, after which
o’F,(w) is determined in a final iteration from the fitted a. The default
parameters are ¢ =1 for the initial one-shot calculation and the
optimization loop versus 05" = 10~* for a final extraction; logw(a‘“‘“) =3
for the initial calculation and optimization, versus log,,(a™") = 1 during
the final extraction, with log,,(a™®) = log,,(a™") + 8 in all cases. The
Eliashberg function extraction employs Bryan’s algorithm® with a default
convergence threshold ¢ = 107%.

Fermi-edge fit

During the band map analysis for a fixed photon energy hv and polarization
€, it is beneficial to have the photointensity as a function of the electron
energy E — p, which is written as P(E, #) in Eq. (4). Here, we outline how
P(E, 1) can be obtained, and highlight possible sources of bias in establishing
the relation between E and E*, Integration over the momentum results in
the angle-integrated photointensity:

P(E) / OOdE’R(E — E)D(E)), (26)

where we define the shorthand notation D(E) = B(E) +
f(E)2|M,(E)|*A,(E). However, for a given work function @, the energy
measured by the detector is E, yielding:

o0
P*(E") / dENYR(ENY — ENVD(ESY — by + @ 4 ). (27)

—00

Thus, to go from the experimentally detected E“ = hv — ® + E — y to the
binding energy coordinate E — y requires estimating hv — ®. This can be
done through the so-called Fermi- edge fit'"™, where a profile containing the
Fermi-Dirac distribution is fitted to P (Ek’") to yield the estimate hv —
with the hat (7) denoting estimates. Furthermore, the Fermi-edge fit can be
used to determine the energy resolution of an experimental setup for a
known electronic temperature, or vice versa. In XARPES, the user has to
provide these two quantities, while P'(E s fitted with parameters A, B,
and C for a function of the following form:

A

——————+B
e(Ekm,—C)/(kBT) +1 + ’

P*(Ekin) — / dEkin/R(Ekin _ Ekin/) (28)

2.5
- |ntegrated data
= = Fit
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Fig. 7 | Fermi-edge fit of graphene. Photointensity P'(E*") for Li-doped graphene
versus the kinetic energy E“". The angle-integrated data (blue) and its corresponding
fit (magenta).

resulting in C = /% — ®. As an example, we show in Fig. 7 the Fermi-edge
fit for the Li-doped graphene from the Eliashberg-function similarity in
quasi-freestanding graphene subsection. Afterwards, iV — ® can be
subtracted from E" to obtain E — i = EN" — hiy — o, yielding P as a
function of E — 4 from Eq. (26). We subsequently write these quantities as E
— u and P(E), although it should be kept in mind that this coordinate
transformation involves an estimate.

We note that 9 — @ is often established before an experiment, for
instance from Cu or Au references'™, especially for samples with a poorly
resolved Fermi edge or a Fermi edge lying inside an energy gap, which can be
the case for insulators, superconductors, and sometimes charge-density
waves. Notably, neglecting the dispersion ¢,(k), the many-body features in
A, (E, k), or |M,(E, n; hv, e may result in a biased estimate hv — ®. The
DOS from 1D, 2D, or 3D parabolic dispersion relations projected onto the
single momentum dimension of a band map is proportional to

1/4/EF — (u — E), with EF. the Fermi energy of a branch n. The absence of

this factor in Fermi-edge fits leads to bias in hv — ®, even with the com-
monly used amorphous Au and Cu standards. Furthermore, it is the largest
source of bias in the fit from the artificial example in the Verification using
model data subsection. Different photoelectric responses between a refer-
ence material and the experimental sample can lead to a different @, acting
as another potential source of biasin E — 7i. The case of graphene from Fig, 7
is ideal as its 1D-projected DOS is constant, while its many-body and
matrix-element features are weak, leading to a precise and accurate fit. Aside
from yielding /v — @, the Fermi-edge fitting can be used to determine

fi = @ within the uncertainty of hv.

Lastly, we describe the so-called Fermi-edge correction®. Acquisition
of a band map while using a straight detection slit on a hemispherical
analyzer may result in detection of the photocurrent at shifted (E, #). This
distortion can be partially corrected with the following steps. First, Fermi-
Dirac distributions are fitted for each angle #, leading to edge estimates
hv(n) — (1)(11) Next, the resulting 5v(17) — ©(#) are fitted with a polynomial
in #, and a reference angle 4™ is assigned for which hv(#f) — (5 is
assumed to be undistorted. Afterwards, the data at each angle #; with angle
index j are shifted according to the difference between the polynomial fit
result hv(nj) - <D(11]) and hv(n™f) — <D(11'ef) In XARPES, the edges can be
fitted with a polynomial up to second order, while an example with Li-doped
graphene is provided in Supplementary Fig. S3.

Data availability

The raw data of the examples in the Photoemission matrix elements in
TiO,-terminated SrTiO; and Eliashberg function similarity in quasi-
freestanding graphene subsections are available in the examples directory of
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the XARPES GitHub repository, with further download instructions avail-
able in the xARPES documentation. All data for reproducing the figures and
the analysis are provided on the Materials Cloud Archive.

Code availability

The source code of XARPES is available on the GitHub repository, the public
version of XARPES can be downloaded from PyPI and Conda Forge, while
the documentation is available at Read the Docs.

Received: 4 September 2025; Accepted: 19 February 2026;
Published online: 24 April 2026
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