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Quantum emulation of topological magneto-optical effects
using ultracold atoms
Zhen Zheng 1✉ and Z. D. Wang1✉

Magneto-optical effect is a fundamental but broad concept in magnetic mediums. Here we propose a scheme for its quantum
emulation using ultracold atoms. By representing the light-medium interaction in the quantum-emulation manner, the artificial
magneto-optical effect emerges under an entirely different mechanism from the conventional picture. The underlying polarization
state extracted in the synthetic dimension displays a different response to various experimental setups. Notably, the magneto-
optical rotation is related to the bulk topology in synthetic dimensions, and thus provides an unambiguous evidence for the desired
topological magneto-optical effect, which has not been developed hitherto in ultracold atoms. This scheme is simple and feasible,
and can be realized by current experimental techniques. The implementation of the scheme is able to offer an intriguing platform
for exploring topological magneto-optical effects and associated physics.
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INTRODUCTION
Magneto-optical (MO) effect is a broad concept that the polarization
state of the light field is altered in response to the magnetization of
mediums1. In condensed-matter systems, the physical origin of the
MO effect is usually ascribed to the transverse conductivity of
magnetic mediums2. It is introduced by the intrinsic magnetization
that originates from the presence of both the band exchange
splitting and spin-orbit coupling1, and hybridizes the two polariza-
tion states of the light field during the propagation in the medium.
Notably, the MO effect has recently attracted intensive interests
with wide applications on the magnetization, e.g., the detection and
manipulation to the magnetic order3, and the visualization of
magnetic domains4,5.
However, such a fundamental concept, particularly the

topology-related one, has not been addressed in ultracold
atoms. This is because the light field usually stimulates atoms
to excited states. During the atomic level transition, the
polarization of the light field normally remains unchanged and
hence the MO effect does not occur. Furthermore in ultracold
atomic gases, because of neutral charges, the kinetic motion of
atoms is independent of the classic magnetization. Therefore it is
also frustrated to support the MO effect via the intrinsic
magnetization of the atomic systems. On the other hand,
neutrally charged atomic gases have triggered the quantum
emulation and engineering of artificial magnetic fields6–8, and
provided various applications on the synthetic topological
materials and phases9–13.
Here we present a feasible and systematic proposal for

engineering a topological MO effect (TMOE) using ultracold
atoms. Different from a traditional picture, we propose an entirely
alternative mechanism for rotating the light polarization in a
quantum-emulation manner. This supports the analogy to the
natural MO effect, and manifests its topological features using
artificially controllable techniques of ultracold atoms. The main
results of this work are as follows. (i) The hybridization of
polarization states traditionally induced by the transverse
conductivity is now realized by the effective atomic current in a

synthetic dimension, such that the distinct phenomena in
ultracold atoms and condensed-matter systems may stem from
the same concept, which also provides a perspective for under-
standing the interplay between atoms and optical fields. (ii) The
polarization rotation of the emergent MO effect is intrinsically
related to the topological invariant defined in the synthetic
dimensions. This origin of TMOE in ultracold atoms differs from
TMOE in condensed-matter systems14–20, in which the transverse
conductivity is related to the topological invariant instead. (iii) The
observed polarization rotation can exhibit different behaviors
between the topological and trivial MO effects, and thus it may
provide a dual application for detecting the topological invariant.
(iv) Since the magnitude of the TMOE rotation is artificially
controllable, this quantum emulation can avoid the practical
problems encountered in the natural MO effect. For example due
to the photon absorption of the medium, the traditional
measurement is usually performed in ultra-thin films and the
magnitude of the accumulated MO rotation is thereby limited for
the natural MO effect. (v) The proposal can be realized with
currently available experimental techniques of ultracold atoms.

RESULTS
Model
In a ultracold atomic gas under the macroscopic motion, the
dynamic evolution of the atomic number density is described by
its continuity equation21,22, which inspires us with a reminiscent of
the light propagation. In particular, the atomic cloud can be used
to mimic the light field and its center-of-mass (COM) velocity
serves as the light speed. In ultracold atoms, we choose Ns-fold
atomic internal states as the pseudo-spin states, which can be
coupled via optical fields. If the polarization of the emulated light
could be represented by the pseudo-spin degrees of freedom, it
may provide a way for exhibiting the MO effect by regarding the
pumped area as the medium. At this stage, the mechanism of the
artificial MO effect is rooted in the interplay between the atoms
and optical fields.
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In the natural MO effect, the polarization of both the forward
and reflected light fields can process the rotation under the light-
medium interaction. The MO effect is thus specified in two
representative ones, respectively, known as the MO Faraday effect
(MOFE) and Kerr effect (MOKE)23. In order to propose a systematic
and complete scheme for emulating the MO effects, we consider
the following two protocols shown in Fig. 1a, b. (i) The atoms are
prepared in a channel containing the pumped area between two
number-imbalanced reservoirs (e.g., 24). This protocol supports the
steady atomic transport and is thus used for mimicking MOFE
when the current passes through the pumped area. (ii) The atoms
are placed in regions deviated from the center of a harmonic trap
potential. The resultant mechanical oscillation makes atoms enter
and leave the pumped area in periods, which can be used for
mimicking MOKE.
Extracting the definition of the polarization states by the

pseudo-spins is crucial for signaling the potential MO effects. To
capture a clear picture, we focus on a simple case of Ns= 4. In the
atoms, each pseudo-spin state is prepared to be coupled to the
other two via optical fields, forming an enclosed ring transition
shown in Fig. 1c. If we represent the pseudo-spin states as the
spatial coordinates, the atoms can be regarded as being loaded in
a ring lattice of the synthetic dimension. In the polar coordinate
frame, the azimuth angle ϕ is discretized by Ns: ϕj= (j− 1) × 2π/Ns,
where j= 1,⋯ , Ns stands for the site(pseudo-spin) index. We can
use the complex variable

X̂ j ¼ eiϕj (1)

to denote the coordinate on the ring lattice. This denotation has
the advantage that it preserves the intrinsic periodicity of the ring
geometry, i.e., X̂ jþNs ¼ X̂ j . The corresponding COM coordinate is
thus obtained by

X̂cm ¼
X
j

X̂ j n̂j ¼ TrðX̂n̂Þ ; (2)

where n̂ denotes the density matrix, and the element of the
coordinate matrix is defined as ½X̂�ij ¼ X̂ jδij .
From the complex coordinate (1), the two polarization states

can be separately figured out by the real and imaginary parts of
X̂cm. In this picture, the definition of the polarized angle Φ is

extracted from the argument angle of X̂cm as follows,

Arg½X̂cm� ¼ Φ± nπ ; n ¼ 0; 1; 2; � � � (3)

In Eq. (3), we have assumed that 0⩽Φ < π and the polarization
extracted from ± X̂cm is identical, which are inherited from the
original properties of the natural polarized angle. Under the
viewpoint of the ring lattice, the coupling between different
pseudo-spin states can be regarded as the nearest-neighbor (NN)
hopping. As mentioned before, the microscopic origin of the
natural MO effect is rooted in the transverse conductivity that
hybridizes and rotates the polarization states. In our scheme, the
NN hopping has the possibility to trigger the atomic current
between NN sites, and the resultant atomic macroscopic motion in
the synthetic dimension may lead to the MO rotation with
changed Φ, as illustrated in Fig. 1d.
However, for a system whose Hamiltonian is constructed

solely by the homogeneous NN hopping, we observe no MO
effect. This is because the Hamiltonian is invariant under the
inversion operation X̂ ! 2X̂cm � X̂ with respect to X̂cm. During the
evolution, the atomic density profile extends and is divided into
two currents with identical number densities but in opposite
directions on the ring lattice. As a result, the MO rotation is
conserved to be zero.
Generally, since the coupling between different pseudo-spin

states is introduced via optical fields, it offers a feasible tool for
artificially designing the NN hopping beyond the homoge-
neous one. In particular, one may prepare a staggered pattern
for the coupling strength (as shown in Fig. 1c), and make the
kinetic energy negligible in comparison to the coupling
strength. In the synthetic dimension, a model Hamiltonian of
the system reads,

H ¼ PNs=2

j¼1
ðM1ψ

y
2jψ2j�1 þM2ψ

y
2jþ1ψ2j þ H:c:Þ

þΔðψy
2j�1ψ2j�1 � ψy

2jψ2jÞ ;
(4)

which is also known as the Rice-Mele model25 but in a periodic
boundary condition and a short lattice size. Here Δ denotes the
energy offset between atoms in adjacent sites. M1,2 denotes the
coupling strength under the staggered pattern. ψj and ψy

j stand for
the annihilation and creation operators of the atom occupied on
the coordinate X̂ j . We associate Δ and M1,2 with the following

Fig. 1 Illustration of the model setups. The atomic current (emulated light) is prepared by (a) the transport in a channel or (b) the mechanical
oscillation within a harmonic trapped potential. When entering the pumped area (yellow hatched area, the emulated medium), atomic
pseudo-spin states are coupled by optical fields M1,2. c Transitions between pseudo-spin states driven alternately by the optical fields M1 and
M2. The pseudo-spin states are labeled by jj i (j= 1, 2, 3, 4) that simultaneously characterizes the position in the synthetic dimension. d The
polarized angle Φ (red arrows) for the emulated light is defined by the COM coordinate in the synthetic ring lattice (constructed by the
pseudo-spin states labeled by numbers). After the emulated light passes through or is reflected by the emulated medium, MOFE or MOKE
occurs if the initial polarized angle Φi is rotated to the final one Φf. The MO rotation is detected by the occupation in each pseudo-spin state
(characterized by the blue color). We use the subscripts i and f as the denotations of the initial and final cases.
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cyclic pump,

M1ðtÞ ¼ M0 � α sinðνtÞ
M2ðtÞ ¼ M0 þ α sinðνtÞ
ΔðtÞ ¼ Δ0 þ α0 cosðν0t þ φ0Þ

8><
>: (5)

where αð0Þ and νð0Þ are the amplitude and frequency for the pump,
respectively. φ0 is the relative phase. Hereafter we choose α as the
energy unit. The pump period of M1,2 is given by T= 2π/ν, and we
choose it as the time unit. Specifically for the steady transport in
Fig. 1a, the total pumped time ttot= L/v0 can be evaluated by the
width L of the pumped area and the current velocity v0.
For simplicity, we first investigate the case with ν ¼ ν0, and

introduce a dimensionless parameter φ≡ νt. Such a cyclic pump is
also known as the Thouless quantum pump26,27, and has been
theoretically28–35 and experimentally36,37 studied using ultracold
atoms but in real spaces. We can see that Hamiltonian (4) is
invariant under the operation φ→ φ+ 2π. It indicates that φ can
be recognized as the pseudo-momentum in an auxiliary dimen-
sion of the reciprocal lattice. Consequently, the one-dimensional
system is mapped into the two-dimensional one, in which the
Brillouin zone is defined in the kX−φ plane instead. This paves the
way for defining the Berry phase for Hamiltonian (4)38,

γ ± ¼ 1
2π

Z
Ω± ðkX ;φÞdkXdφ ; (6)

where ± denotes the band index, Ω± is the Berry curvature:

Ω± ðkX ;φÞ ¼ i
±h j∇φH ∓j i ∓h j∇kX H ±j i

ðE ± � E ∓ Þ2
� ðkX $ φÞ (7)

and E± is the energy of ±j i.
The nontrivial Berry phase reveals an alternative way for

generating the atomic current. Notice that in Eq. (4), the effective
chemical potential is zero. Only the lower band �j i is fully
occupied. Therefore, the triggered topological current can be
evaluated by the Berry phase γ−. In Fig. 2, we display the evolution
of averaged Berry curvature 〈Ω−(φ)〉≡ ∫Ω−(kX, φ)dkX in one period
of pump cycling. When M1=M2 and Δ= 0, the gap between ±
bands of Hamiltonian (4) closes and hence the Berry phase γ± is
ill-defined at this point. We find two types of the cyclic pump
modes, classified by γ−. For the trivial pump, the singular point
with the ill-defined Berry phase is out of the evolution trajectory,
as shown in the parameterized plane of Fig. 2b. 〈Ω−(φ)〉
insensitively oscillates in the vicinity of zero and our calculation
gives γ−= 0. It indicates that COM of the atomic cloud will
preserve its initial position after one period of pump cycling.
By contrast, for the topological pump whose trajectory counter-
clockwise encloses the singular point, we can see 〈Ω−(φ)〉 > 0 in

certain regimes of Fig. 2a, yielding γ− is nonzero (in fact our
calculation gives the quantized result γ−= 1). It indicates that
COM will move forward in the synthetic ring lattice. Therefore, by
preparing the pump mode, the possible MO rotation can be
triggered by the current in the topological pump, and is thereby
related to γ−. In this sense, a TMOE will be achieved.

Topological MO rotation
The atoms start the dynamic evolution after the atomic current
(emulated light) enters the pumped area (emulated medium). The
time-dependent evolution of Φ can be analyzed by numerical
simulations (see “Methods”). The results are shown in Fig. 3a. For
the trivial pump, the atoms preserve the dominant occupation in
initial pseudo-spin states even after entering the emulated medium.
They exhibit a Rabi oscillation between the two states as shown in
Fig. 3b. Therefore, Xcm insensitively oscillates centered at the initial
position, and Φ varies around a narrow vicinity of Φi. For the
topological pump, noticing that Φ= 0 and π are equivalent, Φ in
fact increases continuously and is consistent with the positive γ−.
This is also shown by Fig. 3c, in which the atomic occupation
processes the counterclockwise current in the ring lattice of Fig. 1.
Such a distinct result of TMOE renders its observation more
tractable. As the final polarization is determined by the total
pumped time ttot, the MO rotation changes quantitatively under
various setups when the current leaves the pumped area. However,
the observable rotation only occurs in TMOE, which is qualitatively
distinguished from the trivial case.
The topological MO rotation also depends on the relative phase

φ0 in Eq. (5). For example, if we replace the set of φ0= 0 in Fig. 2
by φ0= π, the evolution trajectory will have the same shape as in
Fig. 2b, but its direction changes to be clockwise, yielding a
negative γ−. At this time, COM of the atomic cloud moves along
the clockwise direction of the synthetic ring lattice, leading to the
reversal MO rotation.
In Fig. 3d, we show the topological MO rotation δΦ=Φf−Φi

with respect to the initial polarized angle Φi after four periods of
pump cycling. We can see that δΦ continuously depends on the
incoming polarized angle Φi, which is a unique feature of the
artificial TMOE compared with the natural MO effect. Furthermore,
δΦ is also affected by the parameters Δ0 and α0 and thereby is
controllable via experimental methods. Since the rotation occurs
in the synthetic dimension, its detection is universal and robust
under various spatial distributions of atoms.
The previous results are obtained by the synthetic lattice of four

sites. In the inner panel of Fig. 3a, we study the influence of the
lattice size Ns on the MO effect. It is qualitatively seen that
the measurement of topological MO rotation is robust against the

Fig. 2 Dynamic evolution in one period of pump cycling. a Evolution of the averaged Berry curvature 〈Ω−(φ)〉. The blue-solid and red-dashed
lines show the cases of the trivial pump with Δ0= 8α and the topological pump with Δ0= 0, respectively. The pump starts at ti= 0 and ends
at tf= T. We set M0=− 0.2α, α0 ¼ 5α, and φ0= 0. b The corresponding trajectories of the evolution in the parameterized plane between Δ(t)
and M2(t)−M1(t). The diamonds mark the positions before the pump, and the arrows show the directions of the trajectories. The plus symbol
marks the singular point where the Berry phase is ill defined. Only the trajectory of the topological pump encloses the singular point.
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finite-size effect. Since the synthetic lattice hosts the ring
geometry, there is no boundary effect on the measurement,
which is an advantage for observing TMOE. However, with the
increase of Ns, it requires more periods of pump cycling to observe
the same rotation. This is because from the definition of the
complex coordinate (1), it is known that the 2π range of Φ is
discretized by Ns. Hence the periodicity, during which the
polarization returns to the initial value, is proportional to Ns. This
can be approximately extracted from Fig. 3a. It reveals that the

larger lattice size can perform a more precise measurement of the
topological MO rotation.
If Δ and and M1,2 in Eq. (5) are generated by different

experimental implements, it is possible to individually tune the
phase φ0 as well as the pump frequencies ν and ν0. In Fig. 4, we
study the case with mismatched ν and ν0. One can find the similar
results as in the matched case. The evolution trajectory for TMOE
follows the Lissajous curve that encloses the singular point as
shown in Fig. 4b. The net winding trajectory around the singular

Fig. 4 Dynamic evolution with the mismatched pump frequencies. a Evolution of Φ for ν0 ¼ ν=3. The blue-solid (red-dashed) lines
correspond to the trivial (topological) pump. The inner panel shows the evolution of 〈Ω−(φ)〉. The period of the pump cycling changes to 3T
when ν0 ¼ ν=3. We set φ0= 3π/4 and Φi= π/4. Other parameters are the same with Fig. 2. b The corresponding trajectories in the
parameterized plane.

Fig. 3 Numerical results of the MO rotation. a Evolution of the polarized angle Φ for the trivial (blue-solid lines) and topological pump (red-
dashed lines). We set the initial polarized angle Φi= π/4 at ti= 0. Other parameters are the same with Fig. 2. The inner panel of (a) shows the
case of Ns= 16. b, c The evolution of the atomic densities in the (b) trivial and (c) topological pump. nj stands for the density occupied in jj i.
d The topological MO rotation δΦ=Φf−Φi as a function of the initial polarized angle Φi for various parameter sets (Δ0,α0). The evolution
processes four periods of pump cycling (i.e., tf− ti= 4T).
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point is clockwise. It reveals the sign of the topological MO
rotation is negative, which is consistent with Fig. 4a.

DISCUSSION
The artificial TMOE can be realized using existing techniques of
ultracold atoms. For the alkali atoms like 87Rb, the Ns-fold pseudo-
spins can involve atomic ground states of both F ¼ 1j i � gj i and
F ¼ 2j i � ej i levels39,40. Specifically for the Ns= 4 protocol shown in
Fig. 1c, we can choose two states from gj i as the pseudo-spin states
2j i and 4j i, and two from ej i as 1j i and 3j i. Since ej i usually suffers
from strong losses, the two coupling modes M1 and M2 between
pseudo-spin states can be generated via the two-photon Raman
process41, which can support a time scale of millisecond order for
experiments42. The relevant heating effect during the transition can
be reduced under the far-detuning condition. On the other hand,
the alkaline-earth-metal(-like) atoms like 171Yb43 have meta-stable
excited states with long lifetime that exceeds milliseconds, which
can be an alternative candidate system for realizing TMOE. In this
case, the meta-stable states of alkaline-earth-metal atoms play the
role of ej i. The energy offset Δ between gj i and ej i is naturally
present via the detuning of the optical field coupling. Alternatively, it
can be introduced via the Stark shifts by using auxiliary fields.
The previous discussions focus on the noninteracting system. In

ultracold atoms, the ubiquitous inter-atomic interaction invokes a
nonlinear pump44 and thus may affect the essential topological
properties. Practically, the interaction can be suppressed by far-off
detuning the Feshbach resonance45,46. On the other hand, the
insight of TMOE is not limited to the topology of noninteracting
systems. Nontrivial attractive interaction, e.g., the p-wave form47,
can give rise to topological superfluids13. If the emergent current
is determined by the underlying topological invariant48, the
atomic system can still be a candidate for realizing TMOE.
In summary, we have developed an experimentally feasible

scheme for emulating and engineering TMOEs in ultracold atoms.
The artificial TMOE is signaled by the rotated polarization in the
synthetic dimension, which is directly related to the bulk topology
of the system. This proposal is very promising for exploring TMOEs
in ultracold atoms.

METHODS
Under the basis ψj i ¼ ðψ1; � � � ;ψNs

ÞT , the evolution of the atoms is
governed by the following Schrödinger equation of Hamiltonian (4),

i∂t ψj i ¼ H ψj i : (8)

Its numerical simulation is performed by using the QuTiP software
package49,50.
To continuously tune the initial polarized angle Φi, the atoms are loaded

into two pseudo-spin states before entering the pumped area. For
simplicity without loss of generality, we choose the states 1j i and 2j i in the
whole paper. As X̂cm ¼ n1 þ in2 (nj denotes the density occupied in jj i),
one can find that Φi ranges between 0 and π/2. Specifically, Φi= π/4 for the
balanced occupation in the two pseudo-spin states.

DATA AVAILABILITY
The data that support this manuscript are available from the corresponding author
upon reasonable request.
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