npj | guantum information

Article

Published in partnership with The University of New South Wales

https://doi.org/10.1038/s41534-024-00867-0

Scalable determination of multipartite
entanglement in quantum networks

M| Check for updates

Wei-Ting Kao'?%, Chien-Ying Huang®*%, Tung-Ju Tsai'?, Shih-Hsuan Chen ® 2, Sheng-Yan Sun'?,
Yu-Cheng Li'? Teh-Lu Liao', Chih-Sung Chuu®5%, He Lu®’ & Che-Ming Li® '

Quantum networks comprised of entangled end nodes serve stronger than the classical correlation for
unparalleled quantum internet applications. However, practical quantum networking is affected by
noise, which at its worst, causes end nodes to be described by pre-existing classical data. In such
untrusted networks, determining quantum network fidelity and genuine multi-node entanglement
becomes crucial. Here, we show that determining quantum network fidelity and genuine N-node
entanglement in an untrusted star network requires only N + 1 measurement settings. This method
establishes a semi-trusted framework, allowing some nodes to relax their assumptions. Our network
determination method is enabled by detecting genuine N-node Einstein-Podolsky-Rosen steerability.
Experimentally, using spontaneous parametric down-conversion entanglement sources, we
demonstrate the determinations of genuine 3-photon and 4-photon quantum networks and the false
positives of the widely used entanglement witness, the fidelity criterion of 1/2. Our results provide a
scalable method for the determination of multipartite entanglement in realistic quantum networks.

Quantum networks'~ aim to provide networking nodes with the ability to
process quantum information jointly, extending beyond point-to-point
communication. This capability relies on quantum entanglement between
the end nodes. With entanglement, quantum networks benefit from quan-
tum correlation, coordination, and securitf‘". Therefore, quantum net-
works are expected to enable applications that fundamentally enhance
classical networks and serve as the building blocks of a quantum internet'*”.

Inevitable errors or imperfections, however, exist in required hardware
components. Moreover, qubits are fragile when subjected to environmental
noise. These factors can result in discrepancies between the actual networks
and their target configurations. In particular, the damages can make the end
nodes classical as pre-existing classical data at worst. Typically, networking
participants have limited knowledge regarding such node information,
rendering both the network nodes and the networking implementations
untrusted from the perspective of end-users™ .

Evaluating the created networks under untrusted conditions of end
nodes and hardware components is essential for realistic quantum net-
working. This assessment is necessary to determine whether the entangle-
ment backbone, which underlies each quantum network stage in developing
an ultimate quantum internet'~, has been faithfully established. Quantum
network fidelity, also referred to as quantum fidelity or simply fidelity, is

essential for evaluating the closeness of a created network state to a target
state. For example, fidelity can be used to construct an entanglement witness
(EW)** to detect genuine multi-node entanglement. However, employing
EWs to determine network fidelity and genuine multi-node entanglement
requires assuming trusted measurement devices that adhere to the princi-
ples of quantum mechanics, rather than blindly outputting pre-existing
classical data. Therefore, EWs are not applicable for determining the
untrusted networking scenario.

The challenge of distrust can be tackled through self-testing
analysis**. However, this method only provides an estimate of the lower
bound of the fidelity to the target state up to local isometries. Interestingly,
Lu et al."’ demonstrated that the network fidelity could be measured in the
presence of untrusted end nodes if the fidelity value exceeds the threshold for
genuine multi-node Einstein-Podolsky-Rosen (EPR) steering. This
approach to network determination is distinct from all other known steering
identification methods™*~*".

Furthermore, as quantum networking scales up in size, the function-
ality of the quantum network unveils the true power of quantum application
protocols, making them increasingly superior to classical networks'”.
However, the challenge persists on how to conduct the necessary network
determination in the presence of untrusted measurement devices with
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Fig. 1 | Distinction between quantum networks
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mechanics. See Eq. (4). A variant can be found
according to the number of classical (quantum)
nodes, n, (N — n.), and the combination of classical
(quantum) end nodes described by the node index
set V, (Vq), such as (c). For 0 < n, < 4, all possible
hybrids are shown in b-f. We show detection of N-
node star-topology quantum networks by ruling out
all quantum-classical hybrids requires only N + 1

measurement settings.

minimal experimental efforts. From a scalability standpoint, the practical
steps in local measurement settings (the settings of simultaneous mea-
surement of single qubit operators in parallel") in the current network
determination based on steering® still exhibit exponential growth with the
number of end nodes.

In this work, we address the issue of distrust and scalability in network
determination by detecting genuine N-node EPR steering in a scalable
manner. This method establishes a semi-trusted framework, allowing some
nodes to relax their assumptions. With only N + 1 measurement settings, our
fidelity criterion enables determining network fidelity and genuine multi-
node entanglement in star network topology or Greenberger-Horne-
Zeilinger (GHZ) state under untrusted conditions (Fig. 1). This makes our
scalable network determination method useful for entanglement distribution
in realistic quantum networks. The GHZ state, although not utilized in certain
quantum networks such as those constructed by entangled qubit pairs™™,
has played a significant and central role in various crucial quantum net-
working tasks. For example, the GHZ state is the resource for achieving
quantum secret sharing'™*" and performing one-way quantum computing”’.
Moreover, the GHZ state is the backbone for quantum distributed sensing™'’
and quantum conference key agreement and distribution'"". It even serves as
the building block of genuine quantum networks with superposed tasks and
addressing™. Therefore, our formalism and the corresponding experimental
demonstration help realize these assignments in quantum networks in the
presence of uncharacterized network nodes.

Results

Scalable network determination method

Suppose an N-node network is prepared according to an N-qubit graph state
in a star topology™: [Sy) = (10); @, |+)x + 11);®4_,|—)x)/+/2, under
the first node as the center [Fig. la], or equivalently a GHZ state:
1Gy) = (@)_,10) + &Y., [1),)/+/2, where [+), = (|0} % [1);)/+/2 and
{l0), = 10),]1), = |1)} is an orthonormal basis. The fidelity of a created
network described by a density operator e, and the target state |y) is
defined by: F = tr(Pexer/> (y)), for ly) = |Sy), |Gy ). To measure fidelity
by the remote end-users, we decompose the projector into a linear combi-
nation of tensor products of Nlocal observables: ly)(yl = Z,ﬂh,ﬁ(g)kN:lﬁmk,
where R, represents the myth observable of the kth qubit (end node) and
™= (m 15 .-, My ) describes the type of N-observable setting. The decom-
position of the star-graph state or the GHZ state is not unique and decides the
coefficients h;. To emphasize how F can be measured, we rephrase the
fidelity as the following fidelity function:

FON) = (R R ) M)

whereR,, isthe outcome of the m;th measurement on the kth end node and
(R
outcomes. The number of local measurement settings required to measure

m‘...RmV> denote the mean value of the product of N measurement

the fidelity F(N) depends on the local measurements required to determine
R

the expectation values, ( R, ...R,, ).

When using the fidelity EW for entanglement detection, the peyp is
detected as being genuinely N-qubit entangled if the measured fidelity
satisfies the criterion F(N)> max, Zrﬁhﬁltr(pB(@f:li{ml) =1/2%
which excludes the possibility of a biseparable state ps. The number of local
R > affects the

_
experimental efforts of determining F and entanglement. When the mea-
surements on each qubit are performed with the observables of the Pauli
matrices, the total number of measurement settings is 2V~' + 1*’. Whereas
Giihne et al.*' show that this experimental effort can be small to N + 1 local
measurement settings by introducing measurements in the x-y-plane of the
Bloch sphere. This seminal determination method has been widely used in a
range of multipartite entanglement experiments; see, for example, the recent
determination in refs. 48,62,63.

Pre-existing classical data from classical end nodes or untrusted mea-
surement devices can cause the resulting fidelity to be unreliable and lead to
false positives of EW-based entanglement detection in quantum networks, as
we will demonstrate below. We eliminate the classical possibilities and
maintain the scalability of entanglement detection” by characterizing genu-
ine N-node EPR steering via the following end-node observables.

() ISy):

measurement settings required to obtain all the <R iy

R,, = cos()X + sin(%0)Y, my =12, N,
le=z, m; =N +1, and @
R 2
R, = cos(%)Z— sin(%)Y7 m,=1,2,..,N,

f{mk =X, m=N+1, fork =2,3,...,N,

where X, Y and Z are the Pauli-x, Pauli-y, and Pauli-z matrices respectively,
and X and Y are defined via their relations to Z = |0) (0] — [1)(1].

(i) |Gy):

cos("F)X + sin (%)Y, m = 1,2, ..., N,

3
fork=1,2,...,N. @

=Z m=N+1,

Equations (2) and (3) and the identity operator R, = I constitute the target
state |y), requiring only N + 1 observables for each end node.
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Experimentally, using N + 1 measurement settings is sufficient to perform
the fidelity measurements (1)°". See Supplementary Note 1 for concrete
examples of decomposing the target GHZ states with N + 1 observables for
fidelity measurements by N + 1 local measurement settings. Note that Eqs.
(2) and (3) are equivalent up to N — 1 Hadamard transformations. This can
be seen from their structures of state vectors |Sy ) and |Gy ).

The pespe possesses genuine N-node EPR steerability close to |y) if the
measured fidelity is larger than the maximum fidelity a network’s mea-
surement results mixed with the pre-existing classical data can achieve,
namely

F(N)> F, = max,, Zh <ker Amk> 11 R, )

keV,

where V denotes the index set of classical end nodes, and Vj is the index set
of the rest nodes described in quantum density matrix. See Fig. 1b-f for
classical-quantum hybrids consisting of classical nodes of pre-existing data
R,, and nodes described by a density matrix of quantum mechanics. As
shown in Eq. (1), h; represents the decomposition coefficients of target state
ISy) or |Gy ) with observables (2) or (3), respectively. mek is the myth local
observable of the kth end node belonging to V, and following quantum
mechanics. A classical end node, say the kth node, has physical properties
independent of observation and can be speciﬁed by a fixed set of
measurement outcomes, v, = {R,, |mk =1,2,..,N+ 1} where R, . €
{+1, —1} corresponding to the observables (2) or (3)*. Here, the pre-
existing classical data R, isa characteristic ofa classical system. The value of
the pre-existing classical data +1 or —1 represents the state of a physical
property and exists before the property’s measurement, independent of the
observation. When considering several physical properties corresponding to
observables in quantum mechanics, their classical pre-existing data
constitute the pre-existing and fixed set v, that can describe the classical
system. Such a classical state can be considered a pre-existing recipe fully
specifying how the classical system behaves. The feature of pre-existing
measurement outcomes and independent observations is also called the
assumption of realism®**. Therefore, we use the realism assumption, i.e.,
the pre-existing data, to define and describe a node classical in noisy
networks. Supplementary Note 2 provides the details of pre-existing
classical data in classical nodes. The fixed set v, consisting of the pre-existing
classical data R,, under the assumption of realism has been used to calculate
the fidelity upper bound . for classical-quantum hybrids in Eq. (4). As will
be introduced below, we will see how the vi is used to discuss and
determine F.,.

Explicitly, the maximization for F, in Eq. (4) is over all the parameters
related to V,, including the classical end node number, #,, for 0 < . < N, the
combinations of these classical nodes, their pre-existing classical data of v,
and the states of the quantum end nodes in V. Therefore, we have

C nvlkeV,)

Zhﬁ,k@; R, T[ R | (5)

where E[-] denotes the largest eigenvalue of the operator. After a careful
derivation and calculation, we arrive at the following results:

csc (zw)
1+4/1+4°%0
———— = oddN,
4 (6)
1+43
4

FAN)

~ (0.683 even N.

FN)

F,. with odd N is monotonically decreasing: F.(3) =~ 0.667, F.(5) =
0.6589, and limy_, ., F.(N) = 0.6547. Note that the equivalence between
Eq. (2) and Eq. (3) leads to the same upper bounds F, for the target states

|SN> and |GN>. To obtain Eq. (6) from Eq. (5), we first evaluate the

maximum fidelity of |Gy ) and an N-node network with n, classical nodes:
F . (N) = max, ke |v.j=n) F(N). Then we consider all cases where the
clasmcal nodes exist in the created network and define the maximum value
of the calculated fidelities 7, (N) as F,(N). See Supplementary Note 3 for
the detailed derivation procedure of these two steps. In Supplementary Note
4, the noise tolerance of the steering criterion (4) is discussed as well.

The criterion for genuine multi-node EPR steering (4) is stricter than
the criterion for genuine multipartite entanglement. That is, the classical
upper bounds (6) imply F(N) > 0.5, which results in false positives using
EW-based entanglement detection in untrusted networks***’. A false posi-
tive entanglement detection means a result of an EW-based entanglement
test that appears to show genuine multipartite entanglement exists or is
present when this is not correct. Determining network fidelity and genuine
multi-node entanglement using EWs requires the assumption of trusted
measurement devices that follow quantum mechanics, not outputting pre-
existing classical data. Therefore, a false positive entanglement detection
may occur when untrusted nodes exist in networks. As found and presented
in our work, networks in the presence of classical nodes enable passing the
EW-based entanglement test, which causes the false positive of genuine
multipartite entanglement. As the criterion (4) detects the steerability of
Pexpt> the possibilities of the pre-existing classical measurement outcomes
from classical end nodes or untrusted measurement devices are ruled out.
Therefore, the quantum network fidelity is reliably determined under
untrusted measurements, and genuine multi-node entanglement is also
detected.

Furthermore, our network determination method only requires N + 1
measurement settings, which is notably different from the existing method
that requires 2V~' + 1 measurement settings”. For both works, the under-
lying concept and method to derive the maximum fidelity of networks with
classical nodes depend on two items: (1) the observables used for the state
decomposition of the target state, and (2) the calculation of the maximum
fidelity for classical-quantum hybrids consisting of classical nodes of pre-
existing data R, which constitute a fixed measurement set v, and nodes
described by a density matrix of quantum mechanics. Lu et al.*’ used Pauli
matrices as observables, forming an orthonormal set resembling typical
quantum state tomography. When employing orthogonal observables, the
maximum fidelity of quantum-classical hybrid networks decreases mono-
tonically with increasing classical nodes, providing a scale for network
imperfections. Our method uses observables lacking this orthogonality.
Explicitly, the maximum fidelity remains and does not change with the
classical node number under a given odd total node number. Maximum
fidelity changes with the classical node number for a given even total node
number, but the fidelity value does not decrease monotonically. Moreover,
the fidelity value maximized over all classical node numbers does not change
with the even total node number, whereas this maximum fidelity mono-
tonically decreases with the odd total node number. See Supplementary
Table 1 for concrete examples. Without orthonormal observables, max-
imum fidelities do not strictly decrease with classical node count. However,
the trade-off for having a scale to indicate the degree of network imper-
fection is the exponential increase in required measurement settings with
the number of network nodes. In contrast, our method only requires a
linearly increasing number of measurement settings. For a more detailed
comparison between both works, see Supplementary Note 5.

Experimental demonstration of genuine N-node EPR steering

Experimentally, without loss of generality, we demonstrate the determina-
tion of genuine 3-node and 4-node quantum networks with EPR steering in
GHZ states for the equivalence between [Sy) and |Gy ). We created two
spontaneous parametric down-conversion (SPDC) sources of polarization-
entangled photon pairs and an interferometer”* to generate a multi-
photon entanglement source. See Methods for more experimental details. A
schematic diagram of the experimental setup is shown in Fig. 2. We first
implemented the determination of the steerability in the created 3-photon
and 4-photon states, p.., g and Py g, respectively. With state decom-
position according to (3), we performed required measurements on our
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created states

3
F(3) = % (1 + Z<R0R4R4>> +éz (—DX(RRR,), )
b4 k=1

F(4) = % (1 + (RsRsRsRs ) + Z<R0R0R5R5>>
L " 8)
+ §Z (D (ReReRyRy.),
k=1

Pulsed
laser

i

PBS BBO CBBO

POL LPF Prism Mirror NBF

Focus
lens
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Fig. 2 | Experimental setup for scalable determination of multi-photon entan-
glement in quantum networks. A SPDC photon source consists of a BBO crystal
and a compensator [a CBBO and a half wave plate (HWP)] pumped with a pulsed
laser beam. To generate multi-photon entanglement, two SPDC photon sources
were created, and photons in modes 2’ and 3’ interfere with a PBS under good spatial
and temporal overlap. Photons were selected by the narrow-band filter (NBF) and
long-pass filter (LPF), collected by fiber couplers and detected by silicon avalanche
single-photon detectors (not shown).

where >, denotes the sum over all the permutations of the nodes. Mea-
suring F(3) and F(4) requires only 4 and 5 measurement settings, respec-
tively. (See Supplementary Note 1.) The experimental results are
summarized in Fig. 3a, b. We generated p, s and p., g with
Fg,(3) = (78.00£0.60)% > F(3) ~ 0.667, and  Fg (4) = (75.79+
0.37)% > F (4) ~ 0.683, respectively. Our demonstrations with only N + 1
measurement settings thus determine genuine three-photon and four-
photon steerability according to the criteria (4). To demonstrate that the
previous method” requires more local measurement settings, we also
obtained similar fidelities to satisfy the trustiness tests with 2¥"' -+ 1 Pauli
observables. We obtained FG3(3) =(77.93£0.62) and Fg(4) =
(75.84 +0.31) using 5 and 9 local measurement settings, respectively. See
Supplementary Note 8 for details of Pauli observables measurement. This
shows the improved scalability of our network determination method.

False positives of EW-based entanglement detection
Ruling out the classical-quantum hybrid networks (Fig. 1) with the fidelity
criterion (4) represents genuine N-node entanglement in quantum net-
works where any classical means is impossible. One concrete illustration is
to rule out the best fidelity mimicry using the pre-existing classical data that
can enable false positives using EW-based entanglement detection. To
experimentally demonstrate the false positives of EW-based entanglement
detection in N = 3 and #, = 1 network, we created a 2-photon state mixed
with pre-existing classical data from 1 classical node. This quantum-classical
hybrid was created according to the one which can achieve the best fidelity
mimicry F (3) >~ 0.667 [Eq. (6)]. See Methods for more details about the
preparation and measurement of quantum-classical hybrids. As shown in
Fig. 4a, we observed the fidelity of the quantum-classical hybrid
F, (3) = (61.05+0.44)%, which is greatly larger than the widely used EW
fidelity criterion of 1/2 for the detection of genuine N-node
entanglement” . Whereas the created 2-photon state mixed with 1 clas-
sical node shows the false positive of detecting genuine 3-node entangle-
ment using EW-based entanglement detection. Our fidelity criterion
through F(3) rules out the mimicry of genuine 3-node entanglement with a
quantum-classical hybrid.

Similarly, we created N = 4 quantum-classical hybrid networks using
2-photon state and 1-photon state for . = 2 and n, = 3, respectively. We

Fig. 3 | Experimental genuine N-photon EPR a 1
steerability. We observed the experimental fidelities 1 ]
"
of (a) F,(3) = (78.00 % 0.60)%, and (b) 4
Fg (4)= (7579 0.37)%, where the error bars a ~ 0.5 1
represent the standard deviation of the measured E: 081 = st
photon counts based on Poissonian statistics. They £ 9
reveal that the created photons possess genuine N- 2 1o <
= 0.667 <
node EPR steerability under scalable N + 1 mea- ) o~
surement settings. Then the entanglement creation 4 ~—03 |
and fidelity measurements can be trusted without =~
calibration or knowledge of all the running experi- 0.5 -y . ]
mental apparatus. . = ) < < = ) @
0.4 ms « <o <+ —~ o @
| Fe S £ £ 2 2 d <
¢ f)l /3
—~ ! R 0.5r i
I o8 <
& B0
S
20683 1= S5
S g -0.5- .
3 <
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1k J
0.5 == = 2 =~ A A = =~ ~ = =
S nn o n o o nh = 8 o %
meo n o v S n S v — A o <
0.4 S S S S m o — A en
Fe, e dcddl™
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Fig. 4 | False positives of EW-based entanglement
detection. a For N = 3, the experimental network
mixed with one classical node (1, = 1) has the fide-
lity, F, (3) = (61.05 +0.44)%, larger than than the
upper bound of 1/2 ruled out by EW-based entan-
glement detection. This quantum-classical hybrid

was created according to the one which can achieve
F.(3) = 0.667 [Eq. (6)]. b For N = 4, the fidelities of
the two demonstrated quantum-classical hybrid

networks: F, (4) = (59.210.72)% and b
E, (4) = (62.99+0.12)%, for n.= 2 and n, = 3, i T L LT T T T
respectively, are larger than 1/2 and smaller than . F 1
F.(4) >~ 0.683 [Eq. (6)], where the network with %:N E’
three classical nodes has better ability of mimicking ‘:!;_ n.=2
|G, ). These two hybrids were created aiming for the X 1L ¢ J =0
best simulations with two and three classical nodes, P § ,’
respectively. The error bars represent the measured m g 3 g % g 3" g :f - 2“ 2“ :ﬂ 0.8
photon counts' standard deviation based on Pois- S S v o S S o~ Ao =
sonian statistics. S 2 A N U A S BN
~1 ———————————— 0683 [~ — —
%r’
SO A S | I:' I:' I:l I:l 1 | |
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observed the fidelities E, (4) = (59.21+0.72)% and E, (4) = (62.99
0.12)%, for n. = 2 and n, = 3, respectively, which are larger than 1/2 and
smaller than F_(4) 2~ 0.683, as shown in Fig. 4b, c. Our demonstrations
validated the false positives of EW-based entanglement detection and the
practicality of our determination method in quantum networks. It is worth
emphasizing that environmental noise or experimental imperfections are
generally unknown in realistic networking, and more than one such extreme
case, including their mixtures, must be excluded. Therefore satisfying the
fidelity criterion (4) becomes significant to rule out all possibilities of false
positives.

Discussion

The presented results provide an efficient method for the determination the
quantum network fidelity and genuine multi-node entanglement in the
presence of untrusted nodes with the minimum experimental effort in
existing protocols. They benefit from detecting genuine N-node EPR steering
in star topology networks with only N + 1 measurement settings in a semi-
trusted framework where some nodes can relax their quantum mechanical
assumptions. The proof-of-principle photonic network experiments validate
that the maximum fidelity obtained from the combination of measurement
results of trusted nodes and the pre-existing classical data can surpass the
widely used fidelity criterion of 1/2*~*°. This clearly shows the false positives of
EW-based entanglement detection in the presence of untrusted measurement
devices. Our results, therefore, offer a scalable manner to faithfully determine
multipartite entanglement in quantum networks and insights into evaluating
the entanglement backbone in realistic quantum networks'*™*’". We expect our
method could be extended to other types of network topology for generic
quantum internet with further studies.

Methods

Multi-photon entanglement source

The two SPDC sources were pumped with a pulsed laser beam (center
wavelength 390 nm, pulse duration 144 fs, repetition rate 76 MHz, and
average power 1.0 W). In each source, a f-barium-borate (BBO) crystal
(2 mm) was pumped to generate pairs of polarization-entangled photons by

type-II non-collinear SPDC, including the compensation for the walk-off
effect by an additional BBO crystal (CBBO, 1 mm). See Fig. 2 for the
experimental setup. Supplementary Note 6 details the laser system and
photon source. The prepared two photon pairs in modes 1-2’ and 3'-4 have
an average creation rate of ~99 x10 pairs per second and an average fidelity of
(93.61£0.09)% close to |®T) = (JHH) + [VV))/+/2, where |H) = |0)
(]V) = |1)) denotes the horizontal (vertical) photon polarization state. Then,
photons in modes 2’ and 3’ were made to temporally and spatially overlap® at
a polarizing beam splitter (PBS) by fine-tuning the delay Ad. The observed
visibility of the Hong-Ou-Mandel (HOM) type interference fringes is better
than 76%. Supplementary Note 7 provides more details of HOM experi-
ments. By properly tuning the angle A¢ of the quarter wave plate (QWP)
around its vertically-oriented fast axis and after post-selected four-fold
coincidence detection, a four-photon experimental state p, . inmode 1-2-
3-4 was created at a rate of ~76 events per second. A three-photon state
Pexpt,G, in mode 2-3-4 was generated in the same manner as the photon in

mode 1 was measured as a trigger.

Preparation and measurement of quantum-classical hybrids

To experimentally create quantum-classical hybrids for false positives of
EW-based entanglement detection, we prepared the eigenstates under
specific conditions of V. and {vi|k € V} for the fidelity operator F L, (N) (see
Eq. (16) in Supplementary Note 3), which correspond to the best fidelity
mimicry of the target state | Gy ). For N=3 and . = 1 network with the state
decomposition of |G; ) (see Eq. (4) in Supplementary Note 1), we have the
fidelity operator F,, (N for a two-photon state in modes 3 and 4, under the
classical node in mode 2 of vy = {+1, +1, +1, +1} (see Eq. (9) in Supple-
mentary Note 2),

. 1
FG) = (8I+18Z+Z8Z+Z)1)
(©)]
IO

+ R @R + R @R, ~ Ry @ R).
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We then created two-photon state in modes 3 and 4 according to the
eigenvector with the maximum eigenvalue ', (3) of Eq. (9). Explicitly, such
an eigenvector is of the form:

1
le;(3)) = —=—===(alHH) +|VV)), (10)
Viel©+1
where a=—1+4+iy/3. Note that under this condition,

F.(3) = F.(3) = 0.667. Supplementary Note 3 provides the detailed
derivation of F, [Eq. (6)] from F, (N). Experimentally, the two-photon
state was created by measuring the pfloton inmode 2 of the state peyp 3 Viaa
QWP setting at —16.85° and a polarizer (POL) setting at 5.08° (Fig. 2). With
v, = {+1, +1, +1, +1} we observed a fidelity of F, = (61.05+0.44)%,
which is larger than the upper bound of 1/2 ruled out by EW-based
entanglement detection .

As the same method used above, for N = 4 and n. = 2, with the state
decomposition of |G, ) and v; = {+1, +1,+1,+1,+1}and v, = {—1,+1,+1,
—1, +1} (see Egs. (5) and (10) in Supplementary Note 2) we can write the
fidelity operator F . (N) for a two-photon state in modes 3 and 4,

. 1
F) = U@I+IQI+IQZ+IQZ+ZQI+ZQ@Z+ZQI+Z82)
1 . A A A A A A “
+§(R1®R1+R2®R2_R3®R3_R4®R4)~
(11)

We then generated a two-photon state in modes 3 and 4 according to the
eigenvector of F,(4) with the maximum eigenvalue, F,(4) = F(4) =~
0.683:

lex(®)) = ———(BIHH) + [VV)),

VIBP+1

where B = (14 +/3)e™/*/+/2. The two-photon state was created by
measuring the photon in mode 2 of the state pey, g3 by setting QWP and
POL at 25.18° and 34.02°, respectively. Combined with v; = {+1, +1, +1,
+1, +1} and v, = {—1, +1, +1, —1, +1}, the experimental value of the
fidelityis F, = (59.21 +0.72)%, which shows the false positive of detecting
genuine 3-node entanglement using EW-based entanglement detection.

Furthermore, we demonstrated the false positives of EW-based
entanglement detection by creating a state close to a target of one photon
in mode 1:

(12)

les(4)) = 1(yIH> +1V), (13)

1
Y
where y = [2 + v/2(4 4 +/2)]/(1 4+ +/2 + i), and three classical nodes
with the states v, = {+1, +1, +1, +1, +1}, v = {+1, +1,+1,+1,+1} and v,
= {—=1, +1, +1, +1, —1} (see Eq. (10) in Supplementary Note 2), which
provides F;(4) =~ 0.661. Such a state was prepared by setting QWP and
POL at 0° and 27.38°, respectively, and then measuring the photon in mode
2’ of the experimental two-photon state, p,,, o+ With the created state, we
observed F 6 = (62.99 £ 0.12)%, which demonstrated the false positive of
EW-based entanglement detection.

Data availability
The data supporting the findings of this study are available from the cor-
responding author upon reasonable request.

Code availability
The code supporting the findings of this study is available from the corre-
sponding author upon reasonable request.
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