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Legitimate quantum operations must adhere to principles of quantum mechanics, particularly the
requirements of complete positivity and trace preservation. Yet, non-completely positive maps,
especially Hermitian-preserving maps, play a crucial role in quantum information science. Here, we
introduce the Hermitian-preserving map exponentiation algorithm, which can effectively simulate the
action of an arbitrary Hermitian-preserving map by exponentiating its output,N ðρÞ, into a quantum
process, e�iN ðρÞt. We analyze the sample complexity of this algorithm and prove its optimality in certain
cases. Utilizing positive but not completely positivemaps, this algorithm provides exponential speedups
in entanglement detection andquantification compared toprotocols basedonsingle-copyoperations. In
addition, it facilitates the encoding-free recoveryof noiselessquantumstates frommultiple noisyonesby
simulating the inverse map of the corresponding noise channel, providing a new approach to handling
quantumnoises.Thisalgorithmactsasabuildingblockof large-scalequantumalgorithmsandpresentsa
pathway for exploringpotential quantumspeedups acrossawide rangeof information-processing tasks.

Principles of quantummechanics dictate that quantumoperationsmust act
on and output density matrices, which are positive matrices with a unit
trace1. Thus, a validquantumoperation, knownas aquantumchannel,must
be completely positive and trace-preserving (CPTP). As depicted in Fig. 1a,
the set of CPTP maps represents only a small subset of all linear maps2. In
practice, many quantum tasks require non-completely positive (non-CP)
maps beyond the scope of CPTP requirements, including entanglement
detection3 and quantum error mitigation4,5.

In entanglement detection and quantification, positive but not com-
pletely positivemaps3 serve as crucial tools. For instance, the positive partial
transposition criterion6, based on the transpositionmap, iswidely employed
for entanglement detection7,8 and distillation9. Moreover, the entanglement
negativity, whichquantifies the violation of the positive partial transposition
criterion, represents an easily computable and operationally meaningful
entanglement measure8. However, due to their lack of complete positivity,
verifying the positivemap criterion often requires highly joint operations or
exponential repetition times7,10,11. In quantum error mitigation4,5, inverse
maps of noise channels are generally non-CP, techniques such as prob-
abilistic error cancellation12–14 are adopted to statistically realize these

inverse maps. These approaches only recover noiseless expectation values
rather than noiseless states, limiting the range of applications.

Given the importance of non-CP maps, especially Hermitian-
preserving (HP)15 ones as exemplified above, researchers have devoted
substantial efforts to find their implementations16–20. For example, methods
based on structural approximation21,22 and Petz recovery map23,24 employ
quantum channels to approximate non-CPmaps. However, many non-CP
maps are far from the set of CPTP maps and cannot be implemented
effectivelywith thesemethods. Themulti-copy extensionmethod25 utilizes a
joint quantumchannel acting onmultiple copies of input states to produce a
single output of the non-CP map, which is feasible only when the output
remains adensitymatrix.As shown, existing approaches are restricted in the
level of quantumstates and aim to prepare outputs of non-CPmaps in some
indirect ways. Since the output of a non-CP map is not always a density
matrix, these approaches face fundamental limitations in efficiency and
feasibility.

In this paper, we go beyond the level of quantum states and propose a
novel approach to effectively simulate the actions of all HP maps. To cir-
cumvent the restriction posed on quantum operations, our core idea is to
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change the carrier of the output of non-CP maps. More concretely, as the
output of a HPmap,N ðρÞ, is a Hermitian matrix, we can transform it into
the Hamiltonian that determines the evolution of a physical system.
Therefore, by “exponentiating" a HP map, we define a new map e�iN ð�Þt .
This newmapmaps an arbitrary input state ρ to a unitary evolution e�iN ðρÞt ,
which contains all information of N ðρÞ. With techniques including
Hadamard test andquantumphase estimation, the informationofN ðρÞ can
be extracted from e�iN ðρÞt . With this approach, we transform a HP map
from a purely mathematical object into a physical process that can be
implemented in the laboratory.

To realize the map e�iN ð�Þt , we design a quantum algorithm,
Hermitian-preserving map exponentiation (HME), as depicted in Fig. 1c.
The density matrix exponentiation algorithm26,27, which has been proved to
exhibit exponential speedup compared to single-copy strategies in certain
tasks28, is a special case ofHMEwhenN is the identitymap.We analyze the
performances of HME and prove its optimality in sample complexity for
simulating certain non-CP maps. Given that HP maps are significantly
more general than CPTPmaps and encompass a wide range of crucial non-
CP maps, HME has the potential to be a key tool in various quantum
information processing tasks. One direct application of HME lies in
entanglement detection and quantification, as positive maps are HP. In
entanglement detection, we incorporate HME into the quantum phase
estimation algorithm1,29 to propose a new entanglement detection protocol.
We demonstrate through an example that the HME-based protocol can
offer exponential speedups compared to all single-copy approaches.
Moreover, by combining the HME and Hadamard test algorithm30, we
develop a protocol to estimate entanglement negativity and compare it to
conventional means, showcasing advantages in resource consumption.

Another significant application is quantum noiseless state recovery, which
relies on the ability of HME to simulate the inverse map of a noise channel.
We integrate HME into a simple quantum circuit to recover the noiseless
statewith arbitrary precision and analyze its performance.This protocol can
handle any invertible noise when the description of the noise channel is
known. In contrast to existing methods such as quantum error mitigation
and quantum error correction, our protocol can recover the desired
noiseless state from multiple noisy states, establishing a new approach for
combating quantum noises.

Results
Hermitian-preserving map exponentiation
The circuit of HME is sketched in Fig. 1c. To implement the evolution of
e�iN ðρÞt on the state σ, the HME algorithm begins with preparing two
quantum systems. The target state ρ will be prepared on the first system,
while the second system serves as a quantum memory to keep the state on
which the evolution of e�iN ðρÞt is applied. In the beginning, the quantum
memory is prepared in the initial state σ. Based on the desired accuracy, the
HP mapN , and the total evolution time t, one determines an appropriate
Hamiltonian H and a short time period Δt according to Theorem 1 and
Theorem 2, respectively. Subsequently, one repeats the following steps for a
total ofK = t/Δt times and realizes e�iN ðρÞt on the second system in the end:
1. Prepare the target state ρ on the first system.
2. Evolve the two systems jointly using e−iHΔt and discard the state on the

first system.

Below,we introduceTheorem1 to showhow to chooseHamiltonianH
to realize HP mapN .

Theorem 1. (Validation of HME). For a short time period Δt, we have

Tr1 e�iHΔtðρ� σÞeiHΔt
� � ¼ e�iN ðρÞΔtσeiN ðρÞΔt þOðΔt2Þ: ð1Þ

Here, Tr1 denotes the partial trace over the first system, N represents the
target HP map, H ¼ ΛT1

N with ΛN ¼ ðI �N Þ∣Φþ� Φþ�
∣ being the Choi

matrix for N , ∣Φþi ¼ P
i∣iii denotes the unnormalized maximally

entangled state, and T1 represents the partial transposition operation on the
first system.

This theorem can be proved using Taylor expansion and tensor net-
work representation in Fig. 2a, b. In general, the calculation ofH usingN is
complicated. However, in many practical applications, N has certain
structures that benefit the calculation of H. An illustrative example is the
partial transposition map e�iρTA t , where ρ is a bipartite state with two sub-
systemsA and B. According to Theorem 1, the correspondingHamiltonian
forHME is given byHP ¼ Φþ

A � SB, which has a qubit-wise tensor product
form and is depicted within the red dashed box in Fig. 2c. The two blue half
circles within the box represent the unnormalized maximally entangled
stateΦþ

A , while the cross of purple lines represents the SWAP operator SB.
We can deduce the validity of Tr1 HP; ρ� σ

� �� � ¼ ½ρTA ; σ� based on the
connection rule of the legs.

According to Theorem 1, the difference between the ideal and real
channels for a single stepof the experiment is a second-order term. Thus the
error of the whole process could be suppressed by choosing a smaller time
slice Δt, or equivalently, by using more copies of ρ.

Sample complexity analysis
HME realizes the evolution of e�iN ðρÞt by sequentially inputting the target
stateρ. Thus, an essential indicator for analyzing theperformance ofHME is
the number of copies needed for realizing the desired evolution within an
error up to ϵ. We present Theorem 2 below to resolve this question.

Theorem 2. (Upper bound of sample complexity). LetN be an arbitrary
HP map, the HME algorithm requires at mostO ϵ�1k H k21t2

� �
copies of

sequentially inputting state ρ to ensure that kQt � U tk� ≤ ϵ holds for
arbitrary ρ. Here,H ¼ ΛT1

N ,Qt ¼ Q�K
Δt represents the realized channel with

− Δ − Δ − Δ

Fig. 1 | Overview of Hermitian-preserving map exponentiation algorithm.
aDiagrammatic representation of different types of maps, including CP (completely
positive), P (positive), HP (Hermitian-preserving), and TP (trace-preserving) maps.
Physical maps lie in the intersection of CP and TP. The smiling faces represent the
maps used in the four applications listed in b. These applications are all situated
within the HP maps region, among which we extensively explore entanglement
detection and quantification, as well as quantum noiseless state recovery. c Circuit
diagram for Hermitian-preserving map exponentiation, comprising three compo-
nents: sequential input of identical states ρ, the evolved state σ preserved using
quantum memory, and joint Hamiltonian evolution.
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QΔtðσÞ :¼ Tr1 e�iHΔtðρ� σÞeiHΔt
� �

and K = t/Δt, U t is the ideal evolution
channel corresponding to e�iN ðρÞt , and ∥ ⋅ ∥⋄ denotes the diamond norm.

According to the definition of the diamond norm, Theorem 2 implies
that for any state σKR 2 K�R, whereK is the Hilbert space on which the
channels Qt and U t are defined, and R is a reference system with an
arbitrary dimension, if the number of steps in theHME algorithm shown in
Fig. 1c satisfies K ¼ Θ ϵ�1k H k21t2

� �
, then

k U t �Qt

� �� IRðσKRÞ k1 ≤ ϵ: ð2Þ

This implies that the states resulting from the realized and ideal evolutions
are close in terms of trace distance. Consequently, when measuring the
realized post-evolution state, the measurement outcomes will be close to
those obtained from the ideal post-evolution state.

In practical quantum information processing tasks, the HME algo-
rithm is often employed in conjunction with other quantum algorithms
such as quantum phase estimation or Hadamard test. These algorithms

typically require a controlled version of the evolution e�iN ðρÞt , as illustrated
in the circuits of Fig. 4 and Fig. 5. We show that the sample complexity for
exponentiating controlled e�iN ðρÞt evolution has the same upper bound (see
“Methods”).

Corollary 1. We need at most O ϵ�1k H k21t2
� �

copies of ρ to perform
C� e�iN ðρÞt :¼ ∣0i 0h ∣c � Iþ ∣1i 1h ∣c � e�iN ðρÞt to precision ϵ in diamond
distance, where H ¼ ΛT1

N , and the subscript c denotes the control qubit.
Notice that k H k21 might be unbounded for certain HP maps. Thus,

an important problem arises: Is HME the optimal protocol for expo-
nentiating certainHPmaps? For anHPmap, if the value of k H k21 is large,
does thismean that there exists a better algorithm,or exponentiating thisHP
map is fundamentally hard31–34? Tofinger out this problem,wefirst consider
the most general method to exponentiate a quantum state, as shown in Fig.
3a, and use Theorem 5 to show the complexity lower bound for this general
method.

Combining Theorem 2 and Theorem 5, we find that the complexity
upper bounds of HME can reach the lower bounds for exponentiating
certain maps, as shown in Supplementary Material (see Supplementary
Material for details of the algorithm). As demonstrated in Fig. 3b, HME is a
special case for the general protocol. Therefore, we can conclude that for
maps such as the inverse of local amplitude damping noise channel, the
HME algorithm is the optimal method to realize e�iN ðρÞt . It is also worth
mentioning that the analysis of the upper and lower bounds for realizing
e�iN ðρÞt also partly answers the open problem raised in ref. 35. This problem
seeks to determine the sample complexity required for implementing the
evolution of e−if(ρ)t for a given function f(⋅). Note that when only con-
centrating on expectation values, the optimal sampling overhead for
simulating the HP map N is determined by kN k2� using the quasi-
probability decomposition method32,36. Further study is required to char-
acterize the optimal sample complexity of simulating HP maps through
exponentiation.

In practical situations, the performance of HME can be affected
by various factors. For example, quantum devices may exhibit
unpredictable and unavoidable noise, and the realization of the
Hamiltonian evolution e−iHΔt may be inaccurate due to approximation
errors in Hamiltonian simulation37,38. Besides, the input state ρ may
also be affected and deviate in each step. We analyze the robustness
of HME against the input state error and the Hamiltonian error in
the Supplementary Material (see Supplementary Material for details
of the algorithm). Similar to the sample complexity, we show that the
robustness of HME is also influenced by ∥H∥∞, which could help us
to find application scenarios.

Entanglement detection
Entanglement is a distinctive feature of quantum mechanics39, and the
detection and quantification of entanglement is of both fundamental and
practical importance40,41. A variety of protocols have been proposed for
entanglement detection3. The positive map criteria, which include the
partial transposition6 and reductionmaps42, are considered to be among the
most powerful entanglement detection criteria43. The positivemap criterion

Fig. 3 | General and sequential protocols to
exponentiate a HPmap. a In the most general case,
joint operations are performed onmultiple copies of
ρ and the input state σ, which induces a channel
σ 0 ¼ QρðσÞ that acts only on σ. b A sequential pro-
tocol relies on sequential operations acting on
single-copies of ρ and the evolved state, where the
black boxes represent different CPTP maps.
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Fig. 2 | Proof of Theorem 1 using tensor network calculations. A matrix is
represented using a box with left and right legs, where the left legs represent row
indices and the right legs represent column indices. The connection of legs indicates
the contraction between indices. In a, we illustrate the tensor network representation
of the Choi matrixΛN and how it can be used to represent the action of a linear map
N . In b, we use the exchange of the left and right legs to represent the transposition
operation. Consequently, it becomes evident that in order to ensure
Tr1½Hðρ� σÞ� ¼ N ðρÞσ, we must have H ¼ ΛT1

N , which is highlighted by the red
dashed box. In c, we graphically demonstrate the validation of HP ¼ Φþ

A � SB for
realizing the evolution of e�iρTA t , where ρTA is the partial transpose of ρ on system A.
We use blue and purple legs to represent the indices of subsystems A and B,
respectively.
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states that if PA � IBðρÞ is not a semi-positive matrix, then the state ρ is
entangled.Here,P represents thepositivemapbeingused, andA andB label
the two subsystems of ρ. However, themain challenges in achieving positive
map detection protocols lie in the non-CP nature of positivemaps as well as
the difficulty of performing spectral analysis for the exponentially large
matrix PA � IBðρÞ. These two obstacles can be overcome using the algo-
rithms of HME and quantum phase estimation.

Combining the ability of HME to exponentiate the controlled unitary
operation e�iPA�IBðρÞt and the quantum phase estimation algorithm, we
propose an HME-based entanglement detection protocol, as illustrated in
Fig. 4a. Themeasurements of the ancilla qubits directly provide information
about the spectrumofU ¼ e�iPA�IBðρÞt , which is equivalent to the spectrum
of PA � IBðρÞ. If PA � IBðρÞ is not semi-positive, we can select σ to be a
state that exhibits significant overlap with the negative subspace of
PA � IBðρÞ. Consequently, there is a significant probability of detecting the
negative eigenvalues of PA � IBðρÞ and thus the entanglement of ρ.

This new protocol offers a systematic approach to leverage quantum
resources such as quantummemory and ancilla qubits, enabling us to reduce
classical repetition times and gain advantages over conventional methods.
Specifically, it has beenproven that if only single-copyoperations are allowed,
an exponential amount of resources is required for entanglement detection43,
even in the case of pure states44. The following presents a typical example.

Fact 1. Consider a bipartite system with subsystem dimensions
dA ¼ dB ¼

ffiffiffi
d

p
44. Let ρ be a pure state, which can be either a global Haar

randomstateψABor a tensor product of localHaar randompure statesψA⊗
ψB, each with equal probabilities. If we are limited to single-copy operations
andmeasurements onρ, determiningwhetherρ is entangled requiresΘ(d1/4)
experiments, with a success probability of at least 2/3.

Here we employ the reduction map to demonstrate the advantage of
HME in entanglement detection. The reduction map R is defined as
ρR ¼ TrðρÞId � ρ, where d = dA × dB represents the dimension of the
Hilbert space of ρ. The reduction criterion involves testing whether

ρRA ¼ IdA � ρB � ρ ð3Þ

is semi-positive or not, where ρB ¼ TrAðρÞ denotes the reduced density
matrix for subsystem B. By exponentiating the partial reduction map using
HME, we find that the entanglement detection task implied in Fact 1 can be
solved with a constant sample complexity using the HME-based

entanglement detection protocol, showing an exponential advantage
compared with all single-copy entanglement detection protocols. Besides,
the circuit for this task is shown in Fig. 4b, which requires only a single
ancilla qubit.

Theorem3. LetHR ¼ IA � SB � SAB, where IA, SB, and SAB stand for the
identity operator acting on two copies of system A, SWAP operator acting
on two copies of system B, and SWAP operator acting on two copies of the
joint system AB, respectively. Choosing t = π, the circuit depicted in Fig. 4b
requires at mostOð1Þ copies of ρ to accomplish the task described in Fact 1
with a success probability of at least 2/3.

In addition to the constant sample complexity, the corresponding
Hamiltonian HR ¼ IA � SB � SAB is 2-sparse and efficiently row compu-
table. As a result, it can be efficiently simulated45, leading to an overall gate
complexity of our protocol that scales asOð1Þ.

Entanglement quantification
Among all positive map criteria, the positive partial transposition criterion6

is of fundamental importance due to its strong detection capability46, its
connection to entanglement distillation9, and its concise mathematical
formulation. The positive partial transposition criterion states that if the
target state ρ is separable, then the matrix ρTA has no negative eigenvalues,
where TA denotes the partial transposition map on a subsystem A. The
entanglement negativity serves as an entanglement measure by quantifying
the violation of the positive partial transposition criterion,

NðρÞ ¼ k ρTA k1 � 1
2

; ð4Þ

whichequals the sumof the absolute valuesof all negative eigenvalues ofρTA .
As a widely used quantifier for mix-state entanglement, negativity plays an
indispensable role in theoretical physics8,47,48.

However, due to the non-CP nature of the transposition map and the
highly nonlinear behavior of negativity, there is still no efficient protocol for
unbiasedly estimating negativity. Some approaches, such as directly mea-
suring the spectral values of ρTA 21,49, require joint operations on exponen-
tially many copies of quantum states. Tomography-based protocols
estimate negativity by reconstructing the density matrix, which requires a
large sample complexity and significant classical computational

|0⟩

|0⟩

|0⟩

2 2 −1

QFT†

− Δ
≈

≈

|0⟩

−

|0⟩

−

|0⟩

− Δ − Δ

|0⟩

− Δ − Δ

− Δ

Fig. 4 | Application of HME in entanglement detection and quantification.
a Represents the circuit of the HME-based entanglement detection protocol, which
is constructed by combining the HME and quantum phase estimation algorithms.
The quantum phase estimation consists of the input state σ, T ancilla qubits, con-
trolled unitary operations, inverse quantum Fourier transformation, and final
measurements on the ancilla qubits. The controlled unitary evolutions are
approximately realized by HME, where HN is the Hamiltonian for exponentiating

N ¼ PA � IB. b Is a special case of a where only one ancilla qubit remains, the
inverse quantum Fourier transformation is reduced to theHadamard gate, andHR is
theHamiltonian for exponentiating the partial reductionmap. The evolved state and
sequentially inputted states are set to the target state of the entanglement detection
task. c Is the circuit for estimating entanglement negativity. Compared with b, we
change the evolved state to the maximally mixed state and the Hamiltonian to HP.
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resources50,51. Other attempts primarily utilize the moments of the partially
transposed density matrix to infer properties of negativity10,52, rather than
providing an unbiased estimation.

HME can also alleviate the difficulties in measuring negativity. Firstly,
as illustrated in Fig. 2c, HME can realize the evolution of e�iρTA t by setting
the evolution Hamiltonian to HP ¼ Φþ

A � SB. Secondly, as e�iρTA t is a
nonlinear function of ρTA , HME enables the measurement of certain non-
linear quantities including entanglement negativity53,54. Specifically, we can
combine the HME algorithm and Hadamard test algorithm and use the
circuit shown in Fig. 4c to estimate tr ½cosðρTA tÞ� in different values of t.
According to Fourier decomposition, we can use these quantities to con-
struct an unbiased estimation of entanglement negativity. We show details
of this estimation protocol in Methods.

Theorem 4. One needs an expected number ofeO logðδ�1Þϵ�3d2dAk ρTA k1
� �

copies of ρ to ensure ∣N̂ðρÞ � NðρÞ∣≤ ϵwith
a probability of at least 1− δ. Here, the eO notation suppresses logarithmic
expressions for d and ϵ, dA stands for the dimension of subsystem A.

We leave the technical proof of Theorem 4 in the Supplementary
Material (see Supplementary Material for details of the algorithm). Due to
the property of entanglement negativity, k ρTA k1 ¼ k ρTB k1, we can
always assume dA ≤ dB. As k ρTA k1 ≤ dA, the worst case sample complexity
is at most eO ϵ�3d3

� �
. Compared to the tomography-based negativity esti-

mation protocol, our protocol has advantages in both quantumand classical
resource consumption. Due to the fact that negativity can be exponentially
large, the tomography-based protocol requires θ(ϵ−2d4) repetition times to
accurately estimate negativity51. Thus, HME showcases polynomial
improvement in sample complexity. Additionally, the tomography-based
protocol requires performing spectral decomposition of the reconstructed
density matrix, which also consumes exponential classical resources for
computation andmemory. Since theHME-based protocol relies on directly
accessible quantities, we can save these classical resources.

Quantum noiseless state recovery
Noises in quantum circuits act as a significant obstacle to implementing
quantum algorithms55,56. Researchers have dedicated significant efforts to
handling quantum noises, resulting in various protocols that can be cate-
gorized into two main types: quantum error correction and mitigation. By
encoding the target state into a larger Hilbert space, quantum error cor-
rectionprotects the target state against a large variety of errors57–60.When the
physical noise rate is below a certain threshold61, quantum error correction
can suppress the logical error rate to an arbitrarily small value by consuming
a large number of ancilla qubits62. Quantum error mitigation4,5 focuses on a
simpler task of recovering the noiseless expectation value using multiple
noisy states. Some error mitigation protocols are tailored to handle specific
types of noises, such as virtual distillation63,64 for incoherent errors and
subspace expansion for coherent errors65. Some protocols are designed to
handle general forms of noises, such as probabilistic error cancellation12–14,
which is one of the leading error mitigation approaches. Quantum error
mitigation typically requires an exponential number of experiments to
accurately estimate the noiseless expectation value66,67.

Building upon HME, we propose a new protocol to handle quantum
noises, which is named quantum noiseless state recovery. We consider a

similar setting as quantum error mitigation where many noisy states are
provided. Suppose the ideal noiseless state ψ is generated by an ideal
noiseless circuit,ψ ¼ Uð∣0i 0h ∣Þ, while the existence of noisewill change it to
EðψÞ ¼ E � Uð∣0i 0h ∣Þ. Note that E�1 is always HP when it exists31, thus the
exponentiation of E�1 becomes possible with HME. By sequentially
inputting multiple copies of EðψÞ into the circuit depicted in Fig. 1c and
choosing an appropriate Hamiltonian, we can approximately realize the
evolution of

e�iE�1�EðψÞt ¼ e�iψt ð5Þ

with arbitrary accuracy.
It is evident that e−iψt has only one nontrivial eigenvalue, e−it, with the

corresponding eigenstate ∣ψi. Setting t = π, a simple circuit shown in Fig. 5
can be used to prepare the noiseless stateψ and thus serves as the circuit for
quantumnoiseless state recovery. The correctness of our protocol is ensured
by the following proposition:

Proposition 1. When measuring the ancilla qubit in the ideal circuit
depicted on the right side of Fig. 5, the outcome ∣1i occurs with a probability
of hψ∣σ∣ψi. If the outcome ∣1i is observed, σ will evolve into the desired
noiseless pure state ∣ψi.

Note that in a practical situationwhere the noise rate is relatively small,
one can choose the noisy state EðψÞ as the evolved state σ to increase the
success probability. Considering the approximation error of the HME
algorithmand the success rate of post-selection,wederived the performance
of our noiseless state recovery protocol, shown in Theorem 6 in Methods.

Quantum noiseless state recovery faces practical challenges of requiring
precise knowledge of the noise channel, the calculation of the inverse map,
and efficient methods for realizing controlled Hamiltonian evolution.
However, its fundamental differences from conventional error management
protocols offer inspiration for alternative error management protocols and
warrant a deeper understanding of its characteristics. Notably, quantum
noiseless state recovery is the first protocol that can recover the noiseless
quantum state without any encoding operation. Specifically, our protocol
starts from states that have already been influenced by noises, like quantum
error mitigation. However, what sets our protocol apart is its capacity to
recover noiseless quantum states. Such ability brings advantages in various
applications5, such as quantum storage and quantumcommunication, where
noise-free states aredesired. It is also crucial inpractical scenarios like theShor
algorithm and quantum key distribution, where noiseless states enable
obtaining single-shot measurement results instead of just expectation values.
Compared to quantum error correction, our protocol requires fewer ancilla
qubits anddoesnot necessitate access to thenoiseless state at the beginning.A
more comprehensive comparison can be found in the Supplementary
Material (see Supplementary Material for details of the algorithm).

Discussion
The Hermitian-preserving map exponentiation algorithm relies on quan-
tum memory, ancillary systems, joint operations, and the ability to reset
states. In all three applications discussed in the main text, the HME algo-
rithm requires doubling the system size and performing joint evolution.
Without these resources, methods such as quasi-probability decomposition

Fig. 5 | The circuit of our noiseless state recovery
protocol.TheHamiltonian is set to beHE�1 ¼ ΛT1

E�1 ,
the partial transposition of the Choi matrix of the
inverse map E�1. The evolved state σ serves as a
guiding state which needs to have a high fidelity with
the noiseless state ψ.
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can still simulate non-CP maps when only focusing on expectation
values32,36, offering amore practical approach for applications on near-term
devices. Based on these resources, the advantages of HMEmanifest in three
aspects. Firstly, quantum memory is known to provide exponential speed-
ups in certain tasks such as state discrimination and property testing68.
Consequently, HME exhibits exponential speedups compared to single-
copy protocols, as demonstrated in tasks of entanglement detection and
quantification. Secondly, by employing ancilla qubits, HME enables the
transformation of incoherent operations into coherent ones, thereby rea-
lizing tasks that are infeasible for incoherent operations. An important
example is the comparisonbetween thenoiseless state recovery protocol and
quantum error mitigation. Due to the limitation of single-copy operations,
quantum errormitigation can only recover the noiseless expectation values.
While using HME, it becomes possible to recover the noiseless state from
noisy states, thereby facilitating single-shotmeasurements and tasks such as
quantum storage. Additionally, HME offers a means to utilize quantum
resources to replace classical resources, especially in state benchmarking
protocols. Leveraging state-resetting operations, HME extracts information
frommultiple copies of states, reducing the classical resources for estimating
some state properties. A direct example is the negativity estimation where
HMEexponentially reduces the requirements for classical computation and
memory compared to tomography-based methods.

AsHPmaps are ubiquitous in quantum information science,HMEhas
potential applications inmany other fields. An intriguing observation is that
when measuring an observable, TrðOρÞ is also a HP map that acts on ρ.
Thus, by exponentiating N OðρÞ ¼ TrðOρÞ∣1i 1h ∣, HME enables the
encoding of expectation values into relative phases of reference states. In
addition to the expectation value measurement, such HME-based phase
encoding operation may also have applications in tasks such as gradient
estimation69,70. In many quantum information tasks, completely positive
while not trace-preserving maps N ðρÞ ¼ PρPy play important roles. For
example, in the task of the linear combination of unitaries, the matrix P is
chosen as the sum of many unitaries, allowing for producing a target pure
state or realizing a desired Hamiltonian evolution71. In quantum imaginary
time evolution72–74, P is set as e−βH, where β represents the inverse tem-
perature and H is a Hamiltonian. By increasing β, one can prepare a pure
state that approximates the ground state of H to arbitrary precision. By
exponentiatingN ðρÞ ¼ PρPy withHME,we can use a circuit similar to Fig.
5 to prepare the pure state which is the target of the linear combination of
unitaries or quantum imaginary time evolution. We emphasize that, when
exploring new applications of HME, it is essential to ensure that both the
sample complexity and gate complexity remain manageable.

As discussed, a major application of HME is quantum state learning,
which includes observable measurement, entanglement detection, and
negativity estimation. Thus, comparing HME with one commonly used
quantum state learning protocol, classical shadow75 is inspiring. Conducted
in a “measure first, ask questions later”76 manner, the quantum experiments
stage of classical shadow does not utilize the information of the task. HME
also provides a systematic scheme for quantum state learning tasks by
adjusting theHPmapN . Thus, a key difference betweenHMEand classical
shadow is that the quantum experiment of HME facilitates the information
of the task to determine N . Besides, classical shadow only relies on inco-
herent operations and classical post-processing, while HME utilizes quan-
tummemories and coherent operations. These differences bring advantages
for HME, such as the exponential speedups in entanglement detection and
the classical computational resources saving in negativity estimation.
Nonetheless, the construction of classical shadow and HME share many
similar techniques, suggesting an important future direction in combining
these two protocols.

As a building block for quantumalgorithms, theHMEalgorithmholds
the potential for further improvement. One possible direction is to combine
HME with algorithms such as amplitude amplification, which could
enhance the performanceof tasks discussed in thiswork, includingnoiseless
state recovery. Moreover, by replacing the Hamiltonian evolution in the
HME circuit with non-Hermitian evolution, HME can even circumvent the

Hermitian preservation requirement and showcases potential advantages
for a wider range of tasks involving maps that are not HP77.

It is worth noting that the capability to simulate non-CPmaps is not
exclusive to the HME algorithm. Notably, block encoding and quantum
singular value transformation is usually adopted to simulate complex
evolution of quantum states78,79. Thus, it is an important future direction
to explore how to use these techniques to simulate non-CP maps, which
can potentially help us to break the limitation of linearity. However,
there are some difficulties. Firstly, block-encoding requires an oracle
which can prepare the purification of ρ, whereas HME solely requires ρ
itself. Such oracle is infeasible for many practical scenarios, including
entanglement detection and quantum error mitigation discussed pre-
viously. Thus, it is crucial to find suitable applications for block-
encoding. Besides, the original quantum singular value transformation is
only capable of performing maps that act on the singular values of the
encodedmatrix ρ. Performing linearmaps like partial transpose requires
additional effort.

Methods
Below, we present the proof of the theorems in the main text and describe
the details of the negativity estimation protocol.

Proof of Theorem 1
Substituting the Taylor expansion e�iHΔt ¼ I� iHΔt þOðΔt2Þ into Eq.
(1), the left-hand side becomes

σ � iΔtTr1 H; ρ� σ
� �� �þOðΔt2Þ: ð6Þ

According to the Choi-Jamiołkowski isomorphism80, the resulting state of a
map N can be represented using the Choi matrix ΛN , as
N ðρÞ ¼ Tr1 ΛN ðρT � IÞ� �

. Following this definition, we can rewrite the
coefficient of the first-order term in Eq. (6) as

Tr1 H; ρ� σ
� �� � ¼ Tr1 ΛN ðρT � IÞ� �

; σ
� �

; ð7Þ

which by definition equals ½N ðρÞ; σ�. It can be verified that ½N ðρÞ; σ� is also
the coefficient of the first-order term of e�iN ðρÞΔtσeiN ðρÞΔt . To provide a
clearer derivation, we present a graphical demonstration of this proof based
on tensor network representation in Fig. 2b.

SinceH ¼ ΛT1

N andH is theHamiltonian of the composite system,ΛN
must be aHermitian operator. Therefore, the only restriction onN is that it
should be HP.

Proof of Corollary 1
Based on the equality C� e�iN ðρÞt ¼ e�i∣1i 1h ∣c�N ðρÞt, we can define a new
HP map N 0ðρÞ ¼ ∣1i 1h ∣c �N ðρÞ. Therefore, in the circuit of HME
depicted in Fig. 1c, we can add a control qubit and regard the control qubit
together with σ as the evolved state of a new HME circuit, with a new
Hamiltonian H0 ¼ ∣1i 1h ∣c � H. Since ∣1i 1h ∣c � H has the same operator
norm as H, according to Theorem 2, we get the desired result. Note that
based on the same reasoning, Corollary 1 can be straightforwardly
extended to scenarios where the number of control qubits is greater
than one.

Proof sketch of Theorem 2
We sketch the core idea for proving Theorem 2 in this section and leave
the complete proof to the Supplementary Material (see Supplementary
Material for details of the algorithm). We divide the ideal evolution
channel U t into K slices U t ¼ U�K

Δt , where UΔt refers to the unitary

evolution of e�iN ðρÞΔt . Intuitively, the closeness of QΔt and UΔt ensures
the closeness ofQt and U t . According to the subadditivity property of the
diamond distance, we obtain

kQt � U tk� ≤KkQΔt � UΔtk�; ð8Þ
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which implies that the error accumulates linearly during the sequential
operations. By employing certain matrix inequalities, we arrive at

kUΔt �QΔtk� ≤O kHk21Δt2
� � ¼ O kHk21t2=K2

� �
: ð9Þ

Hence, the total diamond distance scales asO k H k21t2=K
� �

. Therefore, to
ensure that the total diamond distance is less than ϵ, the number of steps K,
or equivalently, the number of copies of ρ, needs to be at
mostO ϵ�1k H k21t2

� �
.

Sample complexity lower bound

Theorem 5. (Lower bound of sample complexity). LetN 2 TðH;KÞ be a
HPmapand set 0 < ϵ ≤ 1/6, and t ≥ 15πϵ

4R�
. Theminimumnumberof ρneeded

to realize the evolution of e�iN ðρÞt with ϵ accuracy in diamond distance
satisfies

fN ðϵ; tÞ ≥ ϵ�1R2
�t

2
� �

; ð10Þ
where R� :¼ maxA 2 F R N ðAÞ½ �. R[⋅] = λmax(⋅) − λmin(⋅) denotes the
spectral gap defined as the difference between the largest and the smallest
eigenvalues of the processed matrix. The feasible regionF is defined as

F ¼ A 2 LðHÞ : Ay ¼ A;TrðAÞ ¼ 0; k A k1 ¼ 1; N ðAþÞ;N ðA�Þ� � ¼ 0
	 


;

ð11Þ
where A+ and A− are the positive and negative parts of A.
The key principle for proving this theorem is the Holevo-Helstrom
theorem2,81,82, which deals with the discriminations of states and channels.
According to this theorem, the optimal success probability for dis-
criminating two different states is 1

2 þ 1
4 k ρ0 � ρ1 k1, and for dis-

criminating two different channels is 12 þ 1
4 kQ0 �Q1k�.When allowed to

perform joint operations on K copies of the unknown state ρ, dis-
crimination becomes easier with more copies, as k ρ�K

0 � ρ�K
1 k1

increases with K.
For a given HPmapN , there may exist two states ρ0 and ρ1 such that

the trace distance between them can be much lower than the diamond
distance between the two ideal evolution channels,
kρ0 � ρ1k1≪k½e�iN ðρ0Þt� � ½e�iN ðρ1Þt �k�, for some t. According to the
Holevo-Helstrom theorem, this implies that the discrimination of these two
states is more challenging compared to distinguishing the ideal evolution
channels. Thus, if the induced channel of Fig. 3a, denoted as Qρ, can
approximate the ideal channel ½e�iN ðρÞt � for all states ρ, the discrimination
between the channelsQρ0 andQρ1 will also be easier than that of ρ1 and ρ2.
Since the CPTPmap used in Fig. 3a is independent of the input state ρ, the
discrimination between the channels Qρ0 and Qρ1 guarantees the dis-
crimination between the states ρ0 and ρ1. This implies that there exists a
fundamental lower bound on the number of copies for ρ required to realize
Qρ, given by kρ�K

0 � ρ�K
1 k1 ≥ kQρ0 �Qρ1k�, which serves as the key

equation for deriving the lower bound on K. The choices of ρ0 and ρ1 are
related to the feasible regionF defined in Eq. (11).

Proof sketch of Theorem 3
The constant sample complexity given inTheorem3 canbe explained based
on the following reasons. First, sincek HR k1 ¼ 2,which remains constant

as the system size grows, the cost of exponentiating the controlled-e�iρRA t

evolution does not scale with systemdimension, as indicated byCorollary 1.
Second, as shown in the right-hand side of Fig. 4b, a single ancilla qubit and
controlled unitary evolution is sufficient for the quantum phase estimation
algorithm.When ρ = ψA⊗ ψB, the lowest eigenvalue of ρRA ¼ IdA � ψB �
ψA � ψB is zero. On the other hand, when ρ = ψAB is a global random pure
state, then the lowest eigenvalueof ρRA ¼ IdA � ρB � ψAB 	 1

dB
Id � ψAB is

approximately − 1, especially for large d. Therefore, by setting t = π, the

eigenvalues of e�iðψABÞRA t and e�iðψA�ψBÞRA t corresponding to the lowest
eigenvalues of ðψABÞRA and ðψA � ψBÞRA are approximately eiπ and ei0,
respectively. As the binary representations of π/2π and 0/2π are 0.1 and 0, a
single ancilla qubit, which is equivalent to a single controlled unitary
operation in quantum phase estimation, is sufficient for telling these two
different eigenvalues. Finally, one round of the experiment is sufficient. This
is becauseρ itself has a significant overlapwith the eigenspace corresponding
to the lowest eigenvalue of ρRA in both cases. Therefore, by setting the
evolved state σ to be ρ, as depicted in Fig. 4b, one round of experiment can
detect the entanglement with a significantly high probability.

The complete proof can be found in the Supplementary Material (see
Supplementary Material for details of the algorithm).

Negativity estimation protocol
Below, we present our negativity estimation protocol, inspired by the
Hadamard-test-like circuit in ref. 30, as depicted in Fig. 4c. This type of
circuit was originally designed for estimating the trace of a unitary. Fol-
lowing a similar approach, by setting the evolved state as the maximally
mixed state and performing the controlled-e�iρTA t operation on the ancilla
and evolved states usingHME, we can estimate quantities like Tr½cosðρTA tÞ�
or Tr½sinðρTA tÞ� depending on the measurement basis of the ancilla qubit.
For instance,measuring the expectation value of thePauli-Xoperator on the
ancilla qubit would yield

Tr ðX � IdÞC� e�iρTA t ∣þi þh ∣� Id
d

� �
C� eiρ

TA t
h i
¼ 1

2d
Tr e�iρTA t þ eiρ

TA t
h i

¼ 1
d
Tr cosðρTA tÞ� �

;
ð12Þ

where C� e�ρTA t ¼ ∣0i 0h ∣� Id þ ∣1i 1h ∣� e�iρTA t. The measurement of
Tr cosðρTA tÞ� �

with different values of t enables us to estimate the negativity,
which can be expressed as a convergent Fourier expansion,

k ρTA k1 ¼
π

2
d �

X1
l¼1

4

πð2l � 1Þ2 Tr½cosðð2l � 1ÞρTA Þ�: ð13Þ

In particular, this HME-based negativity estimation algorithm repeats
the following procedures for a total ofM times:
1. Randomly sample an integer lwith aprobabilitydistribution according

to the coefficients of Eq. (13).
2. Run the circuit of Fig. 4c for one shotwith evolution time t=(2l−1) and

K(l) copies of inputting states ρ to produce an estimation of
Tr cos ð2l � 1ÞρTA

� �� �
using themeasurement result of the ancilla qubit.

By taking the median of means of these sequentially generated esti-
mations, we can get the final estimation of entanglement negativity. The
details of this algorithm and sample complexity analysis can be found in the
Supplementary Material (see Supplementary Material for details of the
algorithm).

Proof of Proposition 1
Observe that e�iψπ ¼ I� 2ψ, when the controlled-e−iψπ gate is applied
to the ancilla qubit and the evolved state σ, the whole state will evolve
into

¼ 1
2

σ σ � 2σψ

σ � 2ψσ σ � 2σψ � 2ψσ þ 4ψσψ


 �
; ð14Þ

whose row and column indices labeling thematrix blocks correspond to the
indices of the ancilla qubit. When the measurement outcome of the ancilla
qubit is ∣1i, which corresponds to measuring ∣�i � Id on Σ, the resulting
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state will become

Trc
ð∣�i �h ∣�IdÞð∣�i �h ∣�Id Þ

Tr ð∣�i �h ∣�Id Þ½ �
� �

¼ 1

ψ
�

∣σ∣ψ
�Trc 1

2

ψσψ �ψσψ

�ψσψ ψσψ


 �� �
¼ ψ;

ð15Þ

where Trc denotes tracing out the control qubit, and hψ∣σ∣ψi is the prob-
ability for getting the outcome ∣1i.

Sample complexity of quantum noiseless state recovery
The sample complexity of quantum noiseless state recovery is mainly
influenced by two factors. First, the realization of the controlled-e−iψπ evo-
lution requires multiple input states EðψÞ, the number of which is upper
bounded by Oðϵ�1k HE�1 k21π2Þ ¼ Oðϵ�1k HE�1 k21Þ, as predicted in
Corollary 1. Yet, after this evolution, one performsmeasurements and post-
selection to prepare the target state. This post-selection amplifies a block in
thewhole stateΣby hψ∣σ∣ψi�1 times. Intuitively, to keep thedeviationof the
prepared state from the ideal state smaller than ϵ, one needs to realize the
controlled-e−iψπ evolutionwith an accuracy of hψ∣σ∣ψiϵ, which increases the
sample complexity by a factor of hψ∣σ∣ψi�1. Second, only when the mea-
surement outcome of the ancilla qubit is ∣1i, the resultant state will be ψ.
Thus, on average, a number of hψ∣σ∣ψi�1 experiments are needed to obtain
one successful experiment. Considering all these factors, we can arrive at the
overall sample complexity.

Theorem 6. Let E be an invertible noise map. DenoteHE�1 :¼ ΛT1

E�1 as the
Hamiltonian to realize E�1 in HME, and let F :¼ hψ∣σ∣ψi be the fidelity
between ∣ψihψ∣ and σ. Then we need at most
O logðδ�1Þϵ�1F�2k HE�1 k21
� �

copies of Eð∣ψihψ∣Þ to approximately pro-
duce ∣ψihψ∣ within trace distance ϵ and a success probability at least 1− δ.

Data availability
The data that support this study are available upon reasonable request.

Code availability
The codes that support this study are available upon reasonable request.
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