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Decoherence of quantum hardware is currently limiting its practical applications. At the same time,
classical algorithms for simulating quantum circuits have progressed substantially. Here, we
demonstrate a hybrid framework that integrates classical simulations with quantum hardware to
improve the computation of an observable’s expectation value by reducing the quantumcircuit depth.
In this framework, a quantum circuit is partitioned into two subcircuits: one that describes the
backpropagated Heisenberg evolution of an observable, executed on a classical computer, while the
other is a Schrödinger evolution run on quantumprocessors. The overall effect is to reduce the depths
of the circuits executed on quantum devices and enable the recovery of expectation values at
intermediate times throughout the classically backpropagated circuit, trading this with classical
overhead and an increased number of circuit executions. We demonstrate the effectiveness of this
method on a Hamiltonian simulation problem, achieving more accurate expectation value estimates
compared to using quantum hardware alone.

Quantum algorithms promise significant advantages over classicalmethods
in many applications such as Hamiltonian simulation1 and solving systems
of linear equations2. These advantages can often only be realized for suffi-
ciently large problem instances and typically require coherent imple-
mentations of deep quantum circuits. However, decoherence of current
quantumhardware limits their application to short-depth quantumcircuits.
Errormitigation3–5 has been used to enable accurate calculations on current
quantum hardware at a scale beyond brute force classical computation6.
Thesemethods typically incur a samplingoverhead that is exponential in the
depth of the circuit.

In response to the cost of error mitigation, recent experimental
demonstrations aim to optimize the performance and resource overhead of
quantum experiments by leveraging a variety of classical techniques to
reduce the depth of executed quantum circuits. For example, advancements
in transpilationhave led tomore efficient swap routing7,8, which can result in
shallower circuits to execute. Tensor networks have been used in conjunc-
tion with classical optimizers to improve the accuracy of expectation values
for time evolution problems9. Hybrid multi-product formulas10–12 enable
performing Hamiltonian time evolution using an ensemble of shallower
quantum circuits. Recent algorithms for approximate quantum compiling
utilize tensor networks and a classical optimizer to compress deep Trot-
terized time-evolution circuits into shallower approximations12–17.

Additionally, recent works have studied the application of feed-forward
measurements to circuit compilation in the context of circuit cutting18 and
measurement-based state preparation19,20.

These rapid developments highlight an ongoing need to discover new
algorithms to reduce the depth of quantum experiments.

In this manuscript, we introduce a framework to reduce the depth of
quantum circuits using classical simulation algorithms based on Clifford
perturbation theory (CPT)21.We thenapply this frameworkusing theQiskit
Addon for operator backpropagation22 and execute experiments on quan-
tum hardware to observe the reduction in error which can be achieved for a
utility scaleHamiltonian timedynamics experiment. CPT-basedalgorithms
classically compute the expectation value of an observable by back-
propagating it, i.e. evolving the observable in theHeisenberg picture through
the gates of the circuit in reverse order, starting from the last gate of the
circuit. Provided that the circuit consists of a small number of non-Clifford
operations, the Pauli decompositions of the backpropagated observable can
be computed exactly by a classical computer in reasonable runtime. For
circuits with a large proportion of non-Clifford gates the cost of exact
backpropagation grows intractably with circuit depth; however, by allowing
for some approximation error a wider range of circuits can be back-
propagated inpractice. Such a strategy has been successful in approximating
the outcomes of recent utility-scale experiments23. Theoretically, algorithms
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based on CPT have been shown to be asymptotically efficient for several
interesting classes of quantum circuits, including those that are noisy with a
random input24 or those that consist of random single-qubit operations25.

In contrast to these asymptotic analyses, this work uses CPT to
approximate the Heisenberg evolution for explicit circuit instances while
tracking the accuracy of the calculation using a combination of typical-case
error bounds24 and the triangle inequality.

In our framework, a quantum circuit is split into two subcircuitsUQ

and UC (Fig. 1). The observable of interest is backpropagated under UC

and decomposed as a linear combination of Pauli operators. These Pauli
operators are then measured on the quantum state prepared by UQ. In
general, the number of Pauli operators grows with the depth of the
backpropagated subcircuit. Thus, operator backpropagation (OBP)
allows one to reduce circuit depth in exchange for a classical overhead
and an increase in the total number of circuits executed on quantum
hardware. Because OBP calculations can become classically expensive
and lend themselves to distributed implementation, our method is
amenable to be run in quantum-centric supercomputing
environments26. In Section II, we introduce the OBP framework and
demonstrate an application of OBP for improving quantum simulation.
In particular, we show that OBP helps reduce the error in computing the
expectation values of observables for circuits with up to 127 qubits and
4896 two qubit gates. Hence, given a fixed error tolerance, OBP enables
the computation of expectation values for deeper quantum circuits than
a purely-quantum approach. Lastly, in Section III we describe the OBP
framework, including details of the CPT algorithm, the truncation
strategies employed, and strategies for parallelizing the CPT calculation
across a multi-node architecture.

Results
Operator backpropagation
Many quantum algorithms rely on measuring operator expectation values
with respect to states preparedonquantumdevices. Specifically,we consider
problems of estimating

hOiU jψi � hψjUyOU jψi ; ð1Þ

given a quantum state jψi, a quantum circuit U, and an observable O.
Without loss of generality, we assume thatO is a traceless multi-qubit Pauli
operator. In near-term experiments, the depths of quantum circuits for
which the expectation values can be faithfully recovered are constrained by
the error of the quantumdevices, limiting the size of experiments that can be
performed.

Parallel to the advancements in quantum hardware, various classical
algorithms have been developed for numerically computing the expectation
value in Eq. (1). For problems considered in recent experiments, these
classical algorithms often perform better or as well as algorithms executed
on state-of-the-art quantum devices21,27.

Despite this, the classical complexity of estimating arbitrary
expectation values grows exponentially with problem size and, thus, will
become out of reach for general classical algorithms even on the largest
supercomputers.

To distribute the expectation value problem in Eq. (1) between a
quantum device and a classical simulator, we consider a decomposition
ofU =UCUQ into two subcircuitsUC andUQ. The classical simulator first
computes O0 � Uy

COUC—the version of O evolved backward through
the circuit Uy

C . One then prepares the initial state jψi on the quantum
hardware, applies the circuit UQ, and measures the expectation value
of O0.

It is straightforward to verify that the result ψjUy
QO

0UQjψ
D E

¼
ψjUyOUjψ� �

is the desired expectation value in Eq. (1).
Standard quantum hardware can measure the expectation values of

observables that are diagonal in a local measurement basis. To measure the
expectation value ofO0, we require that the classical simulator decomposes it

in the Pauli basis, i.e.

O0 ¼
X
P

cPP ; ð2Þ

where P∈ {I, X, Y, Z}⊗n are multi-qubit Pauli operators on n qubits and the
real numbers cP ¼ Tr ðO0PÞ=2n are the coefficients of the decomposition.
We call the process of approximately evolving O through Uy

C operator
backpropagation (OBP). Given the backpropagated observable O0, we
measure the expectation value of each Pauli in the decomposition and
reconstruct the expectation value of O0 by

ψjUy
QO

0UQjψ
D E

¼
X
P

cP ψjUy
QPUQjψ

D E
: ð3Þ

We summarize these steps in Fig. 1.
Our framework offers a trade-off between the required circuit depth

and the number of circuit executions which are needed to compute hOiUjψi.
Because the circuit executed on quantum hardware UQ will be shallower
than the original circuit, the resources needed to error mitigate each indi-
vidual circuit are lowered. In exchange, thenumber of distinct circuitswhich
must be executed increases with the number of Pauli operators that com-
prise O0 in Eq. (2). In general, the number of Pauli measurements and the
error-mitigation overhead both grow exponentially with the depth of UC,
thus this framework allows us to trade between these exponentials to
optimize the resource requirements and accuracy of quantum hardware
experiments. The applicability of our framework thus depends on several
factors, including the noise profile of the quantum device and details of the
problems at hand, e.g. how close the circuits are to Clifford circuits.

Experimental demonstration
In this section, we demonstrate the operator backpropagation technique on
a Hamiltonian simulation experiment. In particular, we consider the
simulation of the XY model with nearest-neighbor couplings

H ¼
X

i;j2EðΛÞ
J XiXj þ YiYj

� �
þ h

X
i2Λ

Zi ; ð4Þ

whereXi,Yi,Zi are the Pauli operators supported on site i and EðΛÞ is the set
of edges of aD-dimensional regular latticeΛ, e.g. a one-dimensional chainor
a two-dimensional heavy-hex lattice. For all experiments performed, we
consider thismodelwhere J=1,h=0, andweare interested in estimating the
polarizationM � 1

n

P
iZi.

To simulate e−itH, we Trotterize the time evolution and approximate it
with U(τ)t/τ, where τ is the Trotter step size, t is taken to be an integer
multiple of τ, and

UðτÞ ¼ e�ihτ
P

i
Zi
Y

i;j2EðΛÞ
e�iJτðYiYjþXiXjÞ : ð5Þ

Since this Trotterization preserves theU(1) symmetry of the XYmodel, the
expectation value ofM is exactly computable and the error in themeasured
expectation can be used as a proxy for the error of the simulation. Although
M is a conserved quantity of ourTrotter circuits, recovering the dynamics of
individual Zi operators is not classically efficient in general when Λ is two-
dimensional. Using OBP we recover these individual expectation values as
well and compare against values obtained by a matrix product state (MPS)
calculation.

All experiments were error mitigated using a combinations of zero-
noise extrapolation (ZNE)3,4,28,29 via probabilistic error amplification
(PEA)4,30–33 as well as twirled readout error extinction (TREX)34. The noise
learning and noise amplification procedures used to apply PEA were per-
formed as in Ref.6. In the Supplemental Information, we discuss further the
details of the error mitigation used.
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To benchmark the framework, we first apply it to the simulation of the
exactly solvable one-dimensional XYmodel of 75 spins. We observe that as
circuit depth increases, experiments leveraging OBP obtain lower error for
estimates of polarization when the total number of circuit executions are
held constant. In addition, we run a larger experiment of a two-dimensional
XY model on heavy-hex lattice of 127 spins. This system is not exactly
solvable and other two-dimensional geometries are known to exhibit
interesting phenomena such as topological phase transitions35. We observe
that for all Trotter depths considered, experiments which estimate the
polarization using OBP obtain a reduction in error relative to experiments
which do not use OBP.

For both the one and two-dimensional spin models, the spins are
mapped to a subset of nearest-neighboring qubits on the coupling graph of
ibm_kyiv, one of IBMQuantum’s superconducting quantumprocessors.
We fix the length of each Trotter step to be τ = 0.05 and consider the
expectation value of the polarization, i.e.

hMik ¼ ψjUyðτÞkMUðτÞkjψ� �
; ð6Þ

at different numbers of Trotter steps k, with and without using OBP to
reduce the circuit depth by 5 Trotter steps. We chose this value by fixing an
L2 error budget for the classical approximation ofM, fixing a maximum of
10 qubit-wise commuting Pauli groups, and then selecting the largest whole
number of Trotter steps that could be backpropagated within these
constraints. For the 75 (127) qubit experiments, O0 contained 370 (881)
Pauli terms, respectively. See the Supplemental Information for a detailed
description of the classical OBP calculations.

For each OBP computation, the polarization M � 1
n

P
iZi is pro-

cessed for five Trotter steps by backpropagating each Z operator inde-
pendently using an L2 error budget of 0.01 and 0.025 for the one and two
dimensional models, respectively. In each case, the truncation error
budgets were distributed unevenly across the circuit slices, withholding a
majority of the error budget for the final slice. For both models, the set of
Paulis supporting all backpropagated observables are collected into 8
qubit-wise commuting groups, each of which is independently evaluated
on a QPU.

Additionally, the Pauli operators needed to reconstruct one through
fourTrotter steps are a subset of thoseneeded to reconstructfive steps. Thus,
we can re-use our measurement data to recover the dynamics of both XY
models for all k ∈ [0, 25], despite the fact that we only execute circuits on
hardware where k is an integer multiple of 5.

The results shown for all experiments are obtained by bootstrapping
the measurements into 100 batches and then taking the mean across all
postprocessed batches. The error bars are plotted with a 2σ confidence and
datawhich leveragesOBP is plottedwith a shaded regionwhich includes the
statistical error of the experiment as well as the L2 error budget (See Section
III) which was allocated during backpropagation. See the Supplemental
Information for more information on the error mitigation used for this
experiment.

In Fig. 2a, we plot the expectation value of the polarization, i.e. Eq. (6)
for a onedimensionalXYmodel of 75 spins. Thedeepest circuit executed for
this experiment is 25 Trotter steps, which requires 1924 two-qubit gates and
a two-qubit circuit depth of 52. The initial state jψ0i is initialized to
j00 . . . 0i, except for seven evenly spaced qubits which are initialized to j1i.
Under the dynamics of the XYmodel, these “excitations” (qubits initialized
to j1i)will spread toother sites on the lattice.We reconstruct the expectation
value of all localZoperatorswith andwithoutOBPand compare theirmean
to theknownreferencevalueof 75�2�7

75 � 0:813.The experimentsperformed
with andwithoutOBP each use a total 262144 circuit executions for every k.
We observe that after 15 Trotter steps, the experiments leveraging OBP
achieve a statistically significant reduction in error when estimating 〈M〉k.
Because these experiments use the same number of circuit executions, the
estimates obtained viaOBPuse anoverall fewernumber of total circuit layer
operations - 19% (45%) fewer for the 25 (10) Trotter step data points,
respectively. Although the OBP framework will, in general, introduce an
overhead in the number of quantum circuit executions (shots), these results
highlight that even for a fixed budget of circuit executions, one can reduce
the error of a quantum simulation by reducing circuit depth via OBP.
Furthermore, because the circuits shortened via OBP have fewer total gates
per circuit executions, these experiments require fewer total quantum
operations

In Fig. 2b, we highlight another important feature of the OBP frame-
work: the ability to recover the dynamics at intermediate times from coarse
measurement data. Specifically, from the measurement after only 5, 10, 15,
20, and 25 Trotter steps, we can use OBP to reconstruct the expectation
values of observables at all Trotter steps from 0 to 25.We plot the dynamics
of several such observables Zi in Fig. 2b and compare against reference
values obtained from MPS simulations. The Zi displayed are chosen with i
located near the initial excitations (red circles in the inset of Fig. 2a) in order
to observe strong dynamical response to the excitations. We note that our
estimates of the individualZidynamics aremore impacted bynoise thanour
estimates of 〈M〉k, which is explained by a concentration about the mean
arising from the averaging over all Zi. Nevertheless, we observe qualitative
agreement between the fine-grained dynamics reconstructed via OBP and
those obtained via a MPS simulation. Additionally, we can compare the
error mitigated expectation values for the same total number of Trotter
steps, but whereOBPwas or was not used to reduce circuit depth by 5 steps.
These data points provide a direct way to compare the impact of OBP for
individual observable expectation values.

In addition to the exactly solvable XY spin chain, we also consider a
two-dimensionalXYmodel of 127 spinsdefinedonaheavy-hex graphgiven
by the qubit connectivity of the ibm_kyiv QPU. The largest circuit exe-
cuted in this experiment is 25 Trotter steps, which requires 4896 two-qubit
gates and a two-qubit depth of 102. Because this model is two-dimensional,
the resulting Trotter circuits are approximately twice as deep and contain
254% as many two-qubit gates as the Trotter circuits for the one-
dimensionalmodel. These circuits aremore strongly impacted bynoise, and
the light-cones of operator expectation values spread more rapidly across
the system. In the Supplemental Information, we detail how the Trotter
circuits in this experiment were synthesized.

In Fig. 2c and d, we plot 〈M〉k for the two-dimensional XY model as
well as the expectation values for a handful of local Z observables, which we
compare with reference values obtained through MPS simulations. The
MPS calculations are discussed in more detail in the Supplemental Infor-
mation. Similar to the one-dimensional experiment, we initialize jψ0i to
j00:::0i apart from seven excitations which are placed near the center of the

U

UQ UC

UQ

|ψ⟩

|ψ⟩

|ψ⟩ O′ = U†
COUC

O

O

Fig. 1 | Operator backpropagation (OBP) framework.A quantum circuitU is split
into two subcircuits UC and UQ. A classical simulator computes the Pauli decom-
position of O0 ¼ Uy

COUC , which is then measured on quantum hardware.
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lattice. We reconstruct the expectation values of all local Z operators with
andwithoutOBP and compare themeanwith the known reference value of
127�2�7

127 � 0:89. For these experiments, each groupof qubit-wise commuting
Paulis estimated on hardware is allocated 32768 shots, resulting in a total of
262144 (32768) shots for estimatesof 〈M〉kwith (without)OBP.Weobserve
that for all number of Trotter steps, estimates of 〈M〉k which use OBP to
reduce the circuit depthby5 stepsobtaina statistically significantdecrease in
error relative to experiments which do not make use of OBP.

Discussion
We have introduced the OBP framework for improving the quantum
computation of expectation values for Pauli observables on pre-fault tol-
erant hardware and demonstrated on quantum hardware how OBP can
reduce the error of a Hamiltonian time dynamics experiment. This fra-
mework reduces the depth of quantum circuits run on quantum hardware,
limiting the impact of errors and the cost of errormitigation in exchange for
an increase in the number of experiments and an additional classical
overhead. In the context of Hamiltonian simulation, OBP reduces the error
in approximating the dynamics of quantum systems, allowing longer-time
simulation compared to purely quantum approaches.

An important feature of the OBP framework is the ability to recon-
struct dynamics at intermediate times from coarse measurement data. For
example, in our experiment,we onlymeasure the state after 5, 10, 15, 20, and
25 Trotter steps, but the expectation value of the observable can be

constructed for all Trotter steps between 0 and 25. Additionally, the same
expectation value can be computed in multiple ways: for example, the
expectation value after 15Trotter steps canbeobtained from the experiment
which executes 15 Trotter steps on a QPU and does not backpropagate the
target observable, or from the experiment which runs 10 Trotter steps on a
QPU and backpropagates the target observable through 5 Trotter steps. In
principle, these multiple ways to estimate the same quantity, each suffering
fromadifferent set of errors,may be used to obtain amore accurate estimate
of the expectation value. Exploring such an error-mitigation scheme is an
interesting future direction.

The OBP framework is convenient whenever measuring the back-
propagated observable requires a manageable number of quantum circuit
executions. Generally, this requirement puts a constraint on the depth of the
circuitUC through which an observable can be backpropagated. If one fixes
an error budget and a maximum overhead in the number of observable
measurements, then the reduction in circuit depth which can be achieved
will depend strongly on the circuit which one attempts to backpropagate.
The OBP framework will show the most promise for problems where the
size of one’s backpropagated observable grows slowly with the depth ofUC.
This can be achieved in situations where, for example, UC consists of few
non-Clifford operations or the dynamics of a quantum systems experience
periodicity at stroboscopic times, at which point the backpropagated
observable may grow slowly enough that one can obtain substantial depth
reduction before the incurred overhead grows prohibitively large.

Fig. 2 | OBP experiments with 75 and 127-qubit spin models. Benchmarking the
OBP framework in the simulation of the one-dimensional XY model of 75 spins (a)
and (b) and the two-dimensional XYmodel of 127 spins (c) and (d). a/c Expectation
of the polarizationM at different time steps. The polarization is a conserved quantity
(dashed line) under the dynamics of the XY model. Due to noise, the experimental
signal decays with the depth of the circuit and can be partially recovered using error
mitigation. The signals at different noise amplification (by a factor of 1, 1.5, 2.25 and
3, indicated by bolder to more transparent dashed orange lines, respectively) are
extrapolated to obtain the PEA estimate (solid orange lines). Using OBP with 5
Trotter steps backpropagated, the polarization can bemeasured to a higher accuracy
in deep circuits (blue lines). The insets highlight the qubits of ibm_kyiv used to

represent the spins. The qubits are initialized in either j0i (green circles) or j1i (red
circles). b/d Dynamics of several individual Zi under the XY model. The vertical
dashed lines indicate Trotter steps at which the expectation values aremeasured. The
orange scatter points indicate results frommeasurement at 5, 15, and 20Trotter steps
and applying PEAwithout OBP. The OBP framework helps recover the dynamics of
intermediate time values (blue scatter points) from these coarse measurement data.
The results agree with the reference values (solid gray lines) obtained via an MPS
simulation. All error bars shown were obtained through bootstrapping with 100
batches, and are shown at a 2-σ confidence. The shaded blue region represents the
additional L2 error bound due to the classical approximation of the backpropagated
observable.
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Identifying such use cases where backpropagation yields substantial depth
reductionwhile the full experiment remains classically hard to simulate is an
interesting direction for future work.

Methods
Truncation error
Recall that the backpropagated observable O0 is written as a linear combi-
nation ofmulti-qubit Pauli operators (cf. Eq. (2)). Some coefficients cP in the
decomposition may be small enough that they can be truncated from O0

without incurring significant error. We discuss the estimation of this
truncation error in this section.

Suppose thatS is the set of Paulis uponwhichO0 is supported, T is the
subset of Pauliswhichwill be truncated, andK is the subset of the remaining
Paulis which will remain after truncation. Let O0

K ¼PP2KcPP be the
truncated version of O0. The difference between them is

Δ � O0 � O0
K ¼

X
P2T

cPP : ð7Þ

Using the triangle inequality, the truncation error can be bounded by the L1
norm of the truncated coefficients,

j ψQjΔjψQ

D E
j≤
X
P2T

jcPj ; ð8Þ

where jψQi ¼ UQjψi. This error bound is rigorous, but it can only be
saturated if the truncated Pauli operators mutually commute and jψQi
happens to be a common eigenstate of the operators. Except for these worst
cases, the L1 norm of the truncated coefficients will largely overestimate the
truncation error.

Instead, we may use a different estimate that is expected to better
capture the truncation error in typical cases. To motivate the estimate, we
first assume that jψQi were drawn from a 1-design ensemble. The error in
the expectation value follows a distribution with a vanishing mean and a
variance given by24

EjψQij ψQjΔjψQ

D E
j
2
≤

1
2n

Tr ðΔ2Þ ¼
X
P2T

jcPj2 : ð9Þ

Thus, the majority of the drawn jψQi would result in a truncation error
smaller than theL2 normof the truncated coefficients. In our problem, jψQi
is deterministic instead of being randomly drawn from an ensemble. But if
UQ is a generic and sufficiently deep circuit, we expect Eq. (9) better captures

the typical values of hψQjΔjψQi than theworst-case bound [Eq. (8)], leading
to an estimate

j ψQjΔjψQ

D E
j≲

X
P2T

jcPj2
 !1=2

: ð10Þ

We benchmark both error bounds in Fig. 3 and show that it is indeed the
case for even a relatively shallow circuit.

Operator backpropagation via Clifford perturbation theory
Our framework requires the decomposition of the backpropagated obser-
vable O0 in the computational basis. In this section, we discuss an imple-
mentation of such an OBP algorithm based on the Clifford perturbation
theory (CPT)21. The key idea is that Clifford circuits can be efficiently
simulated by classical computers andwe can realize an algorithmusingCPT
whose complexity scales exponentially with the non-Cliffordness of UC.

The OBP algorithm based on CPT works as follows. First, we split the
subcircuit to be backpropagated, UC, into slices,

UC ¼
YS
s¼1

U s � US . . .U2U1 ; ð11Þ

where S denotes the total number of slices andU s represents a single slice of
UC. No constraints aremade on the depth of the slices and each slicemay be
supported on all qubits. The purpose of splitting of UC into slices is to
provide timely stopping points within the OBP algorithm to control the
growth of the intermediate observable O0ðsÞ by truncating terms with low
magnitude coefficients. The algorithm proceeds by iterating over the circuit
slices in reverse, i.e. starting from slice S and ending on slice 1. For each slice,
all quantum gates are analytically applied to the current operator,

O0ðsÞ ¼ Uy
S�sþ1O

0ðs�1ÞUS�sþ1 ; ð12Þ

where s denotes the iteration index of the OBP algorithm and O0ð0Þ ¼ O is
the original operator whose expectation value we are interested in.

For example, if O = X1 is a Pauli X supported on qubit 1 and US is a
CNOT gate between qubits 1 and 2, O0ð1Þ ¼ Uy

SX1US again contains only
one Pauli string X1X2. However, if US were a T gate on qubit 1,O0ð1Þ would
instead contain two Pauli operators: X1 and Y1. In general, the number of
Paulis in the backpropagated observable remains the same after applying a
Clifford gate andmay double after eachnon-Clifford one. Therefore, during
the course of theOBPalgorithm, the number of Pauli terms comprisingO0ðsÞ

can grow exponentially.
The OBP algorithm based upon CPT is particularly convenient when

UC contains gates that are unitary rotations by small angles. Such rotations
often arise in a Trotterized Hamiltonian simulation. In such cases, many of
the coefficients in the decomposition of O0ðsÞ are small, providing an
opportunity to truncate them from the operator. In our implementation,
truncation occurs after the backpropagation of each slice and our total error
budget is divided up among the fixed number of slices.

At this point we emphasize once more that the slices are not restricted
to be of depth 1. For example, when a X1X2 and Y1Y2 rotation are applied
subsequently on the same pair of qubits 1 and 2, truncating terms between
their individual backpropagation may not be desirable, because back-
propagating both gates at oncemay itself result in beneficial cancellation of
terms. This choice might be made, a-priori, if one knows that the operator
being backpropagated, e.g.Z1+Z2, is an approximate symmetry of anX1X2

+ Y1Y2 rotation. This is precisely the situation encountered in the experi-
ments presented in Section II and discussed further in the Supplemental
Information, where slices are chosen to contain a single layer of XX + YY
rotations.

Truncation of the operator reduces the memory required to store its
Pauli decomposition, but it also leads to a challenge in tracking the total
truncation error. Because truncation occurs at different points in the

Fig. 3 | Comparison between L1 and L2 error bounds vs. exact error of OBP
truncation.The exact error ∥Δ∥ from truncating a backpropagated observable (blue
circles) and the error bounds based on the L1 norm [Eq. (8), orange dashed line] and
the L2 norm [Eq. (10), blue dotted line] of the truncated coeffcients. Here,UQ andUC

each correspond to 5 Trotter step time evolution circuits for a 12 qubit XY model
[Eq. (5)] on a one-dimensional lattice with closed boundary conditions at Trotter
step size dt= 0.1. The initial state is j00 . . . 0i and the target observable isZ1. The total
number of Pauli terms in the backpropagated observable without truncation is 271.
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Heisenberg evolution, the orthogonality of truncated components cannot be
assumed. Thus onemay not use Eq. (8) or Eq. (10) directly. Instead, one can
use the triangle inequality to further upper bound the total truncation error

ϵ≤ ϵ1 þ ϵ2 þ . . . ϵS ; ð13Þ

where ϵs is the truncation error, evaluated using either Eq. (8) or Eq. (10), at
the sth iteration.

For the implementation of OBP discussed here, a total error budget is
specified up front which is divided among each slice of UC. At each trun-
cation step, Pauli terms are removed in order of increasing coefficient
magnitude until no further terms can be truncated without exceeding the
per-slice error budget. At the end of truncation, any residual error budget is
added to the per-slice error budget of the next slice. The complexity of this
procedure scales as OðjSsj log jSsjÞ where Ss is the set of Pauli terms
comprising O0ðsÞ prior to truncation.

The implementation of OBP described above will terminate if any of
the three following conditions are met: the observable O has been back-
propagated through all circuit slices, U s; after expending the truncation
budget, the size of K is over the user-specified limit; or the algorithm
exceeded a user-specified runtime limit.

The latter two early-termination criteria are motivated by practical
constraints. The totalnumber ofPaulis in thedecompositionofO0, i.e. jKj, is
a proxy for both the classical memory requirements as well as the total
number of quantum circuits which need to be executed on hardware. It is
also possible to terminate based on the minimal number of qubit-wise-
commuting Pauli groups, which defines the true number of required circuit
executions. However, computing this quantity is NP-Hard36 and approx-
imating it for large jKj can be prohibitively expensive.

Parallelization of operator backpropagation
Backpropagation of observables is a form of simulation and thus has
exponential overhead in general. Employing truncation schemes can extend
the reach of this method, however, it is natural to question how well these
classical algorithms can be scaled for large problem instances. In this section
we discuss the challenges of scaling our method to a highly parallelized
architecture like one might see in an HPC cluster. We observe that one
immediate obstacle lies in the potentially prohibitive amount of all-to-all
communication between computational nodes which arises from a naive
parallelization of the norm-based truncation strategy we describe in Section
III. Finally, we describe a scheme for distributing theOBP calculation across
nodes where the number of messages passed scales only linearly in the total
number of nodes.

Multiple approaches can be taken to parallelize the implementation of
theOBP algorithm. Themost naïve approachwould be to simply parallelize
the backpropagation of multiple operators of interest but this assumes that
one indeed hasmultiple operators to begin with. Furthermore, this does not
resolve the fundamental limitation imposed by memory being the most
likely resource constraint for how many circuit slices can be back-
propagated.Therefore, amulti-nodeparallelization for the backpropagation
of any single operator is desirable.

The OBP implementation based on CPT poses two major difficulties
for such a parallelization. First, when a slice of circuit operations gets
backpropagated, each operation has to be applied to each Pauli term. If the
circuit operation commutes with the Pauli term, this is trivial. Otherwise, if
the operation is non-Clifford, the backpropagation results in up to twice the
numberofPauli terms, possibly leading tonew termsnotpresent previously.
When this is done in parallel ondisjoint sets of Pauli terms, the resulting sets
may no longer be disjoint. If one now desires to perform low-magnitude
coefficient truncation while adhering to an error budget, the sets of Pauli
terms must be de-duplicated such that coefficients of duplicate Pauli terms
are properly summed.Naïvely, this would involve either an all-to-all or one-
to-all communication pattern, posing a severe bottleneck on the paralleli-
zation efficiency, and in the latter case, bottlenecking the entire computation
by any single node’s memory capacity. Second, agreeing on a truncation
threshold over a distributed set of Pauli terms also poses a potential diffi-
culty. In the following, we are going to propose a solution to overcome both
of these limitations.

Thefirst problem can be tackled by realizing that all 4NPauli terms that
span the space ofN qubits have a natural ordering. Every Pauli term can be
represented via two bitstrings of length N where each bitstring encodes the
presence (1) or lack (0) of a Z or XPauli at a given index37–39. This is possible
due to the relationsof the identity and threePaulimatrices.Therefore, in this
representation, the four possible combinations of two bits encode the fol-
lowing: (0, 0)→ I, (0, 1)→ Z, (1, 0)→ X, (1, 1)→ Y.

Further, we can concatenate the bistrings encoding the Z and X Paulis
to form a single bitstring of length 2N. This bitstring serves as a unique
identifier for every possible Pauli term and provides a natural order to the
entire set. Thus, given any Pauli term, its bitstring can be used as an address
to quickly determine its position in the larger set.

When distributing Pauli terms across R compute nodes, the entire
address space canbepartitioned it intoR intervals, associated to thedifferent
nodes. This distribution scheme ensures that for any Pauli address, the
corresponding nodewhose interval contains this Pauli can be determined in
constant time. This procedure is visualized in Fig. 4 for a specific case
involving 4 qubits and a selection of Pauli terms which are to be assigned to
one of the four compute nodes. From left to right, the figure shows how a
Pauli gets encoded in the ZX calculus which then gets interpreted as an
address that can be mapped into the address range associated with a
given node.

The scheme presented above addresses the challenge of distributed
deduplication and requires each node to exchange at most R messages. In
the Supplemental Information, we further show how the partitioning of
Pauli addresses can be efficiently updated in order to balance the number of
Paulis within each node’s interval, requiring OðRÞ total messages to be
passed.

Now that a distributed storage system for the Pauli terms has been
devised, backpropagation of any circuit slice can be performed in parallel on
disjoint sets of Pauli terms. If we wish to truncate Pauli terms with low-
magnitude coefficients, this can also be done in parallel but care must be
takennot to exceedany specifiederror budget.To this end, everynode can in
parallel determine the smallest and largest coefficient magnitude and
communicate these values to a master node. Upon receiving all lower and
upper bounds, the master node can propose a truncation threshold and
broadcast this to all nodes. Each node can then compute its own truncation
error for the proposed threshold and send this information back to themain
rank. By iterating on this procedure, a binary search for an agreeable
truncation threshold can be performed on a distributed set of Pauli terms
and coefficients. Therefore,OðR logðjSjÞÞ broadcast messages are required
to determine the truncation threshold, where S is the set of Paulis upon
which the backpropagated observable is supported, prior to truncation.

Note added: During the preparation of this manuscript, we learned
of complementary works by Lerch et al.40, Rudolph et al.41, Miller et al.42,
and Faehrmann et al.43.40–42, each present techniques similar to OBP
where operators are propagated backward through entire circuits as a
form of simulation. Thesemanuscripts discuss valuable ideas outside the

Fig. 4 | Example of distributingPauli terms based on their binary encoding index.
From left to right we show how a Pauli term is encoded as a binary array which then
gets interpreted as an address that can be mapped into the address range associated
with a given node.
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scope of this work including different approaches to operator trunca-
tion, extensions to fermionic systems, and variations where the coeffi-
cients of backpropagated operators are represented symbolically as a
function gate rotation angles. Meanwhile, Faehrmann et al. proposed to
backpropagate an observable through a short-time evolution of a
Hamiltonian using the truncated Taylor series. In general, one can
instead construct a Trotterized approximation to the dynamics and
apply the OBP framework detailed in this manuscript. Comparing the
efficiency of the two approaches and identifying applications where one
can be more beneficial than the other is of great practical interest, but is
outside the scope of the current manuscript.

Data availability
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