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Time-reversal symmetry breaking,
collective modes, and Raman spectrum in
pair-density-wave states

Check for updates

Yi-Ming Wu1 , Andrey V. Chubukov2, Yuxuan Wang3 & Steven A. Kivelson4

Inspired by empirical evidence of the existence of pair-density-wave (PDW) order in certain
underdoped cuprates, we investigate the collective modes in systems with unidirectional PDW order
withmomenta ±Q and a d-wave form-factor with special focus on the amplitude (Higgs)modes. In the
purePDWstate, there are twooverdampedHiggsmodes.Weshow that aphasewith co-existingPDW
and uniform (d-wave) superconducting (SC) order, PDW/SC, spontaneously breaks time-reversal
symmetry—and thus is distinct from a simpler phase, SC/CDW, with coexisting SC and charge-
density-wave (CDW) order. The PDW/SC phase exhibits three Higgs modes, one of which is sharply
peaked and is predominantly a PDW fluctuation, symmetric betweenQ and−Q, whose damping rate
is strongly reduced by SC. This sharp mode should be visible in Raman experiments.

A pair density wave (PDW) is an exotic form of superconducting order
in which Cooper pairs carry finite center-of-massmomentum1–19. Many
recent experiments have reported possible signatures of PDW order in
the absence of a magnetic field in correlated electronic systems, such as
kagome metals20–26, NbSe2

27–29, UTe2
30–32, EuRbFe4As4

33, SrTa2S5
34 and

rhombohedral graphene35. Certain La-based underdoped high Tc cup-
rates, such as La2−xBaxCuO4 (LBCO) and La2−x−yXySrxCuO4 with
X=Nd (LNSCO) or X=Eu (LESCO) are themost intensely studied PDW
candidate materials, where the bulk superconducting (SC) Tc has a deep
minimum at x ≈ 1/8, while the ordering temperature for a stripe charge-
density wave (CDW), Tcdw, is maximal36. At Tc < T < Tcdw transport
measurements suggest a dynamical decoupling of the Cu-O layers37–47,
which is plausibly explained by the existence of in-plane stripe PDW
order with twice the period of the CDW. BelowTc, this PDWordermost
plausibly coexists with a d-wave SC order48.

However, obtaining direct experimental evidence of PDW order has
proven difficult. Transport properties can be difficult to interpret uniquely
in complexmaterials. STM is another commonly used technique to provide
evidence of PDW order49–51. However, STM measurements provide infor-
mation about surface states, and evidence of order can be difficult to dis-
entangle from signatures of quasiparticle interference52. More
fundamentally, it is unclear towhat extent STMcandistinguish aPDWstate
from aCDW+SC state. Given that a PDW is a “newphase ofmatter,”more
direct and unambiguous experimental signatures are needed. An important
experimental development in this direction is a recent X-ray study of
underdoped LBCO and La2−xSrxCu1−yFeyO4

53 that apparently provides

bulk evidence for the coexistence of PDW and uniform SC order in a range
of T.

In this paper, we study low energy amplitude and phase collective
modes in a system of unidirectional d-wave PDW order54–56 with and
without coexisting d-wave SC order. In the pure PDW state we find the
amplitude (Higgs) modes are overdamped. In the PDW+SC state, we
find that (i) the system favors spontaneous time-reversal symmetry
breaking (TRSB) and (ii) one of the amplitude (Higgs) modes is nearly
delta-function-like. Such a sharp mode is predominantly from the
synchronous motion of the two PDW amplitude modes with Q and −
Q, and its damping is almost completely eliminated by the presence of
uniform SC order. This mode should be visible in non-resonant Raman
scattering measurements57–67, which then can be used as a versatile tool
in the search for bulk evidence of PDW order. For comparison we also
consider a coexisting CDW and SC state, which has been frequently
discussed for La-based cuprates, see e.g.44,68–73. We argue that Raman
experiments can distinguish between CDW +SC and PDW + SC
states, at least when SC order is larger than the order with which it co-
exists.

Results
Free energy at mean-field level
To enable explicit calculations, we consider a specific microscopic model of
PDW order on a square lattice designed to represent one Cu-O layer. The

fermion dispersion is taken to be ξðkÞ ¼ �2t cos kx þ cos ky
h i
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�4t0 cos kx cos ky � μ. We choose t0 ¼ �t=4 and report all energies in
units of t. The chemical potential μ is chosen to set x = 1/8, resulting in the
Fermi surface in Fig. 1a. The PDW and SC order parameters Δ(R, τ; r) are
taken to be of the form

ΔðR; τ; rÞ ¼
X

q¼0; ±Q

ΔqðR; τÞeiq�Rf ðrÞ ð1Þ

where τ is an imaginary time, q ¼ 0 for the uniform SC order and q ¼ ±Q
for the two PDW orders74–76, and R and r denote the center-of-mass and
relative positions of the two fermions in a Cooper pair. The Fourier
transform of f(r) is the pairing form factor, which we take to have the dx2�y2

form, f k ¼ cos kx � cos ky . We assume a period-8 PDW order
so Q ¼ ðπ4 ; 0Þ.

At the mean field level, ΔqðR; τÞ ¼ Δq ¼ jΔqjeiφq does not depend
on R and τ. The phase factors φq have to be determined by minimizing
the variational free energy. A conventional coupling of these mean field
order parameters to band fermions (Δψ†ψ† + h.c) yields a set of Bogo-
liubov quasiparticle bands77. In Fig. 1b we show the constant energy

contours (CEC) of the first Bogoliubov band above the Fermi level for a
pure d-wave SC order. In Fig. 1c we show the FS in the folded BZ, and in
Fig. 1d, e we show CEC for the PDW states. For a pure PDW order, there
are multiple “Bogoliubov Fermi surfaces”39,42,78–81, as shown in Fig. 1d.
These Fermi surfaces are further gapped if a uniform SC is also present,
see Fig. 1e.

We obtain the effective Ginzburg-Landau (GL) action in terms of
ΔqðR; τÞ byHubbard-Stratonovich transformation of the underlyingmodel
with 4-fermion interactions (see ref. 77) we obtain

FMF ¼ α1ðjΔQj2 þ jΔ�Qj2Þ þ α2jΔ0j2
þβ1ðjΔQj4 þ jΔ�Qj4Þ þ β2jΔ0j4
þβ3jΔQj2jΔ�Qj2 þ β4jΔ0j2 jΔQj2 þ jΔ�Qj2

� �

þβ5 Δ
2
0Δ

�
�QΔ

�
Q þ c:c:

� �
þ . . .

ð2Þ

where all the coefficients are convolutions of fermionic propagatorswith the
dispersion set by ourmicroscopicmodel77. In particular, all βi turn out to be

Fig. 1 | Fermi surface (FS) in the original Brillouin zone (BZ). a FS without
superconducting orders. b CEC for a d-wave SC in the original BZ for jΔ0j ¼ 0:2t.
The red dot indicates the nodal point. The dashed and solid curves are for electron-
like and hole-like dispersions, respectively. c FS in the folded BZ. d CEC for a pure

PDWwithmomentumQ ¼ ðπ4 ; 0Þ in the folded BZ for jΔ±Qj ¼ 0:2t. The red curves
indicate the residual Fermi surfaces. e CEC for a PDW+SC case with φQ = φ−Q and
φ0 = π/2+ φQ and with jΔ0j ¼ 0:1t and jΔ ±Qj ¼ 0:2t. Different colors correspond
to different energies, specified to the right of each panel.
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positive, at least at T≪j�ΔQj; j�Δ0j. In this situation,FMF is minimized when
jΔQj ¼ jΔ�Qj. The relation between the phases of SC and PDW orders is
determined by β5 > 0, so

φ0 �
φQ þ φ�Q

2
¼ π

2
þ nπ ð3Þ

where n is an integer. Since φ0 → −φ0 and φ±Q → −φ∓Q under time
reversal18, Eq. (3) is not time-reversal invariant. This implies that in amixed
PDW+ SC state the system favors spontaneous TRSB (TRSB in the mixed
state does not depend on the phase difference φQ− φ−Q, which is arbitrary
to the order described by Eq. (2). This phase is fixed once we include the 8th

order contribution toFMF :�υ½ðΔQΔ
�
�QÞ

4 þ c:c:�, which is allowed for the
commensurate, period 8 case we have treated. We have computed the
prefactor v and found it is positive. Thus, φQ − φ−Q = mπ/2, where m is
integer.), of which some experimental signatures have been reported in
LBCO82,83.

Collective modes
We now go beyond mean-field and consider small fluctuations, which in
momentum space we parameterize as54,74,84–91

ΔqðqÞ � Δq 1þAqðqÞ þ iθqðqÞ
h i

ð4Þ

where q = (ωm, Q) and AqðqÞ and θqðqÞ are the amplitude and phase
variations, respectively.They satisfyAqð�qÞ ¼ A�

qðqÞ,θqð�qÞ ¼ θ�qðqÞ and
Aqð0Þ ¼ θqð0Þ ¼ 0. It is convenient to introduce a vector basis
ζðqÞ ¼ ½AQðqÞ;A�QðqÞ;A0ðqÞ; θQðqÞ; θ�QðqÞ; θ0ðqÞ�T . Using this basis
and truncating thefluctuatingpart of theGLactionSGLat theGaussian level,
we obtain (see77 for details)

Sð2ÞGL ¼
X
q

ζT ðqÞΓ̂�1ðqÞζð�qÞ ð5Þ

The matrix Γ̂
�1ðqÞ can be thought of as the inverse matrix Green’s

function for the fluctuating fields (see77 for details). The dispersions of
the collective modes along the imaginaryMatsubara frequency axis iωn

can be found by solving for det Γ̂
�1ðqÞ ¼ 0. To obtain the dispersions

along the real frequency axis ω and the spectral functions Bj(q, ω) (j
labels the collective modes), we use Pade approximants92 to implement
the analytic continuation iωn→ω+ 0+. Here Bjðq;ωÞ ¼ �1

π ImDjðq;ωÞ
andDj(q,ω) is the j-th eigenvalue of Γ̂ðq;ωÞ.Wewill be interested in the
spectral functions of the amplitude modes in the long-wavelength
limit, and define Bj(ω) ≡ Bj(q = 0, ω). The calculations are done at T =
0.005t, which is in all cases that we studied is well below the values of
jΔQj, jΔ0j.

Pure PDW and pure SC
WhenonlyΔ±Q are present,wefind twophase and twoamplitude collective
modes

θ ± ðqÞ ¼
θQðqÞ± θ�QðqÞffiffiffi

2
p ; A± ðqÞ ¼

AQðqÞ±A�QðqÞffiffiffi
2

p : ð6Þ

In Fig. 2a we plot the spectral functions B(ω) for the two amplitude
modes. We see that both modes are strongly overdamped, and the
damping is stronger for theAþ mode. The fact thatB(ω) for theAþ mode
peaks at a higher energy than that for the A� mode can be understood
analytically within the GL action54,77. For comparison we also present
B(ω) forA0 when only a d-wave SC is present (yellow curve).Unlike in an
s-wave SC, where BðωÞ / 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2 � 4jΔ0j2

p
, here for a d-wave SC there is

no singularity because of nodal quadiparticles, and the broadmaximum is
at ω=jΔ0j � 6.

PDWwith SC
WhenbothΔ0 andΔ±Q are present, wefind three phase and three amplitude
eigen modes

θþ;± ðqÞ / θQðqÞþθ�QðqÞffiffi
2

p ± CθðqÞ
� �± 1

θ0ðqÞ;
θ�ðqÞ / θQðqÞ � θ�QðqÞ;
Aþ; ± ðqÞ / AQðqÞþA�QðqÞffiffi

2
p ± CAðqÞ

� �± 1A0ðqÞ;
A�ðqÞ / AQðqÞ �A�QðqÞ;

ð7Þ

where Cθ(q) and CAðqÞ are two dimensionless numbers. It can be shown
that Cθð0Þ ¼ 1=

ffiffiffi
2

p
, while CAð0Þ depends sensitively on the relative gap

magnitudes.We see fromEq. (7) thatA� is decoupled fromA0, although its
propagator is affected by the presence of the SC order. For small q, we find
CA ≫ 1 for jΔ0j≫ jΔQj, and CA ≪ 1 for jΔ0j≪ jΔQj. Moreover, when
CA ≫ 1, we have Aþ;þ � A0 and Aþ;� � Aþ [cf. Eq. (6)]; while in the
other limit when CA ≪ 1, we have Aþ;þ � Aþ and Aþ;� � A0 instead.
We showournumerical results ofB(ω) for the three amplitudemodes inFig.
2b and c for jΔ0j > jΔQj, CA ≫ 1 and jΔ0j < jΔQj, CA ≪ 1, respectively.
We note for both cases there exist an almost undamped peak for the lowest
energy mode, which is predominantlyAþ.

A sharp Higgs peak is absent in the pure PDW and pure SC cases and
thus appears to be a unique feature of mixed PDW+SC order. From an
analytic perspective, the case of jΔ0j≫ jΔQj, CA ≫ 1 is relatively easy to
understand when jΔQj is treated perturbatively. To locate the modes, one
has to (i) re-evaluate the frequencies of Aþ and A� from Eq. (6) in the
presence of SCwithin GL action, (ii) includemode-mode coupling between
Aþ andA0 so that the eigen modes becomeAþ; ± and (iii) re-evaluate the
damping rates in the presence of SC.We show the calculations in77 and here
list the results:On (i), the resultingAþmode frequency remains comparable
to 2jΔQj, as in a pure PDW state, while the frequency of the A� mode
increases in the presence of stronger SC and becomes comparable to jΔ0j.
This is consistent with Fig. 2(b), which shows that the peak in theA� mode
is at a frequency set by jΔ0j rather than by jΔQj.We note in passing that this
effect is caused by the same β5 term in (2) that is responsible for TRSB. On
(ii), mode-mode coupling (level repulsion) shifts the frequency of theAþ�
mode to a smaller frequency, comparable to jΔQj. On (iii), theA� mode is
peaked above 2jΔ0j and its damping is not reduced compared to a pure
PDW, but the damping rate of theAþ;� mode, peaked well below 2jΔ0j, is
strongly reducedby SCandalsoby the fact that even in apurePDWstate the
damping is very small at ω � jΔQj. As a consequence, the Aþ� mode
becomes almost completely propagating and the corresponding B(ω) dis-
plays a near-δ-function peak (There is a certain similarity between our case
and Morr-Pines scenario for the resonance peak in the cuprates93. We also
note that theHiggsmode can, in principle, alsodecay into twoquasiparticles
of the phasemode θ−

54,94. This is a higher-order process, not included in our
analysis).

Numerical results77 for a generic ratio of jΔ0j=jΔQj and in particular,
for the opposite limit jΔ0j≪ jΔQj as shown in Fig. 2c again show a sharp
spectral peak for the lowest energy amplitude mode (note for CA ≪ 1 as in
Fig. 2c this undamped mode isAþ;þ). To understand this analytically one
needs to go beyondmode-mode coupling analysis (see ref. 77) since even an
infinitesimal SC order parameter gaps out the entire Fermi surface (except
for the nodal points) thus changing the susceptibilities in a non-
perturbative way.

CDWwith SC
We now discuss the case of uniform SC coexisting with CDW order. To
permit a direct comparison to the PDW +SC state, we take the CDW
ordering vector to be P = 2Q. We also assume the CDW has an electronic
origin60,61,95,96, and neglect the presence of optical phonon modes (for
comparison, see refs. 97–102). Thus, we parametrize the CDW fluctuations
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as

ρðqÞ ¼ 2jρPjð1þAρðqÞÞ cosðP � r þ θρðqÞÞ; ð8Þ

where Aρ and θρ are the CDW amplitude and phase modes (amplitudon
andphason).As before, we introduce the attractive interactions in theCDW
and SC channels and obtain an effective action for CDW and SC orders. At
the mean-field level, we find that the phase of a SC order parameter can be
arbitrary, i.e., TRS is not broken. Importantly, thismeans that the phase with
coexisting SC and PDW order is thermodynamically distinct from the phase
with coexisting CDW and SC order! The part of the action describing
fluctuations aroundmean-field is formally the same as Eq. (5) in a newbasis
ζ 0 ¼ ½AρðqÞ;A0ðqÞ; θρðqÞ; θ0ðqÞ�T . There are two phase and two amplitude
eigenmodes

θρðqÞ; θ0ðqÞ; A0
± / A0 ± ½CρðqÞ�± 1Aρ: ð9Þ

In Fig. 2d we show the spectral functions for the two amplitudemodesA0
± .

First we note Cρ ≪ 1 for the chosen parameters. In fact, Cρ remains small

even with larger jρPj or jΔ0j, meaningA0
þ � A0 andA0

� � Aρ. As in the
PDW + SC case, the mode, for which B(ω) displays a visible peak, largely
describes fluctuations of a non-SC order (here, CDW). We see, however,
that the peak is substantially broader than in the PDW+SC case.

Raman spectrum
We next check whether the sharp mode for the PDW+SC case and a more
broadened A0

� mode for the CDW+SC case can be detected in Raman
scattering. For this, we compute dressed Raman susceptibilities defined as
χRðωnÞ ¼

R
dτeiωnτ limq!0 T τ~ρðq; τÞ~ρð�q; 0Þ	 


where T τ is the time
ordering and ~ρðq; τÞ ¼ P

k;σγðkÞψy
σ ðk þ q=2; τÞψσðk � q=2; τÞ is the

Raman density with the Raman vertex γk. Applying linear response
theory77,103–108, we obtain

χRðωnÞ ¼ KðωnÞ � ΛT ð�ωnÞΓ̂ðωnÞΛðωnÞ: ð10Þ

Here K ¼ χ~ρ;~ρ is the bare Raman susceptibility, Λ ¼ χζ ;~ρ is the coupling
between the Raman density and a collectivemode and Γ̂ is the susceptibility
of the collective mode.

Fig. 2 | Spectral weights of the amplitude modes in various cases. a Spectral
functions B(ω) ofA ± for a pure PDWorder andA0 for a pure SC order, bothwith d-
wave form factor. b B(ω) for the three amplitude modes in Eq. (7). The inset shows

CA as a function ofMatsubara frequencyωn at q=0. In this caseCA≫1. c is similar to
(b) butwith parameters such thatCA≪1.dB(ω) for the two amplitudemodes for the
CDW+SC order. The numerical calculations are done at T = 0.005t.
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In the presence of either PDW or CDW order, the original four-fold
rotational symmetry of a square lattice is broken down to two-fold, inwhich
case the symmetry group for rotations in the XY plane becomesD2. Out of
four one-dimensional representations of D2, the most relevant ones are
A : cos kx; cos ky; cos kx ± cos ky and B ¼ sin kx sin ky

105. We consider
Raman vertices γ(k) with either A or B symmetry. For pure stripe PDW
order in either x or y direction, the B1 Raman channel is inactive, and in the
A channel only modes that are even under Q → −Q are visible. For the
PDW+SC case, we find by directly computing χR that the Aþþ and Aþ�
modes are Raman active, while the A� mode is Raman inactive. For the
CDW+SC case,A0

± are both Raman active.
In Fig. 3 we show the calculated Raman intensity

IRðωÞ ¼ �1
π Im χRðiωn ! ωþ i0þÞ, in the A channel with γðkÞ ¼ cos kx

and cos kx ± cos ky , for PDW, PDW +SC, and CDW +SC orders. We
see that the Raman intensity is qualitatively the same for all γ(k). For a
pure PDW [panel (a)], the Raman response is featureless at small fre-
quencies because the A� mode, which could potentially give rise to a
peak in IR(ω)

54, is Raman inactive. For PDW+SC order [panel (b)],
IR(ω) reproduces the sharp peak in the spectral function of the Aþ�
mode. For the CDW + SC state, IR(ω) calculated with γðkÞ ¼ cos kx
reproduces a small hump corresponding toA0

� mode, but this feature is
not observed when calculated using γðkÞ ¼ cos kx ± cos ky . Based on
these results, we argue that Raman scattering can distinguish different
ordered states.

Effects of weak disorder
In the presence of weak disorder, the existence of 2D long-range CDW or
PDWorder is precluded (for incommensurate order this is true even in 3D),
and we expect that PDW and CDW order only exists with finite (possibly
large) correlation length.Thenature of the remaining (vestigial) orderswhen
a pure PDW state is disrupted by weak disorder is not entirely clear109,110.
However, a PDW+SC state remains distinct from a CDW+SC state since
the TRSB characteristic of the PDW+SC phase should survive as vestigial
order for a finite range of disorder strengths.

Another feature of disorder is that it induces a new form of coupling
between the uniform SC and PDW orders when they coexist. Such a cou-
pling is realized by a possible 1Q CDW order

ρ±QðrÞ � Δ�
0ðrÞΔ±QðrÞ þ Δ�

∓QðrÞΔ0ðrÞ
h i

: ð11Þ

In the absence of disorder, TRSB implies that this 1Q order vanishes.
However, in thepresence of a disorderV(r), there is an additive contribution

to the effective action of the formF dis ¼ VðrÞ ρQðrÞeiQ�r þ c:c:
h i

. Including

this contribution in the PDW+SC case and assuming V(r) is short-range
correlated we find77: 1) At least to lowest order in the disorder strength, the
disorder coupling always favors spontaneous TRSB, enforcing the tendency
already derived in the clean limit (The physics behind this is the same as that
which underlies the disorder driven breaking of TRS in junctions in which
the leading order Josephson coupling is frustrated111,112.); 2) It induces local

1Q CDW order which is weak (small amplitude) but can have a relatively

long correlation length that diverges when V2 ! 0. This sort of disorder-
stabilized density-wave correlations is reminiscent of Zn doping stabilized
spin-stripe order in LSCO113 and YBCO114.

It is also important to mention that in materials which exhibit sig-
natures of the coexistence of uniform SC and PDW or uniform SC and
CDWorders, it is always questionable whether they coexist uniformly, or if
instead they occur in distinct mesoscopic regions of the material, and only
truly coexist at the interfaces between regions48. Such coexistence could
exhibit features quite different from anything we have analyzed.

Discussion
We have found that there is a clear distinction between a state with coex-
isting uniform SC and PDW order and a state with coexisting uniform SC
and CDW order. First, the former state is expected to spontaneously break
TRS. Second, we studied amplitude collective modes for PDW +SC and
CDW+SC states and found that for a PDW+SC state, the spectral function
of one collective mode displays a near-δ-function peak. We found that this
mode is Raman active and argued that a sharp peak should be visible in the
Raman intensity. There is no such sharp peak in a CDW+SC state, i.e., the
peak is apparently a unique feature of the PDW+SC order. A peak in the
symmetric A Raman channel at ω ~ 50cm−1 has been reported in under-
dopedLSCOatx≈0.157. It is tempting to associate this peakwith low-energy
peak in the PDW +SC state, Fig. 3(b). However, since establishing this
channel requires careful subtraction across multiple raw datasets, more
intensive and rigorous measurements are needed to conclusively identify
whether this is the case.

Data availability
Sequence data that support the findings of this study have been deposited at
https://doi.org/10.5281/zenodo.15670839.
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