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Abstract

Population density plays a critical role in microbial fitness. However, its influ-
ence on pathogen colonization remains incompletely understood. Porphyromonas



gingivalis (Pg) is a pathogen that plays a major role in periodontitis. It exhibits
Allee-type growth and requires a quorum threshold to replicate. Yet, it is fre-
quently detected at low abundance in vivo. We integrate quantitative growth
experiments with mathematical modeling to identify ecological and stochastic
determinants of Pg persistence. A cubic Allee-effect model quantifies a quorum
threshold below which populations collapse. Conditioned medium from Veil-
lonella parvula (Vp) lowers this threshold, indicating early-colonizer facilitation.
Stochastic extensions and Fokker—Planck analysis show that microenvironmen-
tal noise enables persistence below the Allee barrier. This behavior is consistent
with long-term subthreshold experiments that yield persistent survival. Pg-Vp
co-cultures further demonstrate replicate rescue outcomes for subcritical inocula.
Vp reliably reaches capacity, constraining terminal phases within the experimen-
tal horizon to coexistence or Pg extinction. A two-species replicator model maps
these outcomes onto a (3,) plane. This mapping restricts accessible regions
once Vp is established and suggests interventions that reduce facilitation and
limit Pg-associated inflammation.

Keywords: Porphyromonas gingivalis, Periodontitis, Allee effect, Microbial
heterogeneity, Noise-induced phase transitions, Evolutionary game-theory

Introduction

Periodontitis is among the most prevalent chronic inflammatory diseases, affecting
nearly half of the global adult population [1]. Beyond local tissue destruction and tooth
loss, periodontitis is now recognized as a systemic disease modifier that contributes to
cardiovascular disorders, metabolic dysregulation, adverse pregnancy outcomes, and
neurodegenerative conditions [2-4]. Despite this broad health burden, the microe-
cological and biophysical principles that allow periodontal pathogens to persist and
destabilize microbial communities remain incompletely understood [5, 6].

As a multifactorial, biofilm-driven condition, periodontitis emerges through a shift
in the oral microbiota from a commensal-dominated, health-associated state (eubio-
sis) to a pathogen-enriched, pro-inflammatory configuration (dysbiosis) [6, 7]. These
contrasting states can be understood as alternative stable equilibria of the microbial
community. Eubiosis reflects a balanced composition that resists pathogen overgrowth
and supports immune homeostasis, whereas dysbiosis is characterized by the enrich-
ment of Porphyromonas gingivalis (Pg) and other pathogens, promoting sustained
inflammation and tissue destruction [8].

Central to this transition is Pg, a Gram-negative obligate anaerobe that, even
at low relative abundance, can remodel microbial community structure and modu-
late host immune surveillance [9, 10]. This observation, formalized in the keystone
pathogen hypothesis, reframes pathogenicity in terms of ecological impact rather than
absolute population dominance [11]. However, most studies have focused on individual
virulence factors or host interactions in isolation, rather than examining how ecolog-
ical thresholds, stochastic survival strategies, and cross-species interactions combine
to determine Pg persistence [12-14].



A paradox emerges from this perspective, as Pg is frequently detected at low
levels in both healthy and diseased conditions despite exhibiting Allee-type growth
behavior [10, 15], a form of inverse density dependence in which population growth
becomes negative below a critical threshold [16]. Classical population theory would
therefore predict extinction of subthreshold populations, yet clinical studies report
that Pg may persist, if at low abundance, in a fraction of individuals with periodontal
health [17, 18] or reappear after antimicrobial or mechanical debridement [19-21].
This discrepancy implies that buffering mechanisms enable Pg to cross or bypass
deterministic extinction thresholds and push the community toward the dysbiotic
basin of attraction [14, 22].

One such mechanism may be microbial facilitation. In polymicrobial communities,
metabolic interdependence and cooperative interactions are common [6, 14]. Veil-
lonella parvula (Vp), an early colonizer of oral biofilms, co-occupies niches with Pg and
may supply diffusible growth factors or alter redox conditions to favor Pg establish-
ment [6, 15, 23]. In vitro studies support this hypothesis, showing that Vp-conditioned
medium can significantly alter Pg growth dynamics and lower its effective colonization
threshold [12, 15]. However, the magnitude and mechanism of this facilitation remain
to be fully elucidated [23].

In addition to facilitation, stochastic effects stemming from microenvironmental
variability may enable Pg populations to survive at densities where deterministic
models predict extinction [9, 15, 24, 25]. Phenotypic heterogeneity, arising from
gene-expression noise and micro-niche variation, has been shown to confer survival
advantages through bet-hedging strategies [2, 14, 26]. For Pg, such heterogeneity could
represent a crucial colonization tactic, helping push populations across the tipping
point that separates extinction from dominance [26].

Lastly, the dynamics of colonization are shaped by nonlinear, frequency-dependent
interspecies interactions. Evolutionary game theory offers a principled framework
for describing how competition and cooperation generate alternative stable states in
microbial communities [27, 28]. In the Pg—Vp system, cooperation may underlie dys-
biotic transitions, whereas competition may correspond to eubiotic resilience where
Pg fails to replicate [6].

In this study, we integrate quantitative experiments with mathematical modeling
to address three questions: (i) How does Vp influence the colonization threshold of
Pg? (ii) Can heterogeneity-driven noise promote Pg persistence below deterministic
thresholds? (iii) Can we identify the Pg-Vp interactions that lead to experimentally
observed dynamic phases (microbiome constellations)? To answer these, we parameter-
ize an Allee-effect model, quantify Vp-driven threshold shifts, incorporate stochasticity
to explore noise-induced rescue, and use a replicator equation along with new Pg-Vp
coculture experiments to map potential bacterial interactions in their corresponding
phases.

Together, these approaches establish a systems-level perspective on Pg microecol-
ogy and provide a quantitative basis for explaining the persistence of this pathogen
despite its strong Allee dependency. Understanding these ecological mechanisms
is essential for designing targeted interventions that prevent Pg colonization or



restore microbial homeostasis to mitigate the systemic consequences of chronic oral
inflammation [6, 11].

Results

Critical Pg Density Threshold: Experimental Evidence for
Allee Effect

A central question in oral microbial ecology is why Porphyromonas gingivalis (Pg)
can persist at low levels in some individuals but becomes extinct in others. To address
this, we modelled Pg population growth using a cubic Allee-effect differential equation,
which encapsulates the principle that populations must surpass a critical quorum to
sustain growth [29]. The model equation reads:

(1 2) (2 ) 0

Here, N(t) is the Pg population (gene copies/ml) at time ¢, 7 is the intrinsic growth
rate, K is the carrying capacity, and A is the Allee threshold. The last term encodes
inverse density dependence, when N < A growth becomes negative and the population
heads toward extinction.

This model was fitted to experimental time-series data [15] using a global differ-
ential evolution-based optimization [30], in which the parameters r, K, and A were
estimated simultaneously across all experimental concentrations by minimizing the
aggregate error between observed and predicted log,,-transformed population sizes.
Fitting this model to the experimental growth curves yielded r = 0.6529 £ 7.1 x 1076,
K =2.08 x 102 £2.02 x 105, and A = 4.59 x 107 & 2.6 x 103, closely reproducing the
experimental observations (see Figure 1). The small uncertainty in r reflects its strong
identifiability from the early growth phase, while K and A are constrained by satu-
ration and survival-extinction dynamics. Further details for the parameter estimation
process can be found in Supplementary Note 2.

Please note that the Pg decline after reaching the theoretical capacity can be
mediated by nutrient depletion or metabolic waste buildup [31], phenomena that are
not captured by our rudimentary model. These results provide quantitative evidence
that Pg requires a minimal quorum to escape extinction.

This threshold shows why Pg is rarely sustained in healthy oral microbiomes. Host
immune clearance and competitive commensals keep Pg below the A threshold. Once
the threshold is crossed, however, Pg growth becomes self-reinforcing, establishing a
dysbiotic community that is difficult to reverse.

Vp-Derived Metabolites Facilitate Pg Persistence at
Subcritical Densities

Because the estimated Allee threshold A is high relative to Pg abundances in peri-
odontal health and even moderate periodontitis, we asked to what extent facilitation
by early colonizers lowers this barrier. We therefore quantified the effect of diffusible
Vp metabolites on the effective threshold by growing Pg in media supplemented with



cell-free Vp-conditioned supernatant harvested after 24 h and re-estimating A under
these conditions [15].
The Allee model was re-fitted to the Pg-Vp spent medium data

dN N N

NN <1 K) (AV,, 1), @
where Ay, is the metabolite-modified threshold. The fitted results showed a signif-
icant reduction in Ay, compared to previously estimated A across all tested spent
medium concentrations (Figure 2b). This suggests that Vp-derived metabolites lower
the minimum population size required for Pg persistence.

Vp-conditioned medium lowered the fitted Allee threshold relative to baseline
(Avp < A), but the effect was condition-dependent. For example, as shown in Figure
2a, at 25% Vp SM, subcritical Pg inocula failed to grow, consistent with the fitted
Ay, = 1.1 x 10% £ 4.09 x 10! remaining above the starting density of 1.09 x 10°
(Figures 2a, 2b). Across SM levels, estimates of r and K also varied (Figure 2b), but
the key factor for Pg growth persistence was the shift in A, which defines the extinc-
tion—persistence boundary. These parameter variabilities, together with the recurrent
detection of low-abundance Pg in vivo, motivate a stochastic extension in which A
and r stochastically fluctuate to model microenvironmental and demographic noise.

Microenvironmental Noise Enables Pg Persistence

The deterministic Allee model captures how Vp-derived metabolites lower the Pg
persistence threshold, but it cannot explain replicate-to-replicate variability near this
barrier. In vivo, bacterial populations are exposed to complex fluctuations affecting
both their inherent proliferation ability (demographic noise in the sense of nutrient
fluctuations) and their quorum sensing thresholds (environmental noise in the sense
of diffusion rates or signal interference). Such fluctuations can intermittently support
persistence below the deterministic Allee threshold.

The impact of proliferation and Allee threshold noise correlation

To capture this variability, we generalize the model by introducing distinct stochastic
fluctuations for the proliferation rate (r) and the Allee threshold (A):

A(t) = Am(l + 77A(t))7 (3)
r(t) = rm(L+n.(t)), (4)

where 14 and 7, are Gaussian white noises with intensities 04,0, and a correlation
coefficient A € [—1,1]. This formulation acknowledges that environmental cues often
impact multiple biological parameters simultaneously.

Substituting these stochastic terms into the general population equation yields the
following Stochastic Differential Equation (SDE):

AN (14 7 (8)) N
U At A <

- K) (N = A1+ 1a(0)). (5)



Assuming small noise amplitudes (o,,04 < 1), we linearize the pre-factor term
as (1+n)(1 +mna)~t =~ 1 +n,. —na. The noise is interpreted as n(t) = % in the
distributional sense, where W; denotes a Wiener process. Expanding the terms and
keeping contributions up to the first order in noise, we obtain a Langevin equation
driven by two correlated noise sources:

OF % 1)+ V) (1) — na(0) oV (1 3 ) a0 (6)
—
Neff N————

ga(N)

where f(NV) is the deterministic rate and ga(/N) describes how threshold fluctuations
couple to the population state.

Applying an extended mean-field analysis to this multi-noise system (see Supple-
mentary Note 1 for the detailed derivation via Novikov’s theorem), we determined the
sensitivity of the critical saddle node (N*) to these coupled fluctuations. Our analy-
sis reveals that the correlation A acts as a control parameter for population stability,
with the saddle node shift obeying:

Am 34,
5N*:7’mAm |:>\UTO'A (1—K) —O'i (2—K>:| . (7)

Assuming that A,, < K, this implies a biological dichotomy:

e Positive Correlation (A > 0): If growth-rate and Allee-threshold fluctuations
are positively correlated, the saddle node shifts to higher densities. For example,
high fluid flow rates increase nutrient supply but also wash away autoinducers and
secreted enzymes. This process demands higher bacterial densities to maintain quo-
rum [32]. As a result, the extinction basin expands, and the Pg population becomes
more vulnerable.

e Negative Correlation (A < 0): A negative correlation produces a “buffering”
effect. In nutrient-rich environments, the need for cooperative resource acquisition
often decreases [33]. This shift moves the saddle node toward zero. Survival becomes
more likely even at lower densities.

e Zero correlation (A = 0): For statistically independent noises, the quantity 6 N*
is always negative. This outcome enhances Pg survival by lowering the effective
threshold. It is likely the most common scenario, since proliferation and quorum
sensing operate on different time scales.

Environmental effective noise and experimental comparisons

While the two-noise framework provides a theoretical basis for how correlation shapes
stability, experimentally distinguishing 7, from 74 requires high-resolution single-cell
time traces. Therefore, to parameterize the net effect of these fluctuations against our
longitudinal population data, we utilize an effective single-noise approrimation. We
lump the correlated sources into a single effective noise term 7n(t) with intensity e.
Moreover, this assumption imposes no conditions on the noise magnitude.



To reflect this variability, we incorporated environmental and demographic noise
into the model by allowing the threshold (A) and proliferation rate (r) to fluctu-
ate. These stochastic terms collectively account for variability in microenvironmental
conditions and cell-to-cell heterogeneity affecting proliferation and sensing behavior.

A(t) = Ap (1 + Ven(t)) (8)
r(t) = rm (1 + Ven(t)), 9)
where 7(t) is Gaussian white noise, with (n(¢)) = 0 and (n(¢)n(t')) = 6(t —t’), and

e controls the overall noise intensity. Using the assumption 7(t) = na(t) = n,(t) and
substituting in Eq. (6), we obtain:

ingN<y—g>(N—Amﬂ+v@MD% (10)

where 7 = r,, /A, is a rescaled proliferation rate. We interpret the above equation
in the It6 sense; N = 0 (extinction) and N = K (capacity) are natural/absorbing
boundaries unless stated otherwise. This results in the stochastic differential equation:

AN = F(N)dt + vz g(N) dW, (11)
where W; denotes a Wiener process, and 7(t) = dgt/t is understood in the distributional
sense, with

N
F0) =i (1= ) OV = ),

o0 (1)

Assuming small noise intensity ¢ < 1, we can apply Novikov’s theorem [34, 35] to
obtain an extended mean-field approximation:

N

B 1) + 0D () (12)

The term €y ¢'(N)g(N) represents the mean-field correction for multiplicative noise.
Since we interpret Eq. (11) in the It6 sense, we treat eg as an effective fitted coefficient.
After some algebra, the mean-field equation reads:

dN N N

— =N(1-=)|f(N-A 2(1-2=). 1

= N ) [FV = A + e, (1 - 23) (13
As one observes, the third term on the right-hand side allows us to calculate the

new saddle node, which depends on the noise intensity:
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since the term == < 1. Therefore, noise shifts the saddle node, i.e., Allee threshold,
towards zero (see Figure 3). Thus, minimal quorum-sensing noise lowers the effective
Allee barrier by = €gry,, A, increasing the chance of under-threshold rescue. This
approximation is valid only for small noises, as a prerequisite for Novikov’s theorem.

At higher noise amplitudes (e >> 1), populations initiated above the Allee threshold
(No > A) remained robust to stochastic fluctuations and maintained populations
near carrying capacity (Figure 4a). In contrast, when populations started below the
threshold (Ng < A), stochastic variability occasionally enhanced survival by sustaining
persistence at low abundances, thereby rescuing populations from extinction (Figure
4b).

To validate the predictions of the stochastic model, we first conducted long-term
experimental observations of subthreshold Pg cultures. We then derived the corre-
sponding steady-state probability distribution using the Fokker—Planck equation and
compared it with the long-term subthreshold laboratory cultures of Pg.

Figure 5 shows the experimentally measured Pg trajectories over time and the
corresponding steady-state distribution, based on observations up to 32 days across
27 biological replicates. The data reveal heterogeneous outcomes. Some populations
collapsing to very low abundances (N < 102) at different rates, while others maintain
higher population levels (N = 10°) after fluctuating around the threshold.

This diversity of outcomes is consistent with the stochastic model predictions,
where random fluctuations can drive populations either toward extinction or persis-
tence. The limited number of observations at intermediate abundances (10> < N <
10°) suggests that populations spending relatively little time in this unstable region.
As shown in Figure 5a, individual trajectories exhibit such noise-driven fluctuations
near the Allee threshold before stabilizing at low or high abundance levels. Together,
these results demonstrate strong agreement between the experimental observations
and the stochastic model, supporting the interpretation that Pg population dynam-
ics are governed by stochastic transitions between extinction and persistence within a
metastable landscape.

For a quantitative link between stochastic dynamics and population persistence,
we computed the temporal evolution and steady-state probability distribution of the
Pg population from the corresponding Fokker—Planck equation (FPE) derived from
Eq. (11).

Op(N, t) 0 e 02

D) D (PN 0) + § s (2 (V)p(V 1) 1)

The equilibrium distribution for the multiplicative noise FPE reads:

C N9 flu
Peq(N) = 2N 7P </ 6gJ;Eu)) du) '

Please note that the FPE does not require any assumption for the noise amplitude e.
The resulting stationary probability density peq(NN) captures the expected bimodal-
ity of the experimentally measured frequency distribution, as calculated from 27




independent replicates initiated below the deterministic Allee threshold.
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2
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The steady-state distribution peq(N) resembles a Beta-like distribution with
compact support between [0, K|, consistent with the bounded nature of bacterial
population sizes. For our Pg growth experiments, a truncated power law trend
Peq(N) o« N~ was observed near the extinction state with an estimated exponent
of a = 2.47 £ 0.60 (95% CI: [1.81, 5.52]). Plugging into our theoretical exponent
a=2+ efm the experimentally obtained value, we find that the ¢ > 2.86. Unfortu-
nately, fitting the full distribution is difficult since we do not have observations close
to the capacity. Moreover, the high-N part of the distribution depends on the A,,, K
parameters, whose baseline values were fitted using 16STRNA gene experiments (see
Figure 1). Therefore, we cannot fit the full distribution since these baseline values
overestimate the ones that correspond to CFU densities of Figure 5a [36]. This mea-
surement discrepancy is not influencing the estimation of the proliferation rata 7,
[37]. The fitted € reflects the minimal intrinsic noise level that enables under-threshold
populations to persist (see Figure 5b). Biologically, the inferred e quantifies a minimal
microenvironmental-sensing noise sufficient to rescue underthreshold inocula; in vivo,
additional host and community variability will further increase effective noise, raising
the probability of escapes across the Allee barrier.

In summary, incorporating noise into the Allee framework reveals that random fluc-
tuations can shift the effective persistence threshold and rescue populations that would
otherwise collapse. This stochastic mechanism provides a quantitative explanation for
the intermittent detection of Pg at low abundance in vivo and indicates that persis-
tence is not purely deterministic. Instead, phenotypic heterogeneity and micro-niche
variability likely act as bet-hedging strategies that promote long-term survival.

Microecological Phase Transitions Driven by Pg—Vp
Interactions

To investigate how pairwise interactions shape microecological dynamics, we focused
on a system comprising Pg and Vp. This approach allows us to explore fundamental
ecological behaviors that may underlie more complex community transitions.

For mechanistic modeling purposes, we describe the possible outcomes of the Pg—
Vp system using four terms: Pg extinction, Pg dominance, stable coexistence,
and bistability. These terms capture the distinct dynamical states predicted by our
model and reflect alternative ecological attractors that can emerge from pairwise
interactions.

Let Npg and Ny, denote the absolute abundances of Pg and Vp, respectively, and
Niotat = Npg + Nyp, the total number of bacteria. We define the normalized relative
abundance of Pg as:

— Npg
Ntotal ’

Nvp

l—g=—"2
Ntotal

X




so that € [0, 1] fully characterizes the community composition. The four qualitatively
distinct outcomes can then be described as follows:

® Pg extinction: Pg is either absent or remains at low relative frequency, and the
community resists Pg invasion (x = 0 is a stable equilibrium).

® Pg dominance: Pg proliferates and becomes dominant, leading to a Pg-dominated
community (z =1 or a Pg-dominated interior equilibrium is stable).

® Stable coexistence: An interior equilibrium 0 < z* < 1 exists and is stable,
indicating that Pg and Vp persist together at steady state.

e Bistability: Both = 0 (Pg extinction) and = 1 (Pg dominance) are stable
equilibria, separated by an unstable interior threshold x*. The final outcome depends
on initial conditions, reflecting historical contingency in community assembly.

Each species’ fitness is determined by its interactions with Pg and Vp, encoded in
the payoff matrix
A — (%11 12 :
a1 22
where a;; is the payoff to species ¢ when interacting with j. The expected fitnesses are
frg(r) = a11w + ar2(1 — o), fvp(2) = aziz + aga(l — ).

The replicator equation is the dynamical core of evolutionary game theory that
translates payoff matrices into population dynamics [38, 39]. Here, the replicator
equation states that the rate of change of x is proportional to Pg’s excess fitness over
the population mean:

% = 2(foe(@) — F@)),  F(2) = feg(z) + (1 — z) fup ().

For two species, this simplifies to

% = 2(1 = 2)(frg(x) — fyvp(@))- (a7)

Substituting the linear fitness functions gives:

fee — fvp = (a12 — a22) + (@11 — a12 — ag1 + ag2) x,

B ol

and hence the normalized Eq. (17) reduces to a single cubic ODE:

& = (1= 0)(+2) = el — ) + ) (18)

The parameter S quantifies Pg’s relative advantage when interacting with Vp
(against Vp with itself) and v compares self-interaction against cross-species fitness
changes. The system has three equilibria: (z = 0) (Pg extinction), (x = 1) (Pg domi-
nance), and (z* = —(/7) (an interior tipping point if (0 < z* < 1)). Stability analysis



shows that (z = 0) is stable when (8 < 0), (z = 1) is stable when (8 + v > 0), and
(z*) is an unstable saddle if (7 > 0). On the other hand, the (z*) can become sta-
ble when 8 < 0 and 8 + v > 0. Table 1 resumes the biological interpretation of our
stability analysis results. Using the stability conditions of v and 8 parameters for the
replicator Eq. (18), one can compute a phase space diagram as shown in Figure 6
where four phases/attractors lie (Extinction, Dominance, Coexistence, and Bistability
state), separated by two boundaries (i.e., 8+ =0 and 8 = 0).

To constrain our theoretical results, we performed Pg-Vp co-culture experiments
under a subcritical inoculum (N (0) = 10%). When Vp was co-cultured with Pg on Day
0, all replicates exhibited sustained growth, reaching near carrying capacity levels,
consistent with strong early cross-species facilitation (Figure 7a). In contrast, when
Vp was introduced only after the onset of population decline (Day 9), the outcomes
varied. In several replicates, Pg regained growth to high densities following several
days of sustained population levels (‘Expansion’), whereas in others, the population
was stochastically rescued (“Rescue”) or sometimes went extinct despite Vp addi-
tion. Notably, when Pg was cultured alone before adding Vp, decline occurred in all
replicates but at variable rates, consistent with the stochastic model predictions of
noise-driven variability in time to extinction (Figure 4b).

By the end of all co-culture assays, Vp consistently reaches (or closely approaches)
its carrying capacity (own experimental data). Although Vp time series are not avail-
able, imposing restrictions on the identifiability of the payoff matrix, this terminal
saturation imposes a strong phase constraint: Pg-dominant endpoints are not observed.
Within the experimental horizon, attainable terminal states reduce to two possibilities:
(i) coexistence, with Pg at positive abundance while Vp occupies (near-)capacity; or
(ii) Pg extinction, with Vp alone persisting. Stochasticity blurs the separatrix between
these outcomes, producing the observed replicate variability. This experimental con-
straint on our phase space events has interesting implications for Pg-Vp interaction
payoff parameters. Our experiments suggest 8+ v < 0 = 11 < ag1. Assuming
that subcritical inoculation of Pg implies a1 < 0, no Pg-on-Vp interaction needs to
be assumed. If the Vp facilitation on Pg is larger than the contribution of Vp self-
renewal, i.e. 5 >0 =— i3 > qa9, it leads to bacterial coexistence. The latter can
explain the Pg rescue in the presence of Vp (even when added at later times), since the
Pg elimination state £ = 0 becomes unstable. Figure 7b schematically recapitulates
our findings.

Discussion

Dysbiosis in periodontitis is increasingly recognized as a microecological phase tran-
sition in the oral microbiome, in which a polymicrobial community enriched with
pathobionts such as Porphyromonas gingivalis emerges and disrupts the balanced com-
mensal community [9, 40]. Our results unify experimental observations and theory
by demonstrating that Pg persistence emerges from the interplay of (i) density-
dependent growth with an Allee threshold, (ii) cross-species facilitation by Vp, and



(iii) stochastic fluctuations possibly induced by environmental and phenotypic het-
erogeneity. Together, these mechanisms explain how Pg can persist at low densities
in vivo despite deterministic predictions of extinction (see Figure 8).

Our deterministic Allee model quantitatively confirms the existence of a crit-
ical density threshold (A) below which Pg populations collapse, consistent with
microenvironmental-sensing theory and the cooperative traits required for virulence
and biofilm maturation [16, 41]. Importantly, the addition of Vp-conditioned medium
lowered this threshold, supporting the idea that Vp functions as an ecological enabler
that metabolically primes the niche for Pg colonization [15, 24]. While the metabolic
cues required for Pg to support its own growth or those provided by Vp to Pg
have not been identified yet, our work supports earlier findings which suggested
Veillonella has a central role in the establishment of multi-species dental plaque com-
munities [25, 31, 42]. Veillonella are prevalent dental plaque colonizers, previously
recognized as a “core” subgingival species, which are proposed as generalists that play
a central metabolic role supporting eubiosis to dysbiosis microbiome shifts

Incorporating stochasticity revealed that noise can rescue subcritical populations
[43-45]. This result reframes Pg detection at low levels as a natural outcome of
noise-driven survival and bet-hedging strategies [14, 46]. Additionally, by analyz-
ing the corresponding FPE equilibrium distribution, we could obtain a quantitative
noise estimate that is in line with the observed frequencies of sub-threshold survival.
Clinical and experimental evidence supports this view: Few Pg cells can survive intra-
cellularly [47, 48] and form persister subpopulations that tolerate antibiotics and
re-initiate growth when stress abates [49-51]. Although our model does not explic-
itly resolve single-cell behavior, we hypothesize that fluctuations in cue thresholds,
signal concentrations, or cellular responsiveness could generate phenotypic variability.
Such heterogeneity may increase the likelihood of persistence at low densities, linking
molecular variation to population outcomes.

Finally, our exploratory game-theoretic model captures the context-dependent
switch between competitive and cooperative regimes. Mapping Pg—Vp dynamics in
the (8,7)-plane shows that Pg extinction corresponds to a globally attracting x = 0
state when 8 < 0, whereas Pg replication dominates when 8 + v > 0. The bistable
regime highlights the potential for history-dependent outcomes: once the community
is perturbed across the tipping point z* = —f3/7, it will commit to Pg-dominance,
even if the parameters remain unchanged. This provides a quantitative framework for
understanding why Pg colonization can be difficult to reverse once established. In co-
culture, subcritical Pg inocula exhibited replicate-to-replicate variable outcomes, as
expected for noise-assisted persistence in a facilitated background. Notably, Vp reli-
ably saturated to near carrying capacity by the end of the experiment; as a result,
Pg-dominant endpoints were not observed, and the attainable terminal phases within
the experimental horizon were reduced to two: coezistence (Pg persists with Vp at
capacity) or Pg extinction. The coexistence phase can be interpreted as a proxy for
the oral dysbiosis state. In our experiments, we mainly observe Pg-Vp coexistence,
since even when Pg is at very low abundance, Vp introduction can still destabilize the
zero Pg state.



Translationally, these findings suggest that therapeutic strategies should focus on
shifting 3 to negative values, thereby restoring eubiosis as the global attractor. Poten-
tial approaches include (i) promoting competitive colonizers to reduce Pg fitness (a;2),
(i) disrupting metabolic facilitation pathways provided by Vp, (iii) enhancing host
immune clearance of Pg, and (iv) timed ecological reseeding following biofilm dis-
ruption. These strategies can be systematically tested by monitoring longitudinal Pg
trajectories and inferring effective (3,~) values before and after the intervention.

The Fokker—Planck equation analysis provides a probabilistic view of Pg per-
sistence, revealing that stochastic microenvironmental-sensing noise can sustain
subcritical populations that would otherwise collapse deterministically. This noise is
expected to be enhanced in in vivo settings, where microenvironmental complexity is
much higher than in in vitro experiments. Quantitatively assessing the environmental
noise requires special experiments such as intermittent fluid flow in the subgingival
pocket that washes out quorum signaling, or temporal variance of Vp-derived heme
measured via microfluidics. This observation bridges ecological modeling with the
physics of decision-making in biological collectives. The bacterial population continu-
ously samples its microenvironment, and random fluctuations in signaling effectively
explore multiple “choices” between extinction and growth. Such stochastic switch-
ing mirrors cell-fate selection in multicellular systems, where intrinsic noise drives
transitions between phenotypic attractors.

The cell decision-making aspect allows us to invoke the Least Microenvironmen-
tal Uncertainty Principle (LEUP) [52-56], where multicellular communities tend to
minimize uncertainty about their microenvironment by adopting states that reduce
phenotypic entropy. Within this framework, the switch between Pg extinction and Pg
dominance can be viewed not only as a compositional phase transition but also as a col-
lective decision-making process. Facilitation by Vp reduces environmental uncertainty,
stabilizing a Pg-permissive niche. In contrast, interventions that enhance competition
increase uncertainty for Pg and thereby promote extinction. This interpretation sit-
uates our results within a broader decision-theoretic framework that links microbial
ecology with general principles of cellular adaptation.

Our study entails some limitations. First, the game-theoretic model is parame-
terized using Pg trajectories alone, which underdetermines the full payoff matrix.
Direct co-culture experiments measuring both Pg and Vp abundances are needed
to fully resolve the bacteria interactions. Second, we used a linear payoff structure,
which cannot capture saturating metabolic interactions or context-dependent facili-
tation. In particular, the observed Pg decline after reaching the theoretical capacity
indicates nutrient depletion, metabolic imbalance, or any other Pg stressor [31] pro-
duction that could be modelled by additional non-linearities. Third, our stochastic
analysis employed a Gaussian noise approximation and small-noise closure, which may
not accurately represent bursty or correlated fluctuations in vivo. Finally, our model
focuses on a two-species subsystem and ignores higher-order interactions with other
oral taxa and host immune responses that could shift the location of the tipping point.

Future work should focus on quantifying the molecular basis of Vp facilitation, val-
idating noise-induced persistence in controlled microfluidic systems, and calibrating



the game-theoretic model with high-resolution longitudinal multi-omics data. Inte-
grating these approaches will enable predictive control of Pg-associated dysbiosis and
inform the rational design of microbiome-targeted therapies aimed at restoring oral
and systemic health [6, 7].

Methods

Experimental Basis

Our modeling is based on quantitative growth data, focusing on three key experimen-
tal series reported by Hoare et al. [15], as well as new experiments designed to validate
the effects of stochasticity on Pg dynamics. As reported by Hoare et al. [15], single-
species inoculum experiments were performed by culturing Pg strain 381 across a wide
range of starting densities (105-10% cells/mL). Cultures were incubated anaerobically
at 37 °C in mucin—serum medium (2.5 mg/mL hog gastric mucin, 2.0 mg/mL proteose
peptone, 2.5 mg/mL KCl, 1.0 mg/mL trypticase peptone, 1.0 mg/mL yeast extract,
1.0 pg/mL cysteine HCL, 10% heat-inactivated human AB serum, 5 pg/mL hemin).
Growth was monitored daily by qPCR targeting the 16S rRNA gene. These data were
used to parameterize a cubic Allee-effect model capturing density-dependent determin-
istic dynamics. The resulting parameters then served as the baseline for our stochastic
analysis of Pg population behavior, enabling us to examine how microenvironmental
noise perturbs deterministic growth trajectories.

Second, we incorporated results from spent-medium complementation assays, in
which cell-free supernatant from stationary-phase Vp cultures was added to low-
density Pg inocula [15]. The spent medium of Vp was obtained by growing the
bacteria in mucin—serum medium under anaerobic conditions for 24 hours. The cul-
tures were then centrifuged, and the resulting supernatants were filter-sterilized twice
using 0.22 pum filters to ensure removal of all cells. This sterile, cell-free spent medium
was subsequently used at different proportions mixed with fresh medium, followed by
inoculation of Pg at low-cell-density (10° cells/mL). While the experimental observa-
tions indicated rescue from extinction, model fitting allowed us to quantify the extent
of threshold reduction through changes in the Allee parameter (A).

Third, Pg and Vp were co-inoculated into mucin-serum medium at a low cell
density of 10° cells/mL each, and cultured under anaerobic conditions in a batch
setup [15]. The cultures were incubated at 37 °C and sampled daily. The growth of
Pg was quantitatively assessed using qPCR. This experimental design aimed to eval-
uate interspecies interactions between early colonizers like Vp and Pg. The observed
growth of Pg from this co-culture experiment was used to inform and parameterize
the explanatory two-species replicator model, which captures the frequency-dependent
interactions and fitness landscape between the two species.

Fourth, to experimentally assess model predictions related to the influence of
stochastic fluctuations, we conducted a new set of long-term monoculture experiments
in which Pg was inoculated at a low cell density of 10° cells/mL in mucin-serum
medium and monitored for up to 32 days (27 biological replicates). Cultures were
sampled inside the anaerobic chamber, followed by serial dilutions and plating on
Brain Heart Infusion agar supplemented with blood. Colony-forming units (CFUs)



were determined after 7 days of growth. These experiments also included co-cultures
of Pg with Vp, with the latter either added at the beginning of the experiment as a
co-culture control, or introduced after Pg had been incubated for 9 days to evaluate
whether Pg populations could be rescued from extinction.

Computational Tools

All simulations and optimizations were conducted in Python 3.10. Core libraries
included NumPy and Pandas for numerical operations, SciPy for integration and
optimization, and Matplotlib for visualization. Custom implementations of the
Euler-Maruyama scheme were used for stochastic integration.
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Tables

Table 1: Biological interpretation of the replicator dynamics across the (5,7)
plane for z € [0,1] (cf. Figure 6).

Region Condition Attractors®

Pg extinction B <0, B+v<0, x = 0 stable
Pg dominance B>0, B+~v>0, x = 1 stable
Coexistence 8>0, B4+v<0 2 =0 and x = 1 unstable; z* stable
Bistable <0, B+7>0 2 =0 and x = 1 stable; x* unstable

® z* denotes the interior fixed point (when it exists).



Figure Legends

Figure 1. Model fitting results across four initial inoculum sizes. Scatter
points represent observed values of log;,(N) over time, while solid lines show predic-
tions from the fitted model. Each color/marker denotes a distinct initial 10 inoculum
level.

Figure 2. Effect of Vp-derived spent medium on Pg population growth
and fitted parameters. (a) Model predictions versus experimental observa-
tions across different Vp spent-medium (SM) percentages. Scatter points represent
observed values of log;,(/V) over time, while solid lines show predictions from the
fitted model using mean parameter estimates. Each color/marker corresponds to a
distinct condition (% Vp SM). (b) Variation of fitted model parameters with Vp
SM percentage. Estimated parameter values are shown as mean + SEM for intrinsic
growth rate r, carrying capacity K, and critical mass A. Dashed horizontal lines
indicate the reference mean parameter values obtained from simulations without Vp
SM (K =2.08 x 10%, A = 4.59 x 107, and r = 0.6529).

Figure 3. Illustrative nullcline plot of the bacterial population under
two noise strengths. Parameters (K = 100, A = 25, r,, = 1) were chosen to
demonstrate the qualitative effect of noise on the Allee threshold.

Figure 4. Stochastic simulations of bacterial population dynamics
under different perturbation strengths. (a) Bacterial population dynamics
trajectories initiated above the Allee threshold (108 cells). Each curve represents the
mean across 100 independent stochastic trajectories, with shaded regions denoting
the standard error of the mean. Model parameters were obtained by fitting an Allee-
effect growth model to experimental growth curves (K = 2.08 x 109, A = 4.59 x 107,
and r = 0.6529). (b) Bacterial population dynamics trajectories initiated below the
Allee threshold (105 cells). Each curve represents the mean across 100 independent
stochastic trajectories, with shaded regions denoting the standard error of the mean.
Model parameters were obtained by fitting an Allee-effect growth model to experi-
mental growth curves (K = 2.08 x 109, A = 4.59 x 107, and r = 0.6529).

Figure 5. Experimental validation of the stochastic persistence model
for Pg subthreshold populations. (a) Temporal trajectories of Pg populations
initiated below the Allee threshold (10° cells). Each line represents a biological
replicate, color-coded to reflect distinct dynamical behaviors. (b) Distribution and
power-law fit of the steady-state Pg population size N. The histogram shows the
frequency of population sizes, while circles represent the empirical density P(N). The
x-axis is shown on a logarithmic scale. A green line over the fitted regime indicates a
power-law fit applied to the lower-bound population density.

Figure 6. Phase-space plot of Pg—Vp interactions. The line § 4+ v = 0 is
shown as a dotted line and 5 = 0 is shown as a solid line.



Figure 7. Pg—Vp co-culture experiments and interaction phase space.
(a) Vp rescues Pg from extinction. Each line represents an individual replicate time-
course of Pg abundance. Lines sharing the same color denote replicates exhibiting
similar outcomes. Early Vp introduction promotes sustained Pg growth, whereas
delayed introduction leads to divergent outcomes. (b) Experimentally constrained
interaction phase space indicating the inferred form of bacterial interactions. Created
in BioRender. Hussein, M. (2026) https://BioRender.com/vvmikxi.

Figure 8. Overview of ecological processes influencing Pg persistence.
In the deterministic framework, population survival depends on a minimum density,
below which extinction occurs and above which growth is maintained. Early coloniz-
ing species, such as Vp, provide metabolic support that allows Pg to establish even
when present at low abundance. Random fluctuations in the environment, as well
as intrinsic differences among individual cells, create variability that increases the
likelihood of survival under adverse conditions. Created in BioRender. Hussein, M.
(2026) https://BioRender.com/quam553.
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Pg sub-critical interactions:
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Microecological factors that control the colonization of Porphyromonas gingivalis

Positive density dependence
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P, gingivalis populations collapse below a
critical density but persist and grow above
it, reflecting bistable dynamics characteristic
of a strong Allee effect.

Microbial facilitation

Stochastic effects

P. gingivalis
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facilitation

Metabolic byproducts from V. parvula lower the Allee
threshold, enabling P. gingivalis to survive and colonize.

Environmental
noise

Phenotypic
heterogeneity \_, #,

Extrinsic noise and intrinsic variability unlock survival
paths, acting as bet-hedging strategies that promote
persistence.



