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For cellular functions such as division and polarization, protein pattern
formation driven by NTPase cycles is a central spatial control strategy.
Operating far from equilibrium, no general theory links microscopic

reaction networks and parameters to the pattern type and dynamicsin
these protein systems. Here we discover a generic mechanism giving

rise to an effective interfacial tension organizing the macroscopic
structure of non-equilibrium steady-state patterns. Namely, maintaining
protein-density interfaces by cyclic protein attachment and detachment
produces curvature-dependent protein redistribution, which straightens
the interface. We develop a non-equilibrium Neumann angle law and
Plateau vertex conditions for interface junctions and mesh patterns, thus
introducing the concepts of ‘Turing mixtures’ and ‘Turing foams’. In contrast
to liquid foams and mixtures, these non-equilibrium patterns can select
anintrinsic wavelength by interrupting an equilibrium-like coarsening
process. Data frominvitro experiments with the Escherichia coli Min
protein system verify the vertex conditions and support the wavelength
dynamics. Our study shows how interface laws with correspondence to

thermodynamic relations can arise from distinct physical processesin active
systems. It allows the design of specific pattern morphologies with potential
applications as spatial control strategies in synthetic cells.

Heterogeneous systems are governed by interfaces that separate
spatially differentiated regions such as grain boundaries in crystals’,
membranes?, liquid-liquid boundaries® and foams**°. Interfaces
are also central to biological processes, such as tissue segregation’,
morphogenesis®’ and selection in microbial colonies'”". Moreover,
macroscopic phenomenain key models of active matter are governed
by interface tension'>*. Can an analogous concept emerge far from
equilibrium without mechanicalinteractions? How may resulting laws,
such as the Gibbs-Thomson and Young-Laplace relations, differ and
induce new behaviour?

Reaction-diffusion systems describe ensembles of particles
that diffuse independently and undergo chemical reactions without
mechanical interactions. Inbiological cells, nucleoside-triphosphatase
(NTPase)-driven reaction-diffusion mechanisms form heterogene-
ous non-equilibrium protein patterns*® (Fig. 1a). The diversity of

macroscopic, highly nonlinear patterns in these systems—nicely exem-
plified by the paradigmatic Escherichia coli Min protein system™2*—
remains largely unexplained.

The partitioning-defective (PAR) protein system in Caenorhab-
ditis elegans suggests a mechanism generating interface tension in
intracellular protein patterns, as it aligns the anterior-posterior PAR
interface along the shortest cell circumference®. Although the acto-
myosin pseudocleavage furrow aids the alignmentin wild type, it may
be dispensable®. A curvature preference of PAR protein binding has
been suggested”, but simulations show that interface-length minimi-
zation canoccur solely viaa reaction-diffusion mechanism?® (Fig. 1b).

Moreover, mathematical models of mass-conserving reaction-
diffusion (McRD) systems, which generically describe intracellular pro-
tein pattern formation™ 7" and exhibit sharp interfaces emerging
through mechanisms such as wave-pinning'>*, suggest the presence
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Fig. 1| Effective interfacial tension results from cyclic protein attachment and
detachment at patterninterfaces. a, Coupling membrane attachment and
detachment driven by NTP hydrolysis with fast cytosolic and slow membrane
diffusion creates intracellular reaction-diffusion patterns. b, Patterns of diverse
MCcRD systems are described by the movement of the interface (black line)
between domains of high- and low-density or domains dominated by proteins
Aand B. The simulated membrane density of species Ais showninbluein the
symmetric PAR system (f) on the surface of an ellipsoid [(a, b) = (1, 0.6)].c, The
straight patterninterface is sustained by cyclic fluxes of attachment and
detachmentf, 4(0) inan attachment and detachment zone, respectively, which
induce a shallow cytosolic gradient counteracting membrane diffusion.d, In
phase-separating liquids, the (exchange) chemical potential at the interface
shows agradient from outwards- toinwards-curved interfaces (orange). e, In
McRD systems, an area difference between the attachment and detachment
zones arises at curved interfaces. The blue shading symbolizes the membrane-

density gradient (left). The (local) reactive turnover balance of the total
attachment-detachment fluxes /,(k) =/,(k) can only be fulfilled if the local
attachment-detachment fluxes f; 4(k) change compared with their valuesf, 4(0)
atastraightinterface. The resulting curvature-induced cytosolic density
gradients (equations (4) and (5)) induce mass transport from outwards- to
inwards-bending regions (orange). f, In the symmetric PAR model, anterior

(A, blue) and posterior (B, red) PAR proteins detach each other mutually (see ‘PAR
system’in Methods). g,h, The non-equilibrium Gibbs-Thomson relation
equation (5) is verified in numerical simulations of a circular interface (inset) of
the symmetric PAR system. The scaling for varying interface curvature

(6n — 6ny™) ~ ok and the approximate scaling o ~ \/D_;}] + /DB, withthe
membrane diffusion coefficients are shown (k = 0.14; Supplementary Sections
3.6.4 and 3.6.5). The model equations and simulation parameters for panels
b,gandharegivenin ‘PAR system’in Methods.

of an effective interfacial tension. For instance, elementary McRD
systems minimize the interface length by pattern reorientation®*
and coarsening®>**, Interface-length minimization has been shown
mathematically in single-species McRD models® (T. A. Roth, H. Weyer
and E. Frey, manuscriptin preparation). However, introducing a third
component or coupling to a reservoir can interrupt coarsening>*"*
and induce interface instabilities**~*2. This raises the central ques-
tion: Can the self-organization of multi-species and multi-component

reaction-diffusion systems be comprehensively understood through
the concept of an effective interfacial tension?

Here, by exploring multi-species intracellular protein systems,
we discover a generic mechanism for effective interfacial tension in
non-equilibrium patterns: cyclic protein attachment and detach-
ment at interfaces—driven by an NTPase cycle. This effective inter-
facial tension organizes multi-species systems via a non-equilibrium
Gibbs-Thomsonrelation, Neumann law and Plateau vertex conditions,
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differing systematically from their thermodynamic counterparts. We
term the resulting polyhedral patterns ‘Turing mixtures’ and ‘Turing
foams’, as they resemble phase-separated liquid mixtures and foams
but arise entirely from a reaction-diffusion mechanism. Unlike clas-
sical Turing patterns, typically associated with small amplitudes near
asupercritical onset, these are highly nonlinear and characterized by
sharp interfaces*’, which can be understood through a wave-pinning
mechanism®® in two-component McRD systems. We demonstrate the
Turing foam and its dynamics in experimental data of the in vitro Min
protein system®° by comparison with a molecular model based on
known biochemistry of the Min system.

Proteinreaction-diffusion patterns

Intracellular protein patterns form by the regional accumulation and
depletion of proteins on the cell membrane due to their attachment
and detachment from and to the cytosol*** (Fig.1a,b). We therefore
model the dynamics of multiple protein species a =1, ..., Ngecies With
one membrane density m,(x, t) and one cytosolic density c,(x, t) each:

0my(X, ) = Dlrznvzma + faimg}, ¢, (1a)

0iCa(X,t) = ngzca —faimg}, €). (1b)

Here, x parameterizes the membrane and we neglect the extent of the
cytosol perpendicular to the membrane, which can yield intriguing
additional effects®®******’. The diffusion coefficients of the
membrane-bound and cytosolic components are denoted by Dy, .. The
termf,, describing attachment and detachment, typically takes the
formf, = a,(mg)c, - d,(mgm, modelling density-dependent recruit-
mentand enzymatic detachment with rates a,(mg) and d,(m;). Impor-
tantly, total protein densities p, = m, + c, are conserved and follow
continuity equations

0epo(X, 1) = DEVZ4(X, 0). @

Thisintroduces the ‘mass-redistribution potentials’ n, = c, + D% /D¥m,
whose gradients drive the redistribution of the protein mass analo-
gously to chemical-potential gradients in liquid mixtures**.

Withsuitable feedbackin membrane accumulationand depletion,
these reaction-diffusion systems form patterns with sharp interfaces
onthe membrane between high- and low-density proteinregions, while
the amplitude of cytosolic gradients remains shallower due to faster
diffusion?**"*>*8 For a single species, patterns form high- and
low-density regions on the membrane while in multi-species systems
a different species may be enriched in the low-density region of the
first (Fig. 1b). Specifically, the continuity equations, equation (2),
ensure uniform mass-redistribution potentials (n, = 1%, instationary
patterns under no-flux conditions, balancing diffusive fluxes between
membrane and cytosol (Fig. 1c). The biologically relevant limit D > D%,
thenimpliesweakly varyingcytosolicdensities c%,, = 1%, — Di,/DE Mgeq
~ %, Thereby, the profile of aweakly curvedinterface, withacurva-
ture radius k' that is large compared with the interface width £,,, fol-
lows from equation (1a) for 9,m5™ = O as

0O~ Dm(Kar + a%)mstat +f(mstat’ Nstar — dmstat): (3)

withd=D,,/D.and rthe coordinate perpendicular to the interface. For
simplicity, we consider asingle species, dropping theindex1. The bal-
ance of membrane diffusion with attachment and detachment fluxes
(equation (3)) implies dominant attachment in high-membrane-density
regions and dominant detachment in low-density regions* (zonesin
Fig.1c). We define the position of the interface, analogous to the Gibbs
dividing surfaceinliquid mixtures*’, as the boundary between attach-
ment and detachment zones (Supplementary Section 2). The width of

theinterfaceis estimated as ¢;, ~ /D, T;, givenatimescale 7, of reac-
tive attachment and detachment®. Thus, a fixed pattern interface is
sustained as a non-equilibrium steady state through an attachment-
diffusion-detachment cycle (Fig. 1c) driven by NTP hydrolysis.

Effective interfacial tension
In phase-separating liquid mixtures, surface tension ogovernsinterface
dynamics: outwardly curved regions (k > 0) have higher chemical poten-
tial 61 = ok thaninwardly curved ones, inducing fluxes that straighten
theinterface (Gibbs-Thomsonrelation; Fig.1d). However, this energetic
argument does not apply to reaction-diffusion systems, where particles
interact via chemical reactions rather than mechanical potentials.
Instead, for the interface to be stationary, total attachment must
balance total detachment (Fig. 1c). For astraightinterface, multiplying
equation (3) by 9,m,,,, and integrating over the interface region, one
obtainsthetotalturnoverbalance 0 = /7' dm fim, 14, (0) — d m¥ixing
Nsa:(0) at vanishing curvature in terms of the plateau densities m,
(ref. 45). For k # 0, the first term in equation (3) gives a correction to
this balance and, thereby, to the mass-redistribution potential. An
analogousintegration thenyields the curvature-induced shifts® (Sup-
plementary Section 3.4).

A
6’75tat(") = Nsear(K) — ”stat(o) & %gint’(’ 4)

n

where Ap =p, — p_is the density jump across the interface, and fq
describes the average change of the reaction termin the interface
region with n.

Why does the curvature alter r,(k)? Curving the interface
changes the relative area A,/A4 of the attachment and detachment
zones. Outwards (inwards) curvature enlarges (reduces) the detach-
ment zone, enlarging (decreasing) the detachment flux /4(k) (Fig. 1e),
and thus requires abalancing increase (decrease) in local attachment
fluxf,(k) (Fig.1e). Because attachmentincreases with cytosolic density
(f,7 > Orequired for stability of the interface; Supplementary Section
3.3.2andref. 35), the stationary value 1, (k) = ¢, increases (decreases).
Theratio rjq determines how muchthe cytosolic density (77.,.(k)) must
change toinduce the required change of the total turnover.

Finally, the shifts 6n(k) resultin protein gradients that, due to the
continuity equation, equation (2),induce protein fluxes from outwards-
toinwards-curved interfaceregions, straightening the interface (within
a quasi-steady-state approximation). The analogy of equation (4) to
the Gibbs-Thomson relation suggests that cyclic attachment and
detachment of proteins at the pattern interface induces large-scale
dynamics governed by an effective interfacial-tension scaling with the
interface width o ~ ¢;5 ~ /D . In McRD systems with one species,
the interface dynamics has been found in closed form and
analysed numerically®**,

Importantly, the geometric area change of the attachment and
detachment zones at curved interfaces suggests that the effective
interfacial tension extends beyond single-species systems to biologi-
cally relevant multi-species systems. Indeed, for the McRD systems,
equation (1a,b), with symmetric, second-order mutual detachment
(Fig. 1f), which describe, for instance, the PAR polarity system in
C. elegans*®, we find that the curvature-induced shifts 6N, (k) of the
mass-redistribution potentials fulfil

Ap - i Miqc(K) = —0K & —CjneK. 5)

The matrix F,, of (scaled) attachment rates is diagonal with positive
entriesfor D, > D,,. The derivation and the relation for general systems
equation (1a,b) aregivenin Supplementary Section 3. For the PAR polar-
ity model with symmetricrates**and D, > D,,,, the relation equation (5)
simplifies to 6n3* — 6™ ~ —ok/(Apsk?) , where k2 denotes the
attachmentrate, and agrees with numerical simulations (Fig. 1f-hand
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Fig. 2| Non-equilibrium Neumann law arising from the balance of attachment
and detachment. a, McRD systems with three or more species can be
constructed by introducing pairwise antagonistic interactions resembling the
PAR system (d) or inhibited attachment (e). b, Junction angles 8, s c are
constrained by the non-equilibrium Neumann law (equation (6)) for the effective
interfacial tensions (times the interface normal vectors) Gap ac gc- €, In steady
state, protein attachment (dark shadings) and detachment (in the attachment
regions of the opposing species) must balance. In the junction core, all

three domains meet. d, The core turnover measures the differences

S ryde f= Zam12) 1) 3Xa(Ox, ) - f in the reactive turnover within the
junction (black) core (solid red path between red dots) and integrated around the
junction core (dashed red path cutting single interfaces perpendicularly),
summing over all parallel paths through the core (parameterized by coordinate y;
lightred). Here, weset £, = (1 — D% /D%)f,.The path[(y)is the pathinthe

phase space of total concentrations p, s c corresponding to the real-space path
I'(y). The core turnover vector T, (blue) points in the directionin which the
integrated differences are largest (Supplementary Section 4). e, The junction
angle 0, increases as a function of the membrane diffusion coefficient DA
(keeping DB, = DE, constant) for asymmetric three-species system with

mutual detachment (inset) where all rates are equal; based on the solution of

equations (9) and (12) with parameters given in Extended Data Table 1 (circles;
‘Pattern analysis’in Methods). The non-equilibrium Neumann law including the
core turnover T, (black line) and for setting T_,,. = 0 (dashed line) are shown.
The circular inset shows the membrane densities of the steady-state pattern.

f, Thejunctionangle 6, decreases as a function of the attachment inhibition k¢
between species Band C (circles; ‘Pattern analysis’ in Methods) until the BC
interface vanishes (red-shaded area) in a three-species system with inhibited
attachment (blunt arrows in the inset). The model equations and parameters are
givenin ‘Inhibited attachment’ in Methods. g,h, Two four-species systems based
on attachmentinhibition are designed (interaction network shown in f; ‘Inhibited
attachment’in Methods) in which the non-equilibrium analogue of full wetting
only allows interfaces to form between the species connected in the contact
graphs. The membrane-density patterns are shown at time ¢ =10,000. The
simulation parameters are given in Extended Data Table 1and we choose ko3 = kg,
withky, =k, = ky3 =k, =3, ki =k, = 600 ingand ky, = ky; = kyy = k3, = 0.6,

ki3 = ki, =2,400, u,5=4inh. The systemin g forms stable four-fold junctions asin
phase-separating liquids®. The splitting into two three-fold junctionsiis
suppressed because it would create AC or BD interfaces, which were tuned to
violate the wetting condition equation (7).

‘PAR system’ in Methods). Thus, except for the rescaling of the shifts
O, by the rate matrix F,,,,, the non-equilibrium relation equation (5)
resembles the thermodynamic Gibbs-Thomson relation Ap - 6p = -0k
for multi-component liquid mixtures*’. Here, Ap, and 6y, represent the
(total) density jump across the interface and the chemical potential shift
of species a. In contrast to the balance of attachment and detachment
inthe McRD systems, the thermodynamic relation follows in liquid mix-
turesfromthebalance between the Laplace pressure and the sum ofthe
osmotic pressures of all species (Supplementary Section 3.1and ref. 50).

Thus, in a quasi-steady-state limit, the interface dynamics of
multi-species, two-component reaction-diffusion systems closely
resembles multi-species Cahn-Hilliard systems®°, amapping that will
be exciting to derive mathematically.

Non-equilibrium Neumann law
In multi-species McRD systems, equation (1a,b), multiple pattern
domains canemerge (Fig. 2a,b), for instance, due to mutually antago-
nistic interactions, such as mutual detachment or inhibited attach-
ment at the membrane (Fig. 2e,f). We find a pattern morphology with
interfaces and their junctions that resembles multi-component liquid
mixtures (Fig. 2b), and we refer to these patterns as Turing mixtures.
In liquid mixtures, the meeting angles at stationary interface
junctions are determined analogously to aforce balance condition: the

sumof the three surface-tension vectors (surface tensions multiplied
by theinterface tangent vectors) must vanish, known as the Neumann
law’. In contrast, in reaction—-diffusion systems, these interface junc-
tions are stationary if the overall attachment-detachment turnover of
each protein species is balanced (Fig. 2c). For the McRD systems
equation (1a,b), we derive the non-equilibrium Neumann law
(Supplementary Section 4.1):

O + Oac + Opc = Teore - (6)

Here, all four terms are vectors with the three interfacial-tension vec-
tors parallel to the interfaces and the core turnover T, (Fig. 2b). The
mathematical expressions for the effective interfacial tensions &;
between domainsi,j=A, B, C differ quantitatively from those in the
non-equilibrium Gibbs-Thomson relation but also scalewiththeinter-

face widths €,’m (and typical reactionrates (T’r’) ; Supplementary Sec-

tions 3.6.5and 4). Several different non-equilibriuminterfacial tensions
were also found in scalar active matter>*"%,

Theturnover (attachment-detachment) balance leading to equa-
tion (6) replaces the osmotic-pressure balance that must be fulfilled
inliquid mixtures. In equilibrium systems, the osmotic-pressure con-
struction aligns with the effective surface-tension force balance® (Sup-
plementary Section 4.2.1), but this does not hold for non-equilibrium
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Fig. 3| Turing foam in the in vitro Min system. a, In vitro, the £. coli Min system
can form mesh patterns made up of thin MinE branches (cyan) separating MinD
domains (magenta). Total concentrations: [MinD] = 1.5 uM and [MinE-His] =3 uM
(compare Extended Data Fig. 1; experimental data obtained and described in
ref.20). Branches of triple vertices are marked in white and four-fold vertices
arelabelled with black circles (‘Pattern analysis’ in Methods). b,c, The instability
of four-fold and higher-order vertices (b) and branch rearrangement at triple
vertices towards 120° junction angles (c) can be explained based on the curvature
dependence of net attachment (blue) and detachment (red). d-f, Histograms of
the angles at the triple vertices (d), the number of edges of each MinD domain

(e) and the MinD domain areas (f) are determined from the experimental datain

a (Extended Data Fig.1a and see ‘Pattern analysis’ in Methods). For comparison,
the vertex-angle histogram of vertices with random angles is shown (black

line; Supplementary Section 5). The largest MinD domains have an internal
MinE domain disconnected from the mesh (green). g, Reaction network of a
minimal model of MinD (magenta) and MinE (cyan) membrane attachment and
detachment supplemented by a conformational MinE switch and persistent
membrane binding of MinE. h, This model reproduces stationary mesh patterns
of MinD (magenta) and MinE (cyan) in two-dimensional simulations (model
equations and parameters given in ‘Min system’ in Methods). i,j, Histograms of
the vertex angles (i) and the edge number of the MinD domains (j) are determined
fromsix independent simulations (‘Pattern analysis’in Methods).

reaction-diffusion systems. The reactive turnover in the junction
core—where all three domains meet—is qualitatively different from
thereactive flows at the interfaces, at each of which only two domains
meet. Thus, the balance of attachment and detachment for all protein
species atthejunctionnotonly depends onthe turnoverbalance atthe
individualinterfaces, represented by the effective interfacial tensions,
butalso the additional contribution fromthe core. The sourcetermT,,,,
describesthis additional contribution of the junction core to thereac-
tive turnover (projected onto the junction’s translation mode) com-
pared with the integrated turnover on a contour around the junction
crossingonly individual interfaces (Fig. 2d and Supplementary Section
4.1). The core turnover vector T.,,. pointsin the direction inwhich the
additional contributionsintegrated over the junction are largest, and
itsamplitudeis set by theirintegrated strength. Thus, the core turnover
depends onthe density profilesin the junction core, and thereby on the
diffusion coefficients and reaction rates. A description of the density
profiles is required to explicitly determine this dependence, as, for
instance, the interface profiles are required to determine the surface
tensions evenin equilibrium systems. The non-equilibrium Neumann
law equation (6) ensures thatincluding this additional turnover contri-
bution T, fromthe coretotal attachment and detachmentis balanced,
resultingin astationary junction. Similarly, non-equilibrium currents

modify the Young-Dupré equation in motility-induced phase separa-
tionand active-passive interfaces in microtubule-motor mixtures**.

Figure 2e,f shows how the non-equilibrium Neumann law pre-
scribes the junctionangles intwo different three-species systems. The
junction angle 8, of species A increases as the effective interfacial
tensions dp ac rise with DA, as expected from their dependence on ;..
In contrast, increasing the rate of mutual antagonism between species
Band C (‘Inhibited attachment’_iln Methods) enlarges G, as expected
from its dependence on (z5¢) *, reducing the angle 6, until the BC
interface vanisheswhena, = 0. Thisrepresents anon-equilibrium ver-
sion of the transition to full wetting in phase separation. Full wetting
occurs, akin to thermal-equilibrium systems>>, if

Opc > O + Oac- 7)
The coreturnover T, does not contribute because, at the transition,
the junction core vanishes and thus also its contribution to the
non-equilibrium Neumann law (Fig. 2f and Supplementary Section
4.2.3). Choosing the effective interfacial tensions relative to each other
to fulfil or not the bound 6gc < G5 + Gac determines which species
contact each other®. Thus, a central finding of our theory is that it
enables the design of specific patterns by linking the microscopic
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Fig. 4 |Interrupted coarsening and domain splitting of Turing foams. a, The
dynamics of a stationary mesh pattern is shown that is reduced in size by
rescaling the simulation-domain length L to L/\2 (simulation parameters given
in Extended Data Table 2; MinE membrane density shown in cyanand MinD in
magenta; Supplementary Video 2). White pentagons label pattern domains with
five edges (considering the reflective boundary conditions to label boundary
domains). b, The trajectories of the areas A of one-half of the domains withn =35,
6,7 (blue, black, red) in 6 independent simulations are shown. c,d,f, The statistics
from these six independent simulations are aggregated to calculate the
distribution of initial (c) and final (d) domain areas, as well as the area change
A(t) - A(0) compared with the initial domain area A(0) independently averaged
over thedomainswithn =5, 6,7 edges (f, shaded regions depict the standard
deviation around the mean). e, The curvature-induced branch movement with a
normal velocity v, is caused by the curvature-induced transport of MinD (red

shaded) through the MinE branch (blue shaded) from the inside to the outside
(black double arrow; compare Fig. 1e). Sections of the MinD attachment and
detachment zones are sketched as in Fig. 1e. g, The dynamics of a stationary mesh
patternon an enlarged domain L — \2Lisshown (Supplementary Video 3).
Domains split by the growth of an internal MinE branch (domaini) or by the
growth of abranch out of an existing branch (domain iii). Small domains do not
split (domainii). The splitting domains i and iii are enlarged below. h, One-half of
the domain-area trajectories from six independent simulations are shown. The
trajectories of the domainsi, ii and ii are labelled. i, For domains with a given
maximal domain area over time, the fraction that splits is shown (black circles). It
is calculated from the histogram of the maximal areas of all domains and those
that eventually splitin the six simulations. The threshold of domain splitting is
approximately given by the area at which a single circular domain forms an
internal MinE domain (dotted line in h and i; ‘Numerical simulation’in Methods).

parameters, reaction rates and diffusion coefficients, to the macro-
scopic pattern morphology (Fig. 2g,h). Note that the quantitative
parameter dependence of the effective interfacial tensions beyond the
scaling & ~ e /7 is difficult to obtain because they depend on the
interface profile. Also in liquid mixtures, exact relations only exist in

special cases.

Turing foamin theinvitro Min protein system

Do these interface laws apply to other biochemical systems beyond
the PAR system? The E. coli Min protein system is well studied
invitro'>"?, Patterns emerge from the interaction of two proteins:
MinD, an ATPase that attachesto the lipid membraneinits ATP-bound
state; and MinE, the ATPase-activating protein recruited by MinD onto
the membrane'**, Using MinE proteins with a C-terminal His tag or
wild-type MinE, the Min system forms (quasi-)stationary mesh (Fig. 3a)
andlabyrinthine patterns for most protein concentrations®. Currently,

welack both amodel that robustly reproduces these network patterns
and acomprehensive theoretical framework that elucidates their mac-
roscopic dynamics and morphology. While the proposed in vitro Min
model (Fig. 3g) is more complex than equation (1a,b), we expect that
the geometric mechanism inducing the effective interfacial tension
(Fig. 1e) generalizes beyond the concrete mathematical model equation
(1a,b) (Supplementary Section 2). It remains an open problemto derive
mathematically under which assumptions areaction-diffusion system
is governed by positive effective interfacial tensions. Our interface
theory then predicts a distinct foam-like morphology for the mesh
patterns, which we refer to as Turing foams.

The mesh pattern is formed by thin MinE branches separating
extended MinD domains and meeting at vertices (Fig. 3a; further data
analysed in Extended Data Fig. 1). Each branch has two MinD-MinE
interfaces. Assuming branch stability, our theory predicts that only
triple vertices with three branches are stable (Fig. 3b,c): deviations
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from the symmetric configuration of equal vertex angles change the
curvatures of the interfaces bounding the MinD domains meeting at
the vertex. Accordingto the Gibbs-Thomson relation and its heuristic
explanation (‘Effectiveinterfacial tension’section), increased curvature
atsharper anglesleads to enhanced MinD detachment, while decreased
curvature at shallower angles favours attachment. This imbalance
causes the interface segments at shallow angles to move inwards until
the stablebranchwidthis restored, while those at sharp angles retract.
As aresult, higher-order vertices become unstable and break up into
multipletriple vertices (Fig. 3b) while asymmetric triple vertices evolve
towards symmetric120° vertex angles (Fig. 3c). These vertex conditions,
which are referred to as Plateau vertex laws in two-dimensional liquid
foams*, are our predictions for the structure of the Min mesh pattern. It
isan exciting future challenge to derive the microscopic mechanism—
the ‘surfactant’—that stabilizes the MinE branches in the Min system
despite the effective interfacial tension, allowing the formation of the
Turing foaminstead of droplet patterns. Thisunderstanding will guide
amechanistic classification of the conditions under which Turing foams
canforminreaction-diffusion systems.

Reanalysing the experimental datainref. 20, we find that the Min
mesh pattern shows about 94% triple junctions (Fig. 3a) whose vertex
angles are distributed with a small standard deviation of about 11.4°
around 120° (Fig. 3d; further data analysed in Extended Data Fig. 1).
The mean number of domain edges is 5.7 + 1.1 (Fig. 3e). In contrast to
equilibrium foams, the largest MinD domains show disconnected,
internal MinE branches (Fig. 3f), which we discuss in the next section.

Using an extended model based on biochemically suggested inter-
actions of the Min proteins (Fig. 3g and ‘Min system’ in Methods), we
areable toreproduce the statistics of Turing foams in numerical simu-
lations (Fig. 3h—j). Moreover, during the development of the pattern,
four-fold vertices decay into pairs of triple vertices (Supplementary
Video1) as predicted.

Von Neumann'’s law and domain splitting
Two-dimensional liquid foams follow von Neumann'’s law: bubbles
with fewer than six edges shrink and collapse, while those with more
than six edges grow**®. In contrast, the Min patterns do not coarsen
continuously but larger MinD domains contain internal MinE branches
(Fig. 3a,fand Extended Data Fig.1). Thisimplies amechanism that limits
the maximum size of stationary domains beyond which nucleation of
internal MinE branches leads to the division of these MinD domains.

Insimulations, the mesh pattern undergoes coarsening that follows
von Neumann’s law at domain sizes that are small compared with the
final stationary pattern (Fig. 4a). This behaviour is explained by branch
dynamics driven by the effective interfacial tension (Fig. 4b,e,f and
Supplementary Section 6). However, this process is interrupted when
the original domain size is reached (Fig. 4c,d), and reversed at larger
scales by the splitting of domains due to the growth of new branches
(Fig.4g-i). Bothnumerically predicted dynamic behaviours of domain
collapse and splitting are observed in the time course of the in vitro
Min mesh pattern (Extended Data Fig. 2 and Supplementary Video 4).

Thisnumerical study demonstrates that the Turing foam dynamics
closely resembles the wavelength dynamics in two-component reac-
tion—diffusion systems previously explained by us***, Motivated by
theseresults, an empirical model balancing interfacial-tension-driven
coarsening with domain-area-dependent terms may allow for the
description of the statistics of interrupted coarsening and domain
splitting. Nonetheless, identifying the mechanisms that counteract
interfacial-tension-driven coarsening in the Min system—resulting in
itsarrestand domain splitting—will be required to predict the selected
wavelength, which thus remains a key challenge.

Discussion
Both the instability of four-fold vertices and 120° vertex angles
have been observed in experiments and simulations based on

(non-mass-conserving) pH-feedback reactions***° related to the clas-
sical ferrocyanide-iodate-sulfite (FIS) reaction®“% The FIS reaction
also shows the Turing-foam dynamics in simulations (Supplemen-
tary Video 5 and ‘FIS system’ in Methods). Notably, these systems
are not mass-conserving, suggesting a broader relevance of Turing
foams beyond strict mass conservation. In addition, one-component
reaction-diffusion models describing bistable media are math-
ematically equivalent to Model A (Allen-Cahn) dynamics, allowing
the definition of an interfacial tension, for example, for competing
microbial populations™®**,

Further experimental investigations should probe patterns on
complex geometries, for example, on structured membranes or vesi-
cles. While liquid foams are always unstable with respect to coarsening
on surfaces with positive Gaussian curvature®, simulations suggest
that polyhedral domain arrangements on spheres are stabilized by
interrupted coarsening in Turing foams (Extended Data Fig. 3).

Foam-like structures are observed as well in scalar®, polar®®
and nematic active matter®, and in experimental active matter sys-
tems®, In scalar active matter, several distinct interfacial tensions
arise even in single-species systems due to distinct Gibbs-Thomson
relations for the high- and low-density sides of interfaces™*". In con-
trast, the non-equilibrium Gibbs-Thomson relation is unique for
each interface in McRD systems. However, higher-order relations
such as the non-equilibrium Neumann law introduce quantitatively
different interfacial tensions in multi-species systems. By revealing
how far-from-equilibrium microscopic processes can yield complex
equilibrium-like interface dynamics, our findings offer an approach
tomechanistically understand the pattern dynamics and macroscopic
morphologies in non-equilibrium systems more broadly.
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Methods

Reaction-diffusion dynamics

In reaction-diffusion systems, n different components u;, i=1, ..., n,
spread diffusively with diffusion constants D, (assuming the absence
of density dependence and cross diffusion) and undergo (nonlinear)
reactionsf(u). The components’ evolution with time tis described by
coupled, nonlinear partial differential equations

ou(x, t) = DV2u + f(u).

Here, the diffusion matrix is D = diag(D,, ..., D,), and we define

InMcRD systems, the cémponents constitute different (conforma-
tional) states or complexes of N different types of molecule (species)
whose total number is conserved. Thus, the reactions solely describe
the conversion of the molecules between the different components,
forexample, membrane attachment and detachment (examplesin the
following subsections). We refer to Nas the number of species while n
is the number of components of the system. The mass-conservation
constraint is formalized by introducing the stoichiometric vectors
s, for the molecular speciesa =1, ..., N(or A, B, ...), which count how
many of those molecules are contained in the different components®.
Consequently, the total density p,(x, t) of the molecular species areads

Pa(X, 1) = Sq - U(X, 0).

For example, a system with components A, AB and B, would have the
stoichiometric vectorss, = (1,1, 0)ands; = (0, 1, 2). Conservation of the
total molecule numbers (‘total mass’) implies that the evolution of the
total densities p,(x, t) follow the continuity equations®*>°

0pa(X,t) = s, -DVPu+s, -f
= V2(s, - Du) 8)
= D%V2p,.

Note, that the Greek index is not summed over. The constraint

O=s,-f

describes that molecules leaving one component are added in a differ-
ent component such that the individual terms s, f; cancel. As aresult,
the average total densities

_ 1 d
Py = ﬁ/rzd XPa(X, 1)

are set by the initial conditions on domains 2 c R (volume |Q|) with
reflective or periodic boundary conditions.

Moreover, equation (8) defines the mass-redistribution potentials
n.(x,t) (a=1,...,N) asasumofthe different molecular states weighted
by their diffusion coefficients*****, The gradients of the
mass-redistribution potential(s) determine the redistribution of the
total densities analogously to the chemical potential(s) in Model B
dynamics although they are not given as derivatives of a free energy” "~
The mass-redistribution potentials are normalized by one diffusion
coefficient D%, for example, the largest one whose component contrib-
utes most strongly to the redistribution of the total density. For intra-
cellular protein patterns, this is the cytosolic diffusion coefficient
(assuming different cytosolic states of the same molecule diffuse
similarly quickly).

Multi-species McRD systems with two components per species.
Consider first, asintroduced in equation (1a,b), McRD systems where
each molecular species a has only two states m, and c, (for example,
cytosolicand membrane-bound states) with diffusion coefficients D%,

and D% > D%, respectively. Withreaction termsf,(m, c) for each species,
the reaction-diffusion equations for species a read

0:Mg(X, t) = DEVZm, + f,(m,c), 9)

0:C4(X, t) = D?V2c, — f(m,C). (10)

The total densities p, = m, + ¢, follow the continuity equations

0Po = ngzrla ’

with the mass-redistribution potential

Mg =Cq+d,mg,

where d, = D% /D% < 1defines the ratio of the diffusion constants. In the
intracellular context, one has d, « 1because diffusion onthe membrane
ismuch slower than diffusionin the cytosol.

The mass-redistribution potential satisfies

at’]a = (D% + Dg)VZ'Za - ngzpa _fa ’ (11)

with
Jalp.m) = A —dy) f (m(p,n). c(p.m)) .

PAR system. The C. elegans PAR polarity system is modelled by McRD
systems describing a membrane-bound and a cytosolic component
(m,, c,) for the anterior PAR (aPAR) and posterior PAR (pPAR) protein
specieslabelled by a = A, B, respectively**”>. The reaction termincludes
linear attachment and detachment at the cell membrane as well as
mutual detachment:

A A H
Sa = kca — kymy — kapmgmy,

— B B v
fs = kicg — kyymp — kgam, mg.

Commonly, the parameters are chosen symmetrically, thatis, k = k&,
kA = kB and kg = kg, with the exponents for the mutual detachment
term taken as g =v =2 (ref. 48). In what we call the ‘symmetric PAR
model’, we maintain this symmetry by choosing identical diffusion
coefficients on the membrane (D4 = DB) and in the cytosol (D2 = DE).
Thetime and length scales are fixed by setting the attachment rate and
cytosolic diffusion coefficientto1. The standard parameter values are
givenin Extended Data Table1.

We extend the PAR system to the interaction of N > 2 different
molecule species by introducing the mutual detachment between any
pair of species. In this case, the reaction terms read

N
fa= kgca - kﬁ1ma - Z kaﬂmgﬂﬂma- (12)

B=1p#a

In the simulations we chose the exponents y,, to be the same for all
pairs of species.

Inhibited attachment. Another scenario of mutual antagonism arises
when molecular species hinder each other’s attachment to the mem-
brane. We consider the reaction terms

k&
Ja= N—c”aﬂca — kMg,
1+ Zﬂzl,ﬁ#kaﬁmﬁ
which describe the attachmentinhibition by a Hill term. The strength
of inhibition is set by the parameters k,; and the Hill exponents are
Hqp- In the simulations, we employed the parameter values given in
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Extended Data Table 1 for all pairs of species. Parameters modified in
individual simulations are specified in the respective figure captions.

Min system. Pattern formation in the Min system has been studied
based on reaction-diffusion models using various biochemical net-
works and rate constants*>”*””. For our analysis, we started with a core
reaction network comprising biochemically validated or plausible
reactions’™’°, complemented by amolecular MinE switch’®, which has
been shown to be important in both in vivo? and in vitro”” settings.
However, our numerical analysis of this core reaction network revealed
thatachieving stationary Turing foams requires, inaddition, persistent
membrane binding of MinE, as previously hypothesized*””7*% (see full
reaction networkin Fig.3g). A parameter study and comparison of the
experimental and simulated phase diagrams will be published else-
where. For simplicity, we simulated the patterns on atwo-dimensional
membrane coupled to a two-dimensional cytosolic layer. Thus, the
model disregards any effects due to a (non-uniform) bulk height's54,

In the cytosol, the model includes ADP-bound MinD ¢y, and
ATP-bound MinD cp; states, as well as the reactive and latent MinE
states Cg,, Cg ;. Onthe membrane, the modelincludes membrane-bound
MinD mg,, MinD-MinE complexes mg,, and membrane-bound MinE m,.
The stoichiometric vectorssy,; for MinD and MinE and the components
u= (CDD' Cor Ce,pr Ce 1y My, Mge, me) are

sp =(1,1,0,0,1,1,0), s =(0,0,1,1,0,1,1).

Theaverage total densities gy, 5 of MinD and MinE added to the system
are control parametersin the simulation and experiment. The reaction
termsread

kdemde - ACDD
Acpp — (kp + kgpmg)cpr
keme —HCgr — kdE,rdeE,r
f= Heer — kg imace,
(kp + kapmq)cor — (Ke,iCer + K 1CE1 + KeaMe)My

(ke rCe,r + KgE,1Ce 1 + KeaMe)Mg — KgeMge

kdemde - keme - kedmdme

Extended Data Table 2 explains and gives the chosen values of the rates,
diffusion coefficients and average densities.

FIS system. We show in simulations that Turing foams also arise
in the classical FIS reaction®"®*, In the simulation, the four-species
Gaspar-Showalter model with the parameters employed in ref. 62,
Fig.17, was used. This modelincludes the four speciesx, y, zand a with
diffusion coefficients D, > D,= D, =D,. The parameters are given in
Extended Data Table 3. This model is not mass-conserving because the
reactants are supplied with arate k,, modelling the exchange between
the gel matrix and a reservoir. The reaction terms are®>

—k_1x + kjay — kyx — kqyzx — kox

k_1x — kyay + kyx — 2k3)? + 3kyz2x + koY — )

k3y? — kyzx — ksz — koz

—kiay + k_ix + ko(ap — a)

Numerical simulation

We performed simulations of the different models on atwo-dimensional
domainwith no-flux boundary conditions using COMSOL Multiphys-
ics 6.1. For Extended Data Fig. 3, the simulation was performed on a
spherical, closed surface. These simulations employ a finite-element
discretization on a triangular mesh with linear Lagrange elements.

To estimate the threshold size of splitting in the simulated Min
protein Turing foam (dashed line in Fig. 4h,i), a single, circular MinD
domainsurrounded by aMinE branch at the boundary of the simulation
domainwitharadius of R, = 5 pmwas simulated for 10° s. Instead of adi-
abatically increasing the radius of the simulation domain (and thereby
the radius of the MinD domain), and observing the threshold size at
which an internal MinE domain grows, all diffusion coefficients were
adiabatically decreased with time tby the common factor f=1+¢/10°s.
Thereby, thelength unit wasrescaled, resulting inanincreasing radius
R(t) = R, f 2. The pattern was recorded every 500 s, and the size was
determined when an internal MinE domain of comparable density to
the surrounding MinE branch had formed.

The parameter dependence of the non-equilibrium Gibbs-Thom-
son relation of a radially symmetric interface in the symmetric PAR
systemin Fig.1g,h was determined using numerical pseudo-arclength
continuation implemented in Mathematica previously**: Assuming
radial symmetry, the stationary reaction-diffusion equations were
convertedinto analgebraic system of equations by afinite-differences
discretization in the radial direction. The algebraic steady-state
equations are solved by Newton iteration.

The configuration files for the COMSOL simulations and the Math-
ematica notebooks are available at https://github.com/henrikweyer/
Turing-foams (ref. 81).

Pattern analysis
The statistical analysis of the simulation and experimental data was
performed using Mathematica13.1and is explained in detail inthe Sup-
plementary Sections 6 and 7. To measure the junctions and verticesin
simulation and experimentalimages, the skeleton network of the inter-
faces or branches was determined using Mathematica’s morphological
algorithms. Its branch points give rough junction or vertex positions.
In a second step, a junction or vertex model was fitted to the density
fields and their gradients to determine precise junction and vertex
angles. The domain areas were determined from the skeleton network.

To compare these measurements of the junction angles with the
non-equilibrium Neumann relation, the effective interfacial tensions
aremeasured at the interfaces far fromthejunction (in the same simula-
tion).Inaddition, the core turnover is determined as integral over the
junction core (Supplementary Section 7.2). Importantly, one has to
correct for the interface curvature, which shifts the turnover balance
and results in a non-zero contribution compared with straight inter-
faces. To this end, the curvature-induced contribution is determined
by integrating the core turnover expression at the interfaces far away
from the junction. This contribution is subtracted from the integral
over the junction core, assuming that the interfaces are circular arcs
up to their meeting point.

The Mathematicanotebooks are available at https://github.com/
henrikweyer/Turing-foams (ref. 81).

Effective interfacial tension and non-equilibrium

Neumann law

The derivation of the non-equilibrium Gibbs-Thomson relation equa-
tion (4) for the single-species system is elaborated in Supplemen-
tary Section 3.4. For multi-component systems, in Supplementary
Section 2, we show that a shift 67, = ¢;,« arises under conditions on
the monotonicity of the component densities at the interface if the
slow-diffusing componentsinduce the pattern-forming feedback, that
is, theyincrease their production (attachment) at high density and lead
tonetdetachment atlow densities while the fast-diffusing components
only enter linearly in their attachment terms. In Supplementary Sec-
tion 3, we then derive explicit expressions for the effective interfacial
tension for multi-species systems with two components per protein
species. In Supplementary Section 4, the non-equilibrium Neumann
lawis derived using methods developed for multi-component Cahn-

Hilliard systems®®725285,
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Data availability

Data generated in this study are available from the corresponding
author upon reasonable request. The experimental data analysed in
this study were obtained from the authors of ref. 20.

Code availability

Theanalysis code and exemplary set-up codes to performthe numeric
simulations of this study are available at https://github.com/henrikw-
eyer/Turing-foams (ref. 81).
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[MinE] = 7 uM 15.6° dev. 1.3
T T 0 T T —l_’T‘f T 0
1200 240° 360 3 6 9 >0 0 200 400
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Extended DataFig. 1| Vertex angles, edge numbers, and domain areas for intensity in red) in white. The 4-fold vertices are marked by black circles. a
different experimental conditions. The statistics of 3-fold vertices are analyzed The aggregated statistics for the snapshot analyzed in Fig. 3 (first panel in this
asinFig. 3 for several snapshots under different total concentrations of MinD figure) and a second one are shown. b The three histograms are obtained from
and MinE indicated in the figure. The data was recorded in the experiments for three snapshots, two of which are shown. At these total concentrations of MinD
ref. 20. The snapshots for each concentration combination stem from different and MinE, the pattern transitions to alabyrinthine structure (second panel)
fields of view of the same sample, which were prepared separately for the whichis seenin the histograms by the large domains with many edges. ¢, d Two
different concentration combinations. The fitted triple vertices are overlayed further concentration combinations (two analyzed images each) show the same
over the pattern (MinE fluorescence intensity in blue, MinD fluorescence statistics of Turing foams as the condition a.
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Extended Data Fig. 2| Domain collapse and splitting in the invitro Minsystem.  seconds. b Two domains are shown that split by the growth of new MinE branches
aThe time series of single domains in the in vitro Min protein Turing foam at the (cf.Movie 4). c The domain-size trajectories for domains with less (blue) or more
total concentrations of MinD [MinD] =2 uM and MinE-His [MinE-His] =8 uM are (red) than six edges are given (see Methods Sec. C). d The histograms of the final
shown. The fluorescence intensity of labeled MinD (red) and MinE (blue) from domain sizes of domains with less (blue), equal to (black), and more (red) than six
the experiments for ref. 20 are shown for a domain with five (top row) and four edges areshownind (see Methods Sec. C).

(lower row) edges. Movie 4 shows the full pattern evolution recorded every 10
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—_—
2R =10pum ¢ 5

2R =20 pm

d

—
2R=15um

Extended Data Fig. 3 | Interrupted coarsening stabilizes Turing foam on
spherical surfaces. Polyhedral MinE meshes (translucent cyan on a translucent
black background; MinD not shown) with an increasing number of faces (foam
domains) formin simulations as the sphere radius Risincreased. An equatorial

2R =25pum
branch forms for 2R =10 um (a), a tetrahedral foam for 2R =15 um (b),
apolyhedronwith 4-and 5-sided domains at 2R =20 um (c), and adodecahedral
foam for 2R =25 yum (d). The simulations are not drawn to scale. The model
equations and parameters are given in Methods Sec. A 2.
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Extended Data Table 1| Simulation parameters for the mutual detachment systems

Parameter Value Description

DAB 0.01 Membrane diffusion coefficients

DAB 1 Cytosolic diffusion coefficients

k2B 1 Membrane attachment rates

knB 1 Linear membrane detachment rate
Kaga 60 Rate constants of mutual detachment
Pag 2 Average total densities

The parameters that were changed in individual simulations are specified in the figure captions. For the system with inhibited attachment, the simulations employed the same parameters,

only choosing kag s = 10 instead.
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Extended Data Table 2 | Simulation parameters for the Min mesh pattern

Parameter Value Description
Do 60 um?3s™ MinD cytosolic diffusion coefficient
De 60 um3s™ MinE cytosolic diffusion coefficient
Dy 0.1 um?s’’ MinD membrane diffusion coefficient
Dye 0.1 um?s™ MinDE membrane diffusion coefficient
D, 0.001 pm?s™ MinE membrane diffusion coefficient
ko 0.15s" MinD membrane attachment rate
Kqp 7.510% um?s’  MinD self-recruitment rate
Ko s 0.75 uym?s™ Recruitment rate of reactive MinE
Kag, 108 um?s™ Recruitment rate of latent MinE
Keg 0.1 um?3s™’ Recruitment rate of membrane-bound MinE
Kee 1" Hydrolysis / MinDE membrane detachment rate
Ke 0.001 s™ MinE membrane-detachment rate
20s™ MinE switch rate
A 5g7 Nucleotide-exchange rate
Po 8000 [um?] Total average MinD concentration
Pe 4000 [um?] Total average MinE concentration
L 100 um Edge length of the quadratic simulation domain

The rate choice is based on the values found to describe the concentration phase diagram of the Min system in vivo?. The MinE membrane diffusion coefficient D, is set to a small value
following ref. 80.
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Extended Data Table 3 | Simulation parameters for the model of pattern formation by the FIS system

Parameter Value Description

D, 210° mm?s™! Diffusion coefficient of species x
D, 10 mm?s™! Diffusion coefficient of species y
D, 10 mm?2s™! Diffusion coefficient of species z
D, 10 mm?3s™! Diffusion coefficient of species a
Kk 510"°M s Conversion rate constant

k4 8.110%s™ Conversion rate constant

Ky 6102s" Conversion rate constant

ks 7.510*M s Conversion rate constant

Ky 23 10°M7's! Conversion rate constant

Ks 245" Degradation rate of species z

ko 1.4102s™" Exchange rate with reservoir

Yo 910°M Reservoir density of species y
a, 8.9310°M Reservoir density of species a

L V2 mm Edge length of the quadratic simulation domain

The mesh pattern is simulated on a quadratic domain of length L with no-flux boundary conditions. The rates follow ref. 62. In the simulation, the length unit is chosen as 1/(10\/5) mm such
that the simulation domain has length 20 and the diffusion constants are D, = 0.4 and D, , = 0.2 in the simulation units.
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