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Efficient class of estimators

for finite population mean using
auxiliary attribute in stratified
random sampling

Housila P. Singh?, Anurag Gupta?* & Rajesh Tailor*

The aim of this paper is to develop more effective methods for estimating population means in

sample surveys using auxiliary attributes. To achieve this goal, we introduce a modified version of

the estimators proposed by Koyuncu (2013b) and Shahzad et al. (2019), as well as a new class of
estimators. We derive expressions for the bias and mean squared error of these new estimators up to
the first degree of approximation. Our results show that the suggested classes of estimators perform
better than other existing methods, with the lowest mean squared error under optimal conditions. We
also conduct an empirical investigation to support our findings.

The use of auxiliary attribute is a well-known method for improving the efficiency of an estimator in estimating
population parameters. Auxiliary attributes (say ¢), which are highly correlated with the study variable (y), are
commonly encountered in practice. Examples include a person’s height (y), the amount of milk produced by a cow
(), and the yield of a particular variety of wheat (y), which may respectively depend on factors such as gender,
breed of the cow, and type of wheat. For more examples, see Kendale and Stuart', Shabbir and Gupta?, and Sharma
and Singh®, among others. The estimation of the population mean of the study variable (y) using an auxiliary
attribute (¢) under simple random sampling without replacement has been extensively studied. See, for instance,
Naik and Gupta?, Jhajj et al.’, Solanki and Singh¢, Singh et al.”, Gupta and Tailor®, and other relevant literature.

The simple random sampling scheme is commonly used when the population units are homogeneous. How-
ever, in many practical situations, the population units are heterogeneous, and to obtain a better estimate of the
population parameters, we use stratified random sampling. Therefore, our objective is to estimate the population
mean of the study variable (y) using information on an auxiliary attribute (¢) under stratified random sampling.
Various authors, including Sharma and Singh?®, Koyuncu®?, Shahzad et al.'!, Zaman'>'?, Hussain et al.'*'>, Zaman
etal.'>, and Ahmad et al.’®'?, have discussed the problem of estimating the population mean of the study vari-
able using an auxiliary attribute under stratified random sampling.

Shahzad et al?**! used a calibration approach in stratified random sampling. They also proposed an estimator
to estimate the coefficient of variation using calibrated estimators in stratified random sampling Shahzad et al.?2.

Notations. Consider a population size N unit, is divided into L strata units hth stratum containing N, units,
where h=1, 2,..., L such that Zileh = N. A simple random sample of size n;, is drawn without replacement
the hth stratum such that Zizlnh = n. Let (yni» dni) be observed value of study variable y and the auxiliary
attribute ¢ on the ith unit of the hth stratum, respectively, wherei = 1,2, .., Nyand h = 1, 2,..., L.

Nu yni

Further, let y, = " | %’ and 7, = 3°}_, W3, be unbiased estimators of population means Y), = > ", N,

andY = Zﬁzl W, Y, where W), = % is the stratum weight.
We also assume that

1, i unit of the KM stratum possesses the attribute ¢,
i = P
hi 0, otherwise.

1School of Studies in Statistics, Vikram University, Ujjain, M.P. 456010, India. 2Indian Agricultural Statistics
Research Institute, ICAR, New Delhi 110012, India. **email: gupta.glg@gmail.com

Scientific Reports|  (2023) 13:10253 | https://doi.org/10.1038/s41598-023-34603-z nature portfolio


http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-023-34603-z&domain=pdf

www.nature.com/scientificreports/

2 e (ni=7,)’* d & my (Sni—pn)’ he hth 1 . d s? Ny Oni=Yn)*
Let Syh=2i=l 1) an s¢h=2i=1Wbet e hth sample variances and S, =Zi=1W

L 2
and Séh = Zﬁl %7_1)’11)) be the hth population variances of the study variable y and the auxiliary attribute ¢,
respectively.
Further, s, = 7, CUTVGUD) 0g 5L S0 e he heh sample covari d point bi-serial
s Sygh = D i) D) and pygp, = O are the sample covariance and point bi-seria

correlation and Sy, = Zf&l W

correlation between the study variable y and the auxiliary attribute ¢, respectively.
To derive the bias and mean squared error (MSE) of the estimators, we write

S
~ — Sypn . . . . .
and pygpn = S5, 1€ population covariance and point bi-serial

Vi = Y(1+e), pst =P(1+e)
such that E(e,) = E(e;) = 0and

L
1
E(e) = = Z WiiviSy, = Ay,
) gy

L
1
B(el) = 5 S Winsi = Ay,
h=1

L
1
E(eOel) = YP’ E W;%)/hsyd,h = Ay¢,
h=1

where py = Sk Wypy, such that E(py) = P = S WiPj, andy, = Ag“h;]:’“.

Reviewing some existing estimators. The conventional unbiased estimators for population mean Y of
the study variable y under stratified random sampling is given by

L
=7y =D Wi 8
h=1
The variance/ MSE of the estimator fg is given by
L
MSE(to) = > Wiysy, = YA, )
h=1

The ratio estimator for population mean Y using auxiliary attribute ¢ in stratified random sampling due to
Naik and Gupta* is given by
h ( P ) )
1= — .
Vst Dst

The MSE of the estimator ¢; up to the first degree of approximation (fda), is given by

MSE(t) = Y°[A, + Ap(1 — 20)], (4)
where C = iﬂ.
The stratiﬁ?ed version of ordinary product estimator for population mean Y is defined by
_ (Pst
b =7.(5)- )

The MSE of t, to the fda, is given by
MSE(ty) = Y°[A, + Ap(1 + 20)]. (6)
The usual regression estimator for Y is given by
t3 =¥y + bt (P — pst), (7)

where by is the sample regression coefficient of y on ¢.
To the fda the MSE of t3 is given by

MSE(t) = Y24, (1 - pyzd,), ®)
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Ay
AyAp —
Koyuncu’ suggested a class of estimators for Y is given by

where ) =

astP + by } )

ty = [lest + w2 (P - pStH { astPst + bt

where (wy, wy) are suitable constants, ay (% 0) and by, are either real numbers or the functions of the known
parameters for the hth stratum of the auxiliary attribute ¢, such as standard deviation Sy sy = Zﬁ;l Whogh,
coefficient of variation Cp(st) = Z;lel W}, Cyp, with Cyp, = %%,skewness Bir)st = Zﬁ:l Wi, B (¢) and kurtosis
13(@)

W)’
Py = 8 o= ma@) = G @G =P, us@) = 0@ =Pt and

Han(@) = oSl (i — P
The MSE'of the estimator t, to the fda is given by

Bag)st = Zﬁzlwhﬂ%@p) and correlation coefficient Plyg)st = Zﬁzlwhpyd,h where Bipg) = ®

MSE(ty) = Y>[1+ w}By + w2Bs + 2wiw>Bs — 2w By — 2w, Bs), (10)

A A
where B; = [1 + Ay + vgAgBug — 4C)}, B, = Rf‘f, By = <7¢)(2U5f —-C), By = [1 + Ut Ag (Ut — C)],
A _
Bs = (%)vﬂ,R = %and vy = 7(%531-5115:)'
The MSE t, at (10) is minimized for

__ (B2B4—B3Bs)

M (BB BY) I

wy — (BiBs—BsBy) (- (1)
(B1B,—B3)

N

Therefore, the resulting minimum MSE of t, is given by

B,B} — 2B3B4Bs + B1B2)
(BiB2 — BY)

MSEmin(ts) =Y {1 _

(12)
o[ <A,,, —V2ApAL, — VRAL + uftA;Ay>

(46 + AyAp — vZAZ - 42,)

Using information on auxiliary attribute ¢, Sharma and Singh® proposed the following exponential type
estimators for Y as

P —
He = Ztexp( Pst ) , (ratio type exponential estimator) (13)
P+ pst
— pst -P . .
te = Y exp , (product-type exponential estimator) (14)
Pst + P

_ o (P - Pst)
toe = Y €XPS —/——— 7, 15
ae ySt P{ (P +p5t) ( )
where o being a suitable chosen constant.
To the fda the MSEs of the estimators ¢}, t2. and t,, are respectively given by
—=2 A¢
MSE(t1e) = Y™ |A) + 7(1 —4C)|, (16)
—2 A¢
MSE(he) =Y | Ay + “2(1+40) |, (17)
=2 OlA¢
MSE(toe) = Y~ | Ay + = (@ — 40) . (18)
The MSE (ty.) is minimum when
a =2C. (19)

This yields the minimum MSE of ty. is given by
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2
MSEmin (tae) = Y°A, (1 - qu,,). (20)
Sharma and Singh® proposed the following class of estimators for population mean Y as

ast (P _Pst)
ast (P +Pst) + 2by }, @

5= sy e =l
where (ag, bs) are same as defined for the class of estimators #4 at (9) and (wy, w,) are suitable chosen constants
to be determined such that MSE of t5 is minimum.
If we set a; = 1and by = NP in (21), then the class of estimators t5 reduces to the Shahzad et al.'! class of
estimators for Y as

22
P+ py + 2NP (22)

(P~ pst) }

te = [lest + wy (P - Pst)] exp{

We note that the expressions of bias and MSE of the class of estimators t5 derived by Sharma and Singh?
[Egs. (4.6) and (4.7), p. 1789] are not correct. The correct expressions of bias and MSE of the estimator t5 to the
fda are respectively given by

B(ts) = Y(w1Ag + wyAs — 1), (23)
and
MSE(ts) = Y [1+ w}A; + w3A; 4+ 2wiwaAs — 2w Ay — 2wAs), (24)
where Ay = [1+ A, + vgAg(vy — 20)], Ay = 2—‘; A3 = (§)Ag(us — C), Ay = [1 + %(3% —40)|,
Ugt A
As = U2e,

The MSE t5 at (24) is minimized for

wy = A2Aa—A3As
L= "4 a-A2
Wy = AlAs—AsAy (25)
2T T4 A-A2
Therefore, the minimum MSE of ; is given by
— ArAZ — 2A3A4A5 + A1 A2
MSEnin(ts) =Y |1 — 26
min (£5) [ ALA, —A% ( )
Putting ag = 1and by = NP in (24), we get the MSE of ts to the fda is given by
2
MSE(tg) = Y [1 + W%Al(l) + W%Az(l) + 2wiwpAz1) — 2w1A4) — 2W2A5(1)}, (27)

where Ayt = [1+ Ay + vamAg (v —20)} A2y = 76 As) = (§)Ap (Ve — ) Asqry = [1 + e

— YstAg — 1
(3usry — 4C) p As() = ~3r Vst() = WDy

The MSE tg at (27) is minimum when

wy = Ay Aay —Asy Asq)

A A2 —A%g 28
wy = AiwAsm—AsmAa (- (28)
A Ay —45g

Therefore, the minimum MSE of ¢, is given by

_ AAly) — 2450 AamAs) + A Az
AryAz) — A3y

MSEmin(ts) = Y~ |1 . (29)

Koyuncu'® and Shahzad et al.!! proposed the following class of estimators for Y as

_ _ Pst\? ast (P_pst)
o= P ol ““’

where (w1, wy, y) are suitable chosen constants and (ag, by ) are same as defined earlier.
To the fda, the MSE of t, is given by

MSE(t7) = ?2 [1 + W%C] + W%Cz + 2wiwrC3 — 2w Cy — 2W2C5} , (31)
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where C1 = [14 4y + vy (v —20)], C2 = gz [L+Ap{y? +vd = 2yve vy =D}, ¢y = (L)
+ag{ (V3 + 29572 — vy ) + ¢ —varC}] G = [1 + 2o 3y, — 46)} Cs= g1+ { K00 - vy 1 302 1a,]
MSE(t7) at (31) is minimized for

— GG— C3C5
W1= "¢, }

- ccicfa (32)
w2 =Seooa
Therefore, the minimum MSE of ¢, is given by
s C2C? —2C5C4Cs + G cg}
MSEpmin(t7) =Y |1 —
mm( 7) |: C1C2 — Cg (33)

In this paper we have suggested a class of estimators for population mean Y of the study variable y using
auxiliary attribute ¢. Expressions of bias and MSE of the proposed class of estimators are obtained up to terms
of order 0 (n7!).

We have obtained the optimum condition under which the MSE of the proposed class of estimators is mini-
mum. We have derived the conditions under which the suggested class of estimators is more efficient than the
conventional estimator and the estimators due to Naik and Gupta*, Koyuncu®, Sharma and Singh® and Shahzad
et al.''. Numerical illustration is given in support of the proposed study.

Suggested class of estimators
We note that the exponent part of (30) is obtained on using the transformation (astpst + bst) such that
E{astpst + bst} = (agP + bg), in the first bracket coefficient of w is (%)y which does not use the transforma-

v
tion (@spst + byt ). Thus, authors are in opinion that coefficient of w; should be (%) . Hence the modified

suggested class of estimators for Y is given by

agpst + be \7 ag (P —
t7(m) _ {lest +w ( stPst st) ] exp { - st( Pst) } (34)
st

asP + by (P +Pst) + 2by

where (w1, wy) are suitably chosen constants to be determined such that MSE of t7(;,) is minimum; and (4, by, ¥)
are same as defined earlier.
To the fda, the bias and MSE of t7(,,) are respectively given by

B(t7(m)) = Y(w1Ds + woD5 — 1), (35)
and
MSE (tsgmy) = Y2[1+ w?Dy + w3Ds + 2wiwyDs — 2wi Dy — 2wy Ds), (36)
where Dy = [1+ A, + vgAg(vy —20)], Dy = Rzpz (14026020 — DAg], Ds= () [1 + @Dy
(20 +4C — 3)p Do = [1+ 349 (3uy —4C)|. Ds = [ + Uid0= ”A¢] o= 2=

The MSE (t7(m)) at (36) is minimized for
(D2D4 — D3Ds)

Wy =
' 0, D)) -
(D1Ds — D3Dy)
Wy = ————————
(D:D; ~ D))
Therefore, the minimum MSE of t;,,) is given by
— (D2D} — 2D3D4Ds + D1 D?)
MSEmin (t7(m)) =Y - (38)

(D1D; — D3)
Now we can conclude this as a theorem given below.

Theorem 2.1 The MSE of t7(m) is greater than or equal to the minimum MSE of t7(m).

MSE (t7(m)) = MSEmin (t7(m))

An alternative class of estimators
We propose another class of estimators for population mean as Y as
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Sag (P — ps P+ by \
g = |:w1yst+w2exp{ t( pt) }](at t) . (39)

Ast (P +Pst) + 2by astpst + byt

where (w1, wy, ag, b ) are same as defined earlier and (8, 17) are constants which take real numbers like (- 1,0,1).
To the fda, the bias and MSE of t5 are respectively given by

B(tg) = Y(w1Es + w2Es5 — 1), (40)

and
MSE(ts) = Y [1 + w}Ey + wiE; + 2wiwE3 — 2w Eq — 2wyEs), (41)

where E; = [1 + Ay —AnugAye + 120 + l)USZtA¢], E, = ﬁ [1 + 620 + 1)U§A¢}, E; = (%)[1+
GEOGIED 2 4 — 1+ O v Ay | By = [14+ 230 { 05D 4y — 24,0 L] By = g [1 4 2050 uftAJ.
The MSE(tg) at (41) is minimized for

(E2E4 — E3Es)
W= —F———F5—

(E\E; — E3) “
Wy — (E1E5 — E3Ey) (42)
> 7 (EiE, — E2)
Substitution of (42) in (41) provides the minimum MSE of t3 is given by
> (E2E} — 2E3E4Es + E|E2)
MSEnin(tg) = Y |1 —
mm( 8) (ElEz _ E%) (43)
Now we have the following theorem.
Theorem 3.1 The MSE of tg is greater than or equal to the minimum MSE of tg.
MSE(tg) > MSEmin (ts)
Efficiency comparison
From (2), (4), (6), (8), (16) and (17) we have
MSE(to = 7,,) — MSE(t3) = Y"Ayp2, > 0, (44)
MSE(t;) — MSE(t3) = Y Ag(1 — C)* = 0, (45)
MSE(t;) — MSE(t3) = Y Ag(1+ C)% > 0, (46)
_ _ *ZA;P _ 2
MSE(t1e) = MSE(t3) = Y ~2 (1= 20)* 2 0, (47)
_ _74 2
MSE(t2,) — MSE(t5) = Y° —*(1420) 2 0, (48)
It follows from (44) to (46) that the regression estimator t; is more efficient than y,, t1 2, t1. and f..
From (8), (12), (22), (26), (29), (33), (38) and (43) we have
2 2
- 5 (B2B% — 2B3B4Bs + B B?)
MSE(ts) — MSEmin(ts) = Y A(l— ) —1| >0
(t3) min (t4) y Pyg (BlBZ — B%) = (49)
MSE(t;) — MSEqy (t)—72 A (1 2 >+ (AzAi—2A3A4A5 +A1A§) >0 5
3 min\t5) = y py¢ (AIAZ — A%) el ( )
- , (A2<1>Ai<1> — 243 AqyAs1) + A1(1>A§<1>)
MSE(t3)~MSEmin(te) = ¥ | 4y (1= 0}, ) + 8 >0
(A1<1>A2<1> - A3<1>>
(51)
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2 2
— , (C2C} — 2C3C4Cs + C1C2)
MSE(t3) — MSEmin(t7) = Y A(l— )+ -1/ >0
(t3) min (£7) y Pye (Cl Gy — C%) (52)
MSE(t3) — MSEmin (trm) = 7 |4 <1_ 2 )+ (D2Df — 2D3D4Ds + D1 D) N 5
3 min \t7(m) ) = y py¢ (D1D2 _Dg) jastl ( )
2 2
— 5 (E2E} — 2E3E4E5 + E|E2)
MSE(t3) — MSEmin(ts) = Y A(l— )+ -1 >0
(t3) min (£8) y Pyg (E]Ez _ E%) = (54)

It follows from (49) to (54) that the classes of estimators t4 ts, fs, t7, t7(m) and tg are more efficient than the
regression estimator t3.
Further from (12), (26), (29), (33), (38) and (43) we have

MSEmin(tg) < MSEmin(ts) if My < My, (55)
MSEmin(ts) < MSEmin(t5) if M3 < M, (56)
MSEmin(ts) < MSEmin(ts) if My < M, (57)
MSEnin (ts) < MSEmin(t7) if M5 < My, (58)
MSEmin (t3) < MSEmin (t70m)) if Ms < My, (59)

(E2E3—2E3E4Es+Ej E2) . (Ay*sttAMfosztA%viAéAy) (A2A3—243A445+A1 A2)

where M;= M, = M; =
(B1E2—E3) ’ (4p+ayap—via2-42,) (A142-43) ’
(AzmAﬁ(1)*2A3<1>A4(1>A5<1>+A1(1>A§<1)) (C2C3—2C3C4C5+C1 CF) (D;D}—2D3D4Ds+D; DZ)
My = 2 Vs = Ci1C—C2 » Me = Dy D,—D?
(A1<1>A2(1)—A3(1)2 (C1G-a3) (D1D,—D3)
Therefore we can say that the proposed class of estimators g is more efficient than the estimators t4 ts, tg, t7

and 7, as long as the conditions (55), (56), (57), (58), and (59) respectively are satisfied.

Numerical illustration

To judge the merits of the suggested class of estimators tg over other existing estimators, we have computed the
percent relative efficiency (PRE) of different estimators with respect to usual unbiased estimator y,, by using the
following formulae:

A
PRE(t1,7,) = s x 100, (60)
[A) + Ag(1 —20)]
A
PRE(,7,) = - x 100, (61)
[A) + Ag(1 +20)]
PRE(t3 0T tge,yy ) = T X 100, 62)
[1 N %]
PRE(t‘l’yst) = m x 100, (63)
A
PRE(t1e,7,) = Y x 100,
64
|4, + %~ 40)] 64)
_ Ay
PRE(tZE’yst) = Ay x 100, (65)
[Ay +A0 4 4C)}
A
PRE(t5,7) = ——2— x 100, (66)

[1— M;]
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_ A
PRE(t6,7,) = m x 100,
PRE(t7,7,) = UiAinS] x 100,

PRE(t74m), 7)) = m x 100,
PRE(t3,7,,) = ufinl] x 100,

(69)

(70)

To demonstrate the effectiveness of the proposed class of estimators ts, we utilise data on the number of
teachers as the study variable (y), and the number of students classified as more or less than 750 in both primary
and secondary schools as the auxiliary attribute ¢ for 923 districts across six regions (as 1: Marmara, 2: Agean,
3: Mediterranean, 4: Central Anatolia, 5: Black Sea, 6: East and Southest Anatolia) in Turkey in 2007 (Source:
The Turkish Republic Ministry of Education).

The summary statistics of the data are given in Table 1. We applied Neyman?® allocation for allocating the
samples to various strata?*. Source: Koyuncu’.

It is observed from Table 2 that the estimators t; and t;, are more efficient than the usual unbiased estima-
tor ¥ (which does not utilize the auxiliary attribute). The product estimator ¢, and product-type exponential
estimator t,(,) perform poor than y (due to positive correlation between y and ¢). The t3 is more efficient than
t1, tie, t2 and ty,. The performance of the estimators (t4, t5, ts) are almost same but marginally better than estima-
tors t1, t1e, t2, the and f3.

Stratum (h)
Values 1 2 3 4 5 6
N, 127 117 103 170 205 201
ny 31 21 29 38 22 39
Y 703.74 | 413.00 |573.17 424.66 |267.03 |393.84
Sy 883.83 | 644.92 |1033.46 |810.58 |403.65 |711.72
S¢h 0.213 0.159 0.25 0.31 0.28 0.21
py 0.952 0.97 0.93 0.88 0.91 0.95
S¢yh 25.26 9.98 37.45 44.62 21.04 18.66
Bagny | 1692 [3557 [1034 |423 [e67 |1556
Table 1. Data statistics.
Different values
of scalars Estimators
as by t tice) t be |t ts t5 ts ty(y=-1) | tzm(y=-1) |ts(8=-1,n=1)
Co(st) NP 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.17 |103.17 | 3366.42 1.71E+10 1.49E+11
1 NP 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.17 |103.17 | 3363.75 1.21E+09 1.06E+10
Bao(st) NP 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.17 |103.17 |3318.90 6.68E+06 5.84E+07
Costy | Bopsry | 101.82 | 10175 | 9228 |96.75 |102.00 |103.17 |103.17 | 103.17 |3308.06 |4.44E+06 3.88E+07
1 Bap(sy |101.82 | 101.75 |92.28 | 96.75 |102.00 |103.17 |103.17 | 103.17 | 3162.20 3.43E+05 3.02E+06
Cost) 1 101.82 | 101.75 |92.28 |96.75 |102.00 |103.17 |103.17 |103.17 |2786.33 3.47E+04 3.10E+05
1 Cpsty | 101.82 | 10175 |92.28 |96.75 |102.00 |103.17 |103.18 |103.17 |1747.40 |2.33E+03 2.02E+04
Bao(st) 1 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.18 | 103.17 | 1573.86 1.70E+03 1.43E+04
Bag(st) Cost) 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.18 |103.17 | 1519.10 1.55E+03 1.29E+04
NP Bap(sry |101.82 | 101.75 |92.28 | 96.75 |102.00 |103.17 |103.18 | 103.17 | 1515.26 1.54E+03 1.28E+04
NP 1 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.18 | 103.17 | 1499.67 1.50E+03 1.24E+04
NP Cost) 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.18 | 103.17 | 1498.76 1.50E+03 1.24E+04
1 0 101.82 | 101.75 |92.28 |96.75 | 102.00 |103.17 |103.18 | 103.17 | 1498.43 1.50E+03 1.24E+04
Table 2. PREs values of different estimators of Y with respect to .
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Table 2 also demonstrates that the proposed estimator tg with (8 =—1Ln=1ay¢ = Cyst), bst = NP) has
the largest PRE(=1.49E+11) followed by #7(,,) with (ﬂ. = —1,a¢ = Cy(st), bt = NP). It is further observed that

the proposed classes of estimators t7(,,) and tg are always better than the classes of estimators ti*, t1., t and t,,
t3 (difference estimator), ts°, t5°, £6'!, t7'° for all choices of (ag, bs). The proposed class of estimators tg is the best
among the estimators closed in Table 2.

Thus, our recommendation is to use the suggested class of estimators t7(,;) and #g in practice.

Conclusion

In this article, we propose two classes of estimators for estimating the population mean Y of the study variable y
using information on an auxiliary attribute (¢). The suggested classes of estimators are wide-ranging. The biases
and mean squared errors of the proposed classes of estimators t7(,;) and tg are derived up to the first degree of
approximation. The optimum estimators in the classes of estimators t7(,;) and tg are investigated using the mini-
mum mean squared error formulae. An empirical study is conducted to evaluate the efficiency of the proposed
classes of estimators ¢7(,;) and tg and the findings are presented in Table 2. The results of Table 2 demonstrate that
the suggested classes of estimators t7(,;) and tg are more efficient than the recently developed classes of estimators
t4, t5,t6, t7 and t3 by Koyuncu’, Sharma and Singh®, Shahzad et al."', Koyuncu!?, and the difference estimator,
with a considerable gain in efficiency. Therefore, we conclude that the proposed classes of estimators and are
justified and can be used in practice.

One potential direction for future research is the application of advanced statistical techniques, such as
machine learning and artificial intelligence, can be explored to improve the accuracy and efficiency of the esti-
mators. These techniques can also help in identifying relevant auxiliary variables for improving the estimation
process. The impact of various sampling designs on the estimation process can be investigated. For example, the
effect of unequal sample sizes in different strata, non-response rates, and measurement errors on the accuracy
and efficiency of the estimators can be studied. Finally, the extension of the current research to other types of
population parameters, such as variance and quantiles, can also be explored. This can lead to the development
of new classes of estimators and further improve the accuracy and efficiency of the estimation process.
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