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We present theoretical and experimental evidence of high-gain far-detuned nonlinear frequency
conversion, extending towards both the visible and the mid-infrared, in a few-mode graded-index
silica fiber pumped at 1.064 wm, and more specifically achieving gains of hundreds of dB per meter
below 0.65 wm and beyond 3.5 pm. Interestingly, our findings highlight the potential of graded-index
fibers for enabling high-gain wavelength conversion into the strong-loss spectral region of silica. Such
advancements require an accurate interpretation of intramodal and intermodal four-wave mixing
processes.
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In recent years, increasing the number of guided modes within an optical fiber has introduced a new degree of
freedom for investigating rich and complex spatiotemporal dynamics as well as novel phase-matched frequency
conversion processes. The interactions of multiple modes have led to the observation of remarkable phenomena,
including geometric parametric instability, beam self-cleaning, multimode solitons, and discretized conical
emission, to name a few! ™. These phenomena are intricately dependent on the opto-geometric parameters of the
multimode fibers (MMFs). Distinct guiding properties can be obtained through step-index and graded-index
profiles, thus resulting in either few-mode or largely multimode behavior. As an example, graded-index (GRIN)
multimode fibers exhibit the feature of nearly equally-spaced effective refractive indices of guided modes, thereby
creating favored conditions for the emergence of new phase-matched processes through the self-imaging effect. In
particular, collective spectral sidebands (associated with numerous intermodal four-wave mixing combinations)
can emerge on both sides of the pump wavelength?, a phenomenon known as the geometric parametric instabil-
ity (GPI). When considering a few-mode fiber, the number of intermodal couplings is significantly reduced and
easier to analyze. Therefore, any newly generated frequency can be investigated through the phase-matching
conditions of each potentially involved four-wave mixing (FWM) process®’.

Intermodal FWM and GPI in silica MMFs have recently been the subject of detailed investigations, with
a particular focus on the spectral peaks emerging on the short-wavelength side of the pump laser (i.e., in the
near-infrared or visible region) in fibers with relatively large core diameter (50-100 um)>%-1%. To the best of
our knowledge, the possibility of generating such sidebands far from the pump wavelength in the mid-infrared
(mid-IR) region has not been investigated experimentally so far. This is mainly due to the limited transparency
window of silica fibers (0.4-2.4 pm) commonly accepted, which prevents their practical use in the mid-IR.
Nevertheless, it is worth mentioning that supercontinuum generation has been previously demonstrated up
to 3.0-3.6 um in short meter- (centimeter-)long segments of single-mode germanium-doped silica fibers'"!?
by means of ultrashort pulse propagation and Raman scattering in cascaded fiber systems. A few experimental
studies in the continuous-wave pumping limit have also explored the possibility of achieving direct FWM-based
frequency conversion to the mid-IR in endlessly single-mode silica photonic crystal fibers, which enable precise
engineering of dispersion properties and phasematching'>!*. Typically low conversion efficiencies (0.1-1.0%)
estimated around 3.0 um were obtained due to strong fiber losses, without any measurement of both the mid-IR
spectrum and degenerate FWM gain.
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In the present work, we investigate far-detuned nonlinear frequency conversion through intramodal and
intermodal phase-matchings in a few-mode fiber both theoretically and experimentally. High-gain far-detuned
nonlinear frequency conversion is enabled by an effective overlap integral of the field distributions involved in
the FWM process. In our work, we noticed that this feature can be obtained in GRIN fibers and high-gain can be
reached in a short (sub-meter-long) fiber segment. Our study requires a detailed analysis of the full frequency-
dependence of propagation constants for the distinct modes as well as their effective mode overlaps. Although
our results confirm that efficient, broadband wavelength conversion in MMFs is a relevant alternative to single-
mode fibers, it can still benefit from further development through careful engineering of the index profile and
the use of infrared glasses.

Experimental and numerical parameters

We used a commercially-available few-mode GRIN fiber (manufactured by OFS) for our experiments. The
refractive index profile of the fiber, measured at 0.632 pm!'®, is shown in blue in Fig. la. It can be accurately
approximated (see black line in Fig. 1a) by assuming the following opto-geometric parameters. We considered a
fiber core with a radius of 8 wm and a GeO, doped parabolic profile, with a maximum concentration of 5 % mol.
The core is then surrounded by a 2 pm-thick layer of pure silica, followed by a 5 um fluorine-doped trench
and further by the pure silica cladding. We assumed the refractive index shift induced by the fluorine to be
—5.5 x 1073 (compared to pure silica).

The refractive index curves for the center of the germanium doped core, silica cladding, and fluorine trench
calculated as a function of wavelength are shown in Fig. 1c. We made use of Sunak material dispersion model
to obtain the refractive index of both pure and GeO;-doped silica'”. For such silica-based fibers, linear losses
are typically negligible for meter-long segments within the visible and near-infrared spectral regions (below
0.01 dB/m)'¢. However, as the wavelength approaches the 2-jum waveband, the silica transparency significantly
drops. We measured the fiber losses by means of the common cutback method combined with a home-made
fiber supercontinuum source and a He-Ne laser emitting at 3.39 wm. The results are depicted in blue in Fig. 1b in
semi-log scale, and are compared to the attenuation of bulk silica glass'®, reproduced with black dashed line. The
good agreement allows to use the bulk attenuation curve as a good estimation of our fiber losses in the mid-IR.
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Figure 1. (a) Refractive index profile measured at 0.632 pum (blue dots) and corresponding fit used for our
numerical analysis (dotted line). (b) Fiber attenuation measured by means of the cutback technique (blue) and
absorption spectrum of bulk silica (Suprasil F300) from Ref.'® (black dashed line) in the mid-IR. Calculated
refractive index (c) and effective mode area (d) of the first three LPy ,,, modes with cutoff wavelengths marked
with gray dashed lines. (e) Experimental setup for observing far-detuned frequency conversion. P polarizer; 1/2
half-wave plate; MO microscope objective.
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The measured attenuation reaches 1 dB/m at 2.4 um and 70 dB/m at 3.39 pm, and it would exceed 200 dB/m
for wavelengths beyond 3.54 pm.

Modal properties of the fiber were calculated using COMSOL Multiphysics software, only scalar linearly
polarized LPy ,, modes were considered. The effective refractive indices and effective mode areas of the first
three LPy ,, modes are plotted in Fig. 1c,d, respectively. LPy 3 and LPy; modes are cut off at 0.92 and 1.40 pm,
respectively. Furthermore, the effective refractive index of the LPj,; mode approaches the cladding refractive
index for wavelengths exceeding 3.6 jum, thus indicating that the mode significantly propagates in the cladding,
confirmed by the rise of its effective area in that spectral region.

To experimentally investigate intramodal and intermodal FWM processes in an optical fiber, we implemented
the setup described just below, and depicted in Fig. 1e. We used a high-power laser source (Teem Photonics,
PNP-MO08010-1x0) operating at 1.064 um with a repetition rate of 1 kHz that delivers 400 ps pulses. The laser
beam was passed through both polarizer and half-wave plate for power and polarization control, before being
coupled into the fiber with a x 10 microscope objective. Careful attention was paid to light coupling in such a
way to maximize the excitation of the fundamental mode LPy ; of the fiber under test. We investigated only short
fiber segments (less than 2 m). The fiber output spectrum was monitored by using two optical spectrum analyzers
(Yokogawa, AQ6374 and AQ6377), while the associated spatial content was analyzed using two beam profilers
(Cinogy, CinCam CMOS-1202 IR; FLIR, SC7300) and a set of suitable spectral filters.

Results and discussion

In the following, we present and analyze two typical output spectra observed for slightly different average powers
but similar spatial light coupling conditions into a 70 cm-long fiber segment. As a first example, we maximized
the coupling into the fundamental mode LPg; by monitoring the output modal content of the fiber. The cor-
responding output spectrum for an average power of 27.5 mW (equivalent to a 60% coupling factor of the input
laser) is plotted in Fig. 2b. The pump spectrum is broadened around 1.064 um due to intermodal modulation
instability (MI) arising from the bi-modal interaction with the higher-order mode LPy,'*'°. By finely analyzing
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Figure 2. (a) Phase mismatch A calculated for the FWM process in the fundamental mode. (b) Experimental
spectrum recorded at the output of a 70 cm-long fiber segment when the aforementioned FWM process in the
fundamental mode is optimized. Insets: near-field images of the three spectral peaks (anti-Stokes, pump, and
Stokes waves) recorded using spectral filters. (c-e) Corresponding spectra of anti-Stokes, pump, and Stokes
waves respectively recorded at the output of fiber segments of increasing lengths.
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the MI peak frequency and gain recorded for several fiber lengths (as indicated in the zoom of Fig. 2d), we can
estimate the initial power distribution between the two spatial modes involved LPj ; and LP , at the pump wave-
length through the theoretical phase-matching'®. Details can be found in the “Methods” section. Our analysis
reveals that more than 85% of the total power was injected into the fundamental mode. When looking at the
overall spectrum shown in Fig. 2b, we also checked that the residual peaks around 0.8 and 1.4 pm arise from the
laser source. However, the remarkable feature here is the emergence of two far-detuned peaks located at 3.580 um
and 0.625 pm, representing a symmetric detuning of approximately 200 THz from the pump. These spectral
positions correspond to the wavelengths of the Stokes and anti-Stokes of a FWM process involving solely the
fundamental LPy,; mode. The near-field spatial characterization of filtered spectral peaks (see insets in Fig. 2b)
confirms the intramodal nature of this FWM process. More specifically, we used a shortpass 0.95 um spectral
filter to capture the anti-Stokes wave at 0.625 jLm, a bandpass 1.064 jum spectral filter to capture the pump wave,
and a longpass 2 jum spectral filter to capture the Stokes wave at 3.580 um. The spatial intensity patterns can all
be attributed to the fundamental mode LPy ;, whose full-width at half-maximum significantly broadens over the
fiber core with increasing wavelength. The power contained in the mid-infrared peak was measured to be 40 pW
when the total average power at the fiber output was 27.5 mW. To the best of our knowledge, this observation is
the most far-detuned frequency conversion into the mid-IR range performed in a silica-based fiber.

Any degenerate-pump-frequency (intra- or intermodal) FWM process occuring in an optical fiber can be
described by the following linear phase-matching condition®: AS = B+ By — By — ﬂf = 0, where ,3,13 rep-
resents the propagation constant of the spatial mode « at the pump frequency w,. Superscripts s, as represent
the Stokes, and anti-Stokes frequencies, respectively. The above phase-matching condition can be analyzed as
a function of the mode number m, and we restrict our analysis to LP,, modes. In practice, the propagation
constant of mode LPy,, in a GRIN fiber can be simply calculated by the summation of the material dispersion
and an approximate waveguide contribution®. But this common picture of equidistant distribution of propa-
gation constants, as well as the use of a finite-order Taylor-series expansion of propagation constants, fail to
correctly describe our observations without implying a misinterpretation of mode combinations involved in
FWM processes. Consequently, the phase-matching curves presented here were obtained by taking into account
the full frequency dependence of the propagation constants. As shown in Fig. 2a, our results confirm that the
phase-matching of the far-detuned frequency peaks observed at + 200 THz can be fully driven by the higher-
order dispersion of solely the fundamental mode m = 1of the GRIN fiber (i.e., a degenerate FWM that transfers
energy from a strong pump wave to two waves). Indeed, the corresponding linear phase-matching accurately
predicts the spectral positions of the Stokes and anti-Stokes at 3.524 wm and 0.627 pum, respectively. Note that
the disagreement in frequency with experiments remains in the order of 1 THz for both peaks.

To further study this FWM process, we compare the power spectra of anti-Stokes and pump waves at differ-
ent propagation distances with a cutback experiment. We plot some selected spectra of anti-Stokes in Fig. 2c,
obtained for different fiber lengths indicated in the legend, with input beam launch conditions kept unchanged
(except average power here equals to 24 mW). Notably, the anti-Stokes power grows significantly with propa-
gation distance. After approximately 70 cm, the spontaneous gain for the anti-Stokes saturates and further
propagation leads solely to spectral broadening. The estimation of this growth rate along the propagation dis-
tance is analyzed later (see Fig. 4a). The anti-Stokes broadening is induced by the cascaded broadening of the
pump spectrum, as observed in Fig. 2d, through cross-phase modulation effects. Note that the same frequency
detuning of spectral sidebands is observed (approximately 8.5 THz). Additionally, in Fig. 2e, we present some
selected spectra of the mid-IR Stokes wave obtained for three different fiber lengths. After each cutback the fiber
alignment was optimized to achieve the highest intensity of the mid-IR peak (for a constant average power of
27.5 mW). Clearly, the Stokes power is limited by the strong fiber losses in this spectral region (see Fig. 1b). After
exceeding approximately 70 cm of propagation, the Stokes power begins to drop as fiber losses are overcoming
the already saturated gain of the FWM process. The changes observed in the Stokes wavelength and bandwidth
in Fig. 2e can be ascribed to the slight input coupling variations, but also to the pump depletion and spectral
broadening occurring along the fiber length.

As another example, we increased the input peak power into our 70-cm-long GRIN fiber by slightly adjusting
the position of the fiber around the input focal plane, following which we collected the output spectrum shown
in Fig. 3g. The average power at the fiber output is now 29.8 mW, thus corresponding to a coupling efficiency of
65%. Here, we obtained a similar spectrum characterized by a broadened pump spectrum around 1.064 pm and
two far-detuned frequency peaks at + 200 THz. However, a new set of frequency peaks has emerged in the visible
region, as previously reported in Ref."® in a slightly longer fiber segment (1 m). The minor adjustment in the
input conditions modified the characteristic frequency of intermodal MI bands around the pump (now about
10 THz detuning). Consequently, we estimate that no more than 80% of the total power is now injected into the
fundamental mode (and the remaining into the LPy; mode). However, as previously shown, the fundamental
mode remains the main mode involved in the distinct FWM processes studied below. A detailed investigation
of each phase-matched FWM at the origin of the spectral peaks was performed both experimentally and theo-
retically. The spatial content for the newly emerged spectral peaks was characterized by near-field imaging as
shown in Fig. 3a—e. Various configurations of intermodal FWM processes were calculated and analyzed in
Table 1. It appears that the superposition of both intramodal and intermodal FWM processes could emerge, as
very similar phase-matched frequencies can be found. Consequently, beyond the necessary condition of phase-
matching for the FWM interactions for distinct mode combinations, the relative strength of the interaction has
to be determined by the nonlinear coupling coefficient 1,534 = " f 2,34 driven by the overlap integral of the
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field distributions fi 34 = %0, where angle brackets denote integration over the trans-
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Figure 3. (a-e) Near-field images of the spectrally filtered peaks indicated by arrows and colored dashed lines
in subplot (g). Left sections are experimental measurements, whereas right sections provide corresponding
calculated mode distributions. In subplot (e), both calculated LPy ; and LPy; modes are shown. Red line
indicates the inner edge of the fluorine-doped trench. (f) Phase mismatch Ap calculated for intramodal and
intermodal FWM processes (details provided in text). (g) Experimental spectrum recorded at the output of a
70 cm-long fiber segment with an average power of 29.8 mW.

1 2 -
vk} |2, M| Af % Fuasprp2 (hm=2)
{1,1,1,1} 3.524 0.627 1.064 1.064 0.0111
{1,2,1,2} 3.475 0.629 1.064 1.064 0.0045
{2,1,1,1} 1.351 0.556 1.064 0.625 0.0135
{2,2,2,1} 1.364 0.554 1.064 0.625 0.0059
{1,3,1,2} 1.373 0.552 1.064 0.625 0.0054
{2,1,1,1} 0.799 0.513 0.625 0.625 0.0171
{3,1,1,2} 0.791 0.517 0.625 0.625 0.0111
{1,2,1,1} 0.802 0.512 0.625 0.625 0.0106
{2,2,1,1} 0.906 0.477 0.625 0.625 0.0119
{3,1,1,1} 0.894 0.480 0.625 0.625 0.0113
{2,3,1,2} 0.909 0.476 0.625 0.625 0.0073

Table 1. Comparison of calculated FWM combinations with the highest overlap integrals (up to three
cases for each process). For comparison, the self-phase modulation coeflicient at pump wavelength in the
fundamental mode is 0.0165 wm 2.

in which the jth field propagates inside the fiber, n; = 2.6 x 1072° m?/W is the nonlinear refractive index, and
c is the speed of light in vacuum. It is noteworthy to emphasize that for the far-detuned process, the integration
involves the wavelength-dependent field distributions. For the case of the far-detuned peaks at + 200 THz previ-
ously studied and observed again, there are two possible FWM processes involving combinations of LPj,; mode
only, or with LPy; modes in Table 1, namely: {u, n, v,«} = {1,1, 1,1}, or {1,2, 1, 2}. These combinations exhibit
different overlap integrals (which translates into the FWM efliciencies), thus confirming that this process under-
study predominantly involves the fundamental mode (the corresponding AB is depicted with black line in
Fig. 3f). In this regard we also point out that the resulting FWM efficiency also depends on the power contained
in the pumping modes {v, «}.

The second pair of analyzed peaks is located at 0.555 wm and 1.352 um (blue dashed lines in Fig. 3g). In that
case, we retrieve experimentally the main signature of the fundamental mode for such peaks, see Fig. 3c,e. Table 1
provides the corresponding FWM processes with the highest overlap integrals. The origin of the observed spectral
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Figure 4. (a) Experimental gain measurements for the anti-Stokes wave centred at 0.625 jum as a function of
propagation distance z, obtained for peak powers in the fundamental mode equal to 51 kW (red and yellow)
and 36 kW (blue) (with fitting curves in dashed lines as guides to the eye). Horizontal solid segments also
indicate the cutback fiber lengths. (b,c) Theoretical gain calculations for the anti-Stokes (b) and Stokes (c)
waves for 36 kW (blue) and 51 kW (orange) peak power. Black dashed line indicates the estimated value of fiber
attenuation in this spectral region.

components can only be explained by involving non-degenerate FWM with two distinct pump wavelengths,
specifically 0.625 jum and 1.064 um, for satisfying the condition ws + wss = wp1 + wp2. The mode combination
{2,1,1, 1} appears as the most probable scenario consistent with the pump wavelengths mostly carried by the
fundamental mode (the corresponding Af is depicted with blue line in Fig. 3f). However, one has to point out
that the LPg > mode is close to cutoff at the Stokes wavelength, thus explaining why the Stokes peak is observed
at 1.352 pm in the fundamental mode with a lower intensity than the anti-Stokes wave at 0.555 pm. Other
combinations listed in Table 1 provide FWM processes with lower efficiency but enabling Stokes emission in
the LPy,; mode with mixed pumping in both LPy; and LPy; modes. The third pair of peaks emerges at 0.514 um
and 0.798 pum (green dashed lines in Fig. 3g). These sidebands are mainly associated with the LPy; and LP ;
modes, respectively, see Fig. 3b,d. When checking possible phase-matched combinations, a degenerate FWM with
pumping in the fundamental mode at 0.625 jum was identified as the process with the highest overlap integral,
thus giving {2, 1, 1, 1} (the corresponding A is depicted with green line in Fig. 3f). This is in excellent agreement
with our above measurements. Other combinations are also listed in Table 1 for comparison. Finally, the fourth
pair of peaks recorded at 0.473 jum and 0.904 um (magenta dashed lines in Fig. 3g) exhibits low intensities, only
the spatial content of anti-Stokes wave was recorded, and it is mainly supported by the LPy 3 mode, see Fig. 3a.
Our analysis indicates that these wavelengths can be associated with degenerate FWM processes with pumping at
0.625 um, and involving the LPy; and LPy; modes. The one corresponding to our experimental characterization
refers to {2, 3, 1,2} in Table 1, and confirms the low efficiency (the corresponding AS is depicted with magenta
line in Fig. 3f).

We clearly demonstrate that the additional FWM processes observed in the second experiment find their
origin in the combination of the secondary pump at 0.625 wm with or without the initial pump at 1.064 pm in
the fundamental mode. This phenomenon simply arises from the significant power contained by the fundamental
mode at those wavelengths. More specifically, the secondary pump is enabled by the high gain provided by the
first intramodal degenerate FWM process studied in Fig. 2b. To go beyond the analysis of phase-matching, we
characterize the gain of this spontaneous far-detuned FWM process due to a strong pump wave in the LPj,; mode.

By following the general derivation of the parametric FWM gain from Ref.?, we can limit the calculation to
a set of three coupled nonlinear equations since the pump fields cannot be distinguished on the basis of their
frequencies, polarization, or spatial profile in the present case. Our analysis assumes an undepleted pump but it
includes the frequency-dependence of overlap integrals. We find that the corresponding effective phase-mismatch
becomes Ak = AB — 2yp Py + 2¥spPo + 2VaspPo, where A = B7 + B1° — Z,Bf is the phase-matching condi-
tion in the linear regime; v} p, ¥s,p and v, denote the effective nonlinearity coefficients for pump’s self-phase
modulation (SPM), pump-induced cross-phase modulation (XPM) of Stokes and anti-Stokes bands, respectively;
and Py is the input peak power (here: in the fundamental mode, 85% of 60 kW). The gain g depends on the
pump power and is defined as g = \/ (yrwMmPo)? — (Ak/2)2. The maximum gain (gmax) is then achieved for
Ak = 0, thus gmax = YrwMPo, With YrwM = /Vsasp,pVasspp Deing the effective nonlinearity for the intramodal
FWM process. Figure 4 compares some experimental gain measurements along the fiber length (Fig. 4a) with
theoretical predictions for two peak powers (Fig. 4b,c). Estimation of experimental gain was possible only for
the anti-Stokes wave in the visible region, based on several recordings of spectra as shown in Fig. 2c. Such a gain
inference over very short propagation distances is tricky. As shown by our two data sets for the same power of
51 kW in the fundamental mode, the gain estimation strongly depends on the cutback increment (indicated by
horizontal segments in Fig. 4a). Nevertheless, our gain measurements agree well with our theoretical predic-
tions close to 400 dB/m. Our measurement also shows the complete saturation of the FWM process after 0.7 m
as the gain rapidly drops to zero. It is also worth to mention that our theoretical phase-matching Ak (including
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contributions of SPM and XPMs) correctly predicts the spectral positions of the Stokes and anti-Stokes at
3.545 wm and 0.626 pm, respectively.

For Py = 36 kW, our gain estimate is lower than theory, this could be linked to the fact that gain saturation
occurs later along the fiber due to lower input power. Several effects can impact gain efficiency of this FWM
process, namely the mid-IR higher losses accumulated over propagation, the competition with other FWM
processes such as intermodal MI around the pump, and the temporal walk-off between the generated peaks
and the pump®. In the latter case, the group velocity mismatch is 48 ps/m between the pump and anti-Stokes
wavelengths, and 168 ps/m between the pump and Stokes wavelengths. As a result, one can calculate the cor-
responding walk-off lengths Ly (for a characteristic pulse duration Ty = Trwrnm/1.665 = 240 ps), we found
Lw =5 and 1.4 m, respectively, which is longer than our fiber segments under study. A clear identification of the
involved detrimental effects would require further numerical studies based on the complex modeling of MMF
as a function of modal excitation®!.

Here, it is worth highlighting that an extreme value of parametric gain (400 dB/m) was obtained, even for
far-detuned frequencies. Typically, in single-mode and small-core fibers, far-detuned frequency conversion in
the normal dispersion regime has already been investigated, but rather limited to frequency shifts of tens of THz
and FWM gain of tens of dB/m**~*, without taking into account the frequency-dependence of overlap integrals.
Here, extended FWM features in GRIN fiber are supported by the combination of high peak power and large
overlap coefficient. In Fig. 1d, one can notice that the effective area of the fundamental mode remains in the 10
to 200 wm? range over the 3 um spectral bandwidth. The linear behavior then drastically changes around 3.5 wm
and can be also associated with higher confinement losses (possibly explaining the low power measured for Stokes
peak in the mid-IR). Such far-detuned phase-matchings are also possible theoretically in standard step-index
profiles of silica fibers. We numerically considered the case of step-index fiber with a 5% mol GeO,-doped core
with a radius of 8 um. The analysis of phase-matching predicts the spectral position of Stokes and anti-Stokes
peaks at 3.411 m and 0.630 um, respectively. However the calculated overlap integral equal to 0.0063 um™2 is
almost twice as low as the case of the GRIN fiber studied here (resulting in a FWM gain below attenuation level).
The lower modal confinement (i.e., effective mode area varies from 100 to 300 um?) does not result in such high
FWM gain. Experimentally, we also checked that our available few-mode step-index silica fibers at 1.064 um did
not allow us to observe any far-detuned FWM peaks with similar pumping conditions.

Conclusion

In summary, we have reported a far-detuned wavelength conversion process with high gain in a few-mode
GRIN fiber that extends into the mid-infrared well-beyond the common transparency window of silica. Extreme
features of parametric conversion were obtained by means of a commercially-available GRIN profile, though
there is still room for optimization procedure in the fiber design to tailor phase-matched frequencies and para-
metric gain in many spectral windows of interest. Moreover, our results highlight that broadband wavelength
conversion process into MMFs still deserves further detailed investigations, especially when considering the
fine spatial-spectral structure®.

Methods

The initial power distribution between the two spatial modes involved (LPg,; and LPy ;) at the pump wavelength
is estimated by comparing experimental frequency detuning 2 with theoretical phasematching of the MI peak
frequency. Our calculations are based on the theoretical development described in Ref.'®. The usual method con-
sists in analyzing the stability of the stationary solutions of the two incoherently coupled nonlinear Schrodinger
equations (for the modes involved) in the presence of small amplitude and phase perturbations. One can then
find the corresponding stability matrix [M] of the system from which we obtain the following dispersion relation:

K2 = ++/D*(A? —2AC + 4B2 + C?) + D(A + C 4 D),

with A = mwpfyvvPu/c, B = 2mwpfyxvin/PvPe/c; C = mawpfe icunPe/c, and D = BaQ%/2. Subscripts v
and « refer to the two spatial modes involved at the pump frequency wp, P is power injected into the respective
mode, and overlap integral fi ;34 definition is provided in the main manuscript. We assumed that dispersion
coefficients B, are similar for both modes. The MI phenomenon occurs when the wave number K of the pertur-
bation possesses a nonzero imaginary part, and manifests itself by the exponential growth of the amplitude of
the perturbation with the power gain G = 2|Im(K)|, where K is the eigenvalue of the matrix [M] with the high-
est imaginary part. To retrieve similar frequency detuning of the measured intermodal MI peak, our analysis
revealed that more than 85% of the total power was injected into the fundamental mode (for Fig. 2d), and no
more than 80% of the total power was injected into the fundamental mode (for Fig. 3g).

Data availability
The datasets generated and/or analysed during the current study are available from the corresponding author
on reasonable request.
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