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Dynamical analysis 
of methicillin‑resistant 
Staphylococcus aureus infection 
in North Cyprus with optimal 
control: prevalence and awareness
Nezihal Gokbulut 1,2*, Muhammad Farman 1,3, Ulas Hurdoganoglu 4, Nazife Sultanoglu 5, 
Emrah Guler 6, Evren Hincal 1,2 & Kaya Suer 7

The number of Methicillin-resistant Staphylococcus aureus (MRSA) cases in communities and hospitals 
is on the rise worldwide. In this work, a nonlinear deterministic model for the dynamics of MRSA 
infection in society was developed to visualize the significance of awareness in interventions that 
could be applied in the prevention of transmission with and without optimal control. Positivity and 
uniqueness were verified for the proposed corruption model to identify the level of resolution of 
infection factors in society. Furthermore, how various parameters affect the reproductive number R

0
 

and sensitivity analysis of the proposed model was explored through mathematical techniques and 
figures. The global stability of model equilibria analysis was established by using Lyapunov functions 
with the first derivative test. A total of seven years of data gathered from a private hospital consisting 
of inpatients and outpatients of MRSA were used in this model for numerical simulations and for 
observing the dynamics of infection by using a non-standard finite difference (NSFD) scheme. When 
optimal control was applied as a second model, it was determined that increasing awareness of hand 
hygiene and wearing a mask were the key controlling measures to prevent the spread of community-
acquired MRSA (CA-MRSA) and hospital-acquired MRSA (HA-MRSA). Lastly, it was concluded that 
both CA-MRSA and HA-MRSA cases are on the rise in the community, and increasing awareness 
concerning transmission is extremely significant in preventing further spread.
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Staphylococcus genus is a common inhabitant of the skin and mucous membranes, and under certain circum-
stances can cause different types of diseases on a variety of species. Staphylococcus aureus (S. aureus) is the most 
important species in this genus which can cause serious infections in various tissues and organs with its many 
pathogenic factors1. S. aureus is one of the leading causes of both hospital-acquired and community-acquired 
infections, such as septic arthritis, osteomyelitis, bacteremia, and especially wound and soft tissue infections 
which are among the first nosocomial infections2–4. In 1960, methicillin—a semi-synthetic derivative of penicil-
lin—was developed as a beta-lactam group of antibiotics named penicillinase-resistant penicillin, which achieved 
great success in the treatment of staphylococcal infections. However, soon later in the late 1970s and early 1980s 
methicillin-resistant Staphylococcus aureus (MRSA) strains began to emerge hindering the treatment by the use 
of methicillin caused by these infections. The mecA gene located in a 21–67 kb DNA region called Staphylococcal 
cassette chromosome mec (SCCmec) is responsible for methicillin resistance in staphylococci5,6. These strains 
are increasingly becoming a serious health problem as a result of multidrug resistance development and the 
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availability of limited treatment options7,8. Hence, awareness of MRSA as a public health burden should arise 
since it can no longer be tackled only with hospital infection prevention and control measures9. On the other 
hand, innovative approaches such as the use of mathematical models in forecasting infectious diseases play sig-
nificant roles in public health. The use of the models is enhanced by constructing compartments that divide the 
studied population according to the designed model allowing researchers to identify the structure of the disease, 
predict the future of the disease, and introduce necessary control strategies whether applicable. These models 
can be generated for almost every field of health sciences including infectious diseases, cancer, tumors, etc.10–12. 
As an example, in the study13, extended-spectrum beta-lactamases (ESBL) resistance in Escherichia coli (E. coli) 
isolates was evaluated via mathematical modeling13. In other studies, it was shown that with optimal control 
theory that can be applied to control bacterial growth14, antibiotic resistance can be evaluated via sensitivity 
analysis of a deterministic mathematical model as in Ref.15. Mathematical modeling is an extremely effective 
and popular method not only in bacterial infections but also in viral and parasitic infections. In literature, there 
exist many studies in the area that made contributions to public health16–22.

To study transmission dynamics, assess various infection control interventions, assess the burden of infec-
tion, and promote further understanding of LTCF epidemiology, models that explicitly represent the relationship 
between the risk of infection and the current population of infectious individuals are helpful23. Several math-
ematical models have been utilized to illustrate MRSA transmission in hospital environments24,25. However, the 
findings and public health consequences derived from these investigations might not be relevant in non-hospital 
contexts26. With this presented study, a cross-infection model with diffusive bacteria in the environment is 
provided to examine the part that ambient bacteria play in the dynamics of hospital infections27. MRSA poses a 
serious threat to both public and clinical health. Limited information exists on local lineage profiles. This study 
provides data on the incidence of cases that are acquired in hospitals and the community28. Although it is yet 
unclear how much of an impact each intervention has, infection control programs and antimicrobial stewardship 
are beneficial in lowering the burden of diseases caused by multidrug-resistant organisms. The presented model 
describes the impact of interventions at the ward level to achieve this goal.

In the study29, the authors modified the Ross-Macdonald model for explaining the cross-transmission dynam-
ics of carbapenem-resistant Klebsiella pneumoniae (CRKP) in hospitals. This model takes into account health-
care staff as the vectors that transmit both susceptible and resistant bacteria among hospitalized patients29. The 
effectiveness of therapies for infections linked to healthcare is evaluated using mathematical models. These 
models, like any analytical technique, involve a lot of assumptions. These assumptions lack a biological founda-
tion and may inadvertently affect the projected effects of interventions. Consequently, to specifically assess the 
implications of these hypotheses, we created a model of MRSA transmission30. A mathematical model of a few 
common bacterial illnesses in our culture, including strep throat, TB, fever, and S. aureus, was examined in30–34, 
demonstrating the critical role that mathematics plays in helping to understand behavior, control methods, and 
presentation techniques.

This study is proposed to determine the presence of CA-MRSA and HA-MRSA patients in the north side 
of Cyprus. In this article, Sect. "Introduction" is an introduction; developed model, biological feasibility such 
as positively invariant, equilibrium points, reproductive potential, sensitivity, and stability analysis are in Sects. 
"Formulation of mathematical model" and "Qualitative analysis of the model". The algorithm developed by using 
the NSFD method for simulation with analysis is discussed in Sect. “Numerical results with non-standard finite 
difference method”. In Sect. "Mathematical model with optimal control", we construct the optimal control of 
the system, and numerical results and discussion are considered in Sect. "Numerical simulations and discussion 
for the constructed mathematical model". The conclusion and the impact of the study are discussed in Sect. 
"Conclusion".

Formulation of mathematical model
In the presented paper, the model consists of eight compartments as follows: susceptible individuals (S) , individu-
als who are infected with community-acquired S. aureus (CC) , individuals who are infected with CA-MRSA (CI ) , 
individuals who are infected with hospital-acquired S. aureus (HC) , individuals who are infected with HA-MRSA 
(HI ) , antibiotic group oxazolidinones (O) , antibiotic group glycopeptides (G) , antibiotic group trimethoprim-
derivatives (T) . In this model the compartment S consists of individuals who are susceptible to the S. aureus 
bacteria and who are capable of being infected with it. As authors, it is confirmed that all methods were per-
formed in accordance with the relevant guidelines and regulations. The model is constructed by using ordinary 
differential equations at the time t  and it is given below.

dS

dt
= �(1− k1 − k2 − k3 − k4)− β1CcS − β2CIS − β3HcS − β4HIS + γ1O + γ2G + γ3T + aδ1CC + bδ3HC − µS,

dCC

dt
= �k1 + β1CcS − [aδ1 + (1− a)δ2]CC − µCC ,

dCI

dt
= �k2 + β2CIS + (1− a)δ2CC −

(

o1 + g1 + r1
)

CI − µCI ,

(1)
dHC

dt
= �k3 + β3HCS − [bδ3 + (1− b)δ4]HC − µHC ,
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with initial conditions.

The details of the compartments and parameters are given in Tables 1 and 2.
In this study, the target is to determine the effects of antibiotic groups oxazolidinones, glycopeptides, and 

trimethoprim-derivatives since they were the three leading antibiotic groups that the infected patients’ samples 
were obtained to be the most sensitive. The sensitivity percentages of samples to these antibiotic groups are 
illustrated in Fig. 1.

dHI

dt
= �k4 + β4HIS + (1− b)δ4HC −

(

o2 + g2 + r2
)

HI − (µ+ d)HI ,

dO

dt
= o1CI + o2HI − γ1O,

dG

dt
= g1CI + g2HI − γ2G,

dT

dt
= r1CI + r2HI − γ3T ,

(2)
S(0) = S0 ≥ 0,CC(0) = CC0 ≥ 0,CI (0) = CI0 ≥ 0,HC(0) = HC0 ≥ 0,

HI (0) = HI0 ≥ 0,O(0) = O0 ≥ 0,G(0) = G0 ≥ 0,T(0) = T0.

Table 1.   Compartments of the model.

S Individuals that are susceptible to Staphylococcus aureus

CC Community-acquired Staphylococcus aureus-infected individuals

CI Community-acquired Methicillin Resistant Staphylococcus aureus-infected individuals

HC Hospital-acquired Staphylococcus aureus-infected individuals

HI Hospital-acquired Methicillin Resistant Staphylococcus aureus-infected individuals

O Oxazolidinones antibiotic groups

G Glycopeptides antibiotic groups

T Trimethoprim-derivatives antibiotic groups

Table 2.   Parameters used in the model.

Parameters Detail of the parameters Values of the parameters

� Admissions to the hospital laboratory 612

k1 The rate of patients admitted as CC 0.3898

k2 The rate of patients admitted as CI 0.7034

k3 The rate of patients admitted as HC 0.3477

k4 The rate of patients admitted as HI 0.3188

β1 Transmission rate from S to CC 0.445

β2 Transmission rate from S to CI 0.804

β3 Transmission rate from S to HC 0.397

β4 Transmission rate from S to HI 0.264

γ1 Recovery rate when treated with oxazolidinones 0.76

γ2 Recovery rate when treated with glycopeptides 0.6

γ3 Recovery rate when treated with trimethoprim-derivatives 0.6

δ1 Transmission rate from CC to S 0.6

δ2 Transmission rate from CC to CI 0.3

δ3 Transmission rate from HC to S 0.5

δ4 Transmission rate from HC to HI 0.3

a Cure rate of CC 0.4

b Cure rate of HC 0.2

d Hospital discharge 0.37

µ Natural death rate 0.0002
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Positively invariant region
An in-depth explanation of the circumstances in which the solutions of the suggested model hold positivity is 
the goal of the analysis. We have,

Since O(t) > 0∀t ≥ 0.Hence,

Likewise,

Now, we establish the norm:

where Dϕ is the domain of ϕ.
We have,

This implies that,

Similarly, we find,

dO

dt
= o1CI + o2HI − γ1O,

dO

dt
≥ −γ1O, ∀t ≥ 0.

O(t) ≥ O0e
−(γ1)t , ∀t ≥ 0.

G(t) ≥ G0e
−(γ2)t , ∀t ≥ 0.

T(t) ≥ T0e
−(γ3)t , ∀t ≥ 0.

�ϕ�∞ = supt∈Dϕ |ϕ|
,

dS

dt
= �(1− k1 − k2 − k3 − k4)− β1CcS − β2CIS − β3HcS − β4HIS + γ1O + γ2G + γ3T + aδ1CC + bδ3HC − µS

dS

dt
≥ −(β1Cc + β2CI + β3Hc + β4HI + µ)S, ∀t ≥ 0

dS

dt
≥ −(β1|Cc| + β2|CI | + β3|Hc| + β4|HI | + µ)S, ∀t ≥ 0

dS

dt
≥ −(β1supt∈DCc

|Cc| + β2supt∈DCl
|CI | + β3supt∈DHc

|Hc| + β4supt∈Dl
|HI | + µ)S, ∀t ≥ 0

dS

dt
≥ −(β1�Cc�∞ + β2�CI�∞ + β3�Hc�∞ + β4�HI�∞ + µ)S, ∀t ≥ 0

S(t) ≥ S0e
−(β1�Cc�∞+β2�CI�∞+β3�Hc�∞+β4�HI�∞+µ)t , ∀t ≥ 0.

CC(t) ≥ CC0e
−(aδ1+(1−a)δ2−β1�S�∞+µ)t , ∀t ≥ 0.

CI (t) ≥ CI 0e
−(o1+g1+r1−β2�S�∞+µ)t , ∀t ≥ 0.

Figure 1.   The sensitivity of Methicillin-resistant Staphylococcus aureus bacteria in patients.
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Theorem 2.1:  The specified model (1) and initial conditions (2) have a unique and bounded solution in R8
+.

Proof:  From model (1) ,  we have,

This suggests that the proposed system has a unique solution on (0,∞).

If (S(0),CC(0),CI (0),HC(0),HI (0),O(0),G(0),T(0)) ∈ R8
+, then according to the Eq. (3), the solution cannot 

omit hyperplanes. Additionally, bounding the non-negative orthant on each hyperplane, the vector field points 
into R8

+ , i.e. the domain R8
+ is a positively invariant set.

Theorem 2.2  Assume that (S,CC ,CI ,HC ,HI ,O,G,T) is one of the solutions of the proposed system with the fol-
lowing initial conditions:

Then, the set W below is biologically feasible and all of the solutions with non-negative initial conditions in R8
+ stay 

in � concerning the proposed system12.

Proof:  Let N denote the whole population. That is, N = S + CC + CI +HC +HI + O + G + T . The addition 
of all of the terms that are on the right side of the system gives,

Since, all the state variables are positive, therefore, above equality makes it clear that,

Applying integration to both sides with respect to t  yields,

HC(t) ≥ HC0e
−(bδ3+(1−b)δ4−β3�S�∞+µ)t , ∀t ≥ 0.

CI (t) ≥ CI 0e
−(o2+g2+r2−β4�S�∞+µ+d)t , ∀t ≥ 0.

dS

dt
|S=0 = �(1− k1 − k2 − k3 − k4) ≥ 0,

dCC

dt
|Cc=0 = �k1 ≥ 0,

dCI

dt
|CI=0 = �k2 + (1− a)δ2CC ≥ 0,

(3)
dHC

dt
|HC=0 = �k3 ≥ 0,

dHI

dt
|HI=0 = �k4 + (1− b)δ4HC ≥ 0,

dO

dt
|O=0 = o1CI + o2HI ≥ 0,

dG

dt
|G=0 = g1CI + g2HI ≥ 0,

dT

dt
|T=0 = r1CI + r2HI ≥ 0.

S ≥ 0,CC ≥ 0,CI ≥ 0,HC ≥ 0,HI ≥ 0,O ≥ 0,G ≥ 0,T ≥ 0.

W =
{

(S,CC ,CI ,HC ,HI ,O,G,T) ∈ R
8
+ : S,CC ,CI ,HC ,HI ,O,G,T ≤ �

}

.

dN

dt
= �− µ(S + CC + CI +HC +HI)− dHI ,

dN

dt
≤ �− µ(S + CC + CI +HC +HI ).

dN

dt
≤ �.

(4)N(t)et ≤ �et + p,
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For some arbitrary constant p . With the use of Theorem 2.1, and Rota and Birkhoff for the above differential 
inequality, it can be obtained that as t  tends to infinity, ∞ , 0 ≤ N ≤ � . Consequently, the solutions of the given 
system enter the region �. Thus, it is certain that the model is feasible by means of biology and it is enough to 
consider the dynamics of the model in �.

Qualitative analysis of the model
Equilibrium points
For the constructed model, there exists a disease-free equilibrium point, denoted by E0 . At this point, the disease 
is expected to die out in the population. In this case, E0 is the point where MRSA patients do not exist in the 
population and hence no one is diagnosed with MRSA. To reach E0 , R0 value(s) of the disease should be less than 
1. E0 of this model is unique and it is obtained as E0 =

(

S0,C0
C ,C

0
I ,H

0
C ,H

0
I ,G

0,O0,T0
)

=

(

�
µ
, 0, 0, 0, 0, 0,0, 0

)

  
and the endemic equilibrium point is given as E∗ =

(

S∗,C∗
C ,C

∗
I ,H

∗
C ,H

∗
I ,G

∗,O∗,T∗
)

 , It is clear that the endemic 
equilibrium point attracts the region so that, S∗ is the solution of,

where

Here

The other points are as follows:

(5)AS∗5 + BS∗4 + CS∗3 + DS∗2 + ES∗ + F = 0,

A = β1β2β3β4µ,

B = �β1β2β3β4(k3 + k4 − 1)− β1β2β4(�k3β2 + x2µ)− x1µβ2β3β4 − β1β3µ
(

y1β4 + y2β2
)

,

C = �β1
[

y1k1β3β4 + β2(k1 + k2)
(

x2β4 + y2β3
)]

+ β3β4
{

x1y1µ+�β2[k2x1 + k1δ2(1− a)]
}

+�k3β2
(

β2β4x1 + β1β4y1 + β1β2y2
)

+
(

x2β4 + y2β3
)(

x1µβ2 + y1µβ1 +�Hβ1β2
)

+ x2y2β1β2µ+�β3β4
[

aδ1k1β2 +Hy1β1 +Hx1β2 + k2β1
(

o1 + g1 + r1
)]

+�k4β3
(

o2 + g2 + r2
)

+�bδ3k3β4,

D = −
(

x2β4 + y2β3
)

{�k1β1 +�k1β2δ2(1− a)+ x1y1µ+�
[

aδ1k1β2 +Hβ1y1 +Hx1β2 + k2β1
(

o1 + g1 + r1
)]

}

−�y2β1β2(k1x2 + k2x2 + k3y1 +Hx2 + bk3δ3)−�k2β2(x1x2β4 + x1y2β3)−�k3x1(y1β2β4 + y2β
2
2 )

− x2µ(x1y2β2 + y1y2β1)−�y1β3β4(ak1δ1 +Hx1)+�
(

o1 + g1 + r1
)

[k2x1 + (1− a)k1δ2]β3β4

−�
(

o2 + g2 + r2
)

[k4x2 + (1− b)k3δ4]β1β2 −�(x1β2 + y1β1)[bk3β4δ3 + k4β3
(

o2 + g2 + r2
)

],

E = �
(

x1β2 + y1β1
)[

x2y2H +
(

o2 + g2 + r2
)

[k4x2 + (1− b)k3δ4]+ bδ3k3y2
]

+�x2y2
[

k1y1β1 + k2x1β2 + k1β2δ2(1− a)+ ak1δ1β2 + k2β1
(

o1 + g1 + r1
)]

+�
(

x2β4 + y2β3
)[

y1(ak1δ1 +Hx1)+
(

o1 + g1 + r1
)

[k2x1 + (1− a)k1δ2]
]

+ x1y1
{

x2y2µ+�
[

k3y2β3 + bk3β4δ3 + k4β3
(

o2 + g2 + r2
)]}

,

F = �x2y2
[

−y1(ak1δ1 +Hx1)−
(

o1 + g1 + r1
)

(x1k2 + (1− a)k1δ2)
]

−�x1y1
(

o2 + g2 + r2
)

[x2k4 + (1− b)k3δ4].

H = 1− k1 − k2 − k3 − k4, x1 = aδ1 + (1− a)δ2 + µ, x2 = bδ3 + (1− b)δ4 + µ,

y1 = o1 + g1 + r1 + µ, y2 = o2 + g2 + r2 + d + µ.

C∗
C =

�k1

aδ1 + (1− a)δ2 + µ− β1S∗
,

H∗
C =

�k3

bδ3 + (1− b)δ4 + µ− β3S∗
,

C∗
I =

�δ2(1− a)(k1 + k2)+�k2(aδ1 + µ− β1S
∗)

[aδ1 + (1− a)δ2 + µ− β1S∗]
(

o1 + g1 + r1 + µ− β2S∗
) ,

H∗
I =

�δ4(1− b)(k3 + k4)+�k4[bδ3 + µ− β3S
∗]

[bδ3 + (1− b)δ4 + µ− β3S∗]
(

o2 + g2 + r2 + d + µ− β4S∗
) ,
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Reproduction number of the system
In this model, since there are 4 different categories of disease, 4 different basic reproduction numbers, denoted 
by R0 , are obtained for each disease compartment. For the calculation of R0 formulas, Next generation matrix 
(NGM) Method is used as follows12: The matrix that consists of new infections with MRSA is,

and the rest of the system is included in the below matrix:

According to the NGM method, R0 formulas are computed by finding the dominant eigenvalues of the matrix 
F.V−1 . Hence, R0 formulas for the compartments CC ,CI ,HC and HI are obtained as below, respectively.

Sensitivity analysis
In order to facilitate analysis, 279 MRSA-positive samples were divided into groups based on age, year (before 
to/after the pandemic), and type (CA-MRSA/HA-MRSA). For this investigation, the information gleaned from 
the hospital system data regarding positive MRSA outpatients was referred to as CA-MRSA and that of inpatients 
as HA-MRSA. Appropriate statistical models and tests were run on the data groups to see whether there was any 
significance between these groups. It is verified by the authors that all procedures were followed in compliance 
with all applicable rules and regulations. Here we determined the sensitivity analysis of the model to check the 
impact of different parameters on reproductive number. The impact of parameters is shown in Fig. 2.

O∗ =
o1

γ1

�δ2(1− a)(k1 + k2)+�k2(aδ1 + µ− β1S
∗)

[aδ1 + (1− a)δ2 + µ− β1S∗]
(

o1 + g1 + r1 + µ− β2S∗
)

+
o2

γ1

�δ4(1− b)(k3 + k4)+�k4[bδ3 + µ− β3S
∗]

[bδ3 + (1− b)δ4 + µ− β3S∗]
(

o2 + g2 + r2 + d + µ− β4S∗
) ,

G∗ =
g1

γ2

�δ2(1− a)(k1 + k2)+�k2(aδ1 + µ− β1S
∗)

[aδ1 + (1− a)δ2 + µ− β1S∗]
(

o1 + g1 + r1 + µ− β2S∗
)

+
g2

γ2

�δ4(1− b)(k3 + k4)+�k4[bδ3 + µ− β3S
∗]

[bδ3 + (1− b)δ4 + µ− β3S∗]
(

o2 + g2 + r2 + d + µ− β4S∗
) ,

T∗ =
r1

γ3

�δ2(1− a)(k1 + k2)+�k2(aδ1 + µ− β1S
∗)

[aδ1 + (1− a)δ2 + µ− β1S∗]
(

o1 + g1 + r1 + µ− β2S∗
)

+
r2

γ3

�δ4(1− b)(k3 + k4)+�k4[bδ3 + µ− β3S
∗]

[bδ3 + (1− b)δ4 + µ− β3S∗]
(

o2 + g2 + r2 + d + µ− β4S∗
) .

F =







β1S0
(1− a)δ2

0
0

0
β2S0
0
0

0
0

β3S0
(1− b)δ4

0
0
0

β4S0






,

V =







aδ1 + (1− a)δ2 + µ

0
0
0

0
o1 + g1 + r1 + µ

0
0

0
0

bδ3 + (1− b)δ4 + µ

0

0
0
0

o2 + g2 + r2 + d + µ






.

R0,CC =
β1�

µ(a(δ1 − δ2)+ δ2 + µ)
,R0,CI =

β2�

µ(o1 + g1 + r1 + µ)
,

R0,HC =
β3�

µ(b(δ3 − δ4)+ δ4 + µ)
,R0,HI =

β4�

µ(o2 + g2 + r2 + d + µ)
.

∂R0,CC

∂�
=

β1

µ[µ+ a[δ1 − δ2] + δ2]
,
∂R0,CC

∂β1
=

�

µ[µ+ a[δ1 − δ2] + δ2]
,

∂R0,CC

∂µ
=

�β1µ
′[µ+ a[δ1 − δ2] + δ2]

µ[µ+ a[δ1 − δ2] + δ2]
2

,
∂R0,CC

∂a
= 0,

∂R0,CC

∂δ1
= −

�β1a
′[δ1 − δ2]µ

′[µ+ a[δ1 − δ2] + δ2]

µ[µ+ a[δ1 − δ2] + δ2]
2

,
∂R0,CC

∂δ2
= −

�β1(1− a′[δ1 − δ2])µ
′[µ+ a[δ1 − δ2] + δ2]

µ[µ+ a[δ1 − δ2] + δ2]
2

,

∂R0,Cl

∂�
=

β2

µ(µ+ g1 + o1 + r1)
,
∂R0,Cl

∂β2
=

�

µ(µ+ g1 + o1 + r1)
,

∂R0,Cl

∂µ
= −

�β2

µ(µ+ g1 + o1 + r1)
2
−

�β2

µ2(µ+ g1 + o1 + r1)
,
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∂R0,Cl

∂g1
= −

�β2

µ(µ+ g1 + o1 + r1)
2
,
∂R0,Cl

∂o1
= −

�β2

µ(µ+ g1 + o1 + r1)
2
,
∂R0,Cl

∂r1
= −

�β2

µ(µ+ g1 + o1 + r1)
2
,

∂R0,HC

∂�
=

β3

µ(b(δ3 − δ4)+ δ4 + µ)
,
∂R0,HC

∂β3
=

�

µ(b(δ3 − δ4)+ δ4 + µ)
,
∂R0,HC

∂µ
= −

�β3µ
′[µ+ b[δ3 − δ4] + δ4]

µ[µ+ b[δ3 − δ4] + δ4]
2

,

(c)                                                                            (d)

                                (e)                                                                    (f)
Figure 2.   Impact of parameter through sensitivity index in reproductive number.
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∂R0,Hl
∂β4

= �
µ(o2+g2+r2+d+µ)

, ∂R0,Hl
∂o2

= −
�β4µ

′[d+µ+g2+o2+r2]

µ[d+µ+g2+o2+r2]
2 ,  ∂R0,Hl

∂g2
= −

�β4µ
′[d+µ+g2+o2+r2]

µ[d+µ+g2+o2+r2]
2 ,

∂R0,Hl
∂r2

= −
�β4µ

′[d+µ+g2+o2+r2]

µ[d+µ+g2+o2+r2]
2 , ∂R0,Hl

∂d = −
�β4µ

′[d+µ+g2+o2+r2]

µ[d+µ+g2+o2+r2]
2 ,  ∂R0,Hl

∂µ
= −

�β4µ
′[d+µ+g2+o2+r2]

µ[d+µ+g2+o2+r2]
2 .

Stability analysis of the model
Local stability

Theorem  3.1  The disease-free equilibrium (DFE) point of the system, E0 , is locally asymptotically stable if 
R0,CC < 1,R0,CI < 1,R0,HC < 1 and R0,HI < 1.
Proof  The Jacobian matrix16 evaluated at the DFE point E0 is calculated as,

H e r e ,  S0 =
�
µ

 a n d  t h e  e i g e n v a l u e s  o f  t h e  m a t r i x  a r e 
−γ1,−γ2,−γ3,−µ,β1S0 − aδ1 − (1− a)δ2 − µ,β2S0 − o1 − g1 − r1 − µ,β3S0 − bδ3 − (1− b)δ4 − µ 
a n d  β4S0 − o2 − g2 − r2 − d − µ  .  I t  i s  o b v i o u s  t h a t  t h e  e i g e n v a l u e s  −γ1,−γ2,−γ3 
and −µ are always negative since the parameters are always posit ive.  The eigenval-
u e s  β1S0 − aδ1 − (1− a)δ2 − µ,β2S0 − o1 − g1 − r1 − µ,β3S0 − bδ3 − (1− b)δ4 − µ  a n d 
β4S0 − o2 − g2 − r2 − d − µ are negative under the conditions R0,CC < 1,R0,CI < 1,R0,HC < 1 and R0,HI < 1 . 
Thus, the DFE point is locally asymptotically stable if R0,CC < 1,R0,CI < 1,R0,HC < 1 and R0,HI < 1 and unstable 
if R0,CC > 1,R0,CI > 1,R0,HC > 1 and R0,HI > 1.

Global stability with Lyapunov function

Theorem 3.2  The disease-free equilibrium points E0 are globally asymptotically stable if R0 < 1.
Proof  Consider the Lyapunov function:

Taking derivative with respect to t on both sides, we get the following:

Now we’ll substitute the derivatives in the equation above.

R e p l a c i n g  S  = S − S0,CC = CC − CC
0,CI = CI − CI

0,HC = HC −HC
0,Hl = Hl −Hl

0   , 
O = O − O0,G = G − G0,T = T − T0,  we can have the following:

∂R0,HC

∂b
= 0,

∂R0,HC

∂δ3
= −

�β3b
′[δ3 − δ4]µ

′[µ+ b[δ3 − δ4]+ δ4]

µ[µ+ b[δ3 − δ4]+ δ4]
2

,R0,HI =
β4�

µ(o2 + g2 + r2 + d + µ)
,

∂R0,HC

∂δ4
= −

�β3(1− b′[δ3 − δ4])µ
′[µ+ b[δ3 − δ4] + δ4]

µ[µ+ b[δ3 − δ4] + δ4]
2

,
∂R0,Hl

∂�
=

β4

µ(o2 + g2 + r2 + d + µ)
,

J =































−µ

0

0

0

0

0

0

0

aδ1 − β1S0

β1S0 − aδ1 − (1− a)δ2 − µ

(1− a)δ2

0

0

0

0

0

−β2S0

0

β2S0 − o1 − g1 − r1 − µ

0

0

o1

g1

r1

bδ3 − β3S0

0

0

β3S0 − bδ3 − (1− b)δ4 − µ

(1− b)δ4

0

0

0

−β4S0

0

0

0

β4S0 − o2 − g2 − r2 − d − µ

o2

g2

r2

γ1

0

0

0

0

−γ1

0

0

γ2

0

0

0

0

0

−γ2

0

γ3

0

0

0

0

0

0

−γ3































.

V
(

S0,C0
C ,C

0
I ,H

0
C ,H

0
I ,G

0,O0,T0
)

=

(

S− S0 − S0log
S0

S

)

+ CC + CI +HC +HI + O + G + T .

dV

dt
= V̇ =

(

S− S∗

S

)

Ṡ + ĊC + Ċl + ḢC + Ḣl + Ȯ + Ġ + Ṫ .

V̇ =

(

S− S∗

S

)

(�(1− k1 − k2 − k3 − k4)− β1CcS − β2CIS − β3HcS − β4HIS + γ1O + γ2G + γ3T

+ aδ1CC + bδ3HC − µS)+�k1 + β1CcS − [aδ1 + (1− a)δ2]CC − µCC +�k2 + β2CISv + (1− a)δ2CC

−
(

o1 + g1 + r1
)

CI − µCI +�k3 + β3HCS − [bδ3 + (1− b)δ4]HC − µHC +�k4 + β4HIS + (1− b)δ4HC

−
(

o2 + g2 + r2
)

HI − (µ+ d)HI + o1CI + o2HI − γ1O + g1CI + g2HI − γ2G + r1CI + r2HI − γ3T .
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F r o m  t h e  a b o v e  e q u a t i o n ,  dV
dt < 0  f o r  R0 < 1, and dV

dt  = 0  w h e n 
S = S0,CC = CC

0,Cl = Cl
0,HC = HC

0,Hl = Hl
0,O = O0,G = G0, and T = T0 . Hence, we can conclude 

that the disease-free equilibrium points E0 are globally asymptotically stable if R0 < 1.
For the endemic Lyapunov function, we set all independent variables in the model, in our case, 

{S,CC ,Cl ,HC ,Hl , O, G, T}, L̇ < 0 is the harmful equilibrium E∗.

Theorem 3.3  The endemic equilibrium point E* is globally asymptotically stable if the reproductive number R0 > 1.

Proof  The following is how the Lyapunov function is used to prove the theorem:

As a result, when we apply the derivative with respect to t on both sides, we get the following:

And,

Now we’ll substitute the derivatives in the equation above.

R e p l a c i n g  S  = S − S∗,CC = CC − CC
∗,CI = CI − CI

∗,HC = HC −HC
∗,Hl = Hl −Hl

∗   , 
O = O − O∗,G = G − G∗,T = T − T∗, we can have the following:

V̇ =

(

S− S0

S

)

[�(1− k1 − k2 − k3 − k4)− β1(CC − CC
0)(S − S0)− β2(CI − CI

0)(S − S0)

− β3(HC −HC
0)(S − S∗)− β4(Hl −Hl

0)(S − S0)+ γ1(O − O0)+ γ2(G − G0)+ γ3(T − T0)

+ aδ1(CC − CC
0)+ bδ3(HC −HC

0)− µ(S − S0)] +�k1 + β1(CC − CC
0)(S − S0)

− [aδ1 + (1− a)δ2](CC − CC
0)− µ(CC − CC

0)+�k2 + β2(CI − CI
0)(S − S0)

+ (1− a)δ2(CC − CC
0)−

(

o1 + g1 + r1
)

(CI − CI
0)− µ(CI − CI

0)+�k3 + β3(HC −HC
0)(S − S0)

− [bδ3 + (1− b)δ4](HC −HC
0)− µ(HC −HC

0)+�k4 + β4(Hl −Hl
0)(S − S0)+ (1− b)δ4(HC −HC

0)

−
(

o2 + g2 + r2
)

(Hl −Hl
0)− (µ+ d)(Hl −Hl

0)+ o1(CI − CI
0)+ o2(Hl −Hl

0)− γ1(O − O0)+ g1(CI − CI
0)

+ g2(Hl −Hl
0)− γ2(G − G0)+ r1(CI − CI

0)+ r2(Hl −Hl
0)− γ3(T − T0).

(6)

L
(

S∗,C∗
C ,C

∗
I ,H

∗
C ,H

∗
I ,G

∗,O∗,T∗
)

=

(

S− S∗ − S∗log
S∗

S

)

+

(

CC − CC
∗ − CC

∗log
CC

∗

CC

)

+

(

Cl − Cl
∗ − Cl

∗log
Cl

∗

Cl

)

+

(

HC −HC
∗ −HC

∗log
HC

∗

HC

)

+

(

HI −HI
∗ −HI

∗log
HI

∗

HI

)

+

(

O − O∗ − O∗log
O∗

O

)

+

(

G − G∗ − G∗log
G∗

G

)

+

(

T − T∗ − T∗log
T∗

T

)

.

dL

dt
= L̇ =

(

S− S∗ − S∗log S∗

S

)

+

(

CC − CC
∗ − CC

∗logCC
∗

CC

)

+

(

Cl − Cl
∗ − Cl

∗logCl
∗

Cl

)

+

(

HC −HC
∗ −HC

∗logHC
∗

HC

)

+

(

Hl −Hl
∗ −Hl

∗logHl
∗

Hl

)

+

(

O − O∗ − O∗logO∗

O

)

+

(

G − G∗ − G∗logG∗

G

)

+

(

T − T∗ − T∗logT∗

T

)

.

dL

dt
= L̇ =

(

S− S∗

S

)

Ṡ +

(

CC − CC
∗

CC

)

ĊC +

(

Cl − Cl
∗

Cl

)

Ċl +

(

HC −HC
∗

HC

)

ḢC +

(

Hl −Hl
∗

Hl

)

Ḣl

+

(

O − O∗

O

)

Ȯ +

(

G − G∗

G

)

Ġ +

(

T − T∗

T

)

Ṫ .

L̇ =

(

S− S∗

S

)

[�(1− k1 − k2 − k3 − k4)− β1CcS − β2CIS − β3HcS − β4HIS + γ1O + γ2G + γ3T

+aδ1CC + bδ3HC − µS]+

(

CC − CC
∗

CC

)

[�k1 + β1CcS − [aδ1 + (1− a)δ2]CC − µCC]

+

(

Cl − Cl
∗

Cl

)

[�k2 + β2CIS + (1− a)δ2CC −
(

o1 + g1 + r1
)

CI − µCI ] +

(

HC −HC
∗

HC

)

[�k3 + β3HCS − [bδ3 + (1− b)δ4]HC − µHC] +

(

Hl −Hl
∗

Hl

)

[�k4 + β4HIS + (1− b)δ4HC

−
(

o2 + g2 + r2
)

HI − (µ+ d)HI ] +

(

O − O∗

O

)

[o1CI + o2HI − γ1O] +

(

G − G∗

G

)

[g
1

CI + g2HI − γ2G]

+

(

T − T∗

T

)

[r
1

CI + r2HI − γ3T].
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We may simplify the above equality by rewriting it as follows:

where
� = �+ β1CCS

∗ + β1CC
∗S + β2ClS

∗ + β2Cl
∗S + β3HCS

∗ + β3HC
∗S + β4HlS

∗ + γ1O + γ2G + γ3T

+ aδ1C + bδ3HC + µS +�k1 + β1CCS + β1CC
∗S∗ + aδ1CC

∗ + CC
∗ + aδ2CC + µCC

∗ +�k2

+ β2Cl + β2Cl
∗S∗ + aδ2CC

∗ + δ2CC + µCl
∗ +

(

a1 + g1 + r1
)

Cl
∗ +�k2 + β2ClS + β2CC

∗S∗

+ CC + aδ2CC
∗ +

(

a1 + g1 + r1
)

Cl
∗ + µCl

∗ +�k4 + β4HlS + β4Hl
∗S∗ + bδ4HC

∗ + δ4HC

+ (µ+ d)Hl
∗ +

(

a2 + g2 + r2
)

Hl
∗ +�+ o1Cl + o2Hl

∗ + γ1O
∗ + g1Cl + g2Hl + γ2G

∗ + γ1Cl

+ γ2Hl+γ3T
∗ +

S∗

S

(

k1 + k2 + k3 + k4 + β1CCS + β1CC
∗S∗ + β2ClS + β2Cl

∗S∗ + β3HCS

+β3HC
∗S∗ + β4HlS + µS

)

+
CC

∗

CC

(

β1CC
∗S + β1CCS

∗ + aδ1CC + aδ2CC + δ2CC + aδ2CC
∗ + µCC

)

+
Cl

∗

Cl

(

β2Cl
∗S + β2ClS

∗ + CC
∗ + aδ2CC +

(

a1 + g1 + r1
)

Cl + µCl
∗ + δ2CC

∗ + µCl

)

+
HC

∗

HC

(

β2Cl
∗S + β2ClS

∗ + aδ2CC +
(

a1 + g1 + r1
)

Cl + δ2CC
∗ + µCl

)

+
Hl

∗

Hl

(

β4Hl
∗S + β4HlS

∗

+δ4HC
∗ + bδ4HC +

(

a2 + g2 + r2
)

Hl + (µ+ d)Hl

)

+
O∗

O

(

o1Cl + o2Hl
∗ + γ1O

)

+
G∗

G

(

g1Cl
∗

+g2Hl
∗ + g2G

∗
)

+
T∗

T

(

γ1Cl
∗ + γ2Hl

∗ + γ3T
∗
)

,

and

(7)

L̇ =

(

S− S∗

S

)

[�(1− k1 − k2 − k3 − k4)− β1(CC − CC
∗)(S − S∗)− β2(CI − CI

∗)(S − S∗)

− β3(HC −HC
∗)(S − S∗)− β4(Hl −Hl

∗)(S − S∗)+ γ1(O − O∗)+ γ2(G − G∗)+ γ3(T − T∗)

+ aδ1(CC − CC
∗)+ bδ3(HC −HC

∗)− µ(S − S∗)] +

(

CC − CC
∗

CC

)

[�k1 + β1(CC − CC
∗)(S − S∗)

− [aδ1 + (1− a)δ2](CC − CC
∗)− µ(CC − CC

∗)] +

(

Cl − Cl
∗

Cl

)

[�k2 + β2(CI − CI
∗)(S − S∗)

+ (1− a)δ2(CC − CC
∗)−

(

o1 + g1 + r1
)

(CI − CI
∗)− µ(CI − CI

∗)] +

(

HC −HC
∗

HC

)

[�k3 + β3(HC −HC
∗)(S − S∗)

− [bδ3 + (1− b)δ4](HC −HC
∗)− µ(HC −HC

∗)] +

(

Hl −Hl
∗

Hl

)

[�k4 + β4(Hl −Hl
∗)(S − S∗)+ (1− b)δ4(HC −HC

∗)

−
(

o2 + g2 + r2
)

(Hl −Hl
∗)− (µ+ d)(Hl −Hl

∗)] +

(

O − O∗

O

)

[o1(CI − CI
∗)+ o2(Hl −Hl

∗)− γ1(O − O∗)]

+

(

G − G∗

G

)

[g
1

(CI − CI
∗)+ g2(Hl −Hl

∗)− γ2(G − G∗)] +

(

T − T∗

T

)

[r
1

(CI − CI
∗)+ r2(Hl −Hl

∗)− γ3(T − T∗)].

(8)
dL

dt
= � −�,
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Figure 3.   Simulation of data by using NSFD scheme for all compartments.

Figure 4.   Simulation of data by using NSFD scheme for all compartments at different populations.
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If � < � , then dLdt < 0 . However,

If S = S∗,CC = CC
∗,Cl = Cl

∗,HC = HC
∗,Hl = Hl ,O = O∗,G = G∗, and T = T∗.

The proposed model, we conclude, has the largest compact invariant set:

Lasalle’s invariance concept suggests that endemic equilibrium is globally asymptotically stable in Ŵ if � < �.

Numerical results with non‑standard finite difference method
This section designs an NSFD scheme that resembles the dynamics of the continuous model of the system of 
Eqs. (1). Let Yk = (Sk ,Ek , Ik ,Qk ,Rk)

T denotes an approximation of X(tk) where tk = k�t with k ∈ N , h = �t > 0 
be a step size, then,

� = �
(

k1 + k2 + k3 + k4 + β1CCS + β1CC
∗S∗ + β2ClS + β2Cl

∗S∗ + β3HCS + β3HC
∗S∗ + γ1C

∗ + γ2G
∗

+γ3T
∗ + aδ1CC

∗ + bδ3HC
∗ + µS

)

+
S∗

S

(

�+ β2ClS
∗ + β2Cl

∗S + β1CCS + β1CC
∗S∗ + β3HCS

∗ + β3HC
∗S

+β4HlS
∗ + γ1O + γ2G + γ3T + aδ1CC + bδ3HC + µS∗)+ β1CC

∗S + β1CCS
∗ + aδ1CC

+aδ2CC
∗ + δ2CC + aδ2CC

∗ + µCl +
(

a1 + g1 + r1
)

Cl +
CC

∗

CC
(�k1 + β1CCS + β1CC

∗S∗

+aδ2CC
∗ + δ2CC + µCC

∗)+
Cl

∗

Cl
(�k2 + β2ClS + β2Cl

∗S∗ + aδ2CC
∗ + δ2CC + µCl

∗ +
(

a1 + g1 + r1
)

Cl
∗)

+
HC

∗

HC
(�k2 + β2Cl

∗S + β2ClS
∗ + aδ2CC +

(

a1 + g1 + r1
)

CC + δ2CC
∗ + µCl)+ β2ClS + β2Cl

∗S∗ + CC

+aδ2CC
∗ +

(

a1 + g1 + r1
)

Cl
∗ + µCl

∗β2Cl
∗S + β2ClS

∗ + aδ2CC +
(

a1 + g1 + r1
)

Cl
∗ + δ2CC

∗ + µCl

+
Hl

∗

Hl
(�k4 + β4HlS + β4Hl

∗S∗ + bδ4HC
∗ + δ4HC + (µ+ d)Hl

∗)+
(

a2 + g2 + r2
)

Hl
∗ + β4Hl

∗S + β4HlS
∗

+δ4HC
∗ + bδ4HC +

(

a2 + g2 + r2
)

Hl + (µ+ d)Hl ++
O∗

O
(o1Cl + o2Hl + γ1O

∗)+ o1Cl + o2Hl
∗ + γ1O + g1Cl

∗

+g2Hl
∗ + g2G +

G∗

G
(g1Cl + g2Hl + γ2G

∗)+
T∗

T
(γ1Cl + γ2Hl+γ3T

∗)+ γ1Cl
∗ + γ2Hl

∗ + γ3T)

)

.

0 = � −� ⇒
dL

dt
= 0,

{

(

S∗,CC
∗,Cl

∗,HC
∗,Hl

∗,O∗,G∗,T∗
)

∈ Ŵ :
dL

dt
= 0

}

.

SK+1 − Sk

ϑ
= �(1− k1 − k2 − k3 − k4)− β1C

k
c S

k+1 − β2C
k
I S

k+1 − β3H
k
c S

k+1

− β4H
k
I S

k+1 + γ1O
k + γ2G

k + γ3T
k + aδ1C

k
C + bδ3H

k
C − µSk+1,

Cc
K+1 − Cc

k

ϑ
= �k1 + β1C

k
c S

k+1 − [aδ1 + (1− a)δ2]C
k+1
C − µCK+1

C ,

Cl
K+1 − Cl

k

ϑ
= �k2 + β2C

k
I S

k+1 + (1− a)δ2C
k+1
C −

(

o1 + g1 + r1
)

CK+1
I − µCI ,

K+1
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which is the proposed NSFD Scheme for the given model, where,

Since the discrete approach is built by following the Mickens criteria, it is, in fact, an NSFD scheme.
Rule 1: Eq. (9) substitutes the complex denominator function for the conventional denominator h = �t of 

the discrete derivatives, satisfying the asymptotic connection.ϑ(h) = h+ O(h2).
Rule 2: The non-local approximation of the nonlinear variables on the right-hand side of the system of 

Eqs. (2). For instance, E(tk)I(tk) ∼= Ek+1Ik we have instead of E(tk)I(tk) ∼= EkIk .

Analysis of the scheme

Theorem 4.1  The continuous model system of Eq. (2) has a dynamical system called the NSFD scheme (40) on 
the biological feasible domain κ.
Proof:  Firstly, we establish that the scheme (40) is positive. It is simple to demonstrate that the NSFD scheme 
(40) adopts an explicit form.

(9)ϑ = ϑ(h) =
1− e−{o2+g2+r2+d+µ}h

o2 + g2 + r2 + d + µ
,

Sk+1 =
ϑ�(1− k1 − k2 − k3 − k4)+ ϑγ1O

k + ϑγ 2G
k + ϑγ 3T

k + ϑaδ1C
k
C + ϑbδ3H

k
C + Sk

1+ ϑ(β1Ck
c + β2C

k
I + β3Hk

c + β4H
k
I + µ)

,

Cc
K+1 =

ϑ�k1 + ϑβ1C
k
c S

k+1 + ϑaδ1C
k
C + Cc

K

1+ ϑ(aδ1 + δ2 + µ)
,

Cl
K+1 =

ϑ�k2 + ϑβ2C
k
I S

k+1 + ϑ(1− a)δ2C
k+1
C + Cl

k

1+ ϑ
(

o1 + g1 + r1 + µ
) ,

Hc
K+1 =

ϑ�k3 + ϑβ3H
k
CS

K+1 + bδ4ϑH
k
C +Hk

C

1+ (bδ3 + δ4 + µ)
,

Hl
K+1 =

ϑ�k4 + ϑβ4H
k
I S

k+1 + ϑ(1− b)δ4H
k+1
C +Hk

l

1+ ϑ
(

o2 + g2 + r2 + µ+ d
) ,

OK+1 =
ϑo1C

k+1
I + ϑo2H

k+1
I + Ok

1− ϑγ1
,GK+1 =

ϑg1C
k+1
I + ϑg2H

k+1
I + Gk

1+ ϑγ2
,Tk+1 =

ϑr1C
k+1
I + ϑr2H

k+1
I + Tk

1+ ϑγ 3

.

(a) Without control                                                (b) With control

Figure 5.   (a) The trend of community-acquired Staphylococcus aureus-infected individuals (Cc) cases in 
the community. The graph demonstrates that according to the constructed model, community-acquired 
Staphylococcus aureus cases indicate an increasing trend for 10 years with a start date of early 2023 followed by a 
plateau of up to 700 cases. (b) The trend of community-acquired Staphylococcus aureus-infected individuals (CC) 
cases in the community with control. The graph demonstrates that according to the constructed model with 
optimal control, community-acquired Staphylococcus aureus cases indicate an increasing trend starting from the 
earliest of 2023 followed by a plateau with up to 550 cases.
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Thus Sk+1 ≥ 0, Ck+1
c ≥ 0,Ck+1

l ≥ 0,Hk+1
c ≥ 0,Hk+1

l ≥ 0 , Ok+1 ≥ 0, Gk+1 ≥ 0,Tk+1 ≥ 0 . whenever in the previ-
ous iteration the discrete variables are not negative. The positive invariance of κ has to be demonstrated. we get,

Therefore MK+1 ≤
ϑ�(K1+k2)

2µ+o1+g1+r1aδ1
 whenever MK ≤

ϑ�(K1+k2)
2µ+o1+g1+r1aδ1

.

The fact that Ck+1
c  and Sk+1 are less than or equal to Mk+1 makes it easy to determine the priori limits for Ck+1

l  
and Hk+1

c  . This completes the proof.

Simulations of the proposed scheme
The data used in this paper is gathered from the Near East University Hospital Centre Laboratory with the 
approval of the Near East University Ethics Review Board (project no: YDU/2022/108-1653). For presenting 
the study, the Near East University Ethics Review Board waived informed consent to the authors of the paper. 
This study includes retrospective data from 48,835 patients who were administered to the Near East University 

(1+
(

2µ+ o1 + g1 + r1aδ1
)

ϑ)Mk+1 = Mk + ϑ

[

�

(

k1 + k2 + β1C
k
c S

K+1 + β2C
k
l S

K+1 − aδ1

)]

≤ ϑ�(K1 + k2)+Mk

(a) Without control                                                (b) With control

Figure 6.   (a) The trend of community-acquired methicillin-resistant Staphylococcus aureus-infected individuals 
(CI ) cases in the community. The graph demonstrates that according to the constructed model, community-
acquired methicillin-resistant Staphylococcus aureus cases indicate an increasing trend starting from the earliest 
of 2023 and continuing to show an increasing trend for the following years with up to 7000 cases. (b) The 
trend of community-acquired methicillin-resistant Staphylococcus aureus-infected individuals (CI ) cases in the 
community with control. The graph demonstrates that according to the constructed model with optimal control, 
community-acquired methicillin-resistant Staphylococcus aureus cases indicate an increasing trend starting from 
the earliest of 2023 and continuing to show an increasing trend for the following years with up to 2000 cases.

(a) Without control                                                (b) With control

Figure 7.   (a) The trend of hospital-acquired Staphylococcus aureus-infected individuals (HC) cases. The graph 
demonstrates that according to the constructed model, hospital-acquired Staphylococcus aureus cases indicate 
an increasing trend for 20 years with a start date of early 2023 followed by a plateau of up to 900 cases. (b) 
The trend of hospital-acquired Staphylococcus aureus-infected individuals (HC) cases with control. The graph 
demonstrates that according to the constructed model with optimal control, hospital-acquired Staphylococcus 
aureus cases indicate an increasing trend starting from the earliest of 2023 followed by a plateau with up to 650 
cases.
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Hospital Microbiology Laboratory on the dates between January 2016 and December 2022. Microorganisms were 
detected in 13,350 of the studied patient samples. S. aureus was detected in 612 of the 13,350 samples. Among the 
612 S. aureus samples, 279 were determined to be MRSA-positive. In this study, MRSA infections were analyzed 
in both community and hospitals in the north side of Cyprus. In this regard, a compartmental mathematical 
model was constructed with and without control to visualize the efficacy of the applied control and increase the 
awareness of MRSA cases given in Tables 1 and 2. According to the results of the compartmental mathemati-
cal model without control, a DFE point exists and is locally asymptotically stable in the population. Moreover, 
numerical simulations of the model without the optimal control revealed that in the upcoming years, there will 
be a rise in the four compartments studied, including community-acquired S. aureus, community-acquired 
MRSA, hospital-acquired S. aureus, and hospital-acquired MRSA. On the other hand, these increases are more 
dangerous for CA-MRSA patients that are MR positive since the trend of these patients is not stable after some 
point like the other compartments. We construct the numerical results through simulation in Figs. 3 and 4 for 
all compartments whose parameter values are given in Table 2 by using the NSFD scheme. Here, we can easily 
observe the solution is bounded to a steady state point and lies in a feasible region. Applied method via Matlab 
gives better efficiency and good agreement to understand the phenomenon and harmful effects of bacteria in 
society which cause several diseases.

Mathematical model with optimal control
In this section, optimal control theory was introduced to the proposed model to evaluate its efficacy on the dis-
ease. The control u denotes the efficacy of precautions taken by people who are aware of MRSA infection, where 
0 ≤ u ≤ 1 . The control is added to the model as 1− u since it is assumed that awareness exists in some of the 
population. The model is revised as follows:

dS

dt
= �(1− k1 − k2 − k3 − k4)− (1− u)[β1Cc + β2CI + β3Hc + β4HI ]S + γ1O + γ2G + γ3T + aδ1CC + bδ3HC − µS,

(10)
dCC

dt
= �k1 + (1− u)β1CcS − [aδ1 + (1− a)δ2]CC − µCC ,

dCI

dt
= �k2 + (1− u)β2CIS + (1− a)δ2CC −

(

o1 + g1 + r1
)

CI − µCI ,

dHC

dt
= �k3 + (1− u)β3HCS − [bδ3 + (1− b)δ4]HC − µHC ,

dHI

dt
= �k4 + (1− u)β4HIS + (1− b)δ4HC −

(

o2 + g2 + r2
)

HI − (µ+ d)HI ,

dO

dt
= o1CI + o2HI − γ1O,

dG

dt
= g1CI + g2HI − γ2G,

dT

dt
= r1CI + r2HI − γ3T .

(a) Without control                                                (b) With control

Figure 8.   (a) The trend of hospital-acquired methicillin-resistant Staphylococcus aureus-infected individuals 
(HI ) cases. The graph demonstrates that according to the constructed model, hospital-acquired methicillin-
resistant Staphylococcus aureus cases indicate an increasing trend for 30 years with a start date of early 2023 
followed by a plateau of up to 800 cases. (b) The trend of hospital-acquired methicillin-resistant Staphylococcus 
aureus-infected individuals (HI ) cases with control. The graph demonstrates that according to the constructed 
model with optimal control, hospital-acquired methicillin-resistant Staphylococcus aureus cases indicate an 
increasing trend starting from the earliest of 2023 followed by a plateau with up to 650 cases.
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The objective functional to be minimized is

The number of individuals diagnosed with MRSA in all compartments and costs of control are expected to 
be minimized. K is a weight factor representing benefit/cost and the level of the patient’s increase of awareness. 
A quadratic control 12Ku

2 is used for convenience in finding an analytic representation of the control u ∈ �.
T h e  g o a l  i s  t o  f i n d  u∗  t h a t  w i l l  s a t i s f y  J(u∗) = min

u∈�
J(u),   w h e r e 

� =
{

u(t) : 0 ≤ u ≤ umax = l, upiecewise continuous function, lis a fixed constant, t ∈ [0,T]
}

. For optimal 
control, Pontryagin’s Maximum Principle’s conditions should be satisfied29. In this regard, the Hamiltonian H is 
obtained as

where f ′i s represent the right-hand side of the proposed system and �′is represent the adjoint variables for 
i = 1, 2, . . . , 8 . That is,

Theorem 5.1  Given an optimal control u∗ and solutions S∗,C∗
C ,C

∗
I ,H

∗
C ,H

∗
I ,O

∗,G∗,T∗ pf the corresponding system 
which minimizes J(u) over � . Then there exist adjoint variables �1, �2, �3, �4, �5, �6, �7, �8 satisfying,

with transversely conditions.

and the optimal control satisfying the optimality condition,

Proof:  The adjoint system is computed by taking partial derivatives of Hamiltonian function H with respect to 
the state variables, separately. That is,

(11)J(u) =

T
∫

0

[

CC + CI +HC +HI +
K

2
u2(t)

]

dt.

(12)H = CC + CI +HC +HI +
K

2
u2(t)+

8
∑

i=1

�i fi ,

H = CC + CI +HC +HI +
K

2
u2(t)+

8
∑

i=1

�i fi

= CC + CI +HC +HI +
K

2
u2(t)+ �1[�(1− k1 − k2 − k3 − k4)− (1− u)[β1Cc + β2CI + β3Hc + β4HI ]S

+γ1O + γ2G + γ3T + aδ1CC + bδ3HC − µS]+ �2[�k1 + (1− u)β1CcS − [aδ1 + (1− a)δ2]CC − µCC]

+ �3

[

�k2 + (1− u)β2CIS + (1− a)δ2CC −
(

o1 + g1 + r1
)

CI − µCI

]

+ �4[�k3 + (1− u)β3HCS

−[bδ3 + (1− b)δ4]HC − µHC]+ �5

[

�k4 + (1− u)β4HIS + (1− b)δ4HC −
(

o2 + g2 + r2
)

HI − (µ+ d)HI

]

+ �6[o1CI + o2HI − γ1O]+ �7

[

g1CI + g2HI − γ2G
]

+ �8[r1CI + r2HI − γ3T].

d�1

dt
= �1[µ− (u− 1)(β1Cc + β2CI + β3Hc + β4HI )]− �2β1Cc(1− u)

− �3β2CI (1− u)− �4β3Hc(1− u)− �5β4HI (1− u),

d�2

dt
= −1− �1[(u− 1)β1S + aδ1]− �2[(1− u)β1S − aδ1 − (1− a)δ2 − µ]+ �3δ2(1− a),

d�3

dt
= −1+ �1β2S(1− u)− �3

[

β2S(1− u)− o1 − g1 − r1 − µ
]

− �6o1 − �7g1 − �8r1,

d�4

dt
= −1+ �1[β3S(1− u)− bδ2]− �4[β3S(1− u)− bδ3 − (1− b)δ4 − µ]− �5δ4(1− b),

d�5

dt
= −1+ �1β4S(1− u)− �5

[

β4S(1− u)− o2 − g2 − r2 − d − µ
]

− �6o2 − �7g2 − �8r2,

d�6

dt
= (�6 − �1)γ1,

d�7

dt
= (�7 − �1)γ2,

d�8

dt
= (�8 − �1)γ3,

�1(T) = �2(T) = �3(T) = �4(T) = �5(T) = �6(T) = �7(T) = �8(T) = 0

u∗ = min

{

max

{

1

K
[�2β1Cc + �3β2CI + �4β3Hc + �5β4HI − (β1Cc + β2CI + β3Hc + β4HI)�1]S

}

, 1

}

.
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with transversality conditions.

On the interior of the given control set, for 0 ≤ u ≤ 1 , we get,

Thus,

Therefore,

Numerical simulations and discussion for the constructed mathematical model
Numerical simulations were calculated by the proposed compartmental mathematical model. In Figs. 5a, 6a, 7a 
and 8a, the expected trend of Cc ,CI ,HC and HI cases are given, respectively. These trends were calculated via 
MatLab according to the proposed model. Numerical simulations of the given compartmental mathematical 
model with optimal control were calculated. Optimal control was applied to the community and the expected 
trend of Cc ,CI ,HC and HI cases were estimated in Figs. 5b, 6b, 7b and 8b, respectively. These trends were calcu-
lated via MatLab according to the proposed model.

When the optimal control theory was applied to the constructed model, it was observed that all compartments 
indicated an increasing trend. These increases in the number of cases were almost half of the results of the math-
ematical model without the control. For example, community-acquired S. aureus cases indicated an increasing 
trend for 10 years with a start date of early 2023 followed by a plateau of up to 700 cases with the constructed 
compartmental mathematical model. The number of cases for the same group indicated an increasing trend 
starting from the earliest of 2023 followed by a plateau with up to 550 cases by the constructed compartmental 
mathematical model with an optimal control. There is a significant drop in the number of community-acquired 
S. aureus cases when the control is applied. The same decreasing trends of the number of cases occurred in dif-
ferent compartments when the optimal control was applied to the model. In CA-MRSA cases, a rise up to 7000 
is expected with the compartmental mathematical model. When optimal control was applied, the number of 
cases dropped to 550. The same pattern of decrease in trend occurred in the hospital-acquired Staphylococcus 
aureus cases from 900 to 650, and HA-MRSA cases from 800 to 650. These results firmly suggested that there is 
an impact of the control measures on the number of cases when applied to the mathematical model. Others have 
also implemented deterministic mathematical models to study CA- and HA-MRSA dynamics. D’Agata et al.’s 
model strongly suggested that CA-MRSA will be replaced with the dominant traditional HA-MRSA strain in 
hospitals and healthcare facilities. This was due to the well-documented expanding CA-MRSA reservoir and 
increasing influx of CA-MRSA harboring individuals into the hospitals. CA-MRSA infections result in longer 
hospitalizations. Hence, D’Agata et al. evoked effective strategies for hand hygiene, screening, and decolonization 
for CA-MRSA carriers to prevent this transmission35.

Another group McBryde et al., also applied stochastic and deterministic mathematical models to determine 
the transmission dynamics in an intensive care unit. In addition, the group aimed to predict the impact of inter-
ventions. The result of this study revealed that increasing the length of stay of all patients, especially the stay 

d�1

dt
= −

∂H

∂S
= �1[µ− (u− 1)(β1Cc + β2CI + β3Hc + β4HI )]− �2β1Cc(1− u)

− �3β2CI (1− u)− �4β3Hc(1− u)− �5β4HI(1− u),

d�2

dt
= −

∂H

∂CC
= −1− �1[(u− 1)β1S + aδ1]− �2[(1− u)β1S − aδ1 − (1− a)δ2 − µ]+ �3δ2(1− a),

d�3

dt
= −

∂H

∂CI
= −1+ �1β2S(1− u)− �3

[

β2S(1− u)− o1 − g1 − r1 − µ
]

− �6o1 − �7g1 − �8r1,

d�4

dt
= −

∂H

∂HC
= −1+ �1[β3S(1− u)− bδ2]− �4[β3S(1− u)− bδ3 − (1− b)δ4 − µ]− �5δ4(1− b),

d�5

dt
= −

∂H

∂HI
= −1+ �1β4S(1− u)− �5

[

β4S(1− u)− o2 − g2 − r2 − d − µ
]

− �6o2 − �7g2 − �8r2,

d�6

dt
= −

∂H

∂O
= (�6 − �1)γ1,

d�7

dt
= −

∂H

∂G
= (�7 − �1)γ2,

d�8

dt
= −

∂H

∂T
= (�8 − �1)γ3,

�1(T) = �2(T) = �3(T) = �4(T) = �5(T) = �6(T) = �7(T) = �8(T) = 0.

0 =
∂H

∂u
= uK + (β1Cc + β2CI + β3Hc + β4HI)�1S − �2β1CcS − �3β2CIS − �4β3HcS − �5β4HIS.

u =
1

K
[�2β1Cc + �3β2CI + �4β3Hc + �5β4HI − (β1Cc + β2CI + β3Hc + β4HI )�1]S.

u∗ = min

{

max

{

1

K
[�2β1Cc + �3β2CI + �4β3Hc + �5β4HI − (β1Cc + β2CI + β3Hc + β4HI)�1]S

}

, 1

}
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of colonized patients increased the transmission. The model predicted that the most effective intervention was 
hand hygiene to prevent transmission of HA-MRSA36.

Conclusion
The analysis and the methods used for the constructed model allowed us to understand the phenomenon and 
harmful effects of bacteria in society which cause several diseases. It is determined that the disease-free equilib-
rium point is globally asymptotically stable if R0 < 1 while the endemic equilibrium point is globally asymptoti-
cally stable if R0 > 1.

Overall, MRSA cases are expected to increase over time, which is a threat to public health. Thus, this study 
aimed to suggest which control measures should be improved in preventing the transmission of MRSA by apply-
ing optimal control theory. As a control, one of the parameters was to increase awareness and consciousness in 
both society and the hospital. Here it was assumed that; some part of the society was conscious, meaning that 
they were aware of the MRSA transmission. In the applied optimal control theory, parameters were increased 
to evaluate its effectiveness on transmission (the u function in the second model is this control). As a result, the 
model firmly suggested that the spread of this disease can be reduced if people use masks, disinfectants, and 
gloves (patient relatives, companions) when going to the hospital for a visit or examination. In addition, caregiv-
ers and nurses should regularly change gloves, wear masks, pay attention to hygiene, and use disinfectants when 
examining patients. To conclude, the model showed that increasing the awareness of control measures in the 
model can significantly reduce the number of MRSA cases in both the community and hospitals.

Data availability
The data for this study are available from the corresponding author upon a reasonable request.
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