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Governing of the piezoelectric
effect by external fields and strains

A.A.Zvyagin & V.V. Slavin**

Piezoelectricity in quantum rare-earth metallic boron oxides with the coupling between magnetic,
electric and elastic subsystem is studied theoretically. It is proved that the change of piezoelectric
modules of the considered crystals are proportional to components of the quadrupole susceptibility,
which determines the external magnetic and electric fields, strain and temperature dependences of
that change. We show why holmium compounds manifest the strongest renormalization among other
rare-earth ions in this family of crystals. The reason is in the structure of the low energy term of the
electron configuration, depending on spins and orbital moments of 4f electrons.

Magneto-electric, piezoelectric and magneto-mechanic effects attract much attention of researchers. The interest
to the studies of such effects is stimulated by two reasons. First, these effects are interesting of their own as the
manifestation of the interaction between several degrees of freedom in physical systems. Second, maybe more
important, these effects are used in a number of practical applications in the modern technique, where it is often
necessary to govern some properties of devices by changing various external parameters. Piezoelectricity is one
of the most known and developed branches of physics, where electric and elastic degrees of freedom are strongly
inter-related. Piezoelectric materials are used in a number of applications, e.g., in the production of piezosensors,
transducers, relaxators, piezoelectric cables, filters, actuators, generators, stabilizators, transformators, motors,
etc. Last decades piezoelectricity is widely used in microelectronics, in particular in microelectromechanical sys-
tems, including biomedical ones. The most popular subjects for the manifestation of magneto-electro-mechanic
effects are so-called multiferroics, which reveal both magnetic and ferroelectric properties see, e.g.,'>. Notice
that multiferroics are magnetically and electrically ordered systems. However, it is clear from general grounds
that similar effects can exist in magnetic systems without magnetic and electric ordering, i.e., in quantum para-
magnets. The effects of interaction of magnetic degrees of freedom and piezoelectricity in quantum systems with
localized energy levels can be useful for the modern laser technique and for the regulation of quantum computers.

The goal of the present study is to find the effect of the renormalization of piezoelectric characteristics due
to the coupling between the electric, magnetic and elastic subsystem of the quantum paramagnetic compound.
Namely, we investigate the rare-earth based trigonal crystals with non-centersymmetric symmetry of the lat-
tice. Such a symmetry permits piezoelectricity in the system. On the other hand, non-magnetic surrounding of
magnetic ions determines the crystalline electric field, which acts on the latter, and, together with the spin-orbit
interaction, affects the spin subsystem. This way the interaction between the spin, charge and elastic subsystems
of the crystal changes piezoelectric characteristics of the quantum paramagnet. Using exact diagonalization of
Hamiltonian matrix we calculate how such an interaction can be observed in the temperature, external magnetic
and electric fields, and strain dependencies of the piezoelectric modules of the studied system.

Method

As the main subject we consider rare-earth metallic boron oxides (also known as metal borates). Metallic boron
oxides RMe3(BO3)4 with R being the rare-earth or yttrium ion, and Me=Al,Ga,Sc,Cr,Fe are non-centersymmetric
crystals (with the structure of the natural mineral huntite CaMg;(CO3)4°) belonging to the trigonal space group
R32 at high temperatures”®. Some compounds of that family manifest structural phase transition at low tem-
peratures to the monoclinic phase. In our study we concentrate on nonmagnetic Me ions, like aluminium and
gallium, to avoid magnetic ordering effects.

The metallic boron oxides belong to the class of piezoelectrics, i.e., the stress oy, k = 1,. .., 6, causes the
electric polarization P = djkak with j = 1,2,3 = x, y, z, (the direct piezoelectric effect), where djk is the tensor
of piezoelectric modules. Here and below we use the Voight notations1 = xx,2 = yy,3 = zz,4 = xz,5 = yz,and
6 = xy, symmetric with respect to index commutation. It is possible to reformulate the piezoelectric response as
a function of the strainu; (I = 1,...,6) as P; = ejju;, where according to the Hooke law o = Cyu;. Here Cy is
the tensor of elastic modules, symmetric with respect to index commutation. This is why the piezoelectric tensor
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is ¢y = djx Ciy. For most of the representatives of the family the local symmetry of R ion surrounding is D3’. For
such systems the piezoelectric response is determined by only two independent components of the piezoelectric
tensor dj', namely d1; and d4. There are six independent elastic modules for the D3 symmetry class. To remind,
for that symmetry one has the connection 2Css = C11 — C12,C11 = C22,Coqa = —Ci4,Cs5 = Cyg, and Csg = Ciy
", Then the Hamiltonian of the interaction between the external electric field E; (j = x, y) and the strain u; is

Hpiez = Ey[e21(u1 — u2) + e24u4 + e25us + exstis] W
+ Ex[en (u1 — u2) + erauis + e15us]
where €11 = —€6 = —d11C66, €14 = —e€y5 = —d11C14, €15 = €4 = —d14C44, and ey = d14C14, i.e., there are
four independent components of the piezoelectric tensor ej;.

Let us consider rare-earth ions in the D3-symmetric situation (to remind, we limit ourselves with the non-
magnetic Me ions). Such crystals, for example, YAI3(BO3)4 and GdAl3(BO3)4 doped with rare-earth ions and RAl3
(BO3)4 systems themselves are used in optical devices (for self-frequency doubling and self-frequency summing
lasers'?~"7), for mini- and microchip lasers'”'%, and nonlinear optical crystals'®'?). For all these quantum optical
applications it is very important to use the possibility of governing of characteristics of the paramagnetic crystal
by external fields and strains. Large orbital moments and the weak quenching of those moments of 4f electrons
of rare-earth ions, the low-symmetric crystalline electric field and the weak interaction between localized 4f
electrons (comparing to the interaction between 3d electrons of transition metals) imply the single-ion nature of
magneto-electro-elastic effects in these systems, comparing to transition metal compounds, in which inter-ion
mechanism dominates. On the other hand, such systems mostly do not order magnetically down to the lowest
temperatures (of order of 0.5 K).

The Hamiltonian of the 4f electrons of rare-earth ions in the trigonal crystalline electric field BZ can be writ-
ten as*

Hy = —gjus) - H+ ogazB0)

+ 5 (MoBgOg + u43BiO4_3> +y (%oBgOg + ag3B0; " + 0653202> @
where Og are the Stevens equivalent operators, ayg = 1/2,a40 = 1/8,a43 = V/35/2,a¢0 = 1/16, a3 = ~/105/8,
age = V231 /16%', oy, By and yj are the Stevens coefficients, gy is the Landée g-factor, pp is the Bohr magneton,
Jx,z are the operators of the projections of the total moment of the 4f configuration of electrons of rare-earth R>*
ions, and H is the external magnetic field. 4f electrons of rare-earth ions can interact with the external electric
field and the strain of the crystal lattice. For our purpose we consider the Hamiltonian of such an interaction

Y 1.l -1y _ g Bl(O! -1
Hi,; _E[aleZ(OZ + Oz ) - 1a2132(02 - OZ )+ (3)
a2B3(03 + 032) — iapB3(03 — 07 )],

where ay; = v/6, a2; = +/6/2, and

B} =(B})® + An1Ex + As1Ey + baus , By = (B})? + A Ex + AnEy + bsus ,

2 _(g2)0 1A A b _ B2—(BH'+ A4 A b @
By =(B3)” + AnnEx + ApnEy + b1(u1 — u2) , B; = (B)” + An2Ex + AnE) + beus.

here (Bé’z)0 ((B%’z)o) are the components of the possible internal crystalline electric field of the monoclinic
symmetry, and the parameters Ajjor Aﬂ (j,I =1,2),and b (k = 1,4, 5, 6) are the components of tensors of the
magneto-electric and magneto-elastic interactions. The nature of those interactions is following: The crystalline
electric field of ligands, caused by lattice strains, and the external electric field act on the orbital moment of 4f
electrons, and, due to the spin-orbit coupling, affect the spin degrees of freedom of 4f electrons.

Then we obtain for the effective piezoelectric modules of the rare-earth metallic boron oxides

e;kﬁ =ejk + (a]/Z)bkazq(BQg/an), where Qg = (Og) (g = 1,2) is the component of the expectation value of
the related Stevens operator. It is clear that QI have the meaning of the components of the tensor of quadrupole
operators. According to the above, (0Q1 /3E)) = (a;/2)azqAjq x5 where x; = 3Q%/3B is the component of the
quadrupole susceptibility. Hence, the relative changes of the piezoelectric modules caused by the interaction with
4f electrons of rare-earth ions are proportional to the components of the quadrupole susceptibility of 4f electrons

eff

, 2.2 4.
e — Cjk oz]aqu]qbk q 5
_ . (5)
ejk 4€jk
For example, the e;; = —ey and ejs = —e35 components of the piezoelectric tensor are

e?';f =e + ((x,zagz/él)Alzblxzz, and e??: =e14+ (a%a%l/4)A11b4X21.

The dependencies of the components of the quadrupole susceptibility can be obtained from the free energy
of the system with the Hamiltonian Hf + Hint. In our numerical calculations we used several sets of values
of the crystalline electric fields Bg for rare-earth metallic boron oxides, estimated from optical studies, see,
e.g.,”*?’. To check our calculations we also compared our results, which show good agreement with the known

from experiments data for the behavior of the specific heat, magnetic moment, and the electric polarization for
rare-earth metallic boron oxides.
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Let us start our consideration with HoAl3(BO3)4, as the most interesting compound, see below. For
the 4 f10 electrons (°Ig term) of Ho>* ion the values of the Stevens coefficients are ay = —1/(2 - 32 - 52),
By =-1/(2-3-5-7-11-13), and yy = —5/(3% - 7- 112 - 132), the Landée factor is gy = 5/4. The best fit-
ting set of the values of the crystalline electric field is B(z) =667 cm™ L, Bg = —1610cm™}, Bi = —345cm~},
B) =95cm™ !, B} = —405cm™!, and B = —660 cm™". With that set of parameters the eigenvalues of Hs for
H=E =u, = 0are [0, 8.72(), 24.87, 32.8, 112.6, 156.79, 258.99), 309, 363.69?V, 421.91D, 445.6] cm™!
(the index (d) defines degenerate dublets, the energies are measured from the lowest level). Using these results
we calculate the behavior of the quadrupole susceptibility x2, and compare it's magnetic field dependence with
the observed in* magnetic field behavior of the component of the piezoelectric modulus e;; at T = 1.7 K. The
best fit is presented in Fig. 1a. To obtain that fit we had to introduce nonzero values of the components of the
crystalline electric field (B;)0 = —4cm~'and (B%)0 = 6 cm™ . Those small values (of order of several % of the
values of the crystalline electric field of the trigonal set) can be caused by small domains of the monoclinic phase
present in the specimens of HoAl3(BO3)4 used in the low temperature experiment®. In our calculations we take
into account the hyperfine coupling of the total moment of the Ho>* ion with the spin of Ho nucleus S = 7/2.
The energy of the hyperfine coupling was 0.027 cm™ 2%, The results of the low temperature (T = 0.1 K) magnetic
field behavior of x22 and le as functions of B% and Bé (to remind, they also depend on the external electric field
components Ey , and on the strains u1 2 45.6) are shown in Fig. 1c,d. To get the values for the piezoelectric modu-
lus ey it is necessary to introduce the normalization multiplier e;; (H = O)/X22(H =0) = 1720.3 K cm™Y/m?.
We can see that the external magnetic field can drastically change the value of the piezoelectric effect in HoAl3
(BO3)4. Notice that the hyperfine interaction enhance the external fields’ and strains’ effect on the quadrupole
susceptibility at low temperatures. The reason for drastic changes at H ~ 2 T is clear from Fig. 1b: at that value
of the field the crossover of low-energy levels takes place.

1.05
-125 H" X
e Hlly
2 1.00 150 |
T
o ~175F -
- 0.95 :
S §
\_f_i N
& Wy -200 F
T 090
o —=— H]|x Experiment, H|[x Theory 2251 HoAl (BO,),
—=— H||y Experiment, —— H||y Theory
0.85 L L L 1 -250 1 I 1 . I I . 1 1
0.0 0.5 1.0 1.5 2.0 25 0 2 4 6 8 10 12 14
H(T) H(T)
a) b)
1.00x10
0.007000
HoAL(BO) Y 6.0x10° HoAl(BO)), ]
3 ¥4 — 0.006000
7.50x10 T=0.1 K 0.008000 T=0.1 K
T 0.007000 ] 0.005000
' -3
0.006000 g 4.0x10 0.004000
3
0.005000 oo 0.003000
-3
0.003000 x 20X10 0.002000
0.002000 1.000E-3
1.000E-3 0'01 5.000E-4
0 “‘ 0
~
S
%
2 T
0 H y

d)

Figure 1. (a) The dependencies of piezoelectric modulus e;; on the magnetic field H || x, H || y. The boxes

are the data of the experiment®. Solid line corresponds to the optimal fit, T = 1.7 K. (b) Low-energy part of

the spectra as a function of the external magnetic field (H || xand H || y) of HoAl3(BO3)4. (¢) The calculated
dependence of the quadrupolar susceptibility x4 on B% and H || xin HoAl3(BO3)4, T = 0.1K. (d) The calculated
dependence of the quadrupolar susceptibility x5 on Bjand H || y in HoAl3(BO3)4, T = 0.1K.
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Figure 2. (a) The calculated dependence of the quadrupolar susceptibility x4 on Bl and H || x in HoAl3(BO3)4,
T = 1K. (b) The calculated dependence of the quadrupolar susceptibility le on B; and H || x in HoAl3(BO3)4,
T = 4.2 K. (c) The calculated dependence of the quadrupolar susceptibility 1 on B} and H || x in HoGa3(BO3)4,
T = 0.1K. (d) The calculated dependence of the quadrupolar susceptibility xZ on B3and H || x in HoGa;
(BO3)s, T = 0.1K.

In Fig. 2 we show the calculated behavior of the component of the quadrupole susceptibility for HoAl3(BO3)4
atT = 1K (panel a), and T = 4.2 K (panel b). We see that with the growth of the temperature the external fields
and strain dependencies of the quadrupole susceptibility become more smooth. We have also performed calcula-
tion of related components of the quadrupole susceptibility for all magnetic ions of the family RAl3(BO3)4, for
which the estimations of the crystalline electric field values are known (the results will be published elsewhere).
As a typical example, Fig. 3d, shows the low temperature magnetic and crystalline field behavior of x for NdAl;
(BO3)4 (4f 3 electrons, the 419/2 term, nuclear spin zero). The used set for the crystalline electric field values
for NdAL;(BO;3)4 is: B = 452 cm ™}, By = —1516 cm ™!, B} = —945cm ™}, B = 514 cm ™!, B} = —245cm ™},
and BS = —427 cm™!. The Stevens coefficients are oy = —7/(32-5), f; = —23-17/(3% - 11> - 13), and
y; = —5-17-19/(3% - 7 - 11% - 13%); the Landée g-factor is g; = 8/11%°. The corresponding calculated energy
levels of Her at H=E = u, = 0 are [0, 738.8@, 1289.6(?, 18257, 2187.2¥] cm~!. We see that NdAl;
(BO3)4 does not manifest the magnetic and effective electric field dependence (for realistic values of the mag-
netic and electric fields and strains). From our results similar behavior is seen for other rare-earth ions (except
of Tm>*, the 4 f12 electrons, 3Hg term). For TmAI3(BO3)4 the used set of crystalline electric field values was:
B) =56lcm™!, B = =938 cm™, B} = —475cm ™!, BY =540 cm ™!, B} = —137 cm™!, and B¢ = 575 cm™!
(we used the data of optical experiments, see, e.g.,”), the Stevens coeflicients and the Landée g-factor are
oy =1/(32-11), B; =23/(3-5-112), 55 = —5/(3* - 7- 112 - 13), and g7 = 7/6%. The calculated energy levels
of Hy at H=E = u, = 0 are [0,26.9, 93.5(, 148.1, 252.7, 293.0, 301.2, 384.89, 496.8Y] cm~. Notice,
however, that for TmAIl3(BO3)4 the calculated changes of the quadrupole susceptibilities caused by the external
fields and strains were about 3-4 times smaller than for HoAl3(BO3)4 (see Fig. 3c).

What is the reason for such a strong dependence of the renormalization of the piezoelectric modules for Ho
aluminium boron oxide, and small enough dependence for compounds of that family with other rare-earth ions?
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Figure 3. (a) Low-energy part of the spectra as a function of the effective crystalline electric field parameters
(B; and B%) of HoAl3(BO3)4, Hy = 1T. (b) Low-energy part of the spectra as a function of the effective
crystalline electric field parameters (B% and B%) of NdAl3(BO3)4, Hy = 1T. (c) The calculated dependence of the
quadrupolar susceptibility x lon Bland H || x in TmAl3(BO3)4, T = 0.1K. (d) The calculated dependence of the
quadrupolar susceptibility x5 on B5 and H || x in NdAI3(BO3)4, T = 0.1K.

To answer that question we plot the low-energy part of HoAl3(BO3)4 energy spectra as function of the external
magnetic field Hy , (Fig. 1b) and B;’Z (Fig. 2a), and we plot similar dependence on B%’Z for NdAl3(BO3)4 (Fig. 2b);

the dependence of NdAl3(BO3)4 energy levels as the function of external magnetic field is almost absent too,
so we do not present it. One can see that for HoAl3(BO3)4 the energies of the lowest levels strongly depend on

Hyyand B’z, while for NdAl3(BO3)4 the levels are almost insensitive to external fields and strains of realistic for

experiments values (we have also checked it for H, and for other R ions). For TmAIl3(BO3)4 the lowest energy
levels do manifest the dependence on external fields and strains, however that dependence is weaker than for
HoAl3(BO3)y4, see Fig. 2c. We can conclude that the strongest magnetic field dependence of the piezoelectric
modules exists for Ho ion. Why is it s0? On the one hand, we checked that the values of the trigonal crystalline
electric fields in all RAI3(BO3)4 are relatively close to each other and cannot themselves be the reason for such a
dramatic difference in the behavior. Notice that the ionic radia of rare-earth ions decrease with the number of
electrons in 4f configuration, and from that viewpoint Ho>*+ should not be very different from, e.g., Er**. Also,
the total moment of 4f electrons of Tm3t (J = 6) is the same as the one for Tb>*, however, the calculated fields
and strain dependence of the low-energy spectra and, hence, the quadrupole susceptibilities and related piezo-
electric modules drastically differ from each other for aluminium boron oxides with those ions. Therefore, we
conclude that the difference is caused by the different values of Stevens’ coefficients «y, 5, and y;, which relate
the components of the crystalline ligand potentials with the equivalent moment operators. Those coefficients
depend not only on the values of the total moment of the configuration J, but also on the values of spins and
orbital moments of electrons of the electron configuration. For Ho®>" ion the electron configuration is such that
there exist low energy levels, which are affected by the external fields and strains. We have also calculated the
dependencies of the quadrupole susceptibilities for HoGa3(BO3)4 using the data of optical experiments in that
compound, see, e.g.,”**. The calculated energy levels of Hf at zero external fields and strains for HoGa3(BO3)4
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are: [09,9.9,12.4@ 31.1,96.8,149.9), 202.5, 233.8D, 274.9@ 298.3,311.1)] cm™. The results are shown in

Fig. 2¢,d. One can see that for this compound the expected influence of the external magnetic and electric fields
and strains on the piezoelectric effect can be even stronger than for HoAl3(BO3)4.

Conclusion

In summary, we have calculated how the external magnetic and electric fields and strains can affect piezoelectric
modules for rare-earth metallic boron oxides. We have shown that the strongest effects are expected for crystals
with holmium. We have checked that the main reason for such a distinguished behavior of Ho>* ion is in the
structure of its’ low energy electron configuration. The same reason causes the strongest magneto-electric effect
observed in HoAl3(BO3)4**, comparing to other representatives of that group of compounds (the results of cal-
culations will be presented elsewhere).

Our research has shown that rare-earth metallic boron oxides are promising compounds for creating various
new piezoelectric devices based on quantum principles. For example, due to the interaction between the electric,
elastic and magnetic subsystems, these compounds can be considered as material for different electrical gates
controlled by stress and the magnetic field***. Another area of application is nonlinear optics devices, first of
all the devices for frequency doubling of the electromagnetic oscillations—second harmonics generation®**".

However, the most promising area of application is the creation of new elements for quantum computers.
Actually, unlike multiferroics, phase transitions to magnetically ordered phase in considered compounds are
absent down to low temperatures region (at least, holmium and a number of other rare-earth ions remain in the
paramagnetic phase in the low temperature limit). Consequently, discrete energy spectrum of these rare-earth
ions are preserved at least down to ultra-low temperatures. At the same time, in contrast to dilute borates, which
also demonstrate paramagnetic low temperatures properties, the considered compounds have the highest pos-
sible concentration of magnetically active ions per structural unit and, hence, the magnitudes of the observed
effects are maximal. All this allows us to consider rare-earth metallic boron oxides as candidates for creating the
qubits of a radically new type. Actually, in quantum computer qubits perform two functions. The first, a qubit
stores an information (quantum state) and the second, the interaction of a qubit with an external control device
causes manipulation of information (transformation of a quantum state). Storage of the information requires
minimization of the qubit interaction with the environment (to minimize the destructive interference), but the
manipulation of a qubit state requires interaction with control device (i.e. with the environment). Thus, qubits
design requires the simultaneous fulfilment of two mutually exclusive conditions: one needs to minimize the
interaction of a qubit with the environment, and it is necessary to preserve such an interaction to be small but
finite. In the proposed qubit, due to the presence of the interaction among the electrical, magnetic and elastic
subsystems, one can provide mechanical switching “on” and “off’ the interaction between the qubit and the
environment using, e.g., the regular piezoelectric effect. There are no additional control elements (capacitive,
inductive, etc.) required.
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