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Embedded periodically ABHs 
and distributed DVAs for passive 
low‑frequency broadband vibration 
attenuation in thin‑walled 
structures
Xiu‑xian Jia 1, Ye Yu 2* & Yu Du 3

The acoustic black hole (ABH) structure exhibits remarkable energy focalization above a given cut-on 
frequency, offering potential for broadband vibration suppression in structures. However, its energy 
focusing properties diminish significantly below this cut-on frequency. Therefore, it is crucial to 
enhance the vibration attenuation capabilities of ABH structures within the low frequency range. This 
study presents a numerical investigation into the impact of thin-walled structures with embedded 
ABHs and distributed dynamic vibration absorbers (DVAs) on low frequency broadband vibration 
reduction. Initially, the focusing characteristics of the ABH thin-walled structure is analyzed, aiding 
in the attached position of DVAs. Furthermore, the influence of the design parameters and attached 
position of DVA on the broadband damping effect of the structure is explored. The findings indicate 
that DVAs designed for low frequencies can achieve significant vibration attenuation across the entire 
frequency spectrum, including low frequencies, when installed at specific focusing positions. When 
compared to the position with the maximum vibration response, while the attenuation of the low 
frequency common amplitude value is slightly reduced, greater vibration attenuation across the entire 
frequency band is achieved. This research offers valuable insights into optimizing the integration of 
DVAs with ABHs in thin-walled structures for enhanced broadband vibration attenuation.
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In various industrial applications, effective reduction of the unnecessary vibration of mechanical structures such 
as beams and plates is an essential issue. The classical method of passive vibration reduction typically involves 
the use of high-mass damping layers and tuned mass dampers1. These methods have been extensively researched 
and demonstrated to be effective. However, their implementation can lead to significant mass increase, which 
can be detrimental in various sectors of the transportation industry. As a result, significant interest lies in the 
development of vibration reduction technologies that limit mass increase.

In recent years, the acoustic black hole (ABH) has gained widespread attention as a novel structure for vibra-
tion and noise suppression. The ABH structure is a special type of variable thickness geometric structure, where 
the propagation speed of the bending wave generated inside the structure decreases as the thickness reduces due 
to external excitation. As the thickness approaches zero, the bending wave velocity reaches zero, and the cumula-
tive phase of the wave increases infinitely. This leads to a concentration or “focusing” of the bending wave near 
the tip of the structure, which is referred to as the energy focusing effect2–5. Leveraging the energy focusing effect 
of the ABH structure, targeted damping measures can be taken in the focal region to achieve efficient vibration 
and noise reduction with minimal mass increase.

In the study of targeted damping measures for ABH, researchers commonly utilize damping layers or piezo-
electric transducers for energy absorption or recovery. Incorporating a small amount of damping material into 
the ABH structure enables absorption of incident wave energy, reduction of wave reflection, and enhancement of 
energy dissipation rate6–10. Nevertheless, the damping effectiveness of a damping layer weakens as the frequency 
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decreases11. It is worth noting that for thin-walled structures, the dimensions of the structure limit the use of 
ABH, resulting in relatively low vibration damping effectiveness, particularly at low frequencies12,13. Strictly 
speaking, there is a cut-on frequency below which the effectiveness of ABH decreases significantly, rendering it 
invalid14. Modifications to ABH characteristic parameters, while reducing the cut-on frequency to some extent, 
remain necessary within the scope of traditional linear ABH design.

Thus, improving the vibration damping effectiveness of the ABH structure in the low-frequency range has 
become a research focus in recent years. On the one hand, nonlinear mechanisms can be used to transfer energy 
from low frequencies (where ABH is ineffective) to high frequencies (where ABH is very efficient). Geometric 
nonlinearity has been successfully studied as a means to achieve this transfer in the work of Denis et al.15. Further, 
Li et al. proposed the VI-ABH7,8,16, which transforms a linear mechanism into a strongly nonlinear one and redis-
tributes energy among all frequencies, resulting in reduced resonant amplitude values of low frequencies. On the 
other hand, the use of ABH in composite structures is often employed to enhance vibration damping performance 
in the low frequency range. Zhao17 has investigated the combination of ABH with Passive Constrained Layer 
Damping (PCLD) in the design of a sandwich structure. The sandwich structure involved the ABH viscoelastic 
structure arranged periodically between two rigid plates of uniform thickness, resulting in a vibration reduction 
within a relatively low frequency range. Alternatively, Chen et al.18 have proposed a novel approach that couples 
the ABH beam with a negative stiffness element (NS-ABH beam). The findings reveal that the NS-ABH beam 
is capable of achieving a notable reduction in vibration levels below the cut-on frequency, while still retaining 
the ABH effect at higher frequencies. Gao et al.19 have introduced the soft ethylene vinyl acetate (EVA) material 
embedded into the ABH composite beam, and revealed its low-frequency vibration attenuation properties. The 
mass oscillator20 and smaller ABH unit21 have been proposed and embedded into ABH composite beam respec-
tively, and the similar low-frequency vibration attenuation characteristics have been revealed.

Moreover, taking special localized measures at the end of the ABH structure can further reduce its low 
frequency response. Deng22,23 introduced a method that a set of periodic local resonators are attached to an 
ABH plate, which can extend the performance of ABH plates to lower frequencies. Wan et al.24,25 have utilized 
piezoelectric shunt damper to suppress ABH structure vibrations, implementing shunt damping with blocking 
circuits on one side of the central region of a two-dimensional ABH structure, and successfully suppressing four 
resonance peaks within the low-frequency range. Additionally, Raybaud et al.26,27 have applied a localized damp-
ing to the termination by means of elastic and damping point supports. This new type of device can generate low 
reflection coefficient values over wide and low frequency ranges.

However, until now, most of the research has focused on using ABH sandwich structures or additional com-
plex devices to achieve low frequency vibration attenuation. When considering practical engineering applications, 
its application scope is often greatly limited. In the traditional vibration absorber, the combination of dynamic 
vibration absorber (DVA) and ABH is of little research. The DVA has a simpler structure and easier adjustment 
of the working band, so that it can achieve significant vibration attenuation in a specific frequency range (such as 
the low frequency band that ABH urgently needs to solve). The dynamic properties of acoustic black hole beam 
with DVA have been investigated in our previous study, and the results show that the application of ABH + DVA 
on a beam not only extends the single frequency-DVA vibration reduction capabilities to broadband applications 
but also reduces the low-frequency (below the cut-on frequency) vibration response of acoustic black hole beam, 
resulting in broadband vibration attenuation28. When two-dimensional ABH is embedded in thin-walled struc-
tures, previous research has investigated the vibration characteristics of plate structures with embedded ABHs 
and distributed DVAs29. However, only narrow-band damping in the low-frequency band has been achieved. To 
achieve the goal of low-frequency broadband vibration reduction through the integration of DVAs, the attached 
position of the DVAs is a critical factor. Therefore, the focusing position of two-dimensional ABH in thin-walled 
structures and its frequency-domain characteristics should be investigated. Based on the focusing characteristics, 
the influence of the attached position and tuning frequency of DVA on vibration attenuation would be studied, 
and its underlying mechanisms could be explained, thus showing the novelty of the present work.

This work includes five sections. In “Design and numerical modeling of ABHs + DVAs plate” section describes 
the model setting and verification for ABH thin plates. In “Results and discussion” section explores the focusing 
characteristics of the thin-walled structure embedded with four ABH elements through numerical simulations, 
providing justification for the DVAs attached position. Then the damping effect of the 4ABHs + 4DVAs thin 
plate structure across wide frequency band was investigated. Finally, “Conclusions” section summarizes the 
main findings of this study.

Design and numerical modeling of ABHs + DVAs plate
The thin‑walled structure embedded with periodically ABHs construction
The thin-walled structure is composed of four two-dimensional ABH elements with radius of rABH arranged in 
two rows and two columns, as shown in Fig. 1a. The thin-walled structure has a side length of 2L and a thickness 
of h0. To assess the properties of ABH, a local coordinate system is employed, with the center of the ABH indenta-
tion serving as the origin. The radial thickness h(r) is examined as a function of the distance r from the center of 
ABH indentation, and is expressed as h(r) = εrm + hmin, where ε is a constant, m is a rational number greater than 
2, and hmin is the minimum thickness, as shown in Fig. 1b. There are two types of attenuation method discussed 
in subsequent sections: coupled with DVA or coupled with damping layer, as shown in Fig. 1b,c. A DVA contains 
the mass part with mass of ma, a spring with stiffness of ka and a damping part with damping coefficient of ca. The 
damping layer with thickness of hd and radius of rd. For purposes of enhanced comprehension, a comprehensive 
and realistic DVA system is presented in the supplementary information.

Previous research has demonstrated that the acoustic black hole structure with fixed parameters can only exert 
a focusing effect when the frequency reaches the cut-on frequency16,30. The cut-on frequency can be determined 
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by analyzing the wave dispersion within the acoustic black hole structure. Omar et al.14 considered ABH as a 
penetrable obstacle and obtained the cut-on frequency expression of 2D circular ABH through its scattering 
characteristics:

where n is circumferential order of an incoming cylindrical wave to a circular scatterer. When n is set to zero, 
the model becomes equivalent to the one-dimensional case, the cut-on frequency for the above ABH structure 
in this study can be simplified obtained as 1103 Hz, that is fcut-on = 1103 Hz.

Numerical modeling
In the subsequent sections, numerical simulations are utilized to initially investigate the focusing characteristics 
within frequency bands of the plate embedded with 4 ABH elements (depicted in Fig. 1). To facilitate comparison, 
a plate with uniform thickness of 5.2 mm and equivalent mass to that of ABHs was evaluated, designated as UTP. 
Subsequently, numerical simulations are utilized to assess the vibration attenuation performance of a thin-walled 
structure containing both four ABHs and four distributed DVAs (ABHs + DVAs), at the same time, the thin-
walled structure containing both four ABHs and damping layer (ABHs + Damping) is also taken into account. 
Figure 1b provides a schematic diagram of installing a DVA in an ABH element, with one DVA installed in each 
ABH element and the installation location will be determined after focused analysis. The viscoelastic layers are 
positioned with the center of each ABH serving as the center of a circle and with a radius of rd, the thickness 
of these layers is hd, as shown in Fig. 1c. The simulation employed the material properties outlined in Table 1.

This paper employs the finite element method to delve into two significant aspects of structures. Initially, the 
simulation aids in the understanding of ABH’s physical phenomenon and it’s focusing characteristics. Secondly, 
it examines the physical basis of broadband vibration reduction achieved by ABHs + DVAs. To conduct these 
simulations, HYPERWORKS was utilized for preprocessing models and NASTRAN for dynamic analysis of 
structures. The Modal Frequency Response Analysis (MFRA) from NASTRAN code was used as the computing 
method for both focusing properties and vibration performance analysis. Since the simulations are 3D analysis, 
the tetrahedral elements were employed to establish the thin-walled structures, with an average global mesh size 
of 2 mm and minimum mesh size of 0.8 mm. For the UTP, shell elements were used with a mesh size of 2 mm. 
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Figure 1.   Schematic of (a) thin-walled structure embedded with four ABH elements; (b) ABH element coupled 
with DVA; (c) ABH element coupled with damping layer.

Table 1.   Mechanical properties.

Structural Steel

ρ (kg/m3) E (Gpa) υ η

7850 196 0.3 0.01

Viscoelastic layer

ρ (kg/m3) E (Gpa) η –

1000 7 0.4 –
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In ABH + DVAs, CBUSH elements were employed to simulate the DVA system’s behavior. The demonstration of 
the FEM simulation model can be seen in Fig. 2.

In the context of FEM simulations, the boundary conditions are carefully prescribed as follows: the four 
peripheral edges of the plate, which is embedded four ABHs, are constrained to remain fixed. Moreover, a unit 
harmonic excitation is imparted precisely at the centroid of the structure to induce dynamic responses within 
the system.

In addition, the numerical modeling methodology was extensively validated via a corresponding experimental 
analysis involving a plate with two integrated ABHs, as outlined in our previous research works29. For further 
elaboration on the experimental procedures and the details of the model validation, readers are encouraged to 
refer to the supplementary information appended to this manuscript.

Results and discussion
The focus position analysis in broadband for the thin‑walled structure embedded with 4 ABH 
elements
In this section, a square steel plate with length of 408 mm equipped with four embedded ABH elements was uti-
lized as seen in Fig. 1a. The parameters for ABH feature were defined as ε = 2.8 × 10–4, m = 2.2, with hmin = 1.0 mm, 
h0 = 8.0 mm and rABH = 100 mm. The four ABH elements were symmetrically distributed within the plate, with 
a 204 mm distance between their centers for each adjacent two ABH elements. All sides were clamped and a 
unit harmonic excitation was applied at the center of the plate. The material properties can be seen in Table 1.

To investigate the vibration reduction capabilities of thin-walled structures embedded with ABHs + DVAs 
across a broadband frequency range, it is essential to analyze the focusing behavior of ABHs within different 
frequency bands. Within the various frequency bands considered, the averaged acceleration contour is derived 
by calculating the root-mean-square (RMS) value of the acceleration amplitudes at each node for every frequency 
within the selected frequency band. This approach yields an average acceleration value at each node, which cap-
tures the overall vibrational behavior within the specified frequency range. In this study, a comparison has been 
made with a similar-quality UTP structure. Detailed model parameters are provided in “Design and numerical 
modeling of ABHs+DVAs plate” section. Under the influence of central point unit harmonic excitation and four-
side fixed constraints, Fig. 3 illustrate the average acceleration response contour maps of the UTP and ABHs in 
different frequency bands: 0–500 Hz, 500 Hz–fcut (1103 Hz), and fcut (1103 Hz)–3k Hz. Notably, within the low 
frequency range of 0–500 Hz, there is no observable focusing performance in the ABHs, consistent with the 
behavior of the ABH element. However, in the frequency band of 500 Hz–fcut (1103 Hz), the vibration responses 
near the center of ABHs exhibit a concentration effect, while the vibration response of UTP is distributed evenly 
across nine equal areas. This suggests that the ABHs exhibits a significant vibration focusing property to some 
extent. Within the fcut (1103 Hz)–3000 Hz range, ABHs mostly concentrates the vibration responses into the 
dent of ABHs; however, the focusing point deviates from the ABHs center.

In summary, the ABHs exhibits exceptional vibration focusing characteristics across the broadband frequency 
range. This finding lays the foundation for future research on broadband vibration suppression in combination 
with DVA.

Figure 2.   FEM demonstration of the plate embedded with four ABH elements and coupling with a DVA or a 
damping layer.
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Low frequency broadband attenuation effect of ABHs + DVAs
When utilizing a DVA for vibration reduction, the device’s position has a significant impact on the structure’s 
vibration response. By positioning the DVA where the vibration response is the greatest, the attenuation ampli-
tude can be maximized. In this research, the integration of ABHs and DVAs is utilized to analyze the effects of 
low-frequency, broadband vibration reduction. As a result, the design parameters of the DVAs are primarily based 
on the low-order resonance frequency, and the broadband vibration reduction effect is observed by adjusting the 
DVA’s location. Drawing from our exploration into the focusing properties of thin-walled structures equipped 
with ABHs in “The focus position analysis in broadband for the thin-walled structure embedded with 4 ABH 
elements” section, the frequency range between 0 and 4000 Hz is categorized into three distinct frequency bands: 
0–500 Hz, 500–1103 Hz (cut-on frequency of the corresponding 4ABHs plate) and 1103–3000 Hz. The averaged 
acceleration contour for both UTP and 4ABHs plate are shown in Fig. 3.

1.	 In the low-frequency band (0–500 Hz), demonstrates virtually no focusing effects for ABHs. The majority of 
the vibration response is concentrated in a circular region with the excitation point as the center. The point 
in the ABH’s dent with the maximum response is labeled as “a” and indicated in Fig. 4;

Figure 3.   Averaged acceleration contour within different frequency bands for the UTP and the 4ABHs plate. 
(the cut-on frequency of ABHs plate is 1103 Hz).

Figure 4.   Diagram of DVAs attached position.
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2.	 As the frequency band progresses to the intermediate range (500 Hz–fcut), the structure embedded with ABHs 
displays initial signs of a focusing effect, which intensifies as the frequency rises, and the central feature 
defines the focusing position as “b”;

3.	 In the high-frequency band (fcut–4000 Hz), the ABH structure’s focusing effect is prominent, and the focusing 
position is labeled as “c”.

According to multiple DVA parameter optimization methods31, the optimal parameter formula of the dynamic 
vibration absorber is obtained:

In this study, the parameters ξ, β, f, µ, n, and the locations of DVAs are considered. The damping ratio ξ, 
non-dimensional frequency band-width β, tuning frequency ratio f, mass ratio µ of the total mass of all DVAs to 
the mass of the thin-walled structure, and the number of DVAs n, with one DVA placed in each ABH indenta-
tion, are the key design parameters. The resonance frequencies in each band are: 402 Hz in the low-frequency 
band (0–500 Hz), no resonance frequency in the middle-frequency band (500 Hz–fcut), and 2950 Hz in the 
high-frequency band (fcut–4000 Hz). Four models are developed based on these parameters and DVAs attached 
positions. Table 2 presents the tuning frequencies and coupling positions of the models in question, while Fig. 4 
illustrates the attachment positions of the DVAs. Specifically, for the case with µ = 0.1 and n = 4, the DVA param-
eters have been designed in accordance with the provided formulas. The detailed resulting data pertaining to 
these parameters is presented in Supplementary Table S1 of the supplementary information.

The comparison of acceleration frequency response before and after the installation of DVAs is presented 
in Fig. 5. When the DVAs parameters remain unchanged but their attached positions vary, Fig. 5a reveals that 
ABHs + DVAs-1 exhibits the most significant vibration amplitude attenuation effect at the first-order resonance 
frequency. This is primarily due to the DVAs in ABHs + DVAs-1 being positioned at the site with the maximum 
resonance response of the first order in ABHs, as anticipated. ABHs + DVAs-2 and ABHs + DVAs-3 produce a 
similar overall response level, featuring a relatively significant vibration attenuation effect across all frequencies.

When the DVA parameters differ but the attached positions remain unchanged, Fig. 5b demonstrates that 
ABHs + DVAs-4 exhibits a relatively significant vibration attenuation effect in the high-frequency range, exhibit-
ing the best vibration attenuation near the design frequency (2950 Hz). Conversely, it lacks vibration attenuation 
in the low-frequency range.

Based on the above analysis, ABHs + DVAs-3 is chosen for comparison with other models, taking into account 
UTP, and ABHs + Damping (as described in “Numerical modeling” section) with hd = 2 mm and rd = 25 mm. The 
results of acceleration frequency response of each model are shown in Fig. 6. When compared to UTP, ABH 
exhibits a lower overall vibration response level. ABHs + Damping exhibits high damping effect at high frequency, 
except at 402 Hz. ABHs + DVAs-3 exhibits a significant attenuation of 31.4 dB at the formant peak of 402 Hz at 
low frequency and significant damping effect at high frequency.

To visualize the model’s average vibration response level across distinct frequency ranges, Table 3 and Fig. 7 
presents the computed average acceleration amplitude within diverse frequency bands. A thorough analysis of the 
data summarized in Table 3 and the visual comparison presented in Fig. 7 reveals several significant observations:
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Table 2.   Tuning frequency and coupling position of DVAs.

Group Tuning frequency Coupling position

ABHs + DVAs-1

402 Hz (0–500 Hz)

a

ABHs + DVAs-2 b

ABHs + DVAs-3 c

ABHs + DVAs-4 2950 Hz (fcut–4000 Hz) c
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Figure 5.   Average acceleration frequency response of structures: (a) same DVA parameters with different 
locations; (b) different DVA parameters with same locations.

Figure 6.   Average acceleration responses of UTP, ABHs, ABHs + Damping, and ABHs + DVAs-3.
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1.	 ABHs exhibit a lower vibration response compared to UTP of identical mass, indicating inherent vibration 
reduction properties.

2.	 Within the 0–500 Hz frequency band, ABHs + DVAs-1, ABHs + DVAs-2, and ABHs + DVAs-3 all exhibit 
noteworthy vibration attenuation, despite having identical DVAs parameters across these three model groups 
but with distinct attached positions. Among these models, ABHs + DVAs-1 exhibits a vibration response 
approximately 9 dB lower than the other two models when the DVAs is located in the highest vibration 
response in this frequency band. However, the design parameters of ABHs + DVAs-4 target higher-order 
resonance frequencies, resulting in a lack of vibration attenuation within 0–500 Hz.

3.	 Within the 500 Hz–fcut frequency range, the curves are smooth, indicating the absence of any resonance 
peaks, leading to minimal vibration attenuation.

4.	 In the fcut–4000 Hz frequency band, ABHs + DVAs-4 exhibits the most notable vibration attenuation effect. 
This is primarily attributed to the DVA parameters being specifically tailored for resonance frequencies 
within this range. Additionally, ABHs + DVAs-2 and ABHs + DVAs-3 also exhibit significant vibration attenu-
ation due to the attached position of DVAs at focusing positions within the 500 Hz–fcut and fcut–4000 Hz 
frequency bands respectively, with both focusing positions being in proximity to one another, where the 
damping in DVAs played a critical role in the vibration attenuation.

5.	 Across the 0–4k Hz frequency range, models with DVAs positioned at focusing positions (including 
ABHs + DVAs-2, ABHs + DVAs-3, and ABHs + DVAs-4) all exhibit significant vibration attenuation effects. 
Specifically, the vibration level is reduced by approximately 17 dB when compared to ABHs alone.

6.	 In the 0–8k Hz frequency band, ABHs + Damping and ABHs + DVAs-4 exhibit superior vibration attenuation 
levels, followed closely by ABHs + DVAs-3. It is worth noting that the mass of the damping layer accounts for 
only 0.23% of the thin-walled structure’s mass; however, it exerts a significant vibration attenuation effect in 
the high frequency range. ABHs + Damping could serve as a much effective lightweight solution for broad-
band vibration reduction, if low-frequency vibration reduction requirements are not considered.

Table 3.   Acceleration amplitude average values of different frequency bands for the designed structures (Unit: 
dB).

Freq. (Hz) 0–500 500–fcut fcut–4k 0–4k 0–8k

UTP 92.53 88.46 106.67 104.39 104.86

ABHs 68.56 51.85 92.19 89.51 98.60

Difference with ABHs

 ABHs + Damping 5.43 − 0.02 − 8.58 − 7.57 − 14.21

 ABHs + DVAs-1 − 23.98 2.85 − 8.69 − 8.72 − 5.60

 ABHs + DVAs-2 − 13.19 − 0.15 − 16.50 − 16.36 − 10.22

 ABHs + DVAs-3 − 15.49 0.31 − 17.73 − 17.58 − 12.38

 ABHs + DVAs-4 2.10 6.62 − 18.30 − 17.17 − 15.50

Figure 7.   Histogram of acceleration amplitude average values of different frequency bands for all groups.
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To summarize, the preceding analysis highlights the critical role of DVA’s attached position and parameter 
design in vibration reduction across the entire frequency range. By positioning DVAs in the focusing area and 
specifying parameters with a low resonance frequency, it is possible to not only minimize the structure’s low-
frequency vibration response but also enhance the overall vibration attenuation capabilities of DVAs.

Conclusions
This paper introduces and examines a thin-walled structure with embedded ABHs and distributed DVAs, des-
ignated as ABHs + DVAs, with the aim of enhancing vibration reduction efficiency across a broadband encom-
passing low frequencies. The key to achieving comprehensive frequency damping lies in effectively combining 
the effective damping effects of DVAs in the low frequencies with the focusing capabilities of ABHs in the mid-
to-high frequencies.

The study conducts a numerical investigation of the focusing characteristics of ABHs and examines the 
impact of DVAs’ attached position on vibration reduction effects. The results indicate that the location of DVAs 
significantly impacts the broadband vibration reduction performance. By positioning DVAs near the focusing 
positions in the mid-to-high frequencies and optimizing parameters for a low resonance frequency, it is possible 
to achieve vibration attenuation not only in the low frequency range but also across the mid-to-high frequen-
cies. This outcome relies on both the focusing capabilities of ABHs and the damping effects of DVAs placed in 
the focal region.

This study introduces a novel concept for achieving low frequency broadband vibration reduction in plate 
structures and represents a promising avenue for further optimization. However, practical implementation of 
DVAs remains an issue that requires attention. Future experimental research will aim to design corresponding 
DVA structures to bridge the theory and practice, paving the way for practical applications.

Data availability
The datasets used and/or analyzed during the current study available from the corresponding author on reason-
able request.
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