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The effects of random dislocations on the vibrational properties of finite-length RNA and DNA macro-
structures have been investigated by means of a harmonic Hamiltonian and the Green’s function 
method. The RNA molecule has been modeled using a half ladder model, and three models (a fishbone 
model and two different strand models) have been employed to model the structure of DNA. The 
lengths of the finite and cyclic systems are gradually increased to more accurately approximate the 
structures of RNA and DNA. Springs whose behaviors are governed by Hooke’s constitutive law 
have been used to represent the bonds between the masses, with the stiffness of the vertical springs 
randomly changing along the length of each model. This results in a more realistic representation of 
the inherent randomness of the studied structures. To investigate the effect of random dislocations 
on the mechanical response of the studied systems, it has been assumed that a random mass-spring 
ensemble has been knocked out of place by an external force. It has been found that increasing the 
number of building blocks along the length of the models suppresses the influence of dislocations on 
the vibration spectra of RNA and DNA. It was also observed that at low frequencies, the influence 
of dislocations becomes more pronounced. Besides, taking into account the collective mass of the 
sugar-phosphate backbone results in the appearance of gaps in the vibration spectra. By introducing 
dislocations into the models, additional dislocation-induced vibrational states appear in the DOS 
curves. What stands out from the results is that the responses of the studied systems to these changes 
are strictly nonlinear. The employed methodology can be applied to investigate the mechanical 
response of damaged RNA and DNA.

Keywords  Biocomposite, Mechanical properties, Vibration, Dislocations, Numerical analysis

Ribonucleic acid (RNA)1–4and deoxyribonucleic acid (DNA)5are the genetic material found in all living 
organisms and comprise the building blocks of life. They are how genetic information is stored and read. Within 
the last few decades, these two macro-molecules have come to be treated as natural nanowires, and due to their 
interesting properties- e.g., self-assembly, easy modification, etc.- have attracted a great deal of attention from 
the scientific community6,7. DNA consists of two strands wrapped together in a double-helical structure, while 
RNA is a single-stranded molecule (Fig.  1). These strands are made up of subunits called nucleotides. Each 
nucleotide contains a nitrogenous base, a carbon-based sugar (S) group (deoxyribose in DNA and ribose in 
RNA), and a phosphate (P) group, which is attached to the S molecule. Nitrogenous bases in DNA contain one 
of four possible bases: adenine (A), thymine (T), cytosine (C), and guanine (G). These bases usually occur in 
pair units, commonly known as base-pairs, with A always binding with T (AT), and C always pairing up with G 
(CG). RNA does not contain any T bases. The molecule instead makes use of another base known as Uracil (U), 
which attach to A. Both DNA and RNA feature a sugar-phosphate backbone, but compared to RNA’s ribose, the 
deoxyribose in DNA lacks one hydroxyl group.

Both of these macro-structures run the risk of being damaged by the environment and if not immediately 
repaired, the resulting mutations can lead to undesirable effects and ultimately disease. These damages can be 
mechanical and take the form of dislocations in the structure of RNA/DNA. Dislocations are environment-
caused changes in the crystalline structure of a system. An example of the impact of the environment on DNA 
is skin cancer, which can be brough on by overexposure to the sun’s ultraviolet rays8,9. Similarly, any disorder in 
the structure of RNA can also lead to such problems as pathogenesis of cancer, cardiac diseases, various types 
of infections, and autoimmune/inflammatory illnesses10–12. In addition to environmental factors, DNA and 
RNA can also be exposed to oxidative damage from metabolic byproducts such as free radicals13. Quantitative 
and qualitative investigations into the electronic and mechanical properties of DNA and RNA sequences can 
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be very effective in the diagnosis and treatment of diseases, case-specific medicine, environmental analysis, 
drug discovery, and so many other fields14–16. In recent years, the applications of DNA and RNA in electronic 
biosensors capable of diagnosing diseases have been studied17–21. For example, the conductance and charge 
transport properties of single microRNA chains associated with autism have been investigated by Oliveira et 
al20.. Santhanam et al. introduced DNA/RNA electrochemical biosensing devices that can replace the existing 
polymerase chain reaction methods for the fast containment of widespread outbreaks like the Covid-19 
pandemic21.

Although the electronic properties of isolated RNA and DNA molecules have been the subject of exhaustive 
research and study22–30, the analogous vibrational properties remain somewhat unexplored. Vibrating on 
timescales from femtoseconds to nanoseconds, RNA and DNA are by no means static structures31. Having an 
in-depth knowledge of the dynamical properties of DNA is central to the development of theoretical models 
of biological processes such as base-pair opening, replication, and transcription32. The sequencing pattern 
of the base-pairs and how it influences the mechanical properties of the DNA molecule has previously been 
investigated33. It was demonstrated that the sequencing pattern influences the DNA’s flexibility and its ability to 
form links. This happens when certain patterns slide past others to produce non-native contacts. This behavior is 
inherently nonlinear. In the investigation presented herein, this nonlinearity manifests itself in both the density 

Fig. 1.  Schematic structures of the (a) RNA and (b) DNA strands. DNA comprised of repeated stacks of either 
adenine (A)-thymine (T) or guanine (G)-cytosine (C) base-pairs, coupled by hydrogen bonds, twisted in a 
double-helix structure with a sugar-phosphate backbone. RNA has common A, G, and C bases with DNA, but 
in place of T, it features Uracil (U).
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of states (DOS) and vibration curves. The same is also true for the influence of a dislocation, which is essentially 
a nonlinear phenomenon. These alterations to the structures of the systems are, surprisingly, not met by a linear 
response from the system.

Understanding DNA transcription begins with studying DNA thermal denaturation, a process explored by 
Dauxois and Peyrard34. They introduced a nonlinear dynamical model for DNA denaturation, incorporating 
cooperativity effects via anharmonic nearest-neighbor stacking interactions. Their transfer-integral calculations 
reveal that this one-dimensional model, even without long-range interactions, undergoes a sharp denaturation 
akin to a first-order transition at a temperature lower than that of a similar model with harmonic coupling. 
Self-consistent phonon calculations emphasize the critical importance of nonlinear effects in this mechanism. 
Zoli35presents an intermediate (mesoscopic) approach to constructing a three-dimensional Hamiltonian 
model that captures the primary interactions responsible for the stability of helical molecules. This method 
demonstrates that the Hamiltonian’s complexity can be incrementally increased by incorporating additional 
elements, such as new degrees of freedom, thereby offering a more precise depiction of the double helix in three 
dimensions. The 3D mesoscopic model provides a detailed description of the helix at the base pair level and 
enables the prediction of the thermodynamic and structural properties of molecules in solution. Demonstrating 
a phase transition, DNA melting has been extensively researched within the field of statistical physics36, resulting 
in a significant body of literature that explores the helix-coil transition and the thermally induced creation of 
denaturation bubbles. The flexibility characteristics of DNA helices have also been the subject of thorough 
examination, including aspects such as force-extension behavior, persistence length, and cyclization probability-
the likelihood that a portion of linear chain ensembles will form loops. To investigate these properties, numerous 
computational techniques have been employed, including transfer integrals37,38and transfer matrix methods39, 
Monte Carlo simulations40, molecular dynamics41, and path integrals42–44. These methods have been applied to 
both mesoscopic Hamiltonian and polymer physics models.

Future advancements in technology may see conventional solid-state devices replaced by molecular 
components, leveraging the mechanical properties of a few particles. DNA and RNA molecules are prime 
candidates for this role, thanks to their flexibility, self-assembling capabilities, and well-defined, reproducible 
architectures. While the electronic properties of these molecules are important, their elastic properties also play 
a crucial role in numerous biological processes, as highlighted by Barbi et al. in their 1999 study45. Over the years, 
the vibrational properties of DNA and RNA have been extensively studied using Raman and IR spectroscopy. 
Detailed atomic-level descriptions are necessary to fully understand the fine structure observed in Raman 
spectroscopy, but simple mechanical models can effectively describe macromolecular motion. This is essential 
for investigating the mechanical properties of DNA and RNA macrostructures, as our work demonstrates.

When analyzing the effects of hydrogen bonds, single-chain models fall short, necessitating the use of 
double-chain models. These models, widely discussed in the literature, represent RNA and DNA as single- and 
double-chain structures with nucleotides depicted as effective sites connected by effective elastic constants46–48. 
The double-chain model enables the examination of interchain coupling’s impact on vibrational properties. 
Since DNA lacks periodicity, disorder effects such as dislocations-which significantly influence DNA behavior-
are incorporated into the models. Simple elastic rod models provide valuable insights into elastic properties 
but overlook the local polymorphism due to base-pair sequencing. In contrast, models using Hamiltonian and 
equations of motion, as employed in our study, treat atoms as lattice points within the crystalline structure, 
forming the entire DNA and RNA sequences. Intermediate heuristic models, which account for local 
inhomogeneity due to base pairing, offer a desirable balance by maintaining numerical stability and microscopic 
detail while simplifying fully microscopic structures.

The sequence-dependent nature of DNA and RNA, along with inherent randomness, affects the mechanical 
response of these structures. Variations in the masses of bases and the elastic force between pairs influence the 
systems’ potential energy and vibrational behavior. Our models, which represent DNA and RNA molecules 
without their natural twisting, consider these molecules as quasi-1D systems with randomly placed base pairs 
or building blocks. By applying these mechanical models, we aim to understand macromolecular motions 
in the presence of random dislocations. Our primary goal is to present a methodology for investigating the 
mechanical response of such macromolecules from a physical perspective. This methodology is adaptable to 
other biopolymers with similar structures. Our analyses are based on two main propositions: formulating an 
analytical model to predict the vibrational response of DNA- and RNA-like structures, and incorporating an 
increasing number of blocks to achieve a more accurate representation of these macro-structures.

In this theoretical study, a framework has been presented to investigate the influence of random dislocations 
on the mechanical properties of different quasi-one-dimensional (1D) macro-structures and the nonlinear 
consequences of this interaction. It needs to be mentioned that the best known way to account for the hydrogen 
bonds between the pairs and the elements of the sugar-phosphate backbone is to use the Morse potential35. In 
the present work, however, these bonds have been mimicked using the linear-elastic relationship described by 
Hooke’s law of elasticity. Although this approach imposes an approximation on the results, it is nonetheless a 
tried and tested procedure employed by many experts49. We have adopted a quantum mechanical framework 
for our analysis. The derivation of the DOS curves for the lattice structures of DNA and RNA relies on quantum 
mechanical principles. In our computations, the Hamiltonian functions as an operator derived from displacement 
and momentum operators, which adhere to a commutation relationship. The equation of motion is derived 
using the Heisenberg equation. As the Green’s function is obtained directly from this equation of motion-a 
fundamentally quantum mechanical relationship-both the Green’s function and the equation of motion are 
inherently quantum mechanical. To that end, a half ladder model (HLM) of RNA and three different models 
of DNA - i.e. a fishbone model (FBM) and two double-strand models (DSM) labeled 1DSM and 2DSM- have 
been constructed. It is worth noting that all of the models have been studied in two different configurations 
(finite and cyclic). The calculations have been carried out utilizing a harmonic approximation50,51and the Green’s 
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function method52–54,56–58. The nitrogenous bases in the RNA model and the base-pairs in the two DNA models 
have been arranged in three different randomly-arranged configurations (32, 64, and 128 bases/base-pair). Each 
model features a single nonlinear imperfection (dislocation) at a random location along its length. This paper is 
organized as follows: In section II, the general characteristics of the different models are described. In section III, 
the equation of motion for the dynamical Green’s function is obtained, the DOS formula is introduced in terms 
of the Green’s function, and the section is capped off with the assembly of the dynamic matrix. Finally, in sections 
IV and V, the results are discussed and the conclusions are presented.

Model
To study the effects of random dislocations on the mechanical properties of finite-length RNA and DNA, the 
following four models have been constructed: The HLM model for RNA and the FBM, 1DSM, and 2DSM 
models for DNA. These models, along with schematic representations of the effects of dislocations, are illustrated 
in Fig. 2(a-d). Fig. 2a shows the structure of the HLM model of the RNA strand. In this model, the nitrogenous 
bases are modeled as a quasi-1D chain of masses linked together in a repetitive structure. Each base is connected 
vertically to the SP backbone. A schematic view of the structure of the FBM model of DNA is given in Fig. 2b. 
In this model, AT and CG base-pairs are considered as a chain of masses. Consecutive base-pairs are linked 
together and have been randomly distributed along the DNA molecule. The SP backbones of the DNA have 
been modeled by assemblies of masses on the upper and lower boundaries. Backbone sites are linked to the 
base-pairs but share no connection. The 1DSM model has been built based on the ladder-like structure of DNA 
and contains only two rows of mass (Fig. 2c). Each site represents a nitrogenous base (A, T, C, and G) plus the 
adjacent SP backbone. In the 2DSM model, the nitrogenous bases and the SP backbone have been modeled by 
individual sites. Each base is connected to its nearest neighbors via horizontal and vertical links and interacts 
with the SP backbone, similar to the FBM model (Fig. 2d). The 2DSM model is essentially a combination of the 
FBM and 1DSM models. In all of the models, the interaction potential between the masses is modeled using a 
series of horizontal and vertical springs whose behaviors have been defined using Hooke’s constitutive equation. 
To investigate how a randomly-placed dislocation affects the vibrational spectra of finite-length RNA and DNA, 
a random mass-spring ensemble was eliminated from each model (Fig. 2(a-d)). In both configurations (finite 
and cyclic), a limited number of bases/base-pairs has been considered for each model. The number of bases 
is increased in three steps, Nbp(Nb) = 32, 64, 128, to calculate the DOS and dispersion diagrams of the DNA 
and RNA macro-molecules. Since DNA and RNA are not periodic systems, disorder effects - which determine 
key features of DNA and RNA behavior - are introduced in the models. Evidently, comparing the responses of 
perfect and imperfect models (regardless of their finite/cyclic nature) would yield important insights into the 
responses and the consequences thereof, even at a theoretical level. Finally, a comparison is drawn between the 
results of the perfect and imperfect structures.

Formulation
As depicted in Fig. 2(a-d), the interaction forces between the building blocks of the RNA and DNA structures 
are represented by equivalent springs whose behaviors are governed by Hooke’s constitutive law. The following 
equation would give Hamiltonian of the vibrating system:

	
Ĥ =

Nd∑
µ=1

Ns∑
α=1

p̂α2µ
2Mα

+
1

2

Nd∑
µ,ν=1

Ns∑
α,β=1

Kαβ
µν x̂

α
µx̂

β
ν ,� (1)

in which Mα represents the direction-independent mass of the α sub-site. Also, p̂αµ and x̂αµ are, respectively, the 
Cartesian momentum and displacement operators of the α sub-site along the µ direction. These operators are 
used to satisfy Eq. (2):

	 [x̂αµ, p̂
β
ν ] = iδαβδµν,� (2)

a commutation relationship in which δ represents the Kronecker symbol. In Eq. (1), Nd and Ns stand for the 
dimension and the number of sub-sites in each system, respectively. Furthermore, Kαβ

µν  is the force-constant 
tensor for sub-site α along the direction µ due to a small displacement in sub-site β along the direction ν. The 
tensor can be calculated by:

	
Kαβ

µν =

(
∂2U

∂xαµ∂x
β
ν

)

0

,� (3)

wherein U represents the interaction potential of the system, a function of the instantaneous positions of all 
the atoms in the system. The subscript “zero” on the right-hand side of the equation corresponds to a potential 
minimum. The mass-normalized displacements can be defined as uαµ =

√
Mαx

α
µ. Hence, u is the normalized 

column matrix of the displacements containing all of the displacements whose transpose can be assembled into 
the form of the following 1× (NdNs) row matrix:

	
uT =

(
u11 u21 · · · uNs

1 u12 · · · uNs
Nd

)
,� (4)
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Fig. 2.  The imperfect models- i.e., models with dislocations- of the HLM model (for modeling the RNA 
strand) and the FBM, 1DSM, and 2DSM (for modeling the DNA strand) are presented in panels (a), (b), 
(c), and (d), respectively. j0, jn (n = 1, 2), and jn′ (n′ = 3, 4) represent the stiffnesses of the linear springs 
mimicking the molecular bonds between the subsites of the building blocks. The masses of the sub-sites inside 
the BLUCs of the models are labeled from M1 to MNs.
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where Ns for the HLM, FBM, 1DSM, and 2DSM models is Ns = 2Nb, Ns = 3Nbp, Ns = 2Nbp, and Ns = 4Nbp, 
respectively. In this notation, the harmonic Hamiltonian assumes the following matrix form:

	
H =

1

2

(
u̇T u̇ + uTΦu

)
,� (5)

wherein u̇ = du/dt is the corresponding conjugate momentum, with t standing for time and Φ representing the 
mass-normalized force-constant tensor. The latter can be obtained using Eq. (6):

	
Φαβ
µν =

1

mαβ
Kαβ

µν ,� (6)

in which mαβ ≡
√
MαMβ. The matrix form of Φ would be as follows:

	

Φ =




Φ11
11 Φ12

11 · · · Φ1Ns
11 Φ11

12 · · · Φ1Ns
1Nd

Φ21
11 Φ22

11 · · · Φ2Ns
11 Φ21

12 · · · Φ2Ns
1Nd... ... . . . ... ... ... ...

ΦNs1
11 ΦNs2

11 · · · ΦNsNs
11 ΦNs1

12 · · · ΦNsNs
1Nd

Φ11
21 Φ12

21 · · · Φ1Ns
21 Φ11

22 · · · Φ1Ns
2Nd... ... . . . ... ... ... ...

ΦNs1
Nd1

ΦNs2
Nd1

· · · ΦNsNs
Nd1

ΦNs1
Nd2

· · · ΦNsNs
NdNd




,� (7)

which is a (NdNs)× (NdNs) matrix. It should be mentioned that u and u̇ satisfy the following commutation 
relationship:

	
[
u, u̇T

]
= iI,� (8)

with I  standing for a unit matrix. Note that all of the calculations have been carried out using dimensionless 
units, i.e. all of the physical constants are set equal to unity.

Now, we proceed to describe the Green’s function approach, a tool suitable for obtaining the vibrational spectrum 
of the system in terms of its DOS. The retarded Green’s function is defined as59:

	 D(t) = −iΘ (t)
〈[
u (t) ,uT (0)

]〉
,� (9)

in which Θ(t) represents the Heaviside step function for time t and ⟨...⟩ represents the average over the canonical 
density matrix. By definition, D is a square matrix that is equal to zero when t ≤ 0. Taking the derivative of the 
retarded Green’s function in Eq. (9) with respect to time is the first step in obtaining the equation of motion:

	
d
dt
D (t) =

d
dt

{
−iΘ (t)

〈[
u (t) ,uT (0)

]〉}
,� (10)

which results in the derivation of the following expression:

	
i
dD(t)

dt
= δ(t)

〈[
u (t) ,uT (0)

]〉
+ Θ (t)

〈[
du (t)

dt
,uT (0)

]〉
,� (11)

in which δ(t) = dΘ (t) /dt, with δ(t) representing the Dirac δ-function. At t = 0, the square brackets in the 
first term on the right-hand side of Eq. (11) takes on the value of zero, rendering the accompanying δ(t), and 
therefore the entire term preceding the plus sign, equal to zero. Eq. (11) can therefore be expressed as:

	
i
dD(t)

dt
= Θ (t)

〈[
u̇ (t) ,uT (0)

]〉
.� (12)

To obtain the equation of motion, the first derivative of Eq. (11) would not suffice. Therefore, taking the second 
derivative of the equation with respect to time yields:

	
i
d2D (t)

dt2
= δ(t)

〈[
u̇ (t) ,uT (0)

]〉
+ Θ (t)

〈[
du̇ (t)

dt
,uT (0)

]〉
.� (13)

Eq. (14) gives the first term on the right-hand side of Eq. (13):

	 δ (t)
〈[
u̇ (t) ,uT (0)

]〉
= −iδ (t) I,� (14)

where multiplying δ(t) by the term inside the angle brackets guarantees the calculation of the commutation 
relation at time t. The Heisenberg equation for the conjugate momentum can be employed to calculate the 
second term:
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du̇(t)

dt
= i [H , u̇(t)] ,� (15)

wherein the Hamiltonian (Eq. (5)) should be expressed at time t. Hence, du̇(t)/dt can be written as:

	
2i

du̇ (t)

dt
=
[
u̇ (t) , u̇T (t) u̇ (t)

]
+
[
u̇ (t) ,uT (t)Φu (t)

]
,� (16)

the first term on the right-hand side of Eq. (16) is equal to zero and the second term can be obtained by the 
following equation:

	
[
u̇ (t) ,uT (t)Φu (t)

]
= −2iΦu (t) .� (17)

Using Eqs. (13), (14), (16), and (17), the equation of motion would be derived as:

	

(
I

d2

dt2
+Φ

)
D(t) = −δ (t) I.� (18)

The Green’s function depends solely on changes in time t, or on the time-translation invariant. We can therefore 
present the frequency-domain Fourier transform of the Green’s function in the following form:

	
D (ω) =

∫ +∞

−∞
D (t) e−iωtdt.� (19)

Multiplying Eq. (18) by exp(−iωt) and evaluating the integral over time t, the frequency domain of the Green’s 
function would be obtained as:

	
D

(
ω + i0+

)
=
[(
ω + i0+

)2
I −Φ

]−1

,� (20)

in which the following identity has been employed:

	

∫ +∞

−∞
δ (t) e−iωtdt = 1.� (21)

In Eq. (20), ω has been replaced by ω + i0+. This operation results in the retarded Green’s function to be analytic 
in the upper half of the complex frequency plane. The vibrational DOS60 can therefore be written as:

	
DOS(ω) = −2ω

π
Tr ImD(ω + i0+),� (22)

a relationship wherein the trace is taken over all quantum numbers which label the Hamiltonian. Thus, Eq. (22) 
can be rewritten as:

	
DOS(ω) = − 2ω

πNs

Ns∑
α=1

ImDαα(ω + i0+),� (23)

in which the value of the parameter Dαα is given by Eq. (20). The vibrational spectrum of each finite/cyclic 
system with no imperfections can be numerically computed via the following characteristic equation:

	
∣∣ω2I −Φ

∣∣ = 0.� (24)

Since all of the models studied herein are systems with finite lengths, assuming that each model contains Ns sub-
sites, the dynamic matrix would be a Ns ×Ns square matrix. Therefore, the first square block of Eq. (7) would 
be sufficient to represent the entire dynamic matrix:

	

Φ =




Φ11 Φ12 · · · Φ1Ns

Φ21 Φ22 · · · Φ2Ns

... ... . . . ...
ΦNs1 ΦNs2 · · · ΦNsNs


 ,� (25)

where the Cartesian coordinate subscripts (µ and ν) have been excluded. Using Eqs. (3), (6) and (25), the general 
form of the dynamic matrix for the cyclic perfect HLM model of the RNA structure would be obtained as:
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Φ =




jn′
m11

− jn′
m12

0 0 · · · 0 0

− jn′
m21

2j0+jn′
m22

0 − j0
m24

· · · 0 − j0
m2Ns

0 0
jn′
m33

− jn′
m34

· · · 0 0

0 − j0
m42

− jn′
m43

2j0+jn′
m44

· · · 0 0
... ... ... ... . . . ... ...
0 0 0 0 · · · − jn′

mNs−1Ns−1
− jn′

mNs−1Ns

0 − j0
mNs2

0 0 ... − jn′
mNsNs−1

2j0+jn′
mNsNs




,� (26)

in which j0 is the force constant representing the stiffness of the springs between the bases and jn′ (n′ = 3, 4
) stands for the force constant of the vertical springs connecting the AU/GC base-pair to the SP backbones 
(Fig. 2a). The masses of all different sub-sites are given by a unique label ranging from M1 to MNs (Fig. 2(a-d)). 
The dynamic matrix of the finite-length HLM model is similar to that of the cyclic model, with the exception 
that Φ2Ns = ΦNs2 = 0 and

	
Φ22 =

j0 + jn′

m22
, ΦNsNs =

j0 + jn′

mNsNs

.� (27)

To investigate the effects of random dislocations, one mass (along with its corresponding equivalent spring) 
has been removed from the SP backbone. As demonstrated by Fig. 2a, it is assumed that the ith mass has been 
removed, in which case the dynamic matrix elements undergo the following change:

	
Φii = Φii+1 = Φi+1i = 0, Φi+1i+1 =

2j0
mi+1i+1

.� (28)

The dynamic matrices of the other cyclic and finite systems are introduced in the Supplementary Material.

Results and discussion
The formulism developed in the previous sections is employed to investigate the effects of random dislocations 
on the vibrational spectrum of the HLM model of RNA and the FBM, 1DSM, and 2DSM models of DNA. The 
results will then be compared to those of the perfect and imperfect finite and cyclic configurations. For the finite 
and cyclic cases, three different lengths have been considered for each system (Nbp(Nb) = 32, 64, 128). Also, 
a mass (and its corresponding spring(s)) has been randomly removed from each structure to investigate the 
effects of dislocations. We first introduce the necessary parameters to obtain the numerical results. Based on the 
shapes of their structures, the four models have been allocated the following mass distributions: the HLM model 
of the RNA molecule (Fig. 2a) contains five different masses, i.e., the individual masses of the A, U, C, and G 
bases, and the collective mass of the SP backbone. This model contains three spring constants, j0, j3, and j4. The 
horizontal springs are labeled with j0, and {j3, j4} dub the vertical springs. The finite and cyclic configurations 
include three different masses in the FBM model (Fig. 2b): (1) the mass of the AT base-pair, (2) the mass of the 
CG base-pair, and (3) the collective mass of the SP backbone. These three masses are linked to each other by an 
ensemble of three springs with different stiffnesses. The force constants of the horizontal springs connecting the 
AT and GC blocks are represented in our calculations by j0. Also, j1(j2) is the force constant of the perpendicular 
springs connecting the AT (GC) blocks to the SP backbones. The 1DSM model contains four different masses 
(Fig. 2c): (1) the mass of base A plus the mass of the SP backbone, (2) the mass of base T plus the mass of the SP 
backbone, (3) the mass of base C plus the mass of the SP backbone, and (4) the mass of base G plus the mass of 
the SP backbone. The model also includes three types of springs, with j0 representing the force constant of the 
horizontal springs and j1(j2) standing for the force constant of the vertical springs connecting the bases of the 
AT (GC) base-pairs. The 2DSM model includes five different masses (Fig. 2d): (1) the mass of base A, (2) the 
mass of base T, (3) the mass of base C, (4) the mass of base G, and (5) the mass of the SP backbone. The five force 
constants in this model include j0, j1, j2, j3, and j4. Similar to the previous models, j0 is the force constant of the 
horizontal springs and the remaining four are the force constants of the vertical springs. The atomic masses of 
the building blocks of the models are given in Table 161. These masses are randomly distributed throughout the 
HLM model of RNA in the form of double A-SP, U-SP, C-SP, and G-SP sets. Furthermore, the masses appear in 
the form of triple SP-AT-SP, SP-CG-SP, SP-TA-SP, SP-GC-SP, double A-T, C-G, T-A, G-C, and quadruple SP-A-
T-SP, SP-C-G-SP, SP-T-A-SP, SP-G-C-SP sets in the FBM, 1DSM, and 2DSM models of DNA, respectively. Each 
of these mass groups contains a set of force constants also appearing randomly inside the models.

In the calculations presented herein, two different force constants have been employed: j0 = 0.090 mdyne/Å 
and j1 = 0.075 mdyne/Å62. Besides, we define j2, j3, and j4 in terms of j0, whose values are equal to 0.75j0, 

Base A T C G U P SDNA SRNA
Mass 134.1226 125.1104 110.0977 150.1226 110.3078 95.9817 83.1128 99.1118

Table 1.  Mass of adenine (A), thymine (T), guanine (G), cytosine (C), and Uracil (U) bases with sugar (S) and 
phosphate (p) backbone masses for both DNA and RNA in a.m.u43.
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0.70j0, and 0.60j0, respectively. Also, in the numerical calculations, we have taken into account the mass of the 
SP backbone in the DNA (M0) and the force constants of the horizontal springs (j0). Furthermore, the intra-
pair distances have been set equal to unity. These are scales in terms of which the remaining parameters will be 
expressed. Also, the relationships qmax = π/a and ω0 =

√
j0/M0 have been defined to make the wave vector and 

the frequency axes dimensionless.
The effect of random dislocations on the dispersion curves and the DOS of the RNA and DNA structures 

are illustrated in Figs. 3-6. To capture the effect of the randomness inherent to RNA and DNA, the size of each 
finite/cyclic system is gradually increased and then the DOS of each system is calculated. The number of block 
groups along the length of the finite and cyclic models have been assumed equal to Nb = 32, 64, 128 in the RNA 
model and Nbp = 32, 64, 128 in the DNA models. Although, for a fixed number of Nbp(Nb), all of the finite and 
cyclic models have the same length, with the number of sub-sites inside each model differing from the rest 
(Ns = 2Nb for the HLM, Ns = 3Nbp for the FBM, Ns = 2Nbp for the 1DSM, and Ns = 4Nbp for the 2DSM). 
Using the equations presented in the previous sections, the dispersion curves and the DOS of the two different 
configurations (i.e., finite and cyclic) of the RNA and DNA models have been calculated. The energy eigenvalues 
of the dynamic matrices of the finite and cyclic RNA and DNA models with Nb(Nbp) = 32 have been plotted as 
a function of their respective site indices and the results are shown in Fig. 3(a-h) and Fig. 4(a-h), respectively. In 
these figures, the left- and right-hand sides of the panels show, respectively, the dispersion curves of the perfect 
(without random dislocation (a,c,e,g panels)) and imperfect (with random dislocation (b,d,f,h panels)) states of 
all four models. Fig. 5(a-l) and Fig. 6(a-l) present the DOS of the four models in, respectively, the finite and cyclic 
configurations for Nbp(Nb) = {32, 64, 128}. In these two figures, the HLM model is represented by panels (a,b,c), 
the FBM model by panels (d,e,f), the 1DSM model by panels (g, h, i), and the 2DSM model by panels (j, k, l). 
Also, the solid and dashed lines show the DOS of the perfect and imperfect systems, respectively.

According to Fig. 3(a-h) and Fig. 4(a-h), there is Nsbranches. This wide range of atomic motions in DNA, 
from low (collective motion, confirmed by Raman spectroscopy63) to high frequency (local vibration), has been 
theoretically explained64. The low frequency vibration in DNA molecules might play an important role in DNA 
’breathing’ and drug intercalation65. Also, the degenerate bands in the dispersion curves of the HLM, FBM, 
and 2DSM models are fewer than those in the 1DSM model. The reason is the low symmetry of these models 
which results in the appearance of fewer branches in the dispersion diagrams. Several gaps can be seen between 
the branches of the finite and cyclic configurations of all four models. A large gap has also taken form between 
the branches in both configurations (finite and cyclic) of the HLM, FBM, and 2DSM models. The gap is due to 
the characteristics inherent to the structure of these models that keeps this forbidden frequency range almost 
constant for every configuration. This large gap can also be attributed to the taking into account of the individual 
masses of the SP backbones in the HLM, FBM, and 2DSM models, causing varying vibrational behaviors. 
In both the finite and cyclic configurations, there are differences in the dispersion curves of the perfect and 
imperfect systems. In the imperfect models (models with dislocations), some extra bands are observed within 
the forbidden frequency range. These differences are less pronounced in the 2DSM model, primarily due to the 
larger number of masses the model contains.

As seen in Fig.  5(a-l) and Fig.  6(a-l), increasing the number of building blocks in each model alters the 
fluctuations in the DOS diagrams. Additionally, by increasing the number of the random building blocks 
(Nbp/Nb) along the length of each finite and cyclic model, the fluctuations in the DOS curves also increases, 
which is accompanied by a decrease in the fluctuations in these curves. An increase in the number of building 
blocks increases the likelihood of the occurrence of repetitive blocks, thereby augmenting the degeneracy of the 
systems. Comparing the dispersion and DOS curves of the perfect and imperfect systems shows that the presence 
of random dislocations results in the appearance of extra bands in the dispersion curves, and these manifest 
themselves as peaks in the DOS curves. These differences are greater at low frequencies and by increasing the 
number of building blocks, the differences in the perfect and imperfect DOS curves decrease. As seen in Figs. 3-
6, there is a degree of dissimilarity among the dispersion and DOS diagrams of all four models in all of their 
states (different lengths and random distribution of building blocks). However, despite the overall differences in 
the appearance of the bands for various random configurations, the boundaries of the band gaps remain almost 
unaffected. By gradually increasing the lengths of the finite and cyclic cases, the discrepancy between the DOS 
diagrams of the perfect and imperfect systems starts to decline. It can be said that the effect of dislocation has 
decreased, but it has not disappeared completely. These incremental size enhancements increase the accuracy 
of the models, making them better tools for the approximation of the mechanical properties of actual RNA 
and DNA molecules. So, considering a medium-sized model containing a fixed number of randomly-shuffled 
building blocks would be a logical first step to not only obtain a better estimation of the vibrational spectrum 
of very long systems, but also to save computation time. Following this approach, Nbp(Nb) = 128 blocks were 
considered for both configurations (finite cyclic) of each model, making the number of subsites of the HLM, 
FBM, 1DSM, and 2DSM models equal to Ns = 256, Ns = 384, Ns = 256, Ns = 512, respectively. What all the 
systems have in common in their responses to the above-mentioned stimuli is that they behave in a nonlinear 
fashion. To demonstrate this, one needs only consider how a system responds to a simple base-pair increase. For 
instance, the DOS of the HLM model with 64 base-pairs does not appear to have undergone a linear change as 
compare to the model with a 32 base-pair ensemble.

The finite-length 1DSM (32 base pairs) model was reanalyzed assuming an invariant linear spring stiffness 
throughout the perfect and dislocated systems. The results indicate that in the perfect configuration, the lower 
frequencies are seldom affected by the invariable spring stiffnesses, whereas in the imperfect (dislocated) 
system, the peaks of the low-frequency part of the DOS diagram show a noticeable level of incongruence. In 
the high-frequency region, however, both the probability of the occurrence of the frequencies (heights) and the 
frequencies themselves (locations) have experienced a shift. These discrepancies means that the constant base 
pair stiffnesses - which is an unrealistic modeling approach - introduces a significant level of inaccuracy into the 
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results. These observations and results can be seen in Fig. 7. To ensure that the results remain relatively stable 
over multiple reruns (realizations), we analyzed the finite-length 1DSM model six more times - three analyses 
for each of the perfect and imperfect systems. The DOS curves for the perfect and imperfect cases, along with 
their average curves, can be seen in Fig. 8. As it can be observed, the overall shapes of the average curves align 

Fig. 3.  The vibrational dispersion curves for the finite configuration of (a, b) HLM model (c, d) FBM model 
(e, f) 1DSM model (g, h) 2DSM model with Nbp(Nb) = 32. The left panels (a, c, e, g) show the dispersion curve 
for the perfect systems, while the right panels (b, d, f, h) relate to the imperfect systems.
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Fig. 4.  The vibrational dispersion curves for cyclic configuration of the (a, b) HLM, (c, d) FBM, (e, f) 1DSM, 
and (g, h) 2DSM models with Nbp(Nb) = 32. The left panels (a, c, e, g) show the dispersion curve for the 
perfect systems, while the right panels (b, d, f, h) relate to the imperfect systems.
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suitably with the other DOS curves in both systems, confirming that the results still remain consistent over 
multiple iterations.

Conclusion
By using a harmonic Hamiltonian and the Green’s functions approach, the effects of random dislocations on the 
vibrational spectra of RNA and DNA strands have been investigated for two different configurations (finite and 
cyclic). The building blocks have been randomly distributed along the length of these systems. The sequence-
dependent nature of DNA and RNA, along with their inherent randomness, can significantly influence and 
alter the mechanical response of these structures. This is because the masses of the bases and the elastic forces 
between each pair vary along the length of these systems. Such characteristics can affect the potential energy, 
thereby changing their vibrational behavior. The models we studied are simplified elastic representations of DNA 
and RNA molecules, designed without considering their twisted structures. Due to the intrinsic variability in the 
base pairs/building blocks along their lengths, native DNA and RNA are translationally variant. Consequently, 
our models are treated as quasi-1D systems with a specific number of randomly placed base pairs/building 
blocks. We used these mechanical models to understand macromolecular motions in the presence of random 
dislocations. Our primary goal is to present a methodology for investigating the mechanical response of such 
macromolecules from a physical perspective. As far as we know, such an analytical quantum mechanical approach 

Fig. 5.  The DOS diagrams of the HLM, FBM, 1DSM, and 2DSM models with finite configuration. In each 
panel, the solid line is the DOS curve of the perfect system and the dashed line relates to the imperfect systems.
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is largely missing in DNA and RNA research, which is where our study finds its significance. The methodology 
we introduce could also be applied to other biopolymers with similar structures. Our analyses are based on two 
main propositions: 1) Developing an analytical model to predict the vibrational response of DNA- and RNA-
like structures, and 2) increasing the number of blocks in the systems to achieve a more accurate representation 
of these macromolecules. Based on obtained the results, a series of dispersion curves and DOS diagrams have 
been derived. Each configuration was investigated using four models (the HLM model of the RNA and the FBM, 
1DSM, and 2DSM models of the DNA). Using an appropriate set of parameters for the models, it was observed 
that the influence of random dislocations decreases as the number of random building blocks along the length 
of the finite/cyclic system increases, but the effect does not disappear completely. It was also observed that the 
influence of the dislocations becomes more amplified at low frequencies. Besides, it was found that due to a large 
number of masses in the structure of the 2DSM model, the effect of the dislocation becomes less pronounced in 
this model. Also, taking the mass of the SP backbone into account has created a large gap and a wide forbidden 
frequency range in the DOS and dispersion curves of both configurations of each model. These gaps change 
by the introduction of the dislocation into the structure, but they remain unaltered by changes in the size of 
the building blocks in both configurations. The same large gap does not appear in the dispersion curves of the 
1DSM model, whose dispersion curves show a high degree of degeneracy. An interesting observation is that the 
systems do not exhibit a linear behavior in response to different changes applied to their structures, as evidenced 
by the dispersion and DOS curves. A reanalysis of a 32-base pair model showed that assuming a constant spring 

Fig. 6.  The DOS diagrams of the HLM, FBM, 1DSM, and 2DSM models with cyclic configuration. In each 
panel, the solid line is the DOS curve of the perfect system and the dashed line relates to the imperfect systems.
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stiffness throughout the system leads to inaccuracies. In the perfect system, low frequencies are not affected, 
but in the dislocated system, low frequencies are affected. In the high-frequency region, both the probability 
and frequency values are shifted, indicating that the constant stiffness assumption is unrealistic and introduces 
significant errors. The finite-length 1DSM model was rerun six times to check the stability of results, and the 
analysis of DOS curves for perfect and imperfect systems showed that the average curves align well with other 
DOS curves, confirming consistent results over multiple iterations. Overall, the results obtained herein can be 
useful in understanding the mechanical properties of similar macro-structures. The employed methodology can 
also be used to study damaged RNA and DNA.

Fig. 7.  The DOS diagrams of the perfect (a) and imperfect (b) finite 1DSM model for two different cases of 
vertical springs and Nbp = 32.
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