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Fractional order system
identification using a joint multi-
innovation fractional gradient
descent algorithm

Zishuo Wang?, Beichen Chen'2, Hongliang Sun* & Shuning Liang***

This paper proposes a joint multi-innovation fractional gradient descent identification algorithm

for fractional order systems. First, the flexibility of fractional calculus is leveraged to design a joint
fractional gradient descent algorithm capable of estimating system parameters and unknown orders.
The estimated system parameters are used as the initial conditions to identify the unknown order,
and the identified order is used as the update conditions for the system parameters. Through the joint
iteration of two fractional order gradients, both the identified order and parameters are updated. In
addition, multi-innovation theory is applied to extend the joint fractional gradient descent algorithm
to a joint multi-innovation fractional gradient descent algorithm, which improves the system
identification accuracy. Then, the convergence of the algorithm is theoretically analyzed. Finally,

the effectiveness of the algorithm is verified through numerical simulation and an experiment on the
identification of an actual flexible linkage system.

Keywords Fractional order system, Identification, Joint fractional gradient descent, Multi-innovation theory,
Convergence analysis

Fractional calculus (FC) was introduced over 300 years ago. FC has been widely used in control sciencel?,
biology?, optics?, mathematics’and other fields. Compared with integer calculus, the fractional order model
established using FC can more precisely describe dynamic change processes in real physical systems®’, such
as the relaxation and creep of viscoelastic materials®, temperature diffusion®, the spread of viruses'?, the
consumption of battery energy'!, and heat conduction of the human head!%.

Fractional order system identification technology involves the use of observed input and output data to
estimate the unknown parameters and the fractional order of the system, enabling the establishment of precise
mathematical models. This step is essential for controller design. Therefore, scholars have conducted substantial
research on fractional order system identification methods. Dai et al.'* used modulation functions and
numerical approximation methods to process fractional-order differentials and combined the recursive least-
squares method to estimate system parameters. Aguilar et al.' extended the integer order neural network to a
fractional order neural network and successfully applied it to fractional order system identification. Victor et al.!>
proposed a long memory recursive prediction error method that simultaneously identified model parameters
and fractional order. Tian et al.'® estimated the parameters of a system through the least-squares method,
combined with the gradient descent algorithm to identify the fractional order. Li et al.'7used Haar wavelets
to describe input and output signals and converted the fractional order system into an integral equation. They
introduced an optimization method to solve integral equation and obtained the system parameters and orders.
Gao'® studied a reduced-order Kalman filter to mitigate the impact of measurement noise on system parameters
estimation accuracy. Galvao et al.'” converted a fractional-order system into a cubic equation using exponentially
modulated signals and determined the fractional orders and system parameters by solving the equation. Wang
et al.?? extended the frequency domain subspace parameter estimation method to fractional order systems.
Djouambi et al.! used a recursive least-squares and recursive auxiliary variable method for system identification.
Wang et al.?> developed a wavelet integration operational matrix method, using wavelet decomposition and
reconstruction to improve the estimation accuracy of system parameters and order coefficients. Li et al.?
proposed a gradient descent method based on forgetting factor to estimate system parameters, but this method
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could not identify fractional orders. Marzougui et al.2* combined the recursive least-squares and Levenberg-

Marquardt algorithms to estimate the parameters and fractional order of a system. Zhang et al.>> proposed
block pulse functions and the Gauss-Newton method to identify system parameters. Zhang et al.**converted
a system identification problem into a nonlinear least-squares optimization problem and iteratively solved the
optimization equation based on the sensitivity function. Moghaddam?”combined the evolutionary method and
the least-squares algorithm to estimate the parameters and fractional order of a system. Additionally, several
intelligent optimization algorithms have been used in fractional order system identification, such as the genetic
algorithm?®, improved differential evolution algorithm?’, and improved quantum bacterial foraging algorithm*.

As seen from the above-mentioned studies, the gradient descent method has been widely used in fractional-
order system identification because of its broad application range and easy engineering implementation.
However, gradient descent algorithms usually need to be combined with other algorithms to identify fractional
order and system parameters separately. Moreover, integer order gradients have low convergence speed and
accuracy. Therefore, this study proposes a joint multi-innovation fractional gradient descent identification
algorithm.

The main contributions of this study can be summarized as follows:

The proposed algorithm uses two fractional gradients to iterate interactively, avoiding the complexity of com-
bining multiple different algorithms for fractional order system identification.

The proposed algorithm combines multi-innovation theory and the flexibility of FC to improve the system
identification accuracy and identification speed.

The effectiveness of the proposed algorithm in engineering applications is verified through an experiment
involving the identification of a flexible linkage system.

The proposed algorithm can be extended to the identification of fractional order nonlinear systems or frac-
tional order time-delay systems.

The remainder of this paper is organized as follows: Mathematical background and system description are
presented in Sect. 2. The joint multi-innovation fractional gradient descent identification algorithm is proposed
in Sect. 3. The convergence of the algorithm is analyzed in Sect. 4. A simulation example and an experiment are
provided in Sect. 5. Finally, the conclusions are presented in Sect. 6.

Mathematical background and system description

Fractional calculus

FC extends integral or differential from integers to arbitrary order’.. The definition of FC is also different from
that of integer calculus. There are three most widely used definitions of FC, and each definition represents
fractional operators differently. This paper mainly uses fractional order operators defined by Griinwald-Letnikov
to describe fractional order systems®?

k g
A%z (kh) = % > (=Y (ja) z((k = j)h), 1

where A denotes the discrete fractional derivation operator, @ is the fractional order of the operator, z(kh)
represents a function of ¢ = kh, k represents the number of sampling times, # denotes the sampling interval,

and <?) can be expressed as follows

1, for 7=0,

a —_—— — .
<]) =< ala— 1)-~J~"(Oz—j—|-1)7 for j >0, (2)

Define the 8(j) = (—1)’ <j) . Then, Eq. (1) can be rewritten into the following equation

k
o1 , ‘
A%ax(kh) = 1= BU)e((k = j)h). (3)
j=0
Under the assumption of h=1, Eq. (3) can be expressed as follows

k

A%a(k) =Y B(@(k—j). ©

Jj=0

Fractional order linear systems
The fractional order linear discrete system is expressed as follows

A(2)y(k) = B(z)u(k) + v(k), (5)
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where y(k) and u(k) are the system output and input, respectively; v (k) represents white noise with zero mean
and finite variance 02; and k = 1,2, --- , N denotes the data length. The polynomials A(z) and B(z) of the
system can be expressed as

A(Z) =1+ (1127&1 + a2z7a2 4+ 4 aiziaﬂ (6)
B(z) =bo + b1z 4 by +...+bj277j7 7
1

where 27~ is the fractional backshift operator. a; and b; are the polynomial coefficients, o; and +; are the
fractional orders of the polynomial.

When the fractional order of the polynomials in Eq. (6) and Eq. (7) becomes o; = ¢ — @, v; = j — @, the
system is referred to as a same-dimensional fractional order system; that is

y(k) +arz” T y(k) + -+ aiz” Ty (k) = bou(k) + b1z T u(k) + -+ bz T (k) 4 o(k). (8)
According to 2%z (k) = A%z (k — i), Eq. (8) can be rewritten as
y(k) + a1 A%y(k — 1) + - + a; A%y(k — i) = bou(k) + biATu(k — 1) + - + b; A%k — j) + v(k). (9)
Equation (9) can be expressed as
y(k) =" (k,@)0 + v(k), (10)

where ™ (k, @) and 6 are the information vector and the parameter vector, respectively, which can be expressed
as

olk,a) = [-A% (k—1),-A% (k—2), -, —A% (k—1),u(k),Au(k—1), -, A% (k — j)]", (1)
9:[0’170’27"',ai7b07b17"' abj]T‘ (12)

This paper considers the same-dimensional fractional-order system in Eq. (10). In the following sections,
identification methods are proposed to estimate the unknown fractional order @ in Eq. (11) and the unknown
parameter vectors in Eq. (12).

Joint multi-innovation fractional gradient descent identification algorithm

Compared with the integer order system, the fractional order system (10) introduces an unknown fractional
order @, and a strong coupling exists between the fractional order and each parameter. Inaccurate identification
of the fractional order @ or parameters will affect the dynamic performance of the system, which increases the
complexity of system modelling. Therefore, this paper proposes the joint multi-innovation fractional gradient
descent identification algorithm. The algorithm’s identification process is illustrated in Fig. 1.

The algorithm is divided into two stages: parameter identification and fractional order identification. In
the first stage, the fractional gradient of the unknown parameters is established, and the gradient function is
continuously iterated according to the length of the observation data to obtain the final parameter identification
results. The parameter identification results of the first stage are used as the initial conditions for fractional order
identification. In the second stage, the fractional gradient of the system order is established, and the unknown
fractional order is also iterated according to the length of the observation data. The fractional order identification
results in the second stage are used as the update conditions for parameter estimation. The identification results
of the two stages are combined to achieve accurate identification of the fractional order and system parameters
through joint iteration.

Identification of fractional order system parameters

This paper leverages the high flexibility of FC to extend the integer gradient into a fractional gradient to enhance
algorithm performance. In addition, the use of multi-innovation theory enables the efficient utilization of the
observation data information to further improve the identification speed and accuracy of the algorithm.

Joint multi-innovation fractional
gradient descent algorithm

Identification system

‘y(k) =" (k)0 +v(k)

The first stage l ‘ Estimated value of § i The second stage

Identify system parameters ‘ Identify fractional order
I

Estimated value of @

Fig. 1. Identification process of the joint multi-innovation fractional gradient descent identification algorithm.
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The output error of the system (10) is defined as
e(kja&) :y(k) _QOT(]@OA‘)é(k_ 1)7 (13)
where & and 0 are the estimated values of the fractional order @ and system parameters 6, respectively.
Multi-innovation theory combines current and past time data to form a multi-innovation matrlx, which is then

used to estimate the current unknown information®**, In multi-innovation theory, y(k), ™ (k, &), e(k, &) and
v(k) are referred to as single innovations. We expand the single innovation to a p-dimensxonal multi-innovation

matrix.
Y(p,k) = [y(k),y(k — 1),--- ,y(k —p+ 1], (14)
O(p, k, &) = [p(k, &), ok = 1,4), -+ ,p(k —p+1,8)]", (15)
V(p,k) = [v(k),v(k = 1),-- ,o(k —p+ 1)]", (16)
E(p,k,&) = le(k, &), e(k — 1,8),--- e(k —p+1,4)]", (17)

where p denotes the multi-innovation length. The larger the value of p, the larger the dimension of the matrix
composed of data at the past moment and the current moment, and the higher the data utilization rate. According
to Egs. (13) - (15), Eq. (17) can be rewritten as

. (K, )é( ; )
k— k-1
E(p.k.8) ¢ ( ;@)0(k —1)

: (18)
y(k—p+ 1) — (k p+1,8)0(k—1)
Y(p, k) — " (p, k, Oé)é(k 1).

According to the obtained multi-innovation matrix, the criterion function of the unknown parameters in
Eq. (10) is defined as follows

J1(0) = = [Y(p, k) — @ (p, k,0)0] . (19)

N | =

In Eq. (19), ®T (p, k, &) contains the unknown fractional order &. To calculate the extreme value of the Ji 0)
and obtain the estimated parameter 6, we provide the initial state of the fractional order, enabling iteration using
the fractional-order gradient

O(k) = 0(k — 1) — VI (B(k — 1)), (20)

where V“is the fractional order gradient. According to®, the fractional order gradient V f(z) of any function
f(z) can be expressed as

P ()

Vif(x) = "= a)

(o —cl+2)'7°, (1)

where 0 < a < 2 is the fractional order of the gradient, ¢ is a small non-negative number, ¢ is the low integral
terminal, /s is the step size, and I'(«) is the gamma function. According to Eq. (21), Eq. (20) can be rewritten as

O(k) =0(k —1) = V* L1 (O(k — 1))

VJ1(0(

@ —a \9 —1) =0k —2)| +e)

(22)

(I)(p7 ka d)[Y(p7 k) — q>T(p7 k7 d)@(k )]E(e & k)
2 -a) ’

=0(k—1)+pu

«

where E(é,a,k):diag{Hél(kf1)7é1(k72)’+5]17a,Hég(kfl)fég(k—2)|+g]17

Hél(k —1) — O (k — 2)| + E} e }, and [ is the number of identification parameters. The step size p can be

expressed as
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2
)

p=1/r(k), r(k)=7(k—1)+||2(0,0,k)2(p, k, &)|
F(k) =7(k— 1)+ |®(p, k,&)|*,  T(0) =1,

(23)

where 7(k) is the iteration factor of the step size, and ||-|| is the L2-norm. Combining Egs. (18), (22), and (23),
we can obtain the joint multi-innovation fractional gradient descent algorithm.
r'e-ow

Ok)=0(k—1)+p

(24)

From Eq. (24), the unknown parameters can be identified through constant iteration, and the identification
results (V) can be used as the initial state for identifying the fractional order.

Identification of the system fractional order
At present, some studies assume that the fractional order of the system is known and focus solely on estimating the
parameters of the system. Others combine two algorithms, with one algorithm estimating the system parameters
and the other identifying the fractional order. These combined methods increase the identification complexity of
the system. Therefore, this study proposes a joint gradient identification algorithm. According to the parameter
identification results 6( V'), a fractional gradient of fractional order is constructed, and it is used to estimate the
fractional order of the system. Through the joint iteration of the two gradients of the system parameters and the
fractional order, the unknown parameters and the fractional order are simultaneously identified.

The fractional order identification process involves using the system parameters identified in one stage,
combining them with the fractional gradient, and iteratively updating the fractional order.

The criterion function of fractional order is defined as

2

J2(&) = 5 [Y(p, k) — @ (p, k,&)0(N)] " (25)

1
2
The fractional gradient of J2(&) is expressed as

Va(8) = g (16— o] +) 7

T & A ANA
A& ek 0NNy (p, k) — T (p, k, G)O(N)]

r2-a) (la(k) — a(k — 1)| + &),

= —u

where ju1 is the fractional order step size. According to Eq. (15), ™ (p, k, @)0(NN) in Eq. (26) can be expanded as
7 (p, k. A)O(N) = [ (k, 6)O(N), " (k = L, &)O(N), -, ¢" (k= p+1,8)0(N)] . (27)

The partial derivative of the inner variable ™ (k, &)é (N) of Eq. (27) can be expressed as

0" (k, &)0(N)) _ " ((k, Gk —1) + ra(k — 1)I(N) — @™ ((k, a(k — 1)8(N)
i - ka(k —1)
(28)
=g (k,a),
where k@&(k — 1) is a small variation of &(k — 1).
The multi-innovation matrix ®4 (p, k, &) is defined as
(IDQ(IL kvd) = [@(k7 07)7 @(k - 17 &)7 e 795(k -Pp + 17 OA‘)] (29)

From Eq. (28) and (29), Eq. (26) can be rewritten as
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22Tk 8INN 1y () ) — B (p, k, G)A(N)]

V(8) = Gath) —ate vl
=y 20RO~ 8RB0 1) — - 1) 4.0
The fractional order gradient iteration equation is expressed as
ak) =ak —1) — Via(a(k — 1))
Ds(p, k, &)Y (p, k) — T (p, k, &)O(N D
— k= 1) 4 o 2a@ R A (’;(2)7 - (2R 8)ON] k) — (e — 1] + £).
The fractional order step size p1 is taken as follows
pr=1/r1(k), (k) =7(k — 1) + || @a(p, k, &)[Ja(k) — alk — 1) +e) || (32)

According to Egs. (31) and (32), we can derive the joint multi-innovation fractional gradient for identifying the
fractional order.

Du(p,k, &)Y (p, k) — " (p, k, &)O(N)]
2 -«

Da(p, k, &)Y (p, k) — " (p, k, &)A(N))]

r1(B)I'(2 — o)

(la(k) = alk = 1) +¢)' ™"
(33)

=ak—1)+ (|a(k) — a(k — 1)+ )" 2.

The fractional order can be identified using Eq. (33). The identification result &(N) is used as the update con-
dition for parameter estimation. Through interactive iteration, joint identification of parameters and fractional
order is achieved. The steps of the joint multi-innovation fractional gradient descent identification algorithm
are summarised below.

Algorithm Joint multi-innovation fractional gradient descent identification algorithm

Step 1: Collect input data u(k) and output data y(k). Define the initial parameters 4,0and x , the
fractional gradient descent coefficientsz and ¢ .

Step 2: Determine the multi-innovation length p. Use Eq. (14) and Eq. (15) to construct the multi-
innovation matrices ®(p,k,&) and Y(p,k).

Step 3: Use Eq. (24) to estimate the 6 value of the system parameters.

Step 4: Introduce the identification result é(N) into Eq. (33) to estimate the & value of the
fractional order.

Step S: Introduce the identification result &(N) into Eq. (24) to update the multi-innovation matrix
O(p,k,a) and E(p,k,q).

Step 6: Set the number of joint iterations M. If the number of joint iterations is less than M, loop

through Step 3 to Step 5. Otherwise, output the identification results &(N) and é(N ).

Convergence analysis

Convergence analysis is an important basis for algorithm stability and reliability. Therefore, the convergence
of the joint multi-innovation fractional gradient descent identification algorithm is analyzed in this section.
Convergence analysis mainly includes two parts, namely parameter convergence and fractional order
convergence. To prove the convergence of the algorithm, some lemmas are required.

Lemma 1 3 For fractional order systems (10) and the joint multi-innovation fractional gradient descent iden-
tification algorithm, there exist constants 0 < x < p < 0o such that the following strong persistent excitation
condition holds.

2
L

1
~ 2 ek +id)e" (k+i,6) < pln, (34)

0

xIn <

Then, 7(k) in Eq. (23) satisfies the inequality
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nx(k—N+1) <7(k) <np(k+N —1)+ 1. (35)

Lemma 2 % The fractional order & leads to the input fractional order information vector ¢(k, &) of the system
satisfying the continuous excitation condition under the assumption that the noise signal {v(k)} is an inde-

pendent random signal, and the expectation of the signal satisfies E [v(k)] = 0, E [v(k)z] =02

Lemma 3 % Under the assumption that the non-negative sequences {z(t)},{a:} and {fB:} satisfy
z(t+1) < (1 —a)z(t) + Brand ar € [0,1), > ar = 00,2(0) < oo, thenlim sup z(¢) < lim f—f

Lemma 4 % Non-negative random variables 7'(n), 5(n) and a(n) are measurable with respect to a non-de-
creasing sequence of o algebra F'(n — 1) if the following inequality is satisfied.

E[T(n)|F(n=1)] <T(n—1)+a(n) - B(n), (36)
Then, we can obtain ) | 3(n) < coandlim T'(n) < T,where T'(n) is a finite non-negative random variable.

Convergence of identification parameters
The parameter estimation error vector is defined as follows

0(k) = (k) — 6. (37)
Equations (10) and (14)-(16) are used to obtain the multi-innovation matrices of the fractional-order system.
Y(p k) =@ (p,k,&)0 + V(p, k). (38)

According to Eq. (38), by subtracting 6 from both ends of Eq. (24), we can obtain

) v (p, k) — T (p, k. &)k — 1)

r(k)F(Z - a)

®(p, k, 0)E(0, o, k)

=0k =1+ =5 F e o)

[®T (p, k, )0 + V (p, k) — " (p, k, &)0(k — 1)] (39)

®(p, k,a)2(0, o, k)

=0k 1)+ = e )

[_‘I.T(pa k7 d)é(k - 1) + V(pa k)}

D(p, by )20, 0, W)V (p, )

fn = TG =)

Ok —1)+

O(p, k, )20, o, k)" (p, k, &)
r(k)I'(2 - a)

Taking the norm of both sides of Eq. (39).
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2

o= | [ - Pk b))

®(p, k, &)Z( ,a,kz)qﬂ(p,k,a)} ®(p, k, &)2(0, o, k)V (p, k)
r(k)I'(2 — o) r(k)I'(2 — «)

=0, 0, )B(p, k, &)V (p, k) ||
r(k)I'(2 — «)

(40)

®(p, k, 0)Z(0, o, k)
(2 -

< Amax Inf
< e | =

St |

@(p,k,a)z(la,k)qﬁ(p,k,a)} ®(p, k, )20, o, k)V (p, k)
r(k)(2 — ) r(k)I(2 — a)

+20(k — 1) [In —

2

a,k)®(p,k, &)V (p, k)
r(k)T(2 - a)

According to the discussion in Ref®. and the definition Z(f,o,k) in Eq. (22) that
0<Bi(k-1)—6i(k—2) <1, i=1,2,---,lholds.

[I

{51; <zblam<a+9, 0<azl (an)

(1+e)= <E%(0A,a,k)§sliTa, l<a<2.

Then, 2(6, a, k) = max{e' ™, (1 +£)"~*} with 0 < a < 2. Combining Eq. (41), Lemma 1, and Lemma 2
and considering that p= N, we can obtain

I E(é,a,k)@(p,k &) (p, k, &) _7 gl—«

(k)2 - ) N r(k)T(2 — ) 4 ok — 1, @)tpT(k —i,Q)

E1704NX I (42)
{F(k — 1)+ |20, o, k)2 (p, k, &) 2} T2 - a)

IA

1—

1— e "Nx } I
- np(k—N)+1+ (1 +¢e)l-eNp]T(2—a)| "

E “\E(é,a,k)@(p,k,a)\/(p, k:)m <E {,\mx [®(p, k, &)@ (p, k, &)] |0, o &) ||* IV (p, /<:)||2}
< ook [[|2@,0 B IV R)IE] = 201 4+ 20002 4)

< N2p(14¢)20 7252,

Applying Eq. (42), Eq (43), and Lemma 1 and taking the expectation of Eq. (40), given that
r(k)=7k—-1)+ H_ 0,0, k)®(p, k,a)||", we obtain 7(k) > 7(k —1). According to Lemma 2 and

considering that V (p, k) and 0(k — 1), ®(p, k, &), I,, — 2=k al(}g?r‘o(t;c)z;r(p %:%) are not linearly correlated,

we have
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~ 2 el TNy ~ 2
e 19017 < |1 - ey e e | £ 196 01

+ 2E {g(k — {In  ®(p, k,&)Z(0, 0, k)" (p, K, a)] B(p, k,&)2(0, o, k)V (p, k) }

r(k)I'(2 — o) r(k)I'(2 — )

NN 2
n ‘I)(P{QOCL(@,a, KV (p, k) »
Tk — D2 —a)
ElfaNX B )
< - —
- {1 ok =N+ 1+ (1 +e) oNgTC—a) | - [HQ(k 1) }
N N2p(1 4 5)2(1704)0,12}
Xk — N)PT?(2 —a)°
From Lemma 3, the limit of Eq. (44) is determined
- 2 21-a) 2 [pp(k— N)+ 14 (1 +&) " *Np| (2 — o
lim E [He(/ﬂ)\ﬂ B 7/ 0 bl [np(k — N) 1+ Np| T2~ )
koo k—oo [nX(k — N)?I'2(2 — ) el—a Ny
2(1—a) 2 _ l—a
< i NPO+M V00 [mplk = N) +14 (1+2)'"*Np] (45)
ko0 [nx(k — N)]2I'(2 — a)el—ox

N2p5(1 _,’_E)Q(I—a)o_g l
nx3[(2 — a) k

<112
When k — oo,E {H@H ] — 0, the convergence of the identification parameters is proven. Subsequently, we
prove the convergence of the identification order.

Convergence of the identification fractional order
The fractional order estimation error vector is defined.

a(k) = ak) —a. (46)
According to Egs. (38) and (46), subtracting & from both ends of Eq. (33) results in

Qs (p7 k, d)[y(p7 k) - (I)T(p7 k, &)é(N)}

r1(k)T(2 - a) (la(k) — a(k — 1)| + &)t~

a(k) = a(k — 1) +

0o (p7 k7 d)[(l)T(p, k> 5[)9 + V(p7 k) — (PT(pz k7 d)é(N)]
ri(k)IT'(2 — «)

=ak—1)+ (|a(k) — a(k — )| + )™ (47)

p.k,&)[@" (p, k,&)0 + V(p,
r(k)I'(2 — o)

— k- 1) — 2al B (ak) — agk — 1)) + &)

Taking the norm of both sides of Eq. (47)

2 _ lagk - DI — (2%(10, k,&)[®" (p, k, &)i;r(k‘;ézzékz]g?(k) —atk=i+e) L 1))

l[a(k)]

(48)

®a(p, k, &)@ (p,k, )0 + V(p, ) (Ja(k) — alk — )| +o)' |
r1(k)T(2 — «)

Taking the expectation of Eq. (48)
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P (e D g 220k Ok )0 + VR () — (k= D] +)'
£1a(i)* = Elate - DI - € el =)

(49)

Ba(p,k,3)[@7 (p,k, )0 + V(p, k)] (Ja(k) — alk — 1) + o) |*
ri(k)['(2 — )

|

Equation (49) can be expressed in the same form as Eq.  (36) given that
ri(k) =rk—1)+ ||<I>d(p, k,a)[|a(k) —alk — 1) +&)'79] ?. therefore, 1 (k) > 7(k — 1). According to
Lemma 1 and Lemma 2, we have
£ ((22a(0,k,6) [ (p k, &)0 + V(p, k))(|6(k) — a(k —1)| +)'
ri(F)I(2 -«
205 (p, k, &) [@" (p, k, @)0)(1 + )"~
- 7k —1I'(2 - )
2®a(p, k, @)[@" (p, k, )] (1 +¢)'~°
[nx(k = N)IT'(2 - a)

(50)

< 00,

where 0 is a fixed value, ®4 (p, k, &) and ® (p, k, &) are finite. When k — oo, Eq. (50) is convergent. Similarly,
we have

[ H Pa(p, k, @) [  (p, k, @)0 + V(p, k)](|a(k) — a(k — 1)[ + )~
ri(k)['(2 — «)

< (®a(p, k,&))? {[CI’T(p,k a) +02} (1+¢) 2(1-0)

: F 1P (2 a)

< (®a(p, k,&))? {[@T(p, k,a) +O’U} (1+e)tte

- [nx(k — N)]PI'?(2 — a)

< 00.

When k — oo, Eq. (51) is convergent. Using Lemma 4, we can deduce that E [||&(k)||] converges to random
numbers. Therefore, the convergence of fractional order is proven.

The comprehensive analysis of Egs. (45), (50), and (51) confirms the convergence of the joint multi-innovation
fractional gradient descent identification algorithm. As k continues to increase, the parameters and fractional
order can continue to converge, and the theory proves the stability and reliability of the algorithm.

Simulation and experiment

This paper presents a numerical example and an experiment on identifying a flexible linkage fractional order
system. To verify the superiority of the proposed method, it is compared with the stochastic gradient (SG)
descent algorithm and the fractional order stochastic gradient (FOSG) descent algorithm. The effects of multi-
innovation length and fractional gradient order on the convergence speed and accuracy of the algorithm are
analyzed. All simulations and experiment are performed using MATLAB (R2020a) software installed in a
computer equipped with an Intel Core i7 12700H CPU with 16 GB RAM.

The system identification accuracy evaluation index is as follows

5160k &) — 6] (52)
101
Numerical simulation
Consider the fractional order systems as follows
y(k) = —a1 A%y (k — 1) — a2 A%y(k — 2) + bou(k) + v (k). (53)
The parameters to be identified are 0 = [a1, a2, bo] = [8,5, 3] and @ = 1.5, and the @ initial condition is set

to 0.5. The system input u(k) is a persistent excitation s1gnal and v(k) is a white noise sequence with zero
mean and variance o5 = 0.5°. The proposed algorithm is compared with the SG and FOSG algorithms. In the
proposed algorithm and the FOSG algorithm, the fractional order is set to v = 1.2, and the multi-innovation
length is set to p=>5. The identification results are presented in Fig. 2 and Table 1.

Figure 2 shows that compared with the SG and FOSG algorithms, the joint multi-innovation fractional
gradient descent identification algorithm exhibits higher convergence speed and accuracy. As the number of
joint iterations increases, the identification error gradually decreases. By the third joint iteration, the evaluation
index decreases from 0.364 to 0.0025. Table 1 shows that the proposed algorithm has higher identification
accuracy, and the identification results are closer to the true values. This improvement is due to two main factors:
First, FC has high flexibility, which can accelerate the convergence speed and improve the convergence accuracy
of the algorithm. Second, the proposed method combines the multi-innovation theory and applies more data

Scientific Reports |

(2024) 14:30802 | https://doi.org/10.1038/s41598-024-81423-w nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

0.55 i T i d i T " T 0.35 T . . r T T T T .
—©—S5G method ——SG method
05 |1 —8—FOSG method - 03 —8—FOSG method
#—Proposed method —&—Proposed method
0.45 0.25 ]
04|
>
0.35
0.3
0.25 |1\
0.2 il 1 1 1 L 1 i i i 0 e 1 1
0 200 600 800 1000 1200 1400 1600 1800 2000 0 200 400 600 800 1000 1200 1400 1600 1800 2000
k k
(@ (b)
0.2 . . . . . . . . :
018 —6—SG method |
' —8—FOSG method
0.16 f —&—Proposed method -

k

©)

Fig. 2. Comparison of evaluation indices for different identification algorithms: (a) first joint iteration, (b)
second joint iteration, (c) third joint iteration.

Algorithm ai az bo a [
Truth value 8 5 3 1.5
SG method 7.7899 | 4.9062 | 3.1423 | 1.5776 | 0.0281

FOSG method 8.0390 | 4.9465 | 3.0128 | 1.5490 | 0.0083
Proposed method | 8.0183 | 4.9890 | 3.0135 | 1.4996 | 0.0025

Table 1. Comparison of identification results of different algorithms.

in the system identification process; therefore, the identification accuracy can be further improved. Thus, the
superiority of the proposed algorithm is verified.

The multi-information length p of the algorithm is a coefficient that can be set flexibly. Different values of
p represent different amounts of observation data used for identification. In order to analyze the impact of the
p on the performance of the algorithm, p is set to 1, 3, and 5; the algorithm order is set to v = 1.2; and the
identification results are recorded in Figs. 3, 4, 5 and Table 2.

Figure 3 and Table 2 show that as the multi-innovation length increases, the joint iteration error gradually
decreases, and the system identification accuracy gradually improves. Notably, shifting from single innovation
(p=1) to multi-innovation (p=3) increases the amount of information and the information utilization rate,
reducing the evaluation index from 0.0083 to 0.0026. As shown in Fig. 4, at p=5, the system identification
error is the smallest. Figure 5 shows that the joint iteration of two multi-innovation fractional order gradients
allows for accurate identification of the unknown parameters and fractional order of the system. In addition, as
the number of joint iterations increases, the identification error of the system parameter and fractional order

Scientific Reports |

(2024) 14:30802 | https://doi.org/10.1038/s41598-024-81423-w nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

—4—p=1

Joint number

Fig. 3. Evaluation index of joint iteration number.

0.0490 |fractional order

Fig. 4. Comparison of parameter and fractional order identification errors.

gradually decrease and become closer to the true values. Moreover, as shown in Fig. 5d, the convergence speed
of the multi-innovation (p=3 or p=>5) algorithm is greater than that of the single-innovation (p =1) algorithm,
verifying the effectiveness of multi-innovation theory in the proposed method.

The fractional order o of the algorithm is also a coefficient that can be set flexibly. The impact of different
fractional orders on the performance of the algorithm is verified below. p is set to 5, and the fractional orders are
setas o = 0.5,0.8, 1.2, 1.5. The identification results are presented in Fig. 6 and Table 3.

Figure 6a shows that in the first joint iteration, the larger the fractional order, the higher the convergence
speed of the algorithm and the smaller the evaluation index. However, in the second (Fig. 6b) and third joint
iterations (Fig. 6¢), at a = 1.5, the algorithm still converges, but the convergence accuracy is lower than that at
other fractional orders. As shown in Table 3, at « = 1.5, the identification error of the system parameters and
fractional order are the largest. At a = 1.2, the algorithm exhibits the highest convergence accuracy. At = 0.8
, the convergence accuracy is still high. Therefore, the optimal fractional order range of the proposed algorithm
is [0.8, 1.2]. Although an excessively large fractional order reduces the convergence accuracy, the algorithm
can still identify the system parameter and the fractional order. Therefore, the effectiveness of the proposed
algorithm is verified.

Experiment
A flexible linkage system is utilised for the experiment, which is shown in Fig. 7. This system consists of a
flexible linkage, a data acquisition card, a servo motor, an angle sensor, and Quarc real-time control software.
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Fig. 5. Comparison of the joint iteration process under different multi-innovation lengths: (a) system
parameter a1, (b) system parameter as, (c) system parameter bo, (d) fractional order @.
Multi-innovation length | g1 as bo a )
Truth value 8 5 3 1.5
p=1 8.0390 | 4.9465 | 3.0128 | 1.5490 | 0.0083
p=3 8.0190 | 4.9875 | 3.0140 | 1.5034 | 0.0026
p=5 8.0183 | 4.9890 | 3.0135 | 1.4996 | 0.0025
Table 2. Comparison of identification results under different multi-innovation lengths p.
The computer inputs the voltage signal and applies it to the servo motor through a real-time data acquisition
card, driving the flexible connecting rod to rotate. The deflection angle of the flexible linkage is collected by the
angle sensor. Precise control of the drive voltage of the servo motor enables rapid, accurate, and stable deflection
of the flexible linkage.
The flexible linkage system can be expressed as follows
y(k) = —a1 A%y(k — 1) — aa A%y (k — 2) + bou(k). (54)
In Matlab/Simulink, the system input and output measurement units are established using the Quarc database
module. The input is a 1 V voltage signal, and the output is the deflection angle of the flexible linkage. The data
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Fig. 6. Comparison of evaluation indices for different fractional orders «: (a) first joint iteration, (b) second
joint iteration, (c) third joint iteration.

Fractional order | a az bo a P
Truth value 8 5 3 1.5

a=0.5 8.0083 | 4.9599 | 2.9877 | 1.5220 | 0.00487
a=08 8.0190 | 4.9863 | 3.0062 | 1.5075 | 0.00253
a=1.2 8.0183 | 4.9890 | 3.0135 | 1.4996 | 0.00252
a=1.5 7.9370 | 5.0092 | 2.9908 | 1.4463 | 0.00837

Table 3. Comparison of identification results under different fractional order a.

collection step is 0.004 s, and the collection period is 5 s. Figure 8 shows the experimental data and identified
system. The identification result is as follows

y(k) = 0.4314A" Py (k — 1) + 0.7621A" Py (k — 2) — 0.2547u(k). (55)
Figure 8 demonstrates that the proposed algorithm can accurately identify the fractional order and unknown
parameters of the flexible linkage system. The identified fractional order system can accurately characterise

the dynamic process of the deflection angle of the flexible linkage. Therefore, the flexibility of the joint multi-
innovation fractional gradient-descent identification algorithm in practical applications is verified.
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Conclusion

This paper proposed a joint multi-innovation fractional gradient descent identification algorithm for fractional
order systems. The algorithm identified parameters and fractional orders through the joint iteration of two
fractional order gradients. Additionally, multi-innovation theory was applied to extend the joint fractional
gradient to a joint multi-innovation fractional gradient. The effectiveness of the algorithm was verified through a
simulation example and an experiment. The results indicated that the identification error gradually decreased with
each joint iteration. Furthermore, the identification accuracy of the algorithm increased as the multi-innovation
length increased. The optimal range for the order value of the joint multi-innovation fractional gradient was [0.8,
1.2], within which the algorithm’s performance was optimal. Finally, the algorithm’s effectiveness and flexibility
in practical engineering were confirmed through the identification of a real flexible linkage fractional order
system. Overall, the proposed algorithm can accurately and synchronously identify system parameters and
fractional order, and it can be extended to the identification of fractional order nonlinear systems or fractional
order time-delay systems.

Data availability
This paper completely describes the theoretical research. The collection of data set is random according to differ-
ent readers, but some codes can be provided by contacting the corresponding author.
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