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Vibrational resonance and chaos
control in the canonical Chua’s
circuit with a smooth nonlinear
resistor

Hao Li*?, Jiangling Liu?, Chaorun Li & Luchun Du***

Vibrational resonance and chaos control in the canonical Chua’s circuit with a smooth cubic nonlinear
resistor is investigated by an analog circuit experiment and a dynamical model. By adjusting the
amplitude and frequency of the high-frequency signal while keeping other parameters constant, the
system exhibits a resonant peak in its response to the weak low-frequency signal. Notably, when

the amplitude of the high-frequency signal exceeds the critical threshold, the system undergoes

a transition from a single-scroll chaotic attractor to a double-scroll chaotic attractor, marking the
emergence of vibrational resonance. In particular, the maximum of the system’s response amplitude
is insusceptible when the frequency of the high-frequency signal varies over a broad range, which
indicates the strong robustness of the vibrational resonance in the present system. The experimental
results are coincident with the numerical simulations. This research has potential applications in chaos
control and weak signal detection.
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In recent decades, with the application and promotion of signal processing technology in different fields, the
detection of weak signal in strong background noise has attracted considerable attention. Meanwhile, the rapid
development of nonlinear science provides some new approaches for detecting weak signal, stochastic resonance
(SR) is one of the most typical examples'. The concept of SR is proposed to address the mechanism of periodically
recurrent ice ages®. With the continuous exploration of researchers, SR has been widely researched in physics®*,
biology™>®, and other fields”®. Based on the principle of SR, researchers have employed noise with appropriate
intensity into nonlinear systems to improve the system’s output and realize the detection of weak signals, such as
in optical systems’ and excitable systems!°.

Inspired by SR, researchers used the synergistic effect between high frequency signals, low frequency weak
signals and system nonlinearity, and also realized the amplification and detection of weak signal by replacing
noises with high frequency signals'!. This effect has been called vibrational resonance (VR). Due to the signals
of different time scales widely exist in various types of natural and artificial systems, such VR phenomena caused
by two-frequency signals have gradually attracted the attention of researchers. Meanwhile, VR has been widely
studied in nonlinear systems including position-dependent mass oscillator systems'?, bistable systems!3-1°,
periodic systems!’~1, systems under entropic and energetic potentials?*?!, and various Chua’s circuits??~2%.

In all of the systems mentioned above, Chua’s circuit has been considered as one of the most simplest and
widely investigated nonlinear circuits, which can produce rich nonlinear phenomena, such as chaos*®~%” and
bifurcation?®-3!. It is worth noting that among the family of Chua’s circuits, the canonical Chua’s circuit is
important to investigate since the behaviors of each member can be realized in the canonical Chua’s circuit
by simple adjustments®’. Besides, the canonical Chua’s circuit contains the minimum number of circuit
elements®**. These remarkable characteristics mean that the investigation of VR in the canonical Chua’s
circuit is universal and propagable. Additionally, in non-autonomous Chua’s circuit systems, researchers have
investigated the mechanism for achieving voltage gain from Chua’s circuit using noise or periodic signals, for
example, SR¥3, VR?22437 and coherence resonance®®*. In these reported studies, nonlinear resistors whose
voltage-current curve is a linear piecewise functions are employed. Actually, the piecewise linear characteristic
has advantages in terms of rigorous mathematical analysis?’. However, the potential truncation error in the
numerical simulations may be amplified due to the piecewise linear characteristic, and thus changing the
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resulting behavior. Furthermore, the characteristics of nonlinear devices are generally smooth in real circuits,
not all features in real circuits can be captured correctly by the piecewise-linear function*!*2. Therefore, it is of
great practical significance to study VR in the Chua’s circuit equipped with a smooth nonlinear resistor.

Meanwhile, chaos control has received a lot of attention since its pioneering realization?*-%°. Classical chaos
control can be achieved by altering system parameters or introducing small perturbations, enabling the system
to change a chaotic solution into a periodic one or switch between multiple coexisting attractors*>. Furthermore,
the purpose phase-control techniques of chaos is to extract the periodic behavior of chaotic system by selecting
a suitable phase of weak harmonic perturbation*6, which is somewhat analogous to the VR. The presence
of VR also relies on a biharmonic driving at two frequencies!!~4, and there has been a small amount of work
investigating the coexistence of vibrational resonance and chaos control?’. Based on this commonality, we aim
to establish a connection between vibrational resonance and the dynamical phase transition of chaotic attractors,
and explore whether vibrational resonance can be used as an alternative method for the chaos control.

Due to the advantages of smooth characteristics in the study of nonlinear circuits, this type of the nonlinear
resistors with smooth characteristics have been widely used in various types of nonlinear systems, for instance,
dissipative Toda-Rayleigh systems*, fractional order Chua’s systems*’, and active topological circuits®’. Usama
et al.”3 have investigated the effect of VR in the original Chua’s circuit with smooth nonlinear characteristic by
numerical simulations, but effects of the smoothness property on VR has not been investigated experimentally.
Therefore, we will conduct the first experimental study of VR and chaos control in the canonical Chua’s circuit
composed of a smooth nonlinear resistor.

The remainder part of this paper is organized as follows. Section “Proposed circuit” describes the system
model and system circuit of this paper and investigates the volt-ampere characteristic curve of a smooth
nonlinear resistor. The results are discussed in Section “Experimental and numerical results” The whole paper is
concluded in Section “Conclusion”

Proposed circuit

Figure 1a shows the schematic diagram of the canonical Chua’s circuit driven by a biharmonic signal, which
mainly includes an anti-phase adder (operational amplifier OA1 and linear resistors R1, R2, R3), a smooth
nonlinear resistor (NR), two linear resistors, two capacitors and one inductor. The circuit schematic of NR is
shown in Fig. 1b, which includes five linear resistors, two analog multipliers and an operational amplifier OA2.
The connections of the linear resistors Rs, R7, Rs and the operational amplifier OA2 can equate the resistor Rg
to a negative resistance when R¢ = Ry, thus obtaining the desired coefficients. The current (Inr)-voltage (U1)
equation reads: Inr = aQ(Rg + Rm)Uls/RgRg —Ui/Rs = aU3 + bUy, where a = o®(Rg + R10)/RsRo,
b= —1/Rs, « is the attenuation coefficient of the analog multiplier AD633 (o = 0.1 V™1),

To make the NR present a smooth nonlinear characteristic under the experimental condition, the values
of a, b are set as 9.527 x 1076 S/V?, —9.346 x 10™* S, respectively, and drive voltage range of —10 V-10V
. The parameters (a) and (b) of the smooth nonlinear resistor are selected to ensure that the system achieves
vibrational resonance when driven by a biharmonic signal??~2%, while operating within the voltage ranges of the
ADG633 and LM741. Figure 1c shows that experimental results of the NR agree with numerical results based on
the current-voltage equation, which indicates that the NR has a smooth characteristic.

Applying KirchhofF’s laws, the circuit equations of Fig. 1a can be written as:
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dt _C1(IL aUl bU1)7 (1)
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where Uy, Us, IL represent the three state variables of the canonical Chua’s circuit. G(#) is a biharmonic signal
with different frequencies

G(t) = —% B - sin(2m Qut) — % - A sin(2rert), @)

1 2

where signals B - sin(272ut) and A - sin(27rwrt) satisfy £2u > wr.

Combining the engineering feasibility of the circuit and the parameter range which can realize the VR, the
parameter are set as: R; = Ro = R3 = 10.0K, Ry = 0.3KQ, Rs = R¢ = R7 = 2.0KQ, Rs = 1.07KQ,
Rg =51.6KQ, Rip = 1.0KQ, L = 15.0mH, C1 = 10.0nF, C3 = 100.0 nF. The parameters of the resistor,
inductor, and capacitor are set based on previous literature regarding vibrational resonance in Chua’s circuit??-4.
In summary, the selection of these parameters is physically meaningful and takes into account the practical
feasibility and rationality of the circuit experiment. The amplitude A and frequency wy, of the low-frequency
signal are fixed as 0.7 V and 50.0 Hz, respectively. In addition, the experimental setup used in this study mainly
includes the signal generator (UNI-T UTG6005B), the oscilloscope (RIGOL DS1074Z-S), and the three-way DC
regulated power supply (DF1713SLL3A).
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Fig. 1. (a) Schematic diagram of the canonical Chua’s circuit consisting with a smooth nonlinear resistor
driven by a biharmonic signal. (b) Circuit schematic of the smooth nonlinear resistor. (c) The current-voltage
characteristic curve of the nonlinear resistor. The solid line represents the experimental results and the dashed
line represents the numerical results based on the current (Inr)-voltage (U1) equation.
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Fig. 2. Schematic diagram of the study route.
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The research route of this study is shown in Fig. 2, which mainly involves building a system model firstly,
then performing numerical simulation of the system model, and finally performing circuit experiments based on
the numerical simulation results. The presentation form of the results of this study mainly includes the system
output time series plot, the system phase diagram, the system response amplitude and the bifurcation diagrams.
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Fig. 3. Time series of the system’s output Uy (¢) for different amplitudes B of the high-frequency signal. Sine
curves represent the input weak low-frequency signal (its amplitude is amplified 10 times). Other parameters:
A=0.7V,wrL =50.0Hz, 25 = 2000.0Hz.(a) B=0V,(b)B=1.0V,(c) B=4.0V,(d) B=9.0V.
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Fig. 4. The response amplitude Q varies with the amplitude B. The inset shows the phase diagram of Uz — Uy,
from bottom to top, B = 3.25V,3.375 V. Other parameters: A = 0.7 V,wy, = 50.0 Hz,21 = 2000.0 Hz.
The experiment results are obtained by the system’s output Uy (¢) of Fig. 1a, and the numerical results are
obtained by the numerical simulations based on Egs. (1)-(3).

Experimental and numerical results

Figure 3 shows time series U (¢) of the hardware circuit for different amplitudes B. As shown in Fig. 3a, when
B =0V, Ui(t) is near the equilibrium points (the values of the equilibrium points are £ 7.245V when
A = B =0V. The experimental values are consistent with the numerical values based on Egs. (1)-(3)).
When B = 1.0V, as shown in Fig. 3b, due to the amplitude B is small, U1 (t) cannot oscillate between the
two equilibrium points, i.e., A - sin(27wrt) has not been amplified. When B = 4.0V, as shown in Fig. 3c,
it is clearly seen that U (t) vibrates periodically between the two equilibrium points, and the system’s output
is synchronized with A - sin(27wr,t). Under this condition, A - sin(27wr.t) is amplified significantly. When
B =9.0V, as shown in Fig. 3d, U1 (t) will switch rapidly between the two equilibrium points and completely
submerge the low-frequency signal.

To characterize this VR effect quantitatively, the fast Fourier transform has been applied to analysis the
output signal U (¢), and the amplitude of the output signal at the frequency wr, of the low-frequency signal is
obtained as the response amplitude Q'""!. In addition, to confirm the correctness of the experimental results,
the numerical simulations based on Egs. (1)-(3) have been carried by the fourth-order Runge-Kutta algorithm,
where the time step is 1.0 x 107", To better capture the system’s tendency to oscillate near the equilibrium
points (with values of & 7.245V) in the absence of external driving, the initial conditions in the numerical
simulations are set close to these points.

Figure 4 presents the response amplitude Q varies with the amplitude B. As the amplitude B increases, the Q
first increases slowly, then sharply increases, showing a wide peak, and finally rapidly decreases first and then
slowly decreases. There is a critical value of B (the critical value equals 3.375 V) for the occurrence of VR. A
quantitative agreement between experimental and numerical results is observed. To demonstrate the dynamical
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Fig. 5. The response amplitude Q varies with the frequency 2i of the high-frequency signal. The inset shows
the phase diagram of Uz — Uy, from bottom to top, 2 = 3075 Hz, 3325 Hz. Other parameters: A = 0.7V,
wr = 50.0Hz, B = 4.0 V. Symbols mean the same as in Fig. 3.
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Fig. 6. Bifurcation diagram on the system output U; as a function of the amplitude B of the high-frequency
signal. Other parameters: A = 0.7V, wy, = 50.0 Hz, 2z = 2000.0 Hz.

phase transition of the system, the phase diagram of the system has been obtained by numerical simulations.
As shown in the inset of Fig. 4, an interesting phenomenon can be observed based on the mechanism of VR:
the system will change from a single-scroll attractor to a double-scroll attractor when the response amplitude Q
increases sharply. This indicates that the change of the high-frequency signal not only can achieve VR, but also
can control the chaotic state of this system. When the amplitude and frequency of the low-frequency signal are
fixed, the mechanism by which varying the amplitude of the high-frequency signal induces vibrational resonance
is that the high-frequency signal alters the system’s effective potential function, thereby causing the system to
oscillate at the frequency of the weak low-frequency signal.

Considering that the high-frequency signal is an indispensable element to change the stiffness of the system,
Fig. 5 shows the variation of the response amplitude Q with the frequency {2u. The response amplitude Q shows
a broad resonance peak as the frequency {2u increases. The broad peak ends with a sharp drop in Q. There
is a critical value of 25 (the critical value equals 3.375 V) for the occurrence of VR. The behavior of VR is
consistent between experimental results and numerical simulations, while the curve of experimental results is
shifted towards to left slightly compared to the theoretical results. The cause for this slight deviation is that the
capacitors and the inductor have a tolerance of 10%. Use the same approach as Fig. 4, the phase diagram of the
system has been obtained by numerical simulations. As shown in the inset of Fig. 5, an interesting phenomenon
can be observed based on the mechanism of VR: the chaotic attractor changes from a double-scroll state to a
single-scroll state when the driving frequency (2 decreases abruptly. This indicates that changing frequency
of the high-frequency signal not only can achieve VR, but also can control the chaotic state. The underlying
mechanism behind this phenomenon is that different high-frequency signal frequencies modify the structure of
the effective potential function, thereby influencing the chaotic state of the system.

In order to further quantitatively analyze the relationship between the vibrational resonance and chaos control,
bifurcation diagrams corresponding to Figs. 4 and 5 are obtained, which are shown in Figs. 6 and 7. As shown
in Fig. 6, the system gradually changes from a single-scroll chaotic attractor state (B = 3.25V) to a double-
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Fig. 7. Bifurcation diagram on the system output U; as a function of the frequency {2y of the high-frequency
signal. Other parameters: A = 0.7V, wr, = 50.0Hz, B =4.0V.

scroll attractors state (B = 3.375V) as the amplitude B of the high-frequency signal increases. In contrast,
when the frequency 2y of the high-frequency signal is increased, the system undergoes the transition from a
two-scroll chaotic attractors state (£2g = 3075.0 Hz) to a single-scroll chaotic attractor state ({25 = 3325.0 Hz
), as shown in Fig. 7. It is worth noting that the dynamical transition behavior between the two kinds of chaotic
states changes during the increase in B and (2y. In all, the results of bifurcation diagrams in Figs. 6 and 7 are in
good agreement with transition points of vibrational resonance and phase diagrams in Figs. 4 and 5. Therefore,
by adjusting B and {2, not only the VR can be realized, but also the chaotic state of the system can be effectively
controlled.

For a more comprehensive exploration of the effect of {25 on VR, the contour plot of the response amplitude
Q with the amplitude B and the frequency {2y is shown in Fig. 8. Despite the experimental components have
the unavoidable loss, Fig. 8a (experiment results) still shows an agreement with Fig. 8b (numerical simulation
results). One can see that as the frequency (2 increases, the optimized amplitude B required for VR also
increases. This indicates a close dependency relationship between the critical value By r and the frequency 2u
. This phenomenon has also been observed in other nonlinear systems?>°!:*2, The physical mechanism for this
dependence is as follows. The oscillation frequency of the oscillator in a single potential well increases with (21
increases, then the energy required by the particle switching between the potential wells also increases, while the
energy is mainly provided by the high-frequency signal.

Combining Figs. 5 and 8, and comparing the experimental results of VR in other nonlinear systems including
the classical Chua’s circuit with a piecewise-linear nonlinear resistor (see Fig. 5b in Ref. 22) and the bistable system
(see Fig. 4 in Ref. 14), it can be concluded that the canonical Chua’s circuit composed with a smooth nonlinear
resistor can achieve VR in a larger range of the frequency of the high-frequency signal. It is worth noticing that
the peak value of the response amplitude remains a constant value. This strong robustness property is beneficial
to the popularization and application of VR in the engineering field. In addition, the strong robustness exhibited
by the present circuit enables this research to be more applicable to applications in potential fields such as weak
signal detection, mechanical engineering and communication technology.

Conclusion

For the first time, the vibrational resonance in the canonical Chua’s circuit composed with a smooth nonlinear
resistor has been investigated by the analog circuit experiment and the corresponding dynamical model.
Experimental and numerical results show that the vibrational resonance exists with changing the amplitude
and the frequency of the high-frequency signal. It is found that the chaotic attractor can be controlled between
the single-scroll and the double-scroll by tuning the high-frequency signal, which can provide new insights
into the chaos control. In addition, both the frequency and amplitude of the high-frequency signal can produce
the vibrational resonances over a wide range of parameters. Based on the fact that the canonical Chua’s circuit
can realize the behavior of each member of the Chua’s circuit family, this research not merely enriches the
experimental investigation of vibrational resonance, but also provides a universal model for the vibrational
resonance and chaos control in the Chuass circuit family.
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Fig. 8. Contour plot of the response amplitude Q varies with the amplitude B and the frequency {21.

Different colors denote different Q. (a) Experimental results, B and {2 change with steps 0.2 V and 150.0 Hz,
respectively, (b) numerical simulation results, B and {2u change with steps 0.125 V and 120.0 Hz, respectively.
Other parameters: A = 0.7V, wr, = 50.0 Hz.
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