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Despite extensive studies on the one-dimensional Su-Schrieffer-Heeger-Hubbard (SSHH) model, 
the variant incorporating second-nearest neighbor hopping remains largely unexplored. Here, the 
topological classification of the extended SSH model is analyzed within the framework of the BDI 
symmetry class, using the winding number as the corresponding topological invariant. We investigate 
the ground-state properties of this extended SSHH model using the constrained-path auxiliary-
field quantum Monte Carlo (CP-AFQMC) method. We show that this model exhibits rich topological 
phases, characterized by robust edge states against interaction. We quantify the properties of these 
edge states by analyzing spin correlation and second-order Rényi entanglement entropy. The system 
exhibits long-range spin correlation and near-zero Rényi entropy at half-filling. Besides, there is an 
anti-ferromagnetic order at quarter-filling. Interestingly, an external magnetic field disrupts this anti-
ferromagnetic order, restoring long-range spin correlation and near-zero Rényi entropy. Furthermore, 
our work provides a paradigm for studying topological properties in large interacting systems via the 
CP-AFQMC algorithm.

The topological phases of matter are a central topic in modern condensed matter physics due to their rich 
phenomenology and possible diverse applicability1–4. This includes applications in topological spintronics5–7, 
quantum metrology8–10, and quantum computation11–13. Within the independent electron approximation, 
topological matter can be characterized by topological band theory14–17. Specifically, the degeneracy of 
zero-energy edge modes is directly associated with the topology of the bulk band through the bulk-edge 
correspondence18,19. There are various experimental platforms to explore the topological states of matter, such 
as ultra-cold atoms20–22, artificially engineered solid systems including graphene23,24, arrays of carbon monoxide 
molecules25,26, and exciton-polariton systems27,28.

However, in many experimental setups, the interaction between electrons dominates the hopping 
amplitude29–32, rendering the independent electron approximation invalid. The topological description of 
strongly correlated systems is an emerging area of research with significant potential33–42. In interacting systems, 
the bulk-edge correspondence is modified as the relation between the bulk topological property and the many-
body ground-state degeneracy on the edge43–46. Researchers have also developed various metrics to evaluate 
and characterize topological edge states, including the Green function method47–50, the entanglement entropy 
between topological edges and bulk states51–53, and the topological phase transition induced by changes in 
magnetic flux54–56. As a paradigmatic model for interacting topological systems, the Su-Schrieffer-Heeger (SSH) 
model with Hubbard interaction has been extensively studied57–64. However, that incorporates second-nearest 
neighbor hopping remains largely unexplored.

Here, we discuss the ground-state properties of this extended interacting SSH model. In the absence of 
Hubbard interaction, the model can be well described by the single-particle theory and exhibits four distinct 
topological phases without breaking chiral symmetry65–69. According to the bulk-edge correspondence, these 
topological phases are characterized by the number of zero-energy edge modes. In the presence of Hubbard 
interaction, we should consider the relation between the bulk topological property and the many-body ground 
state. We evaluate long-range spin correlation and the second-order Rényi entropy of the ground state, and 
determine the topological state of the system by measuring the correlation between the boundary and bulk. The 
presence of Hubbard interaction leads to a Mott gap at half-filling and dimerization at quarter-filling. To mitigate 
the influence of finite-site effects on our results, we employ the constrained-path auxiliary-field quantum Monte 
Carlo (CP-AFQMC) algorithm70. Furthermore, the applicability of constrained-path method extends beyond the 
half-filling case52 where there is no sign problem. Our analysis reveals that the system exhibits long-range spin 
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correlation and near-zero Rényi entropy at half-filling, indicative of a topologically ordered state. Additionally, 
an antiferromagnetic order emerges at quarter-filling. The application of an external magnetic field disrupts this 
antiferromagnetic order, leading to a restoration of long-range spin correlation and near-zero Rényi entropy.

The rest of the paper is organized as follows. In Sec Model, we simulate the SSH model incorporating the 
second-nearest neighbor hopping. In Sec Result, we discuss the existence of long-range spin correlation and Rényi 
entanglement entropy at different fillings. In Sec Methods, we briefly review the exact diagonalization and CP-
AFQMC methods. Summary and discussion are given in Sec Discussion. In the Supplementary Information, we 
give a result based on exact diagonalization as benchmark and a result of CP-AFQMC with different parameters.

Model
The extended interacting SSH model
Let us consider an interacting SSH model with second-nearest neighbor hopping. The Hamiltonian is given by

	 H = H0 + HU ,� (1)

with hopping term

	
H0 = −

∑
i,σ

(J11ĉA†
i,σ ĉB

i,σ + J1ĉB†
i,σ ĉA

i+1,σ + J33ĉA†
i,σ ĉB

i+1,σ + J3ĉB†
iσ ĉA

i+2,σ + h.c.), � (2)

and onsite Hubbard interaction term

	
HU =

∑
i,s

Un̂s
i↑n̂s

i↓,� (3)

where ĉs†
iσ  is the fermion creation operator of the i-th site with sub-lattice label s and spin label σ. The parameters 

J1 and J11 represent the nearest neighbor inter-cell and intra-cell hopping, respectively, while J3 and J33 are 
the second-nearest neighbor hopping between sublattices A and B, as shown in Fig.  1a. The strength of the 
interaction on-site U is associated with the particle number operator n̂s

iσ = ĉs†
iσ ĉs

iσ .
We first discuss the topological phases of the SSH model with second-nearest neighbor hopping. The Bloch 

Hamiltonian for this model is

Fig. 1.  The SSH model with second-nearest neighbor hopping. (a) Schematic diagram of hopping terms. 
(b) Wave function rotation in pseudo-spin space. The red point is the topological singular point and W  is 
corresponding winding number. Topological phase diagram by calculating W  with (c) J11 = 0.1, J1 = 1, (d) 
J11 = 1, J1 = 0.1. (e), (f) Particle distribution of a typical bulk state (diamond) and edge states (five-pointed 
star and inverted triangle) for ∆J3(J33)−J1 = 0.75, which are along the J3(J33) axis in (c), respectively. 
Inset: The corresponding energy spectrum for a 20-site chain. Here, we define that ∆J3−J1 = (J3 − J1)/2, 
∆J33−J1 = (J33 − J1)/2 and ∆J33−J11 = (J33 − J11)/2.
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	 H(k) = dx(k)σx + dy(k)σy,� (4)

derived by the Fourier transform of H0 under the periodic boundary condition. Here, 
dx = −J11 − (J1 + J33) cos k − J3 cos 2k and dy = −J11 − (J1 − J33) sin k − J3 sin 2k, with σx(y) 
denoting the Pauli matrices.

The model (4) exhibits a time-reversal symmetry T , defined by T H(k)T −1 = H(−k). This symmetry 
satisfiesT 2 = 1 and takes the form T = K , where K is the complex conjugation operator. Additionally, the model 
preserves the chiral symmetry C = σz , which is anti-commutative with the Hamiltonian, σzH = −Hσz . Hence, 
each eigenstate |ψ⟩ with energy E possesses a corresponding partner state σz|ψ⟩ with energy −E. Furthermore, 
the model has particle-hole symmetry S , which is a combination of time-reversal symmetry and chiral 
symmetry, S = T C. This symmetry also anti-commutes with the Hamiltonian, SH = −HS . Thus, according 
to the classification of the tenfold way, this model belongs to the BDI topological class due to these three 
symmetries3,71.

To characterize the topological property of the interaction-free model (4), we define the winding number 
W  as

	
W = 1

2π

∫

FBZ

dx∂kdy − dy∂kdx

d2
x + d2

y
dk,� (5)

where the integral is over the first Brillouin zone (FBZ), namely k ∈ [0, 2π) as we set unit cell length a = 1. 
We plot the typical W  in the parameter space spanned by dx and dy  in Fig. 1b. This winding number can be 
associated to the Zak phase54,72

	
γ = i

∫

FBZ
⟨ψ|∂k|ψ⟩ dk� (6)

via γ = πW , where |ψ⟩ = 1√
2

(
dx−idy√

d2
x+d2

y

, −1
)T

 is the normalized Bloch eigenstate with eigenvalue 
√

d2
x + d2

y . 
For J3 = J33 = 0, the model reduces to the standard SSH model, which yields W = 0 or 1, corresponding to 
topological trivial phase or topological non-trivial phase, respectively. When J3 and J33 is non-zero, the phase 
diagram undergoes modifications that allow W  to take on additional values of −1 and 2, as shown in Fig. 1c 
and d.

According to the bulk-edge correspondence principle, the winding number W  defined by the bulk 
Hamiltonian (4) is directly related to the topological edge states under open boundary conditions. Specifically, 
W = 0 implies that there are no topological edge states, while W = ±1 leads to two zero-energy topological 
edge states at different sites. When W = 2, the number of zero energy topological edge states increases to four. 
Fig. 1e illustrates the typical topological edge states at the 1st, 3rd, (N − 2)th, and Nth sites for W = 2, while 
Fig. 1f shows the topological edge states at the 2nd and (N − 1)th sites for W = −1.

In the presence of the Hubbard interaction (U ̸= 0), the analytical solution of the model (1) via the Bethe 
ansatz becomes intractable in general73. In the flowing part, we investigate the effect of U using numerical 
simulation techniques. For clarity, we briefly summarize the two numerical methods employed in this study.

Results
Edge population
In the absence of Hubbard interaction (U = 0), chiral symmetry ensures that eigenvalues appear in pairs 
(E, −E), leading to topological edge states at E = 0. As shown in Fig. 1e and f, while electrons gradually fill the 
bulk bands, they do not occupy the edge states until half-filling. The occupation of the edge state commences, 
as illustrated in Fig. 3a. Under the parameters in Fig. 3 (where J1 > J11), the outermost 1st site and the Nth 
site always support the edge states. Therefore, varying ∆J3−J1  does not affect the filling of this specific pair of 
edge states.

The difference between the nearest neighbor hopping and the second-nearest hopping, ∆J3−J1  affects the 
topological properties of the 3rd and (N − 2)th sites according to Fig. 1c. When ∆J3−J1  is negative, these sites 
do not support edge states, resulting in a continuous variation of the electron population throughout the entire 
filling range, similar to bulk states. Conversely, for positive ∆J3−J1 , a pair of edge states emerges at the 3rd site 
and (N − 2)th site, leading to a sharp change in electron population at half-filling, as illustrated by the transition 
from the blue to the red curve in Fig. 3b. When focusing on the filling behavior of the above four sites, we find 
that only all four sites support topological edge state does a sharp population change occur at half-filling, as 
shown in Fig. 3c.

In the strong interaction limit (large U), Coulomb repulsion between spin-up and spin-down electrons creates a 
Mott gap in the energy spectrum. This is reflected in the addition energy spectrum Ead(n) = E(n) − E(n − 1), 
where n is the filling number of electrons. As expected for the Hubbard model, Ead(n) separates the lower and 
upper bands, as illustrated in Fig.  2a and b. In particular, when U is sufficiently large, the edge states begin 
to be filled with electrons at quarter-filling. When considering different electron fillings at this time, there 
will be a difference from no interaction, that is, electrons begin to occupy the edge state at quarter-filling 
(n electrons = 2), as shown by the arrow in Fig. 3d–f. This discrepancy arises from the inherent gapless nature 
of symmetry-protected topological edge states. In a quarter-filled system with large U, introducing an additional 
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electron at any bulk site incurs a significant energy penalty due to the Hubbard interaction. In contrast, this 
additional electron can occupy the edge sites without energy cost.

Bulk-edge correspondence
The bulk-edge correspondence states that a system’s topological properties can be extracted by analyzing its 
edge states. The winding number, calculated under periodic boundary conditions, captures the topological 
nature of the bulk states. Well-defined boundaries enforced through open boundary conditions in simulations 
are necessary for the emergence of edge states. This correspondence dictates that a change in the winding 
number induces the appearance or disappearance of localized, gapless edge states that typically come in pairs. 

Fig. 3.  The edge state population numbers for an 8-site chain with J11 = J33 = 0.1, and n is the number of 
electrons. (a)–(c) for U = 0 and (d)–(f) for U = 10. According to Fig. 1e, the edge states appear at the first 
boundary [1st, Nth] sites or the third-boundary [3rd, (N − 2)th] sites. (a), (d) nedge1 are the total electron 
numbers on the 1st and Nth sites, defined as nedge1 = ⟨ψ0|n̂1 + n̂N |ψ0⟩; (b), (e) Similarly, nedge2 is defined 
as nedge2 = ⟨ψ0|n̂3 + n̂N−2|ψ0⟩. (c), (f) nedge3 is the sum of nedge1 and nedge2. The color indicates different 
values of ∆J1J3 . In the non-trivial phases without Hubbard U, the edge population increases sharply at half-
filling. However, with Hubbard U, the edge population increases sharply at quarter-filling and there-quarter-
filling. In the trivial phase, the edge population increases gradually. The wrinkle-like features enclosed by 
dashed boxes in (d)–(e) may be attributed to finite-size effects.

 

Fig. 2.  The addition energy spectra of the extended interacting SSH model for a 8-site chain as a function of 
Hubbard U with J11 = J33 = 0.1 and (a) ∆J3−J1 = −0.75, (b) ∆J3−J1 = 0.75, respectively. Energy levels 
enclosed by dashed circles correspond to gapless states.
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As illustrated in Figs. 2 and 3, regardless of the presence or absence of strong interaction, the edge states of the 
half-filled system are always occupied by electrons.

We set U = 10, J11 = J33 = 0.1 to investigate the impact of ∆J3−J1  on the system (see Fig. 4). In this 
configuration, 1st site and Nth site consistently support topological edge states as J1 > J11. Additionally, for 
∆J3−J1 > 0, the 3rd and (N − 2)th sites also support topological non-trivial edge states. These edge states are 
decoupled from the bulk and occur in pairs, which exist in a singlet state |S⟩ = (| ↑↓⟩ − | ↓↑⟩)/

√
2 or one of the 

three triplet states: |T0⟩ = (| ↑↓⟩ + | ↓↑⟩)/
√

2, |T1⟩ = | ↑↑⟩, and |T2⟩ = | ↓↓⟩. All these states are zero-energy 
and gapless. When ∆J3−J1 < 0, the half-filled ground state exhibits 4-fold degeneracy, which increases to 16 
for ∆J3−J1 > 0, as confirmed by exact diagonalization results in Supplementary Information. The presence 
of Hubbard interaction reduces the ground state degeneracy due to the exclusion principle, preventing the co-
occupation of a single site by electrons with opposing spins, represented as | ↑↓⟩site1

⊗
∅site2.

Since edge states form either a decoupled single state or a triplet state, the topological properties of the 
bulk can be investigated by simulating spin correlation between different sites. We define the spin correlation 
Cj,k = ⟨Sz,jSz,k⟩, where Sz,j = 1

2 (n̂j,↑ − n̂j,↓) represents the spin operator of the z-component at site j. 
The spin correlation function can be calculated using the two-point correlation Green function, as detailed in 
Supplementary Information, based on Eq. (10) and Wick’s theorem74.

As the 1st and Nth sites always support topological edge states, these sites are uncorrelated with the bulk 
sites, shown in Fig.  4a–c. When ∆J3−J1 > 0, a long-range spin correlation arises between the 3rd site and 
the (N − 2)th site (see Fig.  4a), analogous to that between the 1st site and the Nth site, as these sites also 
support topological non-trivial edge states. Conversely, when the 3rd site and the (N − 2)th site only support 
topological trivial states, long-range spin correlation is absent, and a long range anti-ferromagnetic order is 
observed in Fig. 4b. This finding is consistent with the Hubbard model’s conclusion in the large U limit, which 
can be explained by second-order perturbation theory.

The long-range correlation effect can be observed not only through spin correlation but also by quantifying 
entanglement entropy. The appearance of paired topological edge states corresponds to a near-zero entanglement. 
Given that edge states are located at the system boundaries, the formation of these states can be assessed by 
calculating the long-range entanglement entropy between the edge sites and the bulk sites. Define the reduced 
density matrix of the subsystem A as ρA = T rA|Ψ⟩⟨Ψ|, where A consists of the 1st site and the Nth site or 
the 3rd site and the (N − 2)th site. The Rényi entropy can be calculated using the reduced density matrix 
of the subsystem A as Sn = − 1

n−1 log2[T r(ρn
A)], where n is a positive integer representing the order of the 

Fig. 4.  CP-AFQMC results of the extended interacting SSH model at the half-filling, where J11 = J33 = 0.1. 
(a) Spin correlation ⟨Sz,jSz,k⟩ with ∆J3−J1 = 0.7, exhibiting topological edge states at the 1st, 3rd, 
(N − 2)th, and Nth sites. (b) Spin correlation with ∆J3−J1 = 0, showing a long-range anti-ferromagnetic 
order. (c) Spin correlation with ∆J3−J1 = −0.7, exhibiting topological edge states at the 1st and Nth sites. 
(d)–(f) The Rényi entropy between subsystem A and the remaining part A for different subsystem definitions: 
(d) A = [3rd, (N − 2)th] sites, (e) A = [1st, Nth] sites, and (f) A = [1st, 3rd, (N − 2)th, Nth] sites. The 
transition point observed in (d)–(f) is closer to ∆J3−J1 = 0 than ED’s results in Supplementary Information, 
suggesting a reduced impact of finite-size effects.
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Renyi entropy. The entanglement between the subsystems A and the remaining part A can be quantified by this 
Rényi entropy. In CP-AFQMC, the second-order Rényi entropy can be efficiently computed through the Green’s 
function under different auxiliary fields75,76:

	
S2 = − log

[ ∑
{s},{s′}

PsPs′ {Det(Gs,AGs′,A + m(1 − Gs,A)(1 − Gs′,A))}
]

� (7)

where Gs is equal-time Green function, and Gij
s = ⟨ĉ̂ĉc†

j ĉ̂ĉci⟩ with ĉ̂ĉci = ( ĉi↑, ĉi↓ ).
The presence of topological edge states can be assessed by using the second-order Rényi entropy. When 

topological edge states exist, the entanglement between the sites hosting these states and the remaining system 
is significantly reduced, as shown in Fig. 4d–f. Since the 1st site and the Nth site can always support topological 
edge states, they exhibit near-zero entanglement with the bulk, as depicted in Fig. 4e. In addition, when ∆J3−J1  
is adjusted to allow the 3rd and (N − 2)th sites to support a pair of topological edge states, the entanglement 
entropy also decreases close to zero. In all other configurations, the entanglement entropy remains a non-zero 
value. In particular, the observed decrease in the entanglement entropy does not occur precisely at ∆J3−J1 = 0 
due to finite-size effects, which diminish as the system size increases. This observation aligns with the exact 
diagonalization results presented in the Supplementary Information. As the system sizes are larger calculated by 
CP-AFQMC, the position where the entanglement entropy decreases approaches ∆J3−J1 = 0.

In Fig. 5, we show the calculation results for J3 = J1 = 0.1, which are in agreement with the conclusions of 
Fig. 4. When ∆J33−J11 < 0, the 1st, 2nd, (N − 1)th and Nth sites cannot support topological edge states. This 
is attributed to the stronger intra-cell hopping (J11 > J1) favoring dimer-like states, which are not disrupted by 
second-nearest neighbor hopping when J11 > J33. This explains the sequential emergence of dimers observed 
in Fig. 5c. Furthermore, the Rényi entropy between the two outermost dimers and the remaining dimers remains 
negligible, as depicted in the left panel of Fig. 5f. When ∆J33−J11 > 0, the 2nd and (N − 1)th sites become 
topological edge states. This scenario, illustrated in Fig. 5a, exhibits long-range spin correlation, and the Rényi 
entropy between the 2nd, (N − 1)th sites and other sites approaches zero, as shown in Fig. 5d.

Magnetic-field-induced transition at quarter-filling
Since the edge states are not occupied by electrons at quarter filling, the system exhibits only an antiferromagnetic 
state (AFM) at this filling across all topological phases. For the system parameters corresponding to Fig. 6a and 

Fig. 5.  CP-AFQMC results of the extended interacting SSH model at the half-filling, where J1 = J3 = 0.1. 
(a) Spin correlation ⟨Sz,jSz,k⟩ with ∆J33−J11 = 0.7, exhibiting topological edge states at the 2nd and 
(N − 1)th sites. (b) Spin correlation with ∆J33−J11 = 0.1, showing a long-range anti-ferromagnetic order. 
(c) Spin correlation with ∆J33−J11 = −0.7, and there are bulk dimers without topological edge states. (d) The 
Rényi entropy between subsystem A = [2nd, (N − 1)th] sites and the remaining part A; (Su-Schrieffer) The 
Rényi entropy with A = [1st, Nth] sites. (f) The Rényi entropy with A = [1st, 2nd, (N − 1)th, Nth] sites. The 
formation of dimers leads to a decrease in Rényi entropy.
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b, the sites where edge states appear are [1st, Nth] sites and [1st, 3rd, (N − 2)th, Nth] sites, respectively. The 
long-range spin correlation characteristic of half-filling is absent at quarter-filling. Instead, a long-range AFM 
order in Fig. 6a or a short-range AFM order in Fig. 6b characterized by adjacent or sub-adjacent spin correlation, 
is observed. This order, arising from the existence of an AFM order within the bulk, leads to a strong spin 
correlation between the edge states and the bulk. Consequently, the Rényi entropy does not drop significantly to 
zero when ∆J  changes along the axis with EB = 0, as shown in Fig. 6c and d.

The Hamiltonian that describes the system under a magnetic field is given by H1 = H − (EB/2)Σi(n̂s
i↑ − n̂s

i↓) 
with EB = gµBB, where µB  is the Bohr magneton and g is the g-factor of the electron in the material. As 
discussed previously, the system exhibits no long-range spin correlation at quarter-filling in the absence of 
magnetic field. However, a sufficiently strong magnetic field can induce a transition to a maximally ferromagnetic 
ground state, as evidenced by the emergence of long-range spin correlation in Fig. 6c and d. This is attributed 
to the magnetic field effectively transforming the quarter-filling state into a quasi-half-filling state at high 
field strengths, resembling the true half-filling under zero magnetic field. Furthermore, the Rényi entropy 
will approach zero for ∆J > 0 due to the formation of new topological edge states. The contours depicted in 
Fig. 6c and d separate regions with distinct total spin Sz . For a one-dimensional chain with N = 8, a maximally 
ferromagnetic ground state at quarter-filling, with four spin-up electrons, corresponds to Sz = 2.

To achieve a maximally ferromagnetic state, the last spin-down electron needs to be pumped to the next 
unoccupied spin-up single-particle state. The presence of Hubbard interaction at quarter-filling raises the energy 
of only one spin-down electron compared to the U = 0 case. This lowers the critical magnetic field required 
to flip this spin-down electron to a spin-up state. Since it is very difficult to realize a strong magnetic field in 
experiments, the existence of Hubbard U enables the observation of this transformation under a much smaller 
magnetic field in experiments, as demonstrated in Fig. 6e and f.

Despite the sign problem at quarter-filling, we calculate the above results under different electron numbers 
using CP-AFQMC for a larger 1D chain with N = 28, as shown in Fig. 7. In the absence of a magnetic field, 
the particles do not occupy the topological edge states. However, as the magnetic field increases, the spins of 
the particles tend to align with the direction of the field. Due to the Pauli exclusion principle, particles with 
flipped spins occupy higher energy states. Once the magnetic field exceeds the critical value, the topological 

Fig. 6.  ED’s results of the extended interacting SSH model at the quarter-filling. (a) Spin correlation 
⟨Sz,jSz,k⟩ with ∆J3−J1 = −0.7 and J11 = J33 = 0.1, topological edge states occupying the 1st and 
Nth sites, and ω denoting the ground state degeneracy. (b) Spin correlation with ∆J3−J1 = 0.7 and 
J11 = J33 = 0.1, topological edge states occupying the 1st, (N − 2)th, (N − 2)th and Nth sites. (c) The 
Rényi entropy between the subsystem A = [3rd, (N − 2)th] sites and the remaining part for varying field 
strength and ∆J3−J1 . Each contour can separate with different spin-z component Sz , where Sz = 2 indicates 
the maximally ferromagnetic ground state and Sz = 0 indicates the paramagnetic ground state. (d) The Rényi 
entropy between the subsystem A = [2nd, (N − 1)th] sites and the remaining part for varying field strength 
and ∆J33−J11 . (e) Critical field strength for varying Hubbard U and ∆J3−J1 . (f) Critical field strength for 
varying U and ∆J33−J11 . For a 1D slice at ∆J3−J1 = const in (e) or ∆J33−J11 = const in (f), the critical 
field decreases with increasing U.
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edge states become occupied. This indicates that the magnetic field introduces topological edge states 
component to the ground state at quarter-filling. However, the trial wave function at quarter-filling obtained 
from a single-particle model lacks an edge component. To address this, we propose a new trial wave function 
by linearly superimposing the single-particle wave function at quarter-filling with the topological edge states. 

The combination is constructed as follows: ψi =
(

ϕi+ 1
m

∑m

j=1
f(ϕi,ϕ̃j)∗ϕ̃j

)
√

1+m
. Here, m denotes the number of 

topological edge states, and ϕ̃j  represents the jth edge state. The function f(ϕi, ϕ̃j) returns the sign (either +1 
or −1) of the product ϕ̃j [x] × ϕi[x], where x corresponds to the site position at which ϕ̃j  has its maximum 
probability amplitude. This new trial wave function can be used to reduce the system’s bias at quarter-filling.

In Fig. 7a–d, we calculate the spin correlation, and the results are consistent with Fig. 6, that is, the long-
range AFM order manifested under the critical magnetic field and the long-range spin correlation above the 
critical magnetic field. Subsequently, the Rényi entropy is calculated using formulas (7), as shown in Fig. 7e. For 
∆J3−J1 < 0, the entanglement entropy remains nonzero regardless of the applied magnetic field. Conversely, 
for ∆J3−J1 > 0, the formation of long-range spin correlation leads to a decrease in entanglement entropy 
towards zero as the magnetic field strength increases. This behavior is consistent with Fig. 6c and d, where the 
entanglement entropy within each contour is a constant value. The calculated entanglement entropy for different 
spin configurations is connected by a polyline fit. The critical magnetic field, corresponding to the formation of 
the maximally ferromagnetic state, is defined as the magnetic field strength at which the entanglement entropy 
reaches its minimum for different values of ∆J3−J1 . As illustrated in Fig. 7f, the relationship between the critical 
magnetic field and the Hubbard interaction is determined using CP-AFQMC. Similarly, a substantial decrease 
in the critical field is observed with increasing Hubbard interaction. The case J1 = J3 = 0.1 is detailed in the 
Supplementary Information.

Discussion
Topological edge states are a fundamental concept in topological physics, and their characterization is crucial 
for understanding the properties of topological materials. Spin correlation and entanglement entropy serve as 
essential measures for evaluating these edge states, even in strongly correlated systems.

In this work, we employ two computational techniques, ED and CP-AFQMC, to simulate the interacting 
SSH model incorporating second-nearest neighbor hopping. Through ED calculations, we observed that in 
small systems with Hubbard interaction, spin correlation, and Rényi entanglement entropy exhibit variations in 

Fig. 7.  CP-AFQMC results of the extended interacting SSH model at the quarter-filling with J11 = J33 = 0.1 
and U = 10 for (a)–(e). (a) Spin correlation ⟨Sz,jSz,k⟩ with ∆J3−J1 = −0.7, topological edge states 
occupying the 1st and Nth sites. (b) Spin correlation with ∆J3−J1 = 0.7, topological edge states occupying 
the 1st, 3rd, (N − 2)th, and Nth sites. (c), (d) Spin correlation ⟨Sz,jSz,k⟩ above the critical magnetic field 
EBc , with ∆J3−J1 = −0.7 in (c) and ∆J3−J1 = 0.7 in (d). (e) The Rényi entropy with changing external 
magnetic field EB  and ∆J3−J1 . Each point has errorbars of EB  and S, and the dotted line is a schematic line 
connecting different ∆J3−J1 . (f) The critical field strength as a function of U and ∆J3−J1 , revealing that for a 
given ∆J3−J1 , the critical magnetic field decreases as U increases.
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response to the relative magnitude of system hopping. To extrapolate to the thermodynamic limit, we utilize the 
CP-AFQMC algorithm and apply the method outlined in75 to calculate the Rényi entanglement entropy of the 
system. The results obtained align with those from exact diagonalization but exhibit reduced finite-size effects.

When the system is at quarter-filling, antiferromagnetic (AFM) order emerges, leading to the disappearance 
of long-range spin correlation and a significant increase in entanglement entropy. Interestingly, if an external 
magnetic field is applied in this case, the system reverts to a quasi-half-filling state, reintroducing long-range 
spin correlation and reducing entanglement entropy to near zero.

During simulation at quarter-filling, the presence of a sign problem necessitates the use of the CP-AFQMC 
method to mitigate this issue. In this process, we utilize modified trial wave functions to achieve enhanced 
convergence. By calculating spin correlation and entanglement entropy using CP-AFQMC, we can extrapolate the 
results to other interacting topological systems, obtaining findings that closely approximate the thermodynamic 
limit.

Methods
Exact diagonalization
Exact diagonalization (ED) serves as a reference to solve quantum mechanics problems numerically. In theory, 
it provides a path to solve any problem given sufficient computational resources. However, condensed-matter 
lattice models often present exponentially difficult complexities. For example, the fermion Hubbard model scales 
as 4N , where N represents the number of lattice sites. This rapid growth renders simulations of large-scale models 
computationally prohibitive. Despite these limitations, ED’s accuracy and reliability make it valuable for obtaining 
reliable results in small-scale quantum simulations. We consider an open-boundary one-dimensional chain with 
N = 8 sites. The conserved particle number guarantees a U(1) symmetry in the system. This symmetry allows 
for block diagonalization of the Hamiltonian, facilitating efficient diagonalization using the Lanczos algorithm. 
However, ED scales exponentially, restricting its application to small systems and inherently limiting studies of 
finite-size effects. To overcome this limitation and access the thermodynamic limit, we employ the CP-AFQMC 
method, detailed in the following section.

Constrained-path auxiliary-field quantum Monte Carlo
In this section, we give a brief introduction to CP-AFQMC, which is a powerful tool to solve the ground state 
problem in fermionic systems70,77–80. Analogous to the power method for finding the dominant eigenvalue and 
eigenvector of a matrix81, iterative application of the imaginary time evolution operator to an initial state |ψ0⟩ 
recovers the ground state |ψg⟩, provided the overlap is nonzero,

	
|ψg⟩ ∝ lim

β→∞
e−βH |ψ0⟩, if ⟨ψg|ψ0⟩ ̸= 0.� (8)

To simplify numerical simulations, we assume that the initial state |ψ0⟩ is a single Slater determinant79. In addition, 
since edge states come in degenerate pairs, constructing an appropriate |ψ0⟩ requires a suitable linear superposition 
of these states. For instance, if the single-particle edge states are |ϕ1⟩ = (1, 0, · · · , 0)T , |ϕ2⟩ = (0, · · · , 0, 1)T , 
the initial state |ψ0⟩ then can be chosen to |ψ1⟩ = (|ϕ1⟩ + |ϕ2⟩)/

√
2 or |ψ2⟩ = (|ϕ1⟩ − |ϕ2⟩)/

√
2.

Using Trotter decomposition, we can separate the imaginary time evolution process into single-body and 
multi-body contributions

	 e−βH = (e− 1
2 τH0 e−τHU e− 1

2 τH0 )n + O(τ2),� (9)

where β = τn represents the imaginary time length and τ  denotes a single imaginary time step. In the calculation 
of AFQMC, a single-body operator applied to a Slater determinant can be efficiently computed, resulting in 
another Slater determinant. As two-body terms are incompatible with the Slater determinant formalism, the 
Hubbard-Stratonovich transformation is employed. By introducing an auxiliary field, this approach decouples 
the two-body term into a superposition of single-body terms82, facilitating efficient computations within Slater 
determinants. In AFQMC, the wave function is represented as a linear combination of Slater determinants 
(walkers). Eq. (8) is represented as random walks in the Slater determinant space by sampling the auxiliary fields.

A significant challenge in simulating quantum systems with the AFQMC method is the sign problem. This 
arises from negative weights assigned to certain configurations during the simulation, leading to a substantial 
increase in variance and consequently unreliable results. To address this challenge, the CP-AFQMC utilizes 
a trial wave function, denoted as |ψT ⟩. A key point is that walkers which have a negative overlap with the 
trial wave function are excluded, while those with significant overlap are replicated for propagation. Following 
extended imaginary-time evolution, the converged ground state energy and its associated wave function can be 
determined. A limitation of this method arises from the systematic errors introduced into the simulation results 
by the selection of |ψT ⟩. Optimizing |ψT ⟩ is an active research area within the CP-AFQMC framework83,84. 
Here, we choose the initial state |ψ0⟩ as the trial wave function. Our primary focus is the characterization of 
edge states. Consequently, their existence or absence plays a crucial role in the simulations. This necessitates the 
implementation of a suitable linear superposition of |ϕ1⟩ and |ϕ2⟩, as previously established.

Physical quantities can be obtained using the equal-time Green’s function, formulated as the mixed estimator,

	
Gij = ⟨ĉ†

j ĉi⟩ =
∑

k
wk⟨ψT |ĉ†

j ĉi|ψk⟩∑
k

wk⟨ψT |ψk⟩
,� (10)
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where |ψk⟩ is the kth walker, ωk  is the corresponding weight of the walker, and |ψT ⟩ is the trial wave function, 
identical to |ψ0⟩. Specifically, by employing Wick’s theorem74, physical observations like spin correlation and 
Rényi entanglement entropy can be calculated via the equal-time Green’s function.

To benchmark CP-AFQMC calculations, exact diagonalization (ED) is performed on a 8-site chain. CP-
AFQMC simulations are then conducted for a larger 30-site chain. The system exhibits no sign problem at 
half-filling, allowing us to employ parameters of τ = 0.05, Nwalker = 100, and β = 15, where τ  is the time 
step for each imaginary-time evolution step, Nwalker  refers to the total number of walkers (samples) employed, 
and β = nτ  denotes the total imaginary-time projection length. For systems away from half-filling, where a 
sign problem arises, we set τ = 0.01, Nwalker = 2000, and β = 64. Here, Nwalker  represents the number of 
walkers we use to perform a random walk.

Data availability
 Pei-Jie Chang and Jinghui Pi have to be contacted in case of any queries or requirement of data. The datasets 
used and/or analysed during the current study available from the corresponding author on reasonable request.
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