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Graph theory has emerged as an influential tool for communication network design and analysis,
especially for designing hybrid network topologies for local area networks (LANs). LAN topologies
often face challenges related to scalability, data traffic optimization, and security. Designing reliable
and efficient hybrid LAN structures remains a critical problem in communication networks. This

paper addresses the issue by proposing the application of graph labeling techniques, particularly
H-irregularity strength, as a mathematical framework to model and optimize hybrid network
topologies. The results illustrate the way theoretical graph labeling and practical network technology
interact, offering a novel solution to LAN design problems. This study adds to the expanding field of
graph theory applications in communication networks by relating graph theoretical ideas to actual
network topologies. With an emphasis on the irregularity strength of particular graph families, the role
of graph labeling in optimizing these topologies is explored in this study. The labeling methods that are
given offer valuable insights into improving communication efficiency, guaranteeing LAN scalability,
and optimizing network architecture. The theoretical underpinnings of the application of graph theory
to communication network modelling are strengthened by these discoveries. Labeling methods are
introduced in this study to capture topological irregularities and labeling constraints through the use
of specialized graphs, such as the Dutch Windmill and Corona product graphs as they both have special
labeling characteristics that can be used to improve network performance. In order to secure data and
prevent network failures, a three-unit organization structure with a shared administrator is used in
network design and optimization. A model of hybrid ring topology of a local area network is considered
in this paper and different models are presented which are originated from Dutch Windmill and

corona product of graphs. The contribution of this paper is it includes results about a special version

of irregularity strength in which the subgraphs used are Dutch windmill graphs and cycle graphs. The
edge, vertex and total H-irregularity strength of Dutch Windmill graph and Corona product graph are
calculated, offering fresh perspectives on the way they could represent hybrid LAN topologies. The
irregularity strength metric is particularly useful even though it measures the imbalance in vertex
degrees, which is essential for optimizing communication flow and load balancing within a network.
Our theoretical findings illustrate how these labeling schemes can model network behavior, improve
resource allocation, and trace data flow effectively. Although the study is primarily theoretical, it offers
groundwork for practical network simulation and real-world implementation. Future work will focus
on validating the models through simulations and assessing performance metrics such as latency,
throughput, and fault recovery. A key limitation of the current study is the absence of empirical
performance validation, which is identified as an important direction for further research.
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Graph theory relates mathematical models with graphs to visualize and understand them with ease. The
foundation of this field was laid when Konigsberg bridge problem arose, Euler studied it in mid-18th century'.
In 19th century a mathematician, Kirchhoff proposed electric circuits with the help of graphs®. In 1936 the
first book on graph theory was published by Kénig®. In same era, graphs were used to develop four colored
theorem®°. Researchers Erdos and Tutte gave the idea of graph coloring and planner graphs respectively®”.
In current era, it is a vital field of research along its applications in computer science, information technology,
biology and many fields.

Graph labeling is an approach used in graph theory in which vertices and/or edges are given labels are usually
positive integers, frequently in accordance with specific rules or patterns. Alexander Rosa introduced vertex,
edge, and total labeling in 1967%°. Gallian analyzed these labels in further detail in!®. Graph labels have a wide
range of applications in several disciplines where links and dependencies between things are modeled using
graph structures. In the design and analysis of algorithms for a range of graph problems, including network
flow, shortest path, graph coloring and labeling are playing a vital role. Graph labeling methods are being used
in bio-informatics to examine biological information represented as graphs, including phylogenetic trees, DNA
sequences, protein structures, and metabolic pathways!!. By analyzing social networks, graph labeling methods
can be used to find important nodes, communities, and patterns of interaction between people or organizations.
In communication networks, graph labeling is used to manage traffic, routing and quality of service!?. Graph
labeling is a tool used in game theory to represent and analyze player-to-player strategic interactions in network-
based games'.

Ahmad, Baca, and Siddiqui studied the exact values for irregularity strebgth of generalized graphs of grids
and prisms'?. The strength for edge irregularity under C4 covering was examined in'%. Baca, Javed, Hinding,
Semanicové-Fefiovéikovd examined the mappings between edge-face and vertex-face planer connected graphs'.
Grid-covering has been utilized by Tilukay'® to identify three features for grid graphs. Three novel properties of
a graph with graphical representations of edge, vertex and total irregularity strength respectively'” are examined
by taking distinct families of graphs. Ashraf, Ba¢a, Kiméakovd, and Semani¢ova-Fenovcikova investigated
ladder graph labeling and irregularity strength by using subgraphs Cs and C10'8, moreover provided new
characteristics and computed exact values for path, ladder, and fan graphs, respectively. Several findings about
the total irregularity of graphs are discussed in'*!°. Edge amalgamation of cycles is used to build new graphs®.
Nisviasari, Dafik, and Agustin®! used H-covering to investigate grid graph and triangular ladder properties.
Joedo, Kristiana, Agustin and Nisviasari?? examined total irregularity strength for shackle and amalgamation of
several graph families and suggested some limitations for these.

Relationship between local metric dimension and integer linear programming of corona product graph is
investigated®’, Energies of 2-corona product graph?*, Generalized signed corona product of graphs and their
applications are discussed in?*. Rahmadani, Fauziah, Nusantara and Muksar used the Dutch windmill graphs?¢
to investigate the lower and upper bounds of rainbow connection numbers rc(G) and strong rainbow connection
numbers src(G). Irene, Mahmudi, and Nurmaleni®’ examined if super (a,d) — C3z-antimagic total labeling of
the Dutch windmill graph D%* exists. Ghanbari?® studied super domination number and sharp bounds for
Dutch windmill graph and other classes of graphs. He proposed an exact solution for Dutch windmill graph.
Various aspects and properties of the Dutch windmill graph are studied and exact values of graph parameters
are suggested based on their findings?-3°.

This paper introduces a novel application of H-irregularity strength in modeling and optimizing hybrid
LAN topologies. Unlike traditional graph-based network models, our approach integrates vertex, edge, and total
labeling techniques derived from Dutch Windmill and Corona product graphs to simulate and improve key
network attributes such as load balancing, fault tolerance, and security. To the best of our knowledge, this is the
first study that leverages H-irregular graph labeling specifically for designing LAN architectures with a focus on
structural irregularities and topological resilience.

The article is structured as follows: “Overview on irregularity strength” illustrates the background of terms
related to irregularity strength, “Formulation of problem” gives formulation of problem and linking it with
real life application of hybrid ring topology in network design and optimization. “Generalized Dutch windmill
graph” explains labeling methodology applied on generalized Dutch windmill graph. “Corona product structure
of graph” contains model of corona product of graphs. The concluding remarks and future work are given in the
last section.

Overview on irregularity strength

Chartrand et al. proposed an edge k-labeling which is a mapping 3 : E(G) — {1,2,...,k} in a simple
connected graph G' in the way that each vertex in G has a unique sum of the labels of the edges connected
with it. This labeling is referred as irregular assignment. In a graph G, the maximal number k that is minimized
over all irregular assignments is called irregularity strength s(G). If G contains at most one isolated vertex and
no isolated edge, then the s(G) < oc. In the similar manner vetex k-labeling o : V(G) — {1,2,...,k} and
total k-labeling v : E(G) UV (G) — {1,2,...,k} were introduced. There are several variations in graph
irregularity strength. Vertex irregularity strength®, edge irregularity strength'* and modular edge irregularity
strength®’~%* are a few examples.

The H-irregularity strength is a new form of irregularity strength that was introduced by Ashraf, Baca,
Kimaékov4, and Semani¢ova-Fefiovéikova®. As an expansion of the irregularity strength, it is a novel concept that
originated in recent years. Each subgraph in a graph is isomorphic to the given subgraph H, as demonstrated
by the extension and generalisation of the weight of an edge in a graph*®. A subgraph H has a total H-weight
associated to it, which is the sum of all the labeled edges and vertices in H*!. If the H-weights in total labeling are
different, then graph exhibits total [ -irregularity strength. Total H -irregularity strength is kept as low as feasible
and is the lowest positive integer k for which vertex and edge labels are used to reduce H-weights*2. The collection
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of subgraphs that cover the graph is represented by the following: H1, Ha, ..., Hy. In a graph if a vertex, edge
or total labeled set has at least one subgraph H; for a positive integer i, where 1=1,2,...,t, then G contains
(Hy), (Ha),. (Hf) vertex, edge, or total covering respectively. If any two arbltrary dlstmct and isomorphic
subgraphs of H H and H, are labeled and they satisfy the following condition: wt (Hy) # wt~(Hs), then G is
irregular with respect to the given labeling. Furthermore, if a total k-labeling is achlevable with c0n51dering k, as
suggested by ths(G, H), the H-irregular total k-labeling preserves it for the least positive integer k. Similarly, one
may define the strengths of vertex H-irregularity and edge H -irregularity respectively. H-irregularity strength
cannot be easily calculated using a single formula.
The edge H-weight incorporating H -covering of subgraphs under edge k-labeling + is:

wtg(H Z B(v

veV ( H )
Under vertex k-labeling, the equivalent vertex H -weight is:

wta(H): Z a(y)

vEV(H)

Likewise, under total k-labeling, the equivalent edge H -weight is:

wty(H) = Y )+ Y Ale)

vEV (H) eCE(H)

Formulation of problem

Graph theory serves as a mathematical basis for assessing and improving communication network structures.
Network administrators could enhance network efficiency, performance, and privacy by illustrating networks
as graphs and leveraging multiple graph theoretic concepts such as irregular labelings, irregular wights and
irregularity strength. This strategy can result in more effective and extensible network designs. H-irregular
labeling can be applied to the hybrid LAN topology by assigning separate labels to interconnections (edges)
and devices (vertices) in such a way that no two labels are identical. This is the novel idea that for security and
authentication reasons, distinct irregularity strength methods can be employed. In order to identify and monitor
devices within the network and aid discover abnormalities or unauthorised access, nodes are given unique
“signatures” based on edge labels. Similarly the idea can be used while creating protocols for communication. It
can be used, for instance, to create routing algorithms that ensure dependable and effective delivery by directing
data packets according to the distinct IDs of nodes. H-irregularity strength in data networks can be applied to
pattern identification and data analysis. Clusters, anomalies, and other intriguing patterns in the network data
can be found by examining the distribution of labels and node sums.

Consider cycle graph C;, and path graph P, as two connected and simple graphs having order # and m
respectively. The corona product graph with vertex set V(C,, ©® P,,) and edge set E(C\, ® Py,) is denoted by
Crn © Pp, can be obtained by taking one copy Cr and n copies of P, and then each vertex of the ¢ — th copy
of Py, is attached to the ¢ — th vertex of C,,, where 1 < i < m*. An important feature of this graph is that
hierarchical structures or systems with interconnected parts, each with its own internal structure, can potentially
be modelled using this graph.

A Dutch windmill graph is a form of graph that is created by taking t copies of the cycle C}, with
6 < p, 2 < j < m,havingashared vertex x, resulting in a "windmill” structure. Here 7, j shows the coordinates of
vertices and o, m are the coordinates size of Dy,". In other words, the Dutch windmill graph D7*, n > 2, m > 3,
is formed by joining ¢ copies of the cycle graph C3 at a common universal vertex. It contains mo edges and

m(n —1) —|— 1 vertices. The cycle subgraphs in Dm that is CJ, shared a vertex denoted by x, and the vertices
of CJ by w],wj, ..., w! |, 2. The special structure of Dutch windmill graph can emulate scenarios in which
several entities are linked to a central hub, such as processes linked to a central server or friendships in a social
network.*4,

A hybrid multi-ring topology integrates different ring topologies into a single, continuous network. This
configuration takes advantage of the benefits of ring topology, such as security and fault tolerance, while
simultaneously offering the flexibility and scalability of hybrid topology. A router comprises of a device utilized
to link two or more subnetworks. Its key functions include managing traffic among such networks by routing
data packets towards their intended network addresses and enabling several devices to utilize the same Internet
connection. A physical firewall is a specially designed device that protects a network by filtering and regulating
both inbound and outbound traffic according to predetermined security rules. A personal computer (Pc) is
used by a single user at a time. It is frequently utilized for graphic design, email, data entry, and data analysis.
A multi-function printer (MFP) is a device which may function as both a printer and a scanner. It often comes
with extra functionality such as copying, scanning and faxing, resulting in handy instrument for professional
use. A Network Storage Device (NSD) is a customized device that enables centralized data storage and access
via a network. Network segmentation is the division of a network into smaller, isolated networks. This method
improves network efficiency as well as safety by managing traffic flow and restricting access within the network.

In network design and optimization, there is a structure of a three-unit organization with a common
administrator to prevent network failures and secure data. A hybrid ring topology of local area network (LAN)
in this case includes a networking administrator, a physical firewall, router, personal computer, printing and
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scanning machine, and a network storage device that responds to administrator inquiries in each unit. To boost
network speed, every appliance in each unit is connected. In Fig. 1, a hybrid ring topology network is shown.
Pfi,1 <14 < 3 represents the physical firewall in units 1, 2 and 3 respectively. R;,1 < ¢ < 3 represents the
routers in units 1, 2 and 3 respectively. Pc;, 1 < 4 < 3 represents the personal computer in units 1, 2 and 3
respectively. Ps;, 1 <14 < 3represents the printer with scanner in units 1, 2 and 3 respectively. NSD;,1 < ¢ < 3
represents the network storage device in units 1, 2 and 3 respectively.

In this topology, each device functions as a repeater, reviving the signal and transmitting it to the next
device. This enables that data can be transmitted over long distances without deterioration. If any device in the
ring fails, the entire network might be disrupted, making ring topology an important concern. The Network
Administrator supervises all units and sends and receives responses to his queries. Each unit has its own NSD,
and the administrator has access to each NSD to obtain any type of data linked to each unit. The administrator
also sets rules at each unit to prevent vulnerable data from entering via a physical firewall, which filters irrelevant
data flow and protects each unit’s network.

Each unit has a supervisor who may analyze data using the units own computer. Each unit’s personal
computer also performs data entry. There are peripheral devices attached to each network supervisor. They have
access to their respective unit’s peripheral devices, as well as their NSD, and can send any request to obtain the
necessary information about their unit’s data. The network administrator has access to all peripheral devices
in each unit. The network administrator monitors the data flow in each unit and is in charge of ensuring that
the network is operational at all times. If each devive is represented by a vertex and the connection between
these devices is represented by an edge then the graph derived from local network hybrid topology is illustrated
in Fig. 2. It would utilize to guarantee that a network performs smoothly, consistently and securely. This
includes planning, configuring, and maintaining network devices to achieve specified goals such as improved
performance, reliability and safety as well as making sure the network is capable of adapting to changing needs
and expectations while remaining cost-effective.

Organizations can improve their general effectiveness and competitive advantages by effectively
designing and optimizing networks. This includes assisting company operations and communication within
companies providing access and structures for storage devices, servers, and other information technology
telecommunications networks, and delivering internet connectivity to users by using graph labeling.

Model of vertex irregular labeling for hybrid LAN topology

Vertex irregular labeling is an effective approach for network optimization. To build a graph model for a local
area network, the issue arises: what are the benefits of using vertex labeling to monitor local area network
performance? Simply it will assign unique identifiers to each device. This enables extensive monitoring of
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Fig. 1. Ilustration of a hybrid ring topology of local area network.
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Fig. 2. Derived graph from hybrid topology of local area network.

device performance, usage trends and potential concerns. In a hybrid local network design, this can aid in
swiftly identifying and fixing underperforming devices to ensure optimal network performance. It is essential
for network virtualization because it assigns unique identifiers to virtual devices and connections. This can
assist manage virtual networks by ensuring that each virtual device and connection is correctly separated and
controlled, as well as enhancing the overall efficiency and security of the visualized environment.

Vertex labeling serves as labels to the vertices nodes of a graph based on resource allocation. Labels
correspond to various types of devices or their abilities, allowing for more efficient resource distribution.
Similarly, a distinct vertex label can improve security by making simpler to monitor and regulate
access to various areas of the local area network. The minimum case is two ring topologies represented
by organizational units that are linked by a common network administrator x. To extend each unit
in this model, w! for 2 < n,m play a vital role to increase number of devices with a unique code in
a sequence: (i, i), (it iy i 1), (i dydy ik ik 1), (i i+ Lt Lt D),
n-1l,n—-1n-1n—-1n—-1n-1)for1<i<n-—1, where w] represents a vertex in the graph.
This sequence is critical for protecting the visualized environment of the local area network and tracing under
performing devices in each unit that is connected to the network via a wired ring topology to maximize data
transfer speed. If a device loses connection, every operation will be halted until the network administrator notifies
the maintenance staff, who will then address the issue. This enhancement will enable small enterprises to have
faultless security in their local area networks. Figure [3] provides a hybrid ring topology for local area networks.
A specific derivative graph model with network administrator x is presented, having devices designated by w,
2 <n,m,andherel <i<6,m =6.

Model of total irregular labeling with irregularity strength for hybrid LAN topology

In total labeling, the third model consists of both edges and vertices labels which illustrate local area network
capacity planning by giving a complete picture of the resources available in the network and connections. This can
assist detect difficulties, plan for future modifications and ensure that the network can handle additional traffic
without degrading performance. Total labeling can also improve network availability via offering an in-depth
analysis of all connections and devices, allowing critical paths and probable failure locations to be identified.
By ensuring that alternative pathways and devices are correctly labeled and controlled, network administrators
strengthen the ability of the network to tolerate failures and operate continuously. Total labeling can be utilized
to optimize both connections and devices, resulting in a more productive and evenly distributed network.
This model (z, w], w]w], ,,zw]azw] _,) for 1 < j,1 <4 <n —1,2 =1 plays a vital role in increasing the
quantity of connectlons In Fig. 4 a specific case of an enterprise is illustrated. The labeled map is given to
monitor the data flow and devices activities through total labeling, in this specific case of total labeling in local
network topology there are five units in it with six devices attached with the network in each unit excluding the
network administrator x. In order to ensure unquestionable security in the model organization, x has complete
control over networking in every unit and serves as an internet service provider.

Generalized Dutch windmill graph
'This section includes a brief analysis with precise results for the total C? —1rregular1ty strength ofthe derived Dutch
Windmill graph, represented by D;;*, p > 3.1t contalns labeled Vertlces and edges coverlng constructsa family

of isomorphic subgraphs for 3<p C3" = (C5',C3? 03° ,C2RCY £ ,C2 O LOP® L
(N N oL NN ol N o tl) where 3 < D and 2 < J < m, 1 < R <t Total 07 welght for

a specific CJ, 1 < R < ¢, is the sum of each labeled vertex and edge in the given CJ. The forrnula used for
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Fig. 4. An illustration of total irregular labeling of D;;" in local area network which shows both vertex and
edge labels.

total C’{; -weight labeling is wtw(cj) =Y uievici® y(w?) + Z i eB(ci®) ~(e ) Here ~y provides the total

Cj-labeling for .C'J D", For total CJ —1rregular1ty strength each CJ-weight has a distinct value in C? and
satisfies wt~ (Cy) # wt (CJ+ ). This condltlon illustrates an 1rregular C3-labeling in Dy". Total 1rregular1ty
strength exists when there is at least one positive integer k for which total 1rregular labeling is conceivable. The
total irregularity under Cj, labeling is written as ths(D};", C3).

Lemma 1, 2 and 3 explaln the exact solutions for upper bounds of total, vertex and edge H -irregularity
strengths respectively. These are deduced from results given in**. Lemma 1 establishes lower bounds of edge C3
-irregularity strength of D" graph.
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Lemma 1 Consider the C}-covering of D} graph given by t sub-graphs with p > 6, j > 2and 1 < R < t. Then
edge Ci-irregularity strength

: t—1
ehs(D™, C7) > [1+7,]
( ») |E(C™))|

This result shows that as the number of cycle subgraphs increases, the minimum number of distinct edge labels
needed also grows. In real-world LANSs, this implies that larger or more complex network segments require
more diverse connection identifiers, helping to uniquely trace data flows and reduce routing conflicts. The Dutch
Windmill graph additionally indicate the strength of vertex C3-irregularity. The lower bounds of the vertex Cj
-irregularity strength of graph D;* have been provided by Lemma 2.

Lemma 2 Consider the C}-covering of D} graph given by t sub-graphs withp > 6 and j > 2and 1 < R < t.
Then vertex C -irregularity strength

; t—1
vhs(D;', C2) > [1 + 7—‘
( 2% IV (Ci™)|

This lemma gives a lower bound on the number of unique device identifiers (i.e., vertex labels) needed. Ina LAN
setting, this means that to reliably identify and monitor devices, particularly in layered or hybrid structures, each
must have a sufficiently distinct signature - aiding in fault detection and device tracking. The lower bounds of
total C} -irregularity strength of Dy are ensured by Lemma 3.

Lemma 3 Consider that C-covering of D}* graph given by t sub-graphs withp > 6 and j > 2 and 1 < R < t.
Then total C3-irregularity strength

t—1 "
V(G |+ B(CFT) |

ths(Dy?,C3) > [1 +

This bound combines both vertex and edge labeling complexity. For network administrators, it indicates the
minimum label set size necessary for complete traceability of both devices and connections—essential for
maintaining data integrity, auditing, and security in a large-scale hybrid LAN. Using Lemma 3, ths(D};", C}) is
computed based on the generalized model of D7;* with C} -labeling. The objective is to determine the least k at
which unique sums with labels (ranging from 1 to k) can be accomplished by using above defined weights and
lemmas.

The following results measures the edge, vertex and total Cj -irregularity strength of the Dutch Windmill
graphs.

Theorem1 Suppose Dy",form,n > 2,beaDutch WindmillgmphpreservingCZ-coveringwithp >6,2<j<m.
Then

ehs(Dy',Cy) = 1+ [ﬁ—‘

Proof The Dutch Windmill graph contains ¢t = n + 1 isomorphic copies of C},. The edge set is represented by
E(Dy"), thatis {zw], w]w],, : 1 <i<n—1,2 < j < m}. The generalized Dutch Windmill graph contains
precisely t = n + 1 copies of C,.

For 3 < m, n, Lemmal states the lower bound of this strength. Suppose k = 1 + [ To ensure that

n(’ﬂ?#»l) _‘ .
k is the upper boundary of ehs(DJ", C3) for 2 < m, 2 < n. The edge Cj —irregular labeling is defined through
the following manner:

B:E(D;) —{1,2,3,...,k}. Defined as

Blwiwl, ;) = [w

oD ] for —1<n1<i<n2<j<m,

Hjﬂ;’gﬂ, forU>1,r>-1,i=1,2<j<m,

Blazw!) =

L?’HEJ’ forU>1,r>-1i=n—-12<j<m.

The given result shows that all edge labelings are no more than k. For edge labeling 3, the weight CJ-weight in
cyclic graph C}, where 2 < j < mand p > 6 is expressed as, wt(3(C3)) = Ee eB(cd) B(ed).

J

Consider the difference of the welghts of subgraphs C and C?, |, which illustrates the weights difference of
CJ and C/ 1 subgraphsfori =1,2,3,...,n— 1. Therefore, ehs D, C3) < k, and this completes the proof.
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Theorem 2 Assume D))", for 2 < m,n, as a generalized Dutch Windmill graph with C}}-covering with p > 6.
Then

m J\ n
vhs(Dy', C}) = "1—1— nm—f—l-"

Proof For 2 < n,m, the generalized Dutch Windmill D} has mn + 1 vertices and n(m + 1) edges. The
vertex set is represented by V(Dy') = {w!,1 <i<n —1,2 < j <m}. The graph D;" contains precisely
t = n + 1 copies of C}. Lemma 2 states the lower bound of this strength. Now put k = [1 + #ﬂ—‘ , such that

the vertex CJ'™ — irregular labeling is set up in this manner:

a: V(D) —{1,2,3,...,k}. Defined as,

: -‘,iflgign—l,UZ1,r2—1,2§j§m.
m

The preceding result shows that all vertex labelings are not more than k. Under the vertex labeling «, the weight
C} —weight of the cyclic graph C}, with 6 < p < ¢ is represented as wt((C3)) = >~ evicd) @ a(w?).
For each i = 1,2,3,...,n — 1 note the difference in weights between the subgraphs CJ and C’; 11 This

represents the difference in welghts between the subgraphs CJ and C?

741 for that particular j = 2,3,...,m.
Thus, vhs(Dy", CJ) < k, which is the desired result. (]

Theorem 3 Let D;," be the generalized Windmill graph having order mn + 1 and size n(m + 1) respectively. Dy’
is admitting C-covering having n + 1 copies of C}, with p > 6. Then

ths(D™,CI) = [ +72mn+n+1}.

Proof A Dutch Windmill graph D;", m,n > 2 contains mn + 1 vertices and n(m + 1) edges. The given sets
{w],z:1=1,2,3,...,n—1,2<j <m} and {zw], wlw] ,:1<i<n-1,2<j<m} characterize
the vertex and edge set of D', respectively. The Dutch Windmill graph has precisely t = n + 1 copies of C}

-covering. Lemma 3 states the lower bound of this strength. Put k = [1 + m—‘ for the total C] — irregu-
larity strength of D}}". Consider the total CJ — irregular labeling for m > 3,n = 3 as follows:

v:V(DYUE(D) = {1,2,3,...,k} Defined as

y(z) =1,
; O+m+1 . . .
Iy — | — " >1.1<< 2 <9<
y(wi) [nm+n+117 ifU>1,1<i<n,2<j5<m,
[m] 5 >1,i=1,2<j<m,
; nm+n+1
y(zw]) = 5
[i] if6>1i=n-12<j<m,
nm+n+1
O4+m—i+r

v(wfwi;l):[ T W if6>1,1<i<n—1,2<j<mandr>—1.

According to the preceding findings, all vertex and edge labelings comprlses no more than k of the total graph
labeling. For total labeling, 7, the weight C-weight of the cyclic graph C] Y p > 3 is represented as:

wt(y(CPM) = Y AW+ D> A,
vev(ch®) eI Rep(c)™)

Furthermore, the difference of the weights of subgraphs C"* and C;’fl forp > 3.

Case-1: By taking first exact value of y(zw?)

wt(y(C1N)) =v(@) +v(wliy) + v(ww] ) +v(w]wl,,)
:1+[U+m+i+l" [U—l—m—i—l“ [U—&—m—i—l—i—r"
nm+n+1 nm+n+1 nm+n+1
=(x) + y(zw]) + y(zw]) +y(wlw]) + 1
[ O+m+i O+m—1 O+m—i+r
7[nm+n+1—‘ [nm—l—n—i—l—‘ [nm—l—n—!—l
—wt(1(CI™)) + 1

W+1
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Case-2: By taking second value of y(zw?)

Wt(W(Cgfi)) =y(x) + ’y(wf+1) + 7($w5+1) + 'y(wg+1wg+1)
_1+[U+m+i+1" [ O+m " [U+m7i71+r"
o nm-+n+1 nm-+n+1 nm-+n+1
=y(x) + y(w]) + y(zw]) + y(wlw] + 1
=wt(y(C{™)) +1
wt(y(CH)) — wt(v(C™)) =1.

Hence, ths(D;", C{,ﬂe) < k, that accomplishes the proof. O

This formula directly relates the size of the network (through # and m) to the complexity of labeling. The result
implies that as network redundancy increases (larger windmill with more arms), we can maintain irregularity
with a modest number of labels—making the design both scalable and efficient.

Significance of weights and H-irregularity strength of generalized Dutch windmill graph
C?J-irregular weights are unique which are allocated to the edges as well as vertices of a graph in an C3 -irregular
labeling. These weights reflect a variety of network structure criteria, including speed, delay, and priority. By
making sure that these weights are unique, network administrators can improve resource routing and allocation,
resulting in a more efficient and dependable network. C -irregular weights can be distributed among connections
and devices according to their importance or significance. In a hybrid ring local network topology, such weights
can be utilized to allocate resources to vital data flows, guaranteeing that high-priority traffic gets transmitted
quickly. This is especially important in situations when certain apps or services require consistent speed and low
delay.

The C}-irregularity strength of a graph is defined as the least positive integer k that allows for C}-irregular
labeling. This property is critical for network optimization because it ensures that the weights allocated to edges
or vertices are unique, thereby reducing conflicts and improving data flow efficiency. C} -irregularity strength
influences network durability by guaranteeing that each route and device has a distinct label, which can aid
in dispute resolution and fault tolerance. In a hybrid local network design, this can result in a more durable
networks that can endure failures while still operating effectively. C}-irregularity strength can improve the
security of networks through guaranteeing that each interconnection (edge) and machine (vertex) have its own
identity. This distinguishing feature is useful in tracking and handling network activity, which makes it easier to
discover irregularities and possible violations of security.

Corona product structure of graph

Corona product of two graphs C, and P, is denoted as C, ® P,,. It is basically a graph operation which
combines C}, and Py, in a unique way. There are three steps to perform this operation: Firstly, a copy of C;, and
number of copies of P, equivalent to the vertex set of given graph C), are considered. In next step, each vertex
v; of C}, is joined to the each vertex in the i-th copy of P, . Finally, after this operation a new graph is generated
that has structure of C}, with each of its vertices expanded into a copy of P, attached to it. In this paper, there
is a brief study of edge, vertex and total labeling of a generalized model for the C}, ® P,, and the exact solutions
are investigated with the help of certain parameters. For the exact solutions that admits C,-covering with respect
to edge, vertex and total labeling Lemmas 4, 5, 6 play a vital role. After defining these lemmas, C)-irregularity
strength of C, © Py, will be calculated.

Lemma 4 establishes lower bounds for edge C'3-irregularity strength.

Lemma4 Let Cs © Py, graph admitting the Cs-covering given by t sub-graphs isomorphic to C'3. Then

t—1
hs(Cs © P, C3) > [1 7]
WO © P O0) 2 |1 Ty

The Lemma 5 establishes the lower bounds for the vertex Cs-irregularity strength.
Lemma 5 Let Cs © Py, graph admitting the Cs-covering given by t sub-graphs isomorphic to C'3. Then
t—1

vhs(Cs © P, C3) > [1 + m—‘

The lower bounds of total C-irregularity strength are given by Lemma 6.

Lemma 6 Let C3 © Py, graph admitting the Cs-covering given by t sub-graphs isomorphic to C'3. Then

t—1
ths(Cs ® P, Cs) > [1 + [V(Cs) [+ | E(C3) J‘
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Total C?(j)-irregularity strength of corona product of Cm(j) with path graph

In “Introduction”, detailed construction of Cg ® Pp, has been )prov1ded Isomorphic C3 covering generates
a family of subgraphs written as Co ) = (C o C%(2 ,C3 . ,C (%)), here R(i) = i is a function to
distinguish total covering. Total C; © )—we1§ht for one of the glven C’Sre h ,J=1,2,...,tis the sum of each
labeled vertex and edge in the pr0v1ded C . Total C’ @) -weight labehng for an arbltrary C’m 7 is defined

as, wt, (CTV)) = ZUGV(CMJ)) )+ ZeeE(c“U)) ~(€). Here ~ specifies the total Ciy ) -labeling for the

subgraph such that C; R CcsoPp g;é’" For total 03%(] ) -1rregular1ty strength each Cj 2@ -weight has a different
weights in Ci' ) and satlsfy wt (Cy Dy £ wt ~(Cy G+ "here 1 < j < t. This condltlon proves total C%( 9
-irregular C§ )-labehng inC3® P . Total 1rregular1ty strength exists if there ex1st a least positive integer k
for which total irregular labeling is possible. Forthwith, C ) _irregularity under C;" " -labeling is expressed as
ths(Cs @ P, C3). Symbol of ths(C3 ® Pp,, Cs) is deﬁned first time in*!.

Now we are going to calculate ths(Cs ® Py, C3) for the generalized structure of Cs ® P, under Cy
-labeling with the help of Lemma 6.

R(J)

Theorem 4 Let C3 ® P, be the corona product of cycle graph and path graph Pp,. The (gmph
C3 ® P, is admitting C3 — covering generating a family of 30 — 2 isomorphic copies of C

(C’;}?(l)7 C§(2)7 6’?(3), ce C;R(SU 2>) with a parameter 3 < o. Then
1
ths(Cs ® P, Cy) = ["; ]

Proof Consider Cs © Py (z,y, 2, u;, wi, w;) be a Cs © Py, for a positive integer 3 < 0. C'3 ©® Py, has order
3(m + 2) and size 6(m + 1) such that k < ths(Cs © Pp,) for the all following cases, where k is the least posi-
tive integer for which C's ® P,, admitting C;R @ -irregular total Cge @ )—labeling.

The vertex set and the edge set of C's ® Py, are defined as follows:

1
V(Cs5® Pp) ={z,y, 2} U{ui,vi,w; : U;r ,
and
1
E(C3© Pp) = {zu, zv, 2w, yu, yv, yw, zu, 2v, zw, } U {uu,, vv;, ww; : J;— .

Total labeling of C3 ©® Py, is defined as,
v:V(C30 Pn)UE(Cs® Pp) — {1,2,3,...,k}

. The generalized solutions of total labeling in C3 ® Py, for 3 < 0,1 < i < ¢ — 1 are defined as,

|
il

"’0'
" o

Jr

+ N

2
"2—&-3"
5
2i+0+5 .
T-‘, ifo = odd
21—|—0—0—4" fo =
10 I’ ifo = even
[2¢+ 30+ 5 . .
170—‘, ZfU—Odd
_721—’_30—’—4—‘ ifo = even
10 W=
+1 ifo=0,1,2,5 (mod 6)
(7—2 .
—&—17 ifo =3,4 (mod 6)
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ngﬂ’ ifo=0,3,4,5 (mod 6)
V(yz) =
oc—6 .
2[ 5 —‘—4—17 ifo=1,2 (mod 6)
2{0g6w +1, ifo=1,2,3,4 (mod 6)
v(zx) =
o—4 .
2 5 -‘, ifo =0,5 (mod 6)
i+l
Yaw) = [=],
[QiJrO"I fo =
o0 | ifo = even,
Y(yvi) = 2ot
i+o .
[ 10 —‘, ifo = odd,
1,
214 30
[ 10 _‘, ifo = even,
v(zwi) =
21430 +1 .
[ 10 —‘, ifo = odd

{21’—4—0—2“ for =
10 , ifo = even,
y(wvi 4+ 1) = ) .

1+ o — .

[ 10 —‘, ifo = odd,

2,

20430 —2 .

[ 0 _‘, ifo = even,
y(wiwit1) =

204+30—1 e

=] o=t

It is easily evident that all total labels in C3 ® P, with C’? & >—labeling are at most t. We get the following
relationsfor1 <71 <o —1;
wty = wiy (zyz) = 7(x) +7(y) +7(2) +7(zy) +7(y2) + 7(22),
(zuiuitr) = y(x) +v(wi) +y(witr) + y(ww) + (@) +y(weirr),
wiz = wiy(Yviwiyr) = YY) +y(wi) + y(wis1) +y(ywi) + y(ywiz1) + y(viwiy),
wty = wiy(zwiwis1) = 7(2) + y(wi) + Y(wir1) + y(zwi) + v(zwis1) + y(Wiwit1).

wtz = wt, x

The weights of Cs ® P,, after calculating and summarizing are listed below for 1 < i <o — 1:

wty = 10,12, 14, ..., 20 + 4,
wty =6,7,8,...,i+ 5,

wts = 8,9, ....i + 0 + 4,
wty = 11,12, ...;1 4+ 20 + 4.

For two arbitrary subgraphs C "' and C?] which have an isomorphism with C, *3) under the labeling , for
1 < j <t ltis simple to verify that all welghts are consecutive, such as wi~ (C3) 75 wt., (C4T). Furthermore,
wt., (C3) — wt, (CJT') = 1. At this point 1 < j < t is a parameter. This concludes the proof. O
This result pr0v1des a bound for labeling corona-style subnetworks where devices (paths) are clustered around a
main cycle (core router). It shows that even as subnet sizes grow, the labeling remains manageable, which is ideal
for extending LANs by adding new departments or remote clusters. Figure 5 demonstrates a total labeled graph
of C3 ® P3¢ with 109 isomorphic copies of C’;R @

Edge ij)-irregularity strength of Cs ©® P,

Edge-coveringinC's ® P, 1sthecollectlonofsubgraphswh1chor1g1nateasetasCm(] ) = C%(l) C%(Q) ,

with the condition that every edge of C3 © P, is present in at least one subgg‘aph C9'§ R C Cs @ Pm, here

R(j) = iand %?— 1,2,...,t. Atthatinstant it is said that C' @ Py, admitsa (C @, ER( )-(edge)

covering. A C; -covermg exists when every su a&raph (@ 7) has an 1som0rphlsm to the spec1ﬁed subgraph

C%C C3© P Every isomorphic subgraph of C;™" is contamed in C5"7’-covering. The associated weight of
@) with edge C’ >-labehng B is stated as,

C?R(t)

Scientific Reports |

(2025) 15:29330 | https://doi.org/10.1038/s41598-025-05631-8

nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Fig. 5. Total C’? G )—irregular labeling of a Cs ® Pse.

wh(Cs) = Y Bluw).

wv€E(C30Pm)

Here, 3 defines the edge C-labeling in Cs ® P,,,. For two arbitrary subgraphs 1 < a, C2* and C' ™ if the
following ine%eua_lity is satisfied, wt(Cy @y 2 wt(CFTD)  then irregular Cj' @ -labeling in C'3 ® P, exists.
Ultimately, C; G )—irregularity for edges under C’;R G -labeling is represented as ehs(Cs ® Py, C3), which was
proposed initially in°. Edge irregularity strength is acquired when there exists a k with 0 < k, k C Z, for which
ehs(C3 ® P, C3) is achievable under C;R G labeling. Now, we are going to determine ehs(Cs © Py, Cs3) for
the modified structure of C3 ® P,, under C’;R @) -covering with the help of Lemma 4.

Theorem 5 Let C3 ® Pp, be the corona product of cycle graph and path graph Pp,. The (gmph
C3 © Py, is admitting Cs — covering generating a family of 30 — 2 isomorphic copies of C’;R 7 as

(C’g%(l), C;R(Q), C’;}NB), ces C’;R(M_Q)) with a parameter 3 < o. Then
ehS(Cg ©® Pm, C,j) =0

Proof Let C3 ©® P, = C3 ® Py, be the corona product of graphs with a positive integer o, where 3 < o. Fur-
thermore, k is the least positive integer for which Cs ® P, admits C’? G )—irregular edge C? @ -labeling. Edge
set for C3 ® P, is defined as:

E(Cs5 ® Pp) = {zy,yz, zz, } U{zui, yvs, 2W0i, UiUit1, V;wit1, wiwit1 : 1 <i < o}

From lemma 4, ehs(Cs © Py, C3) > 0. Take k = o to check that k represents the upper boundary of
ehs(C3 ® Pp,, Cs) with given constraints 1 <14 < ¢, 3 < ¢. Edge labeling for Cs ® P, is set up as follows:

B:E(Cs® Pn) —{1,2,3,...,k}.
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Crf' @ irregular edge labeling 3 for C's ® P, is provided below:
flaw) = [FE2], ifz<i<o—n
B(zw:) = W 32 W if2<i<o-—1
Bui—1ui) = [%—L ifl<i<o—1
2[" ; 2} +1, ifo=0,1(mod3)
Blay) =
[2(7;2], ifo = 2(mod3)
2[‘7 - 4] 12, ifo=0,2(mod3)
Blyz) =
[20;1-‘, ifo = 1(mod3)
2[" - 3] 41, ifo=1,2(mod3)
B(zx) =
20 .
[?—‘, ifo = 0(mod3)
1, ifi=1,0=3
Byvi) = P*ﬂ if2<i<o—1
3 bl
2, ifl<i<o—1
Blwi—1vi) = PJN;_W’ ifl<i<o—1
i+ 20

It is easily evident that all labels of edge in C3 ® Py, with C? (‘j)—labeling are at most k. The weight of all
subgraphs in C's ® P, generate the following results for 1 <¢ <o — 1,

wty = wty (zyz) = v(zy) + 7(y2) + 7(22),

wity = wiy (Tuivit1) = y(wwi) + y(Tuivn) +y(uittivr),
wty = wty (yviwit1) = y(ywi) + v(ywit1) + y(viwisa),
wty = wty (zwiwiy1) = y(zw;) + y(2wit1) +y(wiwit1),

The weights in C3 © P, after computing and summarizing are provided below for 1 <¢ <o — 1:

wty =7,9,11, ..., 20 + 1,
wty = 3,4,5, ...,i + 2,

wts =5,6,7,....i+0+1,
wty =8,9,10,....1 + 20 + 1.

It is simple to verify that for two arbitrary subgraphs, C' 3} ) and CéR(a+1 for 1 < a under edge labeling 3, the
following connection between their weights exist. wt(Cy (@) ) # wt(C%(aH)) Here,3 <1 < o — 1. We get,

ehS(Cg ® P, 03) =0

This completes the proof. [
In figure 6, Cs3 @ P, illustrates an edge irregular C’ @) -labeling under t isomorphic copies of Cy
0<t=30—

R0 where

Vertex ij)-irregularity strength of Cs © P,

For vertex 1rre1%ular1tg strength, there exist covering Cs ® P, which is described as a collection of subgraphs
given by C yo, O3 on the condition that every Vertex of C3® P appears in at least one
subgraph Wthh is predeﬁned in the preceding famlg}iy of sub(gzraphs C ), here R(j)=jandj=1,2,...,¢t.
At this point, it is stated that C's ©® Py, admits a ( . C t )-(vertex) covering. CéR ) _covering
occurs if each subgraph Cy ) has an 1som0rphlsm correspondmg to the specified subgraph. Under vertex
C'9) labeling o, the associated weight of Ciy 7 is
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Fig. 6. Edge C;R G )—irregular labeling of a Cs ® Pp,= C3 ® P, (ui, vi, w;) for a positive integer i, where
1< <35.

wt(Cs) = > afu).

ueV (C30Pp)

Here, o represents the C? ) vertex labeling associated with subgraph and Cge DcosoP . If two arbitrary
subgraphs C2'”) and CFU*Y have an_isomorphism with the provided subgraph Cj ), the required
requirements need to be Proved, ie., wt(Cge @ ) # wt(C’;R G +1)) and their weight difference is one. This situation
demonstrates vertex Cy. J ) -irregular labeling in C3 © Pp,. For a least positive integer k if there exist irregularity
in C3 ® Pp. under C5 @ covering then vertex irre§ul_arity strength exist. It is written as vhs(C3 ® P, C3).
Using Lemma 5, the general form of C3 © P, for Cy @ covering will be computed. Figure 7 illustratesa C;

-irregular vertex structure of a graph.

Theorem 6 Let C3 ® P, be the corona product of cycle graph and path graph Pp,. The (gmph
C%Q P s admitting C'%— coverinyg generating a family of 30 — 2 isomorphic copies of Cg% ) as
Oy = (W cf® ot o7 with a parameter 3 < o. Then

vhs(Cs ©® P, Cs) = 0.
Proof Assume C3 ® Py, (u;, w;, w;) is the corona product of cyclic and path graphs of order 3 and m, respec-
tively, for a positive integer o, for 3 < o — 1. C3 ® Py, has order 3§m + 2) and size 6(m + 1). Furthermore,

k is the minimum positive integer that ensures C3 ® P, admits C"’ )—irregular vertex labeling. The vertex set
for Cs ® Pp, is given as,

V(C30 Pp) ={z,u,v,w} U{u;,vi,w; : 1 <i<o—1}

Based on Lemma 5, vhs(C3s ® Pp,, C3) > o. Vertex labeling for Cs ® P, is described as
a:V(C30 Pn) —{1,2,3,...,k}.

Scientific Reports |

(2025) 15:29330 | https://doi.org/10.1038/s41598-025-05631-8 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

15 16 17 18
. o,@ OsaOsLO 19 B
1206} ’

Fig. 7. Vertex Cge () -irregular labeling of a C3 ® PmC3184 = (w4, vs, w; ) for a positive integer i, where

1 <7 <60.

a for C3 ©® Py, with order m along with size ;p, — 1, for 1 < i < o — 1,3 < 7, as follows:

atw) =[],
RS
a(w) =[],

a(z) =1, a(y) =0 =a(z)

It is easily evident that each of the label for vertices in C3z © P, with Cge @ -labeling are limited to k. The weight
of t isomorphic subgraphs in Cs ® P, leads to the following relations:

wty = wt(zyz) = a(z) + a(y) + a(z),

witz = wt(zuuit1) = a(z) + a(u) + a(uiv1), ifl1<i<o-—1,

wts = wt(yviwit1) = ay) + a(w;) + a(wi+1), ifl<i<o-—1,

wts = wt(zwswit1) = a(z) + a(w;) + a(wi+1), ifl<i<o-—1.

The weights for the mathematical model of C3 ® P, after simplifying are provided below for 1 < i <o — 1,

wty =7,9,11,...,20 + 1,
wty = 3,4,5, ...,i + 2,

wts =5,6,7,....i+0+1,
wty = 8,9,10,....1 + 20 + 1.
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Any two arbitrary subgraphs O and C;R @D for1 < a < jare isomorphic to C’;R @) under the labeling a.
It is simple to check that wt(C, (a)) # wt(C?mH)) and wt(C;R(a)) — wt(Cg?(aH)) = 1. In this case, s > 1,

and 3 < j < o — 1 represents the C’? @ labeling parameter. It concludes the proof. [J

Performance evaluation

Graph labeling is an effective method for resolving a variety of network optimisation issues. By assigning
labels to the vertices or edges of a graph intricate networks can be modeled and analyzed which help to solve
issues like resource allocation, routing, and network design. Graph labeling in large-scale networks, however,
is fraught with difficulties. The number of potential label assignments rises exponentially with network growth.
Even for modestly big networks, it becomes computationally costly to find the best labeling that meets the
optimisation problem’s criteria. Long processing durations and the impossibility of real-time solutions are the
main consequences. It is a challenging issue to create effective distributed graph labeling algorithms that can
avoid communication bottlenecks and coordinate label assignments across several processors.

The efficiency of the suggested hybrid network topologies in optimising local area network (LAN) designs
is evaluated through performance assessment. These topologies are generated from the Dutch Windmill graph
and the corona product of graphs. The assessment focusses on important parameters that are essential for
guaranteeing dependable and effective network topologies, such as load balancing, fault tolerance, scalability,
and communication efficiency. The average path length and network latency of the suggested hybrid topologies
are examined in order to assess their communication effectiveness. Compared to conventional ring and star
topologies, the Dutch Windmill graph and corona product-based topologies show shorter average path lengths,
which results in lower latency and quicker data transfer. The optimised edge and vertex labeling systems, which
reduce superfluous connections and promote direct communication channels between nodes, are responsible
for this improvement. Because of their modular design, which enables the smooth integration of more nodes,
the suggested topologies demonstrate exceptional scalability. Specifically, the corona product graph offers a
hierarchical structure that facilitates gradual growth while preserving effective channels of communication.
Robust fault tolerance is ensured by the Dutch Windmill graph which has three-unit organizational structure
with a shared administrator. These topologies’ built-in redundancy makes other routing pathways possible,
reducing the impact of failures and improving network dependability. An important factor in assessing load
balancing throughout the network is the irregularity strength indicator. This metric, which measures the
imbalance in vertex degrees, makes sure that no node is overburdened, maximising resource use and avoiding
bottlenecks. The computed edge, vertex, and total H-irregularity strengths of the Dutch Windmill and corona
product graphs demonstrate how well the suggested labeling techniques disperse communication burdens
throughout the network. The performance evaluation highlights the interaction between real-world network
technology and theoretical graph labeling. The results show that the irregularity strength metric gives practical
insights for creating effective and scalable LANSs in addition to a theoretical framework for examining network
topologies. The study opens the door for more research into graph-based solutions in communication networks
by bridging the gap between graph theory and network engineering.

Conclusion

With a particular focus on the implementation of graph labeling methods in hybrid network topologies
deployed in local area networks (LANS), the relationship between graph theory and communication networks
is investigated in this study. The applicability of these theoretical ideas to practical network design is illustrated
by analysing the H-irregularity strength of many graph topologies, including the Dutch Windmill graph and
the corona product of grzs};)hs. Edge, vertex and total labeling are calculated to generalize the graphical model
of Cp ® Pp, and Dy, Cy (J>—c0vering and CJ®-covering are used to cover C;, ® P, and D} derived from
provided parameters. In addition, the generalized model of C3 ® Pp, and Dy is used to investigate certain
graph features. i

To determine edge, vertex, and total C? @ -weights and C* -weights, specified graph models are utilized and
labeled accordingly. Furthermore, it is examined that for edge, vertex, and total labeling under C5" 7’ covering
or CJ™®_covering, there exists a least positive integer k for which edge, vertex, and total irregularity strength
endures. The exact results for ths(D;", C’f;%), ehs(DZ, C{,’%) and vhs(DJ, C’g’%) are natural extensions of
the irregularity strength of a graph. The results are obtained for a family of the Dutch Windmill structure of
graphs. It also investigates the exact values for ths(Cs ® P, C3),ehs(Cs ® P, Cs),and vhs(C3 © Pp,, Cs).

Our findings demonstrate that irregularity strength is essential for maximizing network performance by
correcting vertex degree imbalances, which have a direct effect on load distribution and communication flow
in hybrid LANs. The results demonstrate how graph labeling can potentially used as a tool to improve network
designs’ scalability, resilience, and performance. This work can be extended further by taking variation in model
or using different types of irregularity strengths. Through the integration of graph-theoretical ideas with real-
world communication network applications, this study advances our knowledge of how mathematical models
might enhance the functioning and design of contemporary LAN systems. In order to better integrate graph
theory into network engineering, future studies can apply similar labeling approaches to increasingly intricate
network topologies.

SDAC-DA may be useful for analysing irregularity in clustered graphs or as a preprocessing step. These
relationships need to be investigated further in order to create efficient methods for combining SDAC-DA with
irregularity strength analysis*®. Although identifying spreaders in social networks is the main goal of ranking
measure, it may also be used to determine which nodes affect irregularity strength, examine the connection
between irregularity and spreading influence, create spreading strategies that take irregularity into account, and
estimate irregularity strength in large networks?’. These relationships need to be investigated further in order

Scientific Reports |

(2025) 15:29330 | https://doi.org/10.1038/s41598-025-05631-8 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

to provide practical strategies for combining irregularity strength analysis with this ranking metric. It might
be feasible to affect traffic distribution and the degree of irregularity in the underlying network by strategically
controlling data flow inside the network. In order to obtain the necessary irregularity features, this may need
carefully routing flows to certain nodes or connections®.

While this study provides valuable theoretical insights into the application of H-irregularity strength for
optimizing hybrid LAN topologies, it is important to acknowledge certain limitations. The proposed models
have not yet been validated using real-world network data or assessed through empirical performance metrics
such as latency, throughput, or fault recovery. Additionally, the labeling schemes are based on idealized and
deterministic graph structures, which may not fully capture the complexity, dynamism, or failure-prone nature
of practical communication networks.

Despite these limitations, the results have significant implications for network design. The derived bounds
and labeling strategies offer a novel framework for distinguishing devices, managing connections, and optimizing
communication within hybrid topologies. These theoretical foundations can inform the development of more
efficient, secure, and scalable LAN architectures. By embedding mathematical structure into the modeling
of network behavior, this work contributes to the broader integration of discrete mathematics in network
optimization.

Future work will focus on implementing and testing the proposed models in simulated and real-world
environments, with particular attention to quantifiable network performance. There is also strong potential for
extending the labeling techniques to dynamic or stochastic network models, where topologies evolve over time
or include uncertainties. Furthermore, the integration of machine learning algorithms for adaptive labeling
strategies presents an exciting avenue for enhancing flexibility and robustness in real-time network applications.
Finally, exploring multi-layer or software-defined network architectures may uncover new roles for graph
irregularity labeling in managing virtual and physical topologies simultaneously.

Abbreviation
The abbreviations utilized in this study are presented in the following Table 1.

S. no. | Graph term Abbreviation

1 Cycle graph Cy

2 Path graph P,

3 Vertex set V(G)

4 Edge set E(G)

5 Corona product of cycle with path Graph Cn ®© Py

6 Dutch windmill graph D

7 Copies of cycle graph cl

8 Families of isomorphic cycle subgraphs Cg’ ?

9 Edge weight of subgraph H wtg (H)

10 Vertex weight of subgraph H wt o (H)

11 Total weight of subgraph H wt (H)

12 Edge H-irregularity strength of Dutch windmill graph by covering with copies of cycle graph | ehs(D)", Cg))

13 Vertex H-irregularity strength of Dutch windmill graph by covering with copies of cycle graph | vhs(D,", C]J:;)

14 Total H-irregularity strength of Dutch windmill graph by covering with copies of cycle graph | ths(D;", Cg)

15 Edge H-irregularity strength of corona product graph by covering with cycle graph ehs(C3 ® P, C3)
16 Vertex H-irregularity strength of corona product graph by covering with cycle graph vhs(Cs © Pp,, C3)
17 Total H-irregularity strength of corona product graph by covering with cycle graph ths(C3 ® Pp,, C3)

Table 1. Abbreviations of graph terminology.

Data availability
The datasets used and/or analysed during the current study available from the corresponding author on reason-
able request.
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