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The initiation criterion is utilized to predict the critical detonation condition of explosives and 
plays a dominant role in the fields of survivability, vulnerability, and safety. In order to predict 
the threshold criterion of explosives initiated by fragment impact in three-dimensional scenarios, 
the detonation threshold velocities of Comp B (61% Hexahydro-1,3,5-trinitro-1,3,5-triazine, 39% 
2,4,6-trinitrotoluene) explosive charges with different radii under the fragment impact at different 
polar angles and azimuth angles were obtained by numerical calculations, and further, a three-
dimensional initiation criterion was established. The results show that when the impact polar angle 
of the fragment is fixed, the critical velocity under the same azimuth angle scenario increases as the 
radius of the charge decreases. When the impact azimuth angle of the fragment is fixed, the critical 
velocity under the same polar angle scenario is almost unaffected by the charge radius. The maximum 
error between the three-dimensional initiation criterion and the simulation is 3.09%, indicating the 
high accuracy of the established initiation criterion.
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Explosive charges can be shock initiated by warhead fragment impact in a complex battlefield environment, 
resulting in safety problems. The criterion of shock initiation is usually used to predict the critical detonation 
condition of the explosive charge under the impact of a projectile. Intensive research on the shock initiation 
of explosives by fragment impact is of great significance for explosive applications in the fields of survivability, 
vulnerability, and safety1.

The ignition and initiation phenomenon of energetic material by projectile impact has been widely discussed 
with extensive experimental and numerical research2–5. The shock initiation process of explosive charge by 
projectile impact has been deeply understood by analyzing the influence of projectile variables (including but 
not limited to multiple fragments6,7, projectile density8, projectile diameter9), as well as the charge variables 
(such as specimen size10, charge age11, and charge temperature12). Based on the analysis of the effect of certain 
variables on shock initiation, it is of great importance to establish a mathematical model or initiation criterion to 
predict the shock initiation criterion. In the research by Leus13, the effect of the tangential velocity components 
of a fragment on critical velocity was investigated, and a modified Jacobs-Roslund initiation model was 
established. Moreover, the influence of the impact angle and the charge radius was analyzed in Ref.14, and based 
on the Picatinny engineering criterion, a modified critical velocity model considering the impact angle within 
a two-dimensional plane was proposed. Clearly, past works have concentrated on the influence of the impact 
angle within a two-dimensional plane, while the explosive charge could be impacted by fragments at any angle 
in practice. Hence, a three-dimensional initiation criterion was needed to predict the critical velocity in the 
complex scenarios.

In this study, the physical model of a fragment impacting an explosive charge at any angle was established, and 
the influence of explosive radius, impact polar angle, and impact azimuth angle on detonation threshold velocity 
was investigated. Further, the correlation between variables was analyzed, and a three-dimensional initiation 
criterion that can predict the critical velocity with different radii under any angle impact was established.
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Physics model and initiation criterion
The three-dimensional model of a spherical fragment impacting a cylindrical explosive charge is sketched in 
Fig. 1, where charge radius r, fragment diameter d, and fragment impacting velocity v are the main variables. A 
spherical coordinate system and a Cartesian coordinate system were established with the center of the spherical 
fragment as the origin point. The velocity vector direction of fragments is controlled by the polar angle θ and 
azimuth angle φ in the spherical coordinate system, and the velocity components in each direction of the 
Cartesian coordinate system are:

	

{
vx = v · sin θ cos φ
vy = v · sin θ sin φ
vz = v · cos θ

� (1)

where: vx, vy, and vz are the velocity components of the fragment velocity vector v in the x, y, and z axis directions, 
respectively.

One of the most commonly used threshold initiations, the u2d criterion (u is cratering velocity)15, considering 
fragment density and charge density was established based on a large number of impact initiation tests of 
explosive charge. The critical velocity criterion for the initiation of explosives by fragment was given as follows.

	
v0 =

(
1 +

√
ρt
ρp

)
· u =

(
1 +

√
ρt
ρp

)
·

√
Icr
d

� (2)

where v0 is the critical velocity required to produce a detonation, ρt is the charge density, ρp is the fragment 
density, Icr is the critical initiation criterion of explosive charge, and d is the fragment diameter. The u2d criterion 
can accurately predict the initiation criterion of plane charge when the fragment impacts vertically, while it is 
not applicable when the impact angle is not vertical or the shape of the charge is cylindrical. Therefore, a three-
dimensional initiation criterion considering the polar angle, azimuth angle, and charge radius was proposed in 
this investigation based on the u2d criterion, which can predict the initiation criterion of explosive charge with 
different radii under the fragment impact at any angle.

The criterion correction factor f(δ) is defined as the increment of the detonation threshold velocity of the 
explosive charge.

	
f (δ) =v (θ, φ, r) − v0

v0
� (3)

where v(θ,φ,r) is the detonation threshold velocity when the fragment impacts charges with different radii at 
different polar angles and azimuths, v0 is the critical velocity required to produce a detonation when the fragment 
vertically impacts the plane charge. The value of v(θ,φ,r) in this investigation is determined by numerical 
simulation, and the value of v0 is determined by the u2d criterion. The three-dimensional velocity criterion for 
explosive charge considering the impact polar angle, impact azimuth angle, and radius is defined as:

	
v (θ, φ, r) =

(
1 +

√
ρt

ρp

)
·

√
Icr
d

(1 + f (δ))� (4)

The purpose of this investigation is to determine the specific expression form of f(δ), so as to establish a complete 
critical velocity criterion for fragment impact initiating explosive charge.

Fig. 1.  Diagrammatic of fragment impact explosive charge.
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Numerical simulation calculations
Numerical simulation model
In the case of interaction between fragments and explosive charges, there were both deformation processes of 
fragments and explosive charges, as well as the shock initiation process of explosives. The Lagrange algorithm 
was used for fragments and explosive charges for precision and efficiency. A 0.8 mm mesh size was applied for 
fragments and explosives, as preliminary simulations showed that the calculation results were convergent when 
the mesh size was less than 0.8 mm.

Considering that the only concern is whether the explosive was initiated under the fragment impact, the 
subsequent expansion process of detonation products was not important. Within a few microseconds, after the 
fragment impacts the explosive charge, the reaction level of explosives can usually be judged by observing the 
stress or fraction diagram of the simulation model. Hence, a simplified simulation model was established for 
more efficient calculations. As shown in Fig. 2, a part of the cylindrical explosive with a thickness of 80 mm 
was extracted to refine the mesh, and the other part was abandoned. Preliminary calculations showed that the 
reaction state of the explosive could be determined before the stress wave reached the boundary of the simplified 
explosive model, indicating that the size of the extracted simplified model was large enough and could meet 
the application requirements in this investigation. In addition, a series of gauge points (shown in Fig. 1) were 
set inside the explosive along the impact velocity vector to record the pressure histories. The distance between 
adjacent gauge points was 5 mm.

Material model
The Jones-Wilkins-Lee (JWL) equations of state in temperature-dependent form were used for both the 
unreacted explosive and the reaction products16,17:

	
p = Aexp (−R1V ) + Bexp (−R2V ) + wCvT

V
� (5)

where p is the pressure; V is volume of the explosive at pressure p divided by the initial volume of the unreacted 
explosive, CV is the average heat capacity, T is the temperature, and A, B, R1, R2, and ω are constants.

The Ignition and Growth (I&G) reactive flow model was used to describe the shock initiation and detonation 
behaviors of the impacted explosive. The reaction rate equation used the following three-term equation18:

	

dλ

dt
= I(1 − λ)b

(
ρ

ρ0 − 1 − a

)x

+ G1(1 − λ)cλdpy + G2(1 − λ)eλgpz � (6)

where λ is the fraction of explosive that has reacted, t is time, ρ is the current density, ρ0 is the initial density of 
explosive, p is pressure, and I, a, b, G1, x, c, d, y, G2, e, g, and z are constants.

Comp B (61% Hexahydro-1,3,5-trinitro-1,3,5-triazine, 39% 2,4,6-trinitrotoluene) is one of the most 
commonly used military explosives, and extensive numerical and experimental research has been done on shock 
initiation by fragments, which is also used as a typical explosive in this investigation. The values for I&G model 
parameters were taken from the work performed by Merphy19 and shown in Table 1 below.

Tungsten alloy was used for the fragment. Gruneisen EOS20 and Johnson–Cook strength equation21 
were applied to the tungsten alloy to describe its state under high pressure and deformation characteristics, 
respectively. The equation parameters were taken from the AUTODYN material library22.

A comparison to experiments was needed to verify the effectiveness of the numerical simulation model 
established. James and Hewitt23 performed experiments with tungsten sphere projectiles to determine the 
impact sensitivity of Comp B, where the explosive dimensions were 101 mm in diameter by 70 mm long, and 
the diameter of tungsten sphere projectiles was 12.75 mm. The projectile velocity direction was perpendicular 
to the plane charge, and a numerical model (Fig. 3) was established with the same setup as in the experiments. 
The critical velocity in the experiment was 1750 m/s, while that in the simulation was 1695 m/s. The simulation 
results showed sufficient consistency with the experiment results, demonstrating that the numerical model was 
validated.

To further verify the applicability of the numerical model, another comparison to impact experiments24 
was carried out, along with the calculated u2d curve. In the experiments, tungsten spherical fragments with 

Fig. 2.  Simplified finite element model extracted from the full model for r = 120 mm charge.
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different diameters perpendicularly impacted bare Comp B explosives. The comparison between experiments, 
simulations, and u2d criterion is shown in Fig. 4. It can be seen from Fig. 4 that the critical velocities calculated 
by simulation were within the range of detonation and non-detonation velocity obtained by tests and consistent 
with the u2d critical velocity curve, indicating the high precision of the numerical model.

Simulation results
A total of 125 impact scenarios of numerical simulation calculations, namely a tungsten sphere with a mass of 
4 g impacted the explosive charge with radii of 80 mm, 120 mm, 160 mm, 200 mm, and ∞ at polar angles θ = 90°, 
75°,60°,45°, 30°, and azimuth angles φ = 90°, 75°, 60°, 45°, 30°, respectively, were performed with AUTODYN 
3D Hydrocode to analyze the influence of various variables on the detonation threshold velocity. A starting 
velocity was estimated with the u2d criterion when the polar angle and azimuth angle were both 90° , and then 
AUTODYN was run to determine if a detonation was predicted. From this starting point, the impact velocity 
was adjusted up or down until the critical velocity was bounded within ± 5 m/s. The critical velocities were also 
determined with a ± 5 m/s precision interval for other impact angles. The critical velocities of Comp B explosive 
charges under different impact scenarios were obtained from the numerical calculation results. The velocity 
values of v(θ,φ,r) are statistically listed in Tables 2, 3, 4, 5 and 6.

By comparing the velocity results of the first row in Tables 2, 3, 4, 5 and 6, it can be found that when the 
polar angle θ is 90°, the critical velocities of the explosive charges under the same azimuth scenario increase 
as cylindrical radii decrease. For example, the critical velocities of the plane, 200 mm, 160 mm, 120 mm, and 
80 mm charges increase gradually as radii decrease when θ is 90° and φ is 30°, indicating that the azimuth angle 
φ is correlated to the radius r. Qualitative analysis showed that when the polar angle was fixed and the azimuth 

Fig. 3.  A numerical model of Φ12.75 mm tungsten sphere impacting a Comp B explosive with a dimension of 
Φ 101 × 70 mm.

 

Unreacted explosive JWL Reaction products JWL Reaction rate parameters

Initial density = 1.63 g/cm3 I(μs−1) = 44.0

A (Mbar) = 1479 A (Mbar) = 5.5748 b = 2/9

B (Mbar) = -0.05261 B (Mbar) = 0.0783 a = 0.01

R1 = 12.0 R1 = 4.5 x = 4.0

R2 = 1.2 R2 = 1.2 G1(Mbar−yμs−1) = 514.0

ω = 0.912 ω = 0.34 c = 2/9

Cv (Mbar /K) = 2.487 × 10–5 Cv (Mbar /K) = 1.0 × 10–5 d = 3/9

y = 2.0

G2(Mbar−zμs−1) = 0.0

e = 0.0

g = 0.0

z = 0.0

Table 1.  JWL parameters and I&G model parameters of Comp B.
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angle changed, the shape of the velocity vector was conical. The intersection line formed by the conical surface 
of the velocity vector and the cylindrical charge would change as the radius of the charge, indicating that the 
initial shock wave was affected differently by the rarefaction wave from the boundary. As a result, the smaller the 
radius, the earlier the initial shock wave was affected by the rarefaction wave from the boundary, and the higher 
the threshold velocity to detonate the charge.

Numerical calculations of typical impact scenarios were compared for further analysis. Figure 5a, b present 
the pressure field in a contour plot of the plane and 120 mm explosives, respectively, where fragments impacted 
explosive charges with a velocity of 2469.4  m/s, impact polar angle of 90°, and azimuth angle of 60°. It can 
be found that the shock wave intensity in the plane and 120 mm is almost the same at 1 us, and the shock 
pressure of both explosives subsequently decreased slightly due to the influence of rarefaction waves from the 
boundary. Ultimately, theplane charge was initiated and the shock wave transited to a detonation wave at 6 us, 

φ/(°)

90 75 60 45 30θ/(°)

90 2269.4 2324.4 2479.4 2719.4 3184.4

75 2319.4 2384.4 2494.4 2734.4 3204.4

60 2474.4 2494.4 2629.4 2839.4 3274.4

45 2714.4 2719.4 2839.4 3079.4 3479.4

30 3129.4 3169.4 3319.4 3489.4 3814.4

Table 4.  Detonation threshold velocity of 160 mm charge.

 

φ/(°)

90 75 60 45 30θ/(°)

90 2264.4 2324.4 2474.4 2714.4 3169.4

75 2319.4 2379.4 2489.4 2734.4 3189.4

60 2469.4 2489.4 2629.4 2834.4 3264.4

45 2709.4 2714.4 2834.4 3079.4 3469.4

30 3129.4 3169.4 3314.4 3489.4 3809.4

Table 3.  Detonation threshold velocity of 200 mm charge.

 

φ/(°)

90 75 60 45 30θ/(°)

90 2264.4 2319.4 2469.4 2704.4 3129.4

75 2319.4 2379.4 2479.4 2709.4 3134.4

60 2469.4 2489.4 2619.4 2809.4 3214.4

45 2704.4 2709.4 2824.4 3054.4 3449.4

30 3129.4 3159.4 3299.4 3469.4 3774.4

Table 2.  Detonation threshold velocity of plane charge.

 

Fig. 4.  Experimental and simulation results of tungsten spherical fragments with different diameters and 
velocities impacting Comp B explosive charges.
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while the shock wave pressure decreased and less explosive was reacted in 120 mm explosive charge. The smaller 
the radius of the explosive charge, the earlier the shock wave was affected by the rarefaction wave from the 
boundary. Figure 6a, b are the recorded pressure histories of gauges inside explosives for plane and 120 mm 
charges, respectively. The initial shock wave pressures in two charges generated by the impact of fragments with 
the same velocity were both 16.6 GPa. Then the shock wave pressure in the 120 mm charge decreased along the 
gauge path, indicating that the explosive was not shock initiated. On the other hand, the initial shock wave of 
plane charge decreases slowly due to the delayed arrival of rarefaction waves. As more explosives were ignited by 
the shock wave, the shock wave pressure increased to 17.3 GPa at 4 μs and eventually grew to a stable detonation 
wave at 6 μs.

By comparing the velocity results of the first column in Tables 2, 3, 4, 5 and 6, it can be found that when the 
azimuth angle φ is 90°, the detonation threshold velocities of the explosive charges under the same polar scenario 
hardly changed as the different cylindrical radii changed. For example, the detonation threshold velocities of 
explosives with different radii are almost the same when φ is 90° and θ is 30°, indicating that the variables of polar 
angle θ and radius r were independent of each other. Qualitative analysis showed that when the azimuth angle 
was fixed and the polar angle changed, the shape of the velocity vector was a plane. The intersection surface of 
the velocity vector plane and the explosive charge with different radii was still a plane. Hence, for charges with 
different radii, the time difference for the stress wave to reach the free boundary and be reflected as a rarefaction 
wave was small. Hence, the detonation threshold velocities were hardly affected by the charge radius.

For the explosive charge with the same radius, the detonation threshold velocity would change when one 
variable of the azimuth and polar angle was fixed and the other variable was changed, indicating that the azimuth 
angle φ and the polar angle θ were correlated. The direction of the velocity vector would change when any one 
variable of the azimuth angle or polar angle changed, resulting in different times for the shock wave to reach the 
boundary, leading to a change in detonation threshold velocity.

Three-dimensional initiation criterion
With the analysis above, azimuth angle φ was correlated with polar angle θ and charge radius r, while polar angle 
θ and radius r were independent of each other. The following increment function of the detonation threshold 
velocity of the explosive charge was established according to the correlation between variables:

	 f (δ) = f (cos φ, d/r) + f (cos φ, cos θ)� (7)

The values of velocity increment function f(δ) of Tables 2, 3, 4, 5 and 6 could be obtained with Eq. (3). To simplify 
the process of establishing the model, the influence of parameters in Eq. (7) on the threshold velocity increment 
is discussed separately. Firstly, the values of partition function f(cosφ, cosθ) were set to 0 when θ = 90°. Then the 
increment function f(δ) was equal to f(cosφ, d/r), and the threshold velocity increment curves with different 
radii as a function of azimuth angle can be obtained, as shown in Fig. 7. It can be seen from Fig. 7 that the 
threshold velocity increment increased as the radius decreased.

To obtain the expression of f(cosφ, d/r), the threshold velocity increment of different radii was normalized 
according to the following equation.

	 fg (cos φ, d/r) =f (cos φ, d/r) /f max (cos φ, d/r)� (8)

φ/(°)

90 75 60 45 30θ/(°)

90 2269.4 2329.4 2499.4 2734.4 3259.4

75 2324.4 2404.4 2509.4 2759.4 3274.4

60 2474.4 2499.4 2644.4 2869.4 3339.4

45 2719.4 2729.4 2854.4 3099.4 3524.4

30 3139.4 3184.4 3314.4 3494.4 3849.4

Table 6.  Detonation threshold velocity of 80 mm charge.

 

φ/(°)

90 75 60 45 30θ/(°)

90 2269.4 2329.4 2484.4 2719.4 3209.4

75 2319.4 2394.4 2494.4 2744.4 3229.4

60 2474.4 2494.4 2634.4 2849.4 3299.4

45 2714.4 2724.4 2844.4 3084.4 3494.4

30 3134.4 3174.4 3319.4 3489.4 3829.4

Table 5.  Detonation threshold velocity of 120 mm charge.
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where fg is the normalized velocity increment value, fmax(cosφ, d/r) is the maximum value of f(cosφ, d/r) for 
different radii. The normalized curves are shown in Fig. 8, where the normalized velocity increment curves of 
different radii almost overlap. Hence, the five curves are averaged to obtain the velocity increments independent 
of the radius, and the relationship between fg and cosφ was obtained using the fitting function of Matlab, as 
shown below.

	 fg (cos φ, d/r) =0.03536 · exp (3.893 cos φ) − 0.03368� (9)

The comparison of normalized velocity increment and fitted function is shown in Fig. 8, where good agreement 
can be observed.

The values of fmax(cosφ, d/r) for different radii are shown in Fig. 9, which are modeled into the following 
function:

Fig. 5.  Pressure maps of plane charge and 120 mm charge.
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Fig. 7.  Threshold velocity increment versus radius and azimuth when θ = 90°

 

Fig. 6.  Pressure–time histories of different gauges along the impact velocity path for plane charge and 120 mm 
charge.
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f max (cos φ, d/r) = 0.0221 ·

(
10.16 · d

r
−

(
1 − exp

(
10.16 · d

r

)))
+ 0.3786� (10)

Figure 9 illustrated the comparison between the maximum velocity increment and the model of fmax(cosφ, d/r), 
where good agreement can also be observed. Hence, the expression of f(cosφ, d/r) can be obtained as follows by 
combining Eqs. (9) and (10).

	

f (cos φ, d/r) = [0.03536 · exp (3.893 cos φ) − 0.03368]

×
[
0.0221 ·

(
10.16 · d

r
−

(
1 − exp

(
10.16 · d

r

)))
+ 0.3786

]

30 ≤ φ ≤ 90, 30 ≤ θ ≤ 90, 0 ≤ d

r
≤ 0.436

� (11)

The value of f (cosφ, cosθ) can be obtained by subtracting f(cosφ, d/r) from f(δ):

	 f (cos φ, cos θ) = f (δ) − f (cos φ, d/r)� (12)

Figure  10a–e sketched the threshold velocity increment curves of function f (cosφ, cosθ) with polar angles 
for different radii according to Eq. (12), where no correlation can be found between two variables. Hence, the 
velocity increment values were averaged to obtain the velocity increments independent of the radius, as shown 
in Fig. 10f.

It can be seen from Fig. 10f that the values of the vertical axis increased exponentially as the value of cosθ 
increased. Besides, when the polar angle was the same, the values of f(cosφ, cosθ) increased with the increase of 
the azimuth angle. With the above curve characteristics, the following function was used to describe the curve:

	
f (cos φ, cos θ) =

[
a · (cos θ)b

]
·

[
1 − c∗

(
cos φ

cos φ0

)d
]

� (13)

where a, b, c, and, d are undetermined constants, φ0 is the reference azimuth. The optimal parameter solutions 
in Eq.  (13) were determined with the genetic algorithm (stochastic parallel search algorithms based on the 
principles of natural selection and genetics) and listed in Table 7. The comparison between the simulation results 
of and the mathematical model established is shown in Fig. 11, where the solid and dashed lines represent the 
velocity increments for averaged radius and mathematical model, respectively. It can be seen that the simulation 
results agree well with the mathematical model.

Fig. 9.  Comparison of fitting results of maximum velocity increment values.

 

Fig. 8.  Comparison of normalized velocity increment and fitted function.
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Fig. 11.  Curve of velocity increment with polar angle.

 

a b c d φ0/(°)

0.6321 3.5436 − 0.2335 3.0943 34.3030

Table 7.  Coefficients of threshold velocity increment function.

 

(a) r=∞ (b) r=200mm (c) r=160mm 

(d) r=120mm (e) r=800mm (f) r= Averaged

Fig. 10.  Threshold velocity increment versus polar angle for different radii.
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The three-dimensional initiation criterion considering the polar angle, azimuth angle, and charge radius was 
established as follows by combining Eqs. (4), (7), (11), and (13).

	




v =
(

1 +
√

ρt
ρp

)
·
√

I
d

(1 + f (δ))
f (δ) = f (cos φ, d/r) + f (cos φ, cos θ)
f (cos φ, d/r) = [0.03536 · exp (3.893 cos φ) − 0.03368] ·

[
0.0221 ·

(
10.16 · d

r
−

(
1 − exp

(
10.16 · d

r

)))
+ 0.3786

]

f (cos φ, cos θ) =
[
0.6321 · (cos θ)3.5436]

·
[
1 − 0.2335∗

( cos φ
cos φ0

)3.0943
]

30 ≤ φ ≤ 90, 30 ≤ θ ≤ 90, 0 ≤ d

r
≤ 0.436

� (14)

The comparison between the threshold velocity increment calculated by the three-dimensional initiation 
criterion and the simulation results is shown in Fig. 12. It can be found that for explosive charges with different 
radii, the difference between the threshold velocity increment predicted by the three-dimensional criterion and 
the numerical calculations is small, and the maximum error is 3.09%, indicating that the accuracy of the three-
dimensional initiation criterion is high.

Conclusion
The detonation threshold velocities of Comp B explosive charges with different radii under the fragment impact 
at different polar angles and azimuth angles were obtained by numerical calculations. A three-dimensional 
initiation criterion was established by analyzing the correlation between variables. The main conclusions are 
summarized as follows:

	(1)	 When the impact polar angle of the fragment is fixed, the detonation threshold velocity under the same 
azimuth angle scenario increases as the radius of the charge decreases. However, when the impact azimuth 
angle of the fragment is fixed, the detonation threshold velocity under the same polar angle scenario is 
almost unaffected by the charge radius.

	(2)	 Based on the u2d criterion and correlation between variables, a three-dimensional initiation criterion was 
established considering the influence of polar angle, azimuth angle, and charge radius. The criterion devel-
oped can predict the threshold impact velocity of the fragment to initiate an explosive charge with different 
radii at any angle. The results indicated that the maximum error between the three-dimensional initiation 
criterion and simulation results is 3.09%.

Fig. 12.  Comparison of three-dimensional criterion and the numerical calculations. The solid lines represent 
simulation results, and the dashed lines represent three-dimensional criterion calculation results.
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Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.
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