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Multiscale SPD manifold learning
for rehabilitation exercise
evaluation
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Jeng-Shyang Pan® & Lingping Kong?

Rehabilitation exercise assessment plays a crucial role in patient recovery, particularly for individuals
recovering from injuries, surgeries, or illnesses affecting mobility. In this paper, we propose a novel
approach for the assessment of skeleton-based data recorded from rehabilitation exercise, where
we present the data as points on symmetric positive definite (SPD) manifold. Our method addresses
the limitations of traditional Euclidean-based approaches by leveraging the SPD manifold’s ability
to preserve motion variations and spatial relationships. We propose a novel framework leveraging
SPD manifold to preserve the intrinsic geometry of human motion and capture nonlinear variations
in complex movements. By embedding motion data into SPD manifolds, we integrate unsupervised
K-Nearest Neighbors (KNN) with Riemannian geometry for precise classification of correct and
incorrect movements. We further develop a Tangent Space Linear SPD Support Vector Machine
(SVM), optimized via stochastic gradient descent (SGD) in the tangent space at the identity matrix.
Additionally, a tailored neural network architecture with multi-scale feature extraction enhances
movement assessment by capturing hierarchical patterns in vectorized SPD data. Our specialized
neural network, designed for vectorized SPD data, outperforms state-of-the-art methods on three
benchmark datasets: Kimore, UI-PRMD, and EHE. In cross-subject evaluations, accuracy improves
to 92.40% (UI-PRMD), 85.18% (Kimore), and 87.59% (EHE), with even greater improvements in
random train-test splits. Although the proposed method involves a high parameter count while
reducing computational complexity in terms of floating-point operations, literature suggests that
certain concepts and objects recur across diverse mathematical domains, often carrying significant
implications. Additionally, manifold transformations in data representation effectively capture

the intrinsic geometric structure. Furthermore, our training process is faster than state-of-the-art
methods, leading to quicker model convergence and reduced computational overhead without
compromising accuracy. These results highlight the potential of SPD manifolds for accurate, reliable
rehabilitation assessment.

Keywords Rehabilitation exercise assessment, SPD manifolds, Multi-scale classification, Tangent space
representation

Rehabilitation plays a crucial role in improving the quality of life of individuals affected by injuries, medical
conditions, or age-related decline. It aims to restore independence, optimize functional ability and reduce
disability, enabling participation in daily activities, work, and education. According to the World Health
Organization (WHO)', approximately one in three people worldwide would benefit from rehabilitation, a need
thatis growing due to increasing life expectancy and the prevalence of chronic diseases. However, the effectiveness
of rehabilitation can be compromised by low patient compliance and incorrect execution of exercises without
therapist supervision??, resulting in longer treatment times and increased healthcare costs.

To address these challenges, there has been growing interest in Al-driven virtual rehabilitation systems*-,
which leverage motion sensors and machine learning techniques to analyze patients’ movements and provide
automated feedback. These systems offer a cost-effective and scalable solution, enabling home rehabilitation
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while allowing clinicians to remotely monitor patient progress and intervene when necessary. Central to these
systems is the ability to accurately assess rehabilitation exercises, ensuring that patients perform movements
correctly and effectively.

Assessment of rehabilitation exercises has been explored through various approaches, including rule-based,
template-based, and machine learning methods. Rule-based methods rely on predefined criteria, such as joint
angles and movement trajectories, but struggle with generalization among individuals’®. Template-based
techniques, such as Dynamic Time Warping (DTW), improve robustness by aligning motion sequences®!?, yet
remain sensitive to temporal distortions. More recently, deep learning methods—particularly Convolutional
Neural Networks (CNNs)!!12 and Recurrent Neural Networks (RNNs)!*!4—have shown significant promise
in motion analysis tasks. Among these, Graph Convolutional Networks (GCNs)!>!¢ have emerged as powerful
tools by modeling skeletal data as structured graphs, effectively capturing spatial and temporal dependencies in
human movement.

Despite their strong performance, these deep learning methods are fundamentally rooted in Euclidean
geometry, which constrains their capacity to fully capture the non-linear, non-Euclidean structure of complex
human motion data. Specifically, when motion data lie on Riemannian manifolds—such as the SPD manifold—
Euclidean-based techniques may distort intrinsic geometry, leading to suboptimal performance. This geometric
mismatch limits generalization, interpretability, and robustness, especially in real-world rehabilitation settings
involving high inter-subject variability and nuanced motion patterns.

To transcend the limitations inherent in traditional Euclidean-based motion analysis, we propose a novel
framework that operates within the rich geometry of SPD manifolds. This formulation not only preserves the
intrinsic spatial relationships of human motion, but also captures the nonlinear variations that characterize
complex movement patterns. By embedding motion data into the SPD manifold, we introduce a sophisticated
classification paradigm that combines unsupervised KNN with Riemannian geometry, enabling accurate
distinction between correct and incorrect movements. Extending this, we develop a Tangent Space Linear
SPD SVM that optimizes performance by mapping data to the tangent space at the identity matrix, leveraging
stochastic gradient descent (SGD) for efficient training. To further enhance movement assessment, we introduce
a specialized neural network architecture tailored to vectorized SPD data, augmented by a multi-scale feature
extraction strategy that captures hierarchical movement patterns. This holistic approach redefines the potential
for human motion analysis, offering an elegant and computationally efficient solution grounded in advanced
geometric principles.

This paper makes the following key contributions:

« SPD-Based Classification Framework: We present an innovative framework for assessing skeleton-based re-
habilitation exercises, integrating KNN, a Tangent Space Linear SPD SVM, and a specialized neural network.
By leveraging Log-Euclidean mapping, our approach preserves the geometric integrity of skeletal motion,
ensuring a more precise and robust evaluation of movement patterns.

 Tangent Space Linear SPD SVM: We propose a geometry-aware Tangent Space Linear SPD SVM, optimized
via stochastic gradient descent (SGD) with an Log-Euclidean metric, enabling robust and accurate classifica-
tion of SPD data.

o Tailored Neural Network Architecture: We design a specialized neural network for vectorized SPD data, in-
tegrating convolutional and fully connected layers to effectively capture both local and global movement
features. Our method achieves state-of-the-art performance, improving accuracy from 89.95% to 92.40% on
UI-PRMD, from 83.56% to 85.18% on KIMORE, and from 86.38% to 87.59% on EHE, outperforming existing
methods on these benchmark datasets.

o Multi-Scale Feature Extraction: We introduce a multi-scale feature extraction strategy applied across all
methods, which enhances classification performance by capturing hierarchical movement patterns, with ex-
tensive experiments demonstrating significant improvement over Euclidean baselines and competitiveness
with state-of-the-art SPD methods.

The remainder of this paper is organized as follows. The Related Work section reviews prior research on
skeleton-based representation learning and classification methods. Preliminaries introduce key mathematical
concepts and background knowledge related to SPD manifolds. The Methodology section details our proposed
approach, including KNN on the SPD manifold, Tangent Space Linear SPD SVM, Log-Euclidean mapping,
vectorization strategy, and neural network architecture. Experiments and Analysis present experimental results
and evaluations demonstrating the effectiveness of our method. Finally, the Conclusion summarizes the paper
and discusses potential future directions.

Related work

Rehabilitation exercise assessment methods can be broadly categorized into three approaches: rule-based
methods, template-based approaches, and machine learning techniques. Rule-based methods involve manually
defined rules but struggle with generalizability. Template-based approaches compare observed actions to standard
templates, but their accuracy can be impacted by individual variations. Machine learning techniques, especially
those using GCNs, offer promising solutions by capturing complex movement dynamics. The following sections
will explore each approach in detail.

Rule-based methods involve manually defined rules to evaluate actions, such as joint angles or movement
trajectories. While these methods provide a structured framework for movement assessment, they are highly
dependent on expert knowledge and can be time-consuming to develop. For example, Clark et al.” utilized trunk
flexion angles and joint distances for postural control, as well as trunk tilt angles for gait retraining!”. Zhao et
al.® expanded on this approach by introducing dynamic, static, and invariance rules to assess real-time motion
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during rehabilitation exercises. This method was later enhanced with real-time feedback!®, allowing patients
to perform exercises correctly without direct clinical supervision. Additionally, its application to Total Knee
Replacement rehabilitation in home settings19 demonstrated its effectiveness in real-world scenarios. However,
despite their structured nature, rule-based methods often struggle with generalizability, as predefined rules may
not account for individual movement variations, ultimately limiting their accuracy across diverse rehabilitation
contexts.

Template-based approaches rely on comparing measured movements to a reference template, typically
derived from correct performances by healthy subjects. Benetazzo et al.?*® employed Euclidean distance to
evaluate joint positions and velocities, offering a straightforward metric for quantifying movement discrepancies;
however, its sensitivity to even minor time-axis distortions makes it less effective for comparing sequences of
differing durations. To address this limitation, Su et al.” and Hu et al.!? adopted Dynamic Time Warping (DTW),
which non-linearly aligns time sequences to provide more robust comparisons despite temporal misalignments.
Building on these methods, Osgouei et al.?! proposed using Hidden Markov Modeling (HMM) to compare a
user’s performance against a reference, offering advantages in later rehabilitation phases where detecting subtle
inconsistencies becomes crucial. More recently, Li et al.22 introduced a Mahalanobis distance-based DTW
(MDDTW) technique; unlike the original DTW that relies on Euclidean distance, MDDTW leverages the
Mahalanobis distance to account for variable correlations and scale differences, potentially providing a more
sensitive measure for comparing complex movement patterns.

Deep Learning-based methods have gained significant attention in recent years due to their remarkable
ability to learn complex patterns from large datasets and model intricate relationships in data. For example,?
employed strided one-dimensional convolutional filters to capture spatial dependencies in human movements,
followed by LSTM layers to model temporal correlations in the learned representations. Similarly,> utilized
LSTM networks to extract features from skeleton data, while CNNs were used to process foot pressure images,
with the extracted features subsequently fused for further analysis. The human skeleton can be viewed as a
graph in non-Euclidean space, with joints as vertices and bones as edges. In this context, using Convolutional
Neural Networks (CNNs) may result in the loss of crucial spatial information, as CNNs are designed for grid-
like (Euclidean) data and may not fully capture the structure of skeletal data. To address this limitation, Yan et
al.?® proposed Spatial-Temporal GCNs (ST-GCN), which model the human body as a graph, applying GCNs for
spatial feature extraction and temporal convolutions for motion analysis. Building on this, Bruce!® introduced
a two-stage training approach: first, training on joint positions for Human Activity Recognition to identify
key neurons; then, refining the model for action correctness assessment using both joint positions and angles,
ensuring relevant neurons influence evaluation. Further, He et al.® proposed an expert-knowledge-based GCN,
where adjacency matrices are designed based on rehabilitation action insights. Their model processes skeleton
sequences through two streams—one for general spatio-temporal features and another for rehabilitation-specific
features—combining both for improved assessment accuracy.

While rule-based, template-based, and deep learning methods, including GCNS, have all been explored for
rehabilitation assessment, they primarily operate in Euclidean space or approximations of it. Although GCNs
better capture spatial relationships in skeletal data, they still rely on message-passing operations rooted in
Euclidean assumptions and are not inherently designed to respect the geometric properties of data on curved
spaces. This limits their capacity to model the underlying Riemannian structure of motion data, such as geodesic
distances and affine invariance, which are crucial for understanding subtle movement variations in rehabilitation
tasks.

To better address these geometric complexities, recent work has explored manifold-aware approaches such
as hyperbolic embeddings?’, which are well-suited for capturing hierarchical relationships, and Grassmannian
manifolds?®, which model dynamic actions through subspace representations. However, these methods often
lack the ability to encode second-order statistics, such as covariance matrices of motion features, that are critical
for fine-grained motion assessment because they capture the variability and correlations between skeletal joint
movements over time. In contrast, our approach explicitly relies on covariance matrices to represent skeletal
motion by embedding them in the SPD manifold. This manifold provides a natural Riemannian framework
for covariance matrices, preserving the intrinsic geometric structure of motion data while effectively encoding
second-order statistics, resulting in a more robust, interpretable, and generalizable assessment framework for
rehabilitation tasks.

Preliminaries

This section introduces the fundamental concepts and mathematical tools necessary for the methodology. We
provide formal definitions of the SPD manifold and the eight distance metrics employed in our classification
approach.

SPD manifold
The Symmetric Positive Definite (SPD) manifold consists of symmetric matrices with strictly positive eigenvalues.
Formally, the SPD matrix space is defined as:

S5 = {A€R™ | A= A7, aun(4) >0}

where AT denotes the transpose of the matrix A, and A\in (A) is the smallest eigenvalue of A. In other words,
the SPD manifold includes all symmetric matrices whose eigenvalues are strictly positive.

The SPD manifold is also a Riemannian manifold, meaning that it has a curved geometry. A Riemannian
manifold allows us to define a distance function that respects the structure of the space.
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Distance metrics on the SPD manifold

Measuring distances between SPD matrices using traditional Euclidean distance is inadequate, as it does not
account for the manifold’s geometric structure. Instead, specialized metrics have been developed to capture the
intrinsic geometry of the SPD manifold, providing a more meaningful measure of dissimilarity.

In this work, we employ eight distance metrics to quantify differences between SPD matrices A and B,
including the Euclidean distance to highlight its limitations. Each metric offers a unique perspective on matrix
dissimilarity, playing a crucial role in our analysis.

The distance metrics we use are as follows:

1. Cholesky distance:

disteho1 (4, B) = ||ILa — La||Fr

where L4 and L are the lower triangular matrices obtained from the Cholesky decompositions of A and B,
respectively, and || - || » denotes the Frobenius norm. This metric quantifies the difference between the Chole-
sky factors of the two matrices®.

2. Log-Euclidean distance:

distiogeuctia (A, B) = || log(A) — log(B)||r

where log(A) and log(B) are the matrix logarithms of A and B, respectively. This distance captures the differ-
ence between the matrices in the log-domain, which is suitable for SPD matrices®.

3. Affine-invariant distance:

distyiemann (4, B) = || log(A~2BA™Y?)|| ¢

where A~'/? and B~'/? are the matrix square roots of the inverses of A and B, and log(-) denotes the matrix
logarithm. This metric measures the distance between A and B in the Riemannian geometry of the SPD
manifold®!.

4. Euclidean distance:

diStcuclid(A, B) = HA - BHF

This is the standard Frobenius norm between the matrices A and B. While simple, this metric does not respect
the geometry of the SPD manifold.

5. Kullback-Leibler divergence:

distyuback (A, B) = Tr(A™'B) — logdet(A™'B) —d

where Tr(-) denotes the trace of a matrix, and det(-) denotes the determinant. This metric is based on the Kull-
back-Leibler divergence, a popular measure of dissimilarity between probability distributions®2.

6. Symmetric Kullback-Leibler divergence:

distunback_sym (A4, B) = = (Tr(A™'B) — logdet(A™'B) —d) + 5 (Tr(B~'A) — log det(B™ " A) — d)

N | =

L

2

This is a symmetric version of the Kullback-Leibler divergence, which considers both directions of divergence
between A and B*.

7. Log-Cholesky distance:

distiogenol (4, B) = || log(La) — log(Ls)||»
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where L 4 and L g are the Cholesky decompositions of A and B, respectively. This distance measures the differ-
ence between the logarithms of the Cholesky factors of the two matrices®.

8. Log-determinant distance:

distiogdet (A, B) = || log(det(A)) — log(det(B))]|

where det(A) and det(B) are the determinants of A and B, respectively. This metric focuses on the difference
in the log-determinants of the matrices™.

These diverse metrics allow us to explore SPD matrices from multiple geometric and statistical perspectives.
By comparing their behaviors, we gain a deeper understanding of the structure and variability within the
manifold, enabling more informed analysis and modeling in applications where SPD matrices arise, the relevant
comparison results of above distance metrics can be found in Table 2.

Methodology

In this section, we outline our approach for classifying rehabilitation exercises using the SPD manifold. We begin
by describing the embedding of tabular skeleton data into the SPD manifold using a multiscale representation.
Subsequently, we present three classification strategies that reflect different levels of model complexity and
design philosophy: (1) a KNN method leveraging distance metrics defined on the SPD manifold, offering a
parameter-free baseline based purely on geometric similarity; (2) a Tangent Space Linear SPD SVM, introducing
supervised learning under a linear decision boundary assumption; and (3) a neural network-based approach
tailored to SPD-structured data, designed to learn task-adaptive and expressive representations in a geometry-
aware framework.

This progression, from non-parametric to linear to deep modeling, enables a structured exploration of
the SPD manifold’s suitability for classification tasks. Rather than simply comparing classifiers, our aim is to
investigate the generality, adaptability, and complementarity of SPD representations across fundamentally
different learning paradigms. The overall framework is illustrated in Fig. 1.

Data embedding into the SPD manifold

In this work, we utilize skeleton-based rehabilitation exercise data structured as multivariate time-series signals.
Each record contains f features (e.g., 3D joint coordinates or orientation data) recorded over 7' time steps. This
yields a data matrix X € R/*”, where each row represents a feature and each column a time step.

Constructing the covariance matrix
To capture the statistical dependencies between features, we compute a covariance matrix. Covariance matrices
are symmetric and positive definite by construction, making them well-suited for embedding into the SPD
manifold.

Given two feature vectors X; and X, the sample covariance is computed as:

T
1 _ _
COV(XZ-,XJ-) = T—1 Z (;tzk — :Bz) (;rjk — Ltj)

k=1

Tangent Space
Data embedding SPD Mantfold

Log

Max Margin
Hyperplanes

ey
p==sdia
AN/

KNN on SPD
Manifold

Neural Network on
tangent space

SVM on tangent
space

Figure 1. Overview of multiscale SPD manifold classification framework.
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where X; = (241, Ti2,...,xi7) and X; = (z;1,xj2,...,2;7) are the time series for features i and j,
. — T — .
respectively, and z; = % Zk:l Tik, Tj = % Zk:l a1, are their means.

From the full data matrix X, the complete covariance matrix C' € RS>/ is constructed as:

cov(X1,X1) cov(Xi1,X2) ... cov(Xi,Xy)
cov(Xa, X1) cov(Xe,X2) ... cov(Xa, Xy)
COV(Xf7X1) COV(Xf,Xz) COV(Xf,Xf)

Each element captures the co-movement of two features over time. The resulting matrix is symmetric and
positive definite, placing it naturally within the SPD manifold — a space of matrices that generalizes Euclidean
geometry to account for curvature and structure in data.

Multi-scale covariance embedding

Rather than using a single covariance matrix computed over all features, we adopt a multi-scale strategy to
better capture the structured nature of human motion. Specifically, we divide the body into three anatomical
regions: arms, which include joints such as the wrist, elbow, and shoulder; legs, encompassing the ankle, knee,
and hip joints; and the full body, which combines all features. For each of these refgions, we compute a separate
covariance matrix—denoted as Cayms € RFe*fa Clegs € R/ and Cran € RV, respectively. These three
covariance matrices are then combined into a block-diagonal matrix defined as

Carms 0 0
C’multi = 0 Clegs 0
0 0  Chran

This block-diagonal structure ensures that each sub-region contributes independently, preserving both local
movement characteristics within the arms and legs as well as the global correlations across the entire body.
Importantly, the resulting matrix Crmulti remains symmetric positive definite, thus maintaining compatibility
with Riemannian manifold operations.

KNN for SPD manifold
KNN is a widely used classification algorithm that assigns a label to a new data point based on the majority vote
of its K-nearest neighbors in the feature space. However, when working with SPD matrices, traditional distance
metrics like Euclidean distance fail to capture the manifold’s intrinsic geometric structure. To address this, we use
distance metrics specifically designed for SPD matrices, which respect their positive definiteness and symmetry.
Given two SPD matrices A and B, the distance between them is computed using an SPD-specific metric
described in subsection Distance Metrics on the SPD Manifold (e.g., Affine-invariant, Log-Euclidean, etc.). For
each test sample, we compute its distance to all training samples in the SPD manifold, selecting the K-nearest
neighbors based on the chosen metric. The details of the algorithm are described below in Algorithm 1.

Require: Training set 2 = {(A1,y1),(A2,y2),...,(An,¥u)}, where A; € ST and y; is the class label; test sample Aege € S5

number of neighbors K; distance function dist : S,

T+ x ST — R appropriate for SPD matrices.

Ensure: Predicted class label § for Aeg.
1: Compute distances:

end for

R B AN U S S

_
M 2 e

return y

for each training sample (A;,y;) € Z do
Compute Diest; = dist(Arest, A;)

Sort neighbors:

Sort training samples by ascending order of Dieg ;.

Select K nearest neighbors:

Choose the set Ajest = {(A(l),y<1)), (A2),y2)s- - (A ,Y(k))}> Where A ;) is the j-th closest neighbor to Areg:.
Majority voting:

Determine the most frequent class label among the K neighbors:

: §=argmax, Y5, 1(y;) =)

Algorithm 1. KNN Classification on the SPD Manifold
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Tangent space linear SVM

The manifold of symmetric positive definite (SPD) matrices, denoted S;i *, comprises all n x n real symmetric

matrices with strictly positive eigenvalues. This set forms a curved Riemannian manifold, meaning standard

linear classification techniques such as SVM, which operate in flat Euclidean space, are not directly applicable.
In Euclidean space (R™), a linear SVMs defines a hyperplane of the form

wT:E+b=0,

where w is the weight vector and b is the bias. This model separates data points while maximizing the margin
between classes. However, SPD matrices are n X 7 objects that do not form a vector space, and S has positive
curvature. This curvature means flat hyperplanes are undefined across the manifold, as the non-linear structure
and lack of global linearity complicate the direct application of traditional SVMs. Specifically, there are no
consistent, flat separators that can achieve linear separation.

To address this, we adopt a tangent space approach. Specifically, we fix the base point at the identity matrix
I € S, and map each SPD matrix X; € S to the tangent space TS, ™ via the matrix logarithm:

log;(X;) = log(X:),

where log(X;) denotes the matrix logarithm. This transformation flattens the manifold locally, converting each
SPD matrix into a symmetric matrix in a Euclidean space.
The tangent space consists of symmetric matrices, which naturally supports the Frobenius inner product:

(A,B)r =tr(A”B),

enabling a standard linear SVM formulation. In this space, we optimize a tangent vector V' to define a hyperplane
that maximizes the margin between classes. This approach simplifies the classification task by transforming it
into a linear problem while still leveraging the structure of the SPD manifold.

The algorithm, which operates with the identity matrix as the base point, is outlined in Algorithm 2 and
details the process of finding the tangent space weight vector V. Once V is learned, it is used for classification.
The decision function for a new SPD matrix X’ is given by:

F(X") = (log(X"), V) p.
The final class prediction is then obtained via:

;1 X)) >0,
y*{—l ;ffEX’;<O,

This formulation simplifies SVM classification on S, by working in the tangent space, achieving effective
performance with reduced computational complexity.

This tangent space mapping, using the identity matrix as the base point and the Log-Euclidean metric, provides
a straightforward and effective framework for classification. Besides this approach, we also explored alternative
mappings and base points to evaluate their influence on classification performance. In particular, we considered
the Affine-Invariant Riemannian Metric (AIRM), where the base point y is set to the Riemannian(Fréchet)
mean®® of the training data, and the logarithm map is defined as

log, (X) = M1/2 log (M71/2X'u71/2) M1/2~

The Riemannian mean g under the affine-invariant metric is defined as:

N

u=arg Yren“’%—i [[log (Y2 X3y /%) |

2
F

1=1

where ST, denotes the set of n X n symmetric positive-definite matrices, and log(-) is the matrix logarithm.
This formulation follows®!.
Additionally, we included a Euclidean baseline where SPD matrices are centered by the element-wise mean

1 N
n=5 > X
=1

and used directly as features without any manifold mapping, i.e.,
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Require: SPD matrices X = {Xj,..., Xy} € S}, labels y = {yi,...,yn} € {—1, 1}, regularization parameter C > 0, learning
rate 11 > 0, epochs E, batch size B
Ensure: Tangent space weight V € T;S;+
1: Initialize Manifold: Define S, with a selected SPD metric

2: Set Base Point: Use the identity matrix t = I,x,

3: Initialize Weight: Set V = 0,,..,, (zero matrix in 7;S; ")

4: Train via SGD:

5: fore=1to E do

6: Permute indices {1,...,N} randomly

7: for each batch X}, y;, of size B do

8: Compute gradient: Vy =V —C ¥, yilog;(X;) - 1{1 —y;(log;(X;),V)r > 0}
9: Update: V <~V —nVy

10: Compute loss: L = %||V||12F +CYicpmax(0,1—y;(log;(X;),V)r)
11: end for

12: if loss converges (early stopping) then

13: break

14: end if

15: end for

16: returnV

Algorithm 2. Tangent Space Linear SPD SVM

Neural network-based classification for SPD manifold

After utilizing KNN and SVM for classification on the SPD manifold, we adopt a neural network-based approach
to capture complex, high-dimensional patterns more effectively. While KNN and SVM can capture local patterns
and decision boundaries by considering the proximity of SPD matrices in the manifold, they struggle with
capturing complex, high-dimensional relationships. Additionally, traditional neural network architectures are
typically designed for Euclidean spaces, making them unsuitable for directly processing SPD matrices.

To overcome these challenges, we use a Log-Euclidean mapping, which projects SPD matrices onto a
Euclidean space while preserving their geometric properties. This transformation enables us to leverage the
expressiveness and flexibility of neural networks, which are particularly well-suited for high-dimensional data.
The overall neural network pipeline for SPD manifold data processing is illustrated in Fig. 2.

Logarithmic transformation for SPD matrices
Given an SPD matrix A, the logarithmic map is defined as:

log(A) = Ulog(2)UT,
Stacked CNN MLP
kernal
€ —_—
Matrix size 3

vectorize \ ¥
Logarithmic I
Transformatlon Lyo /

multi-scale | /= \ 5
embedding : y ‘ — ~
a.rms
Cmulti = 0 Clegs 0 :: O

0 0 Cuy — T

\
Lt
7

Input *
vector 1D CNN 1D CNN Maxpooling Flatten FC  Output
Layer Layer Layer Layer  Layers Layer

16 filters 32 filters

Figure 2. Neural network pipeline for SPD manifold data processing.
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where A = UXUT is the eigenvalue decomposition of A, ¥ is the diagonal matrix of eigenvalues, U is the
orthogonal matrix of eigenvectors, and log(X) is the element-wise logarithm of the eigenvalues in X.

The result, log(A), is a symmetric matrix representing the tangent space at the identity matrix, mapping the
SPD matrix onto a Euclidean space, thereby facilitating the application of traditional neural network models.

Matrix to vector conversion
Once the logarithmic transformation is applied, the next step is to convert the resulting symmetric matrix into
a vector. This conversion is necessary to enable the use of machine learning techniques that expect vectorized
inputs. Let A be a symmetric positive definite (SPD) matrix of size d X d. After applying the logarithmic
transformation, we obtain the matrix L(A) = log(A), which is also symmetric and of size d x d. We vectorize
the matrix L(A) as follows:

T
vecr(L(A)) = [ylyla\/iyl,%\/iyl,liy"'72/2,27ﬂy2,37"-ayd,d] )

where y;,; denotes the elements of L(A), with off-diagonal elements scaled by v/2 to maintain symmetry in the
vectorized representation.

This transformation efficiently maps the SPD matrix to a one-dimensional vector suitable for neural network
input, enabling the model to capture the complex relationships present in the original SPD data.

Neural network model proposed

After applying the Log-Euclidean mapping and vectorizing the tangent space representations, we employ a
neural network architecture for classification. The vectorized covariance features are processed through two
one-dimensional convolutional layers. The first layer uses 16 filters with a kernel size of 3, and the second
uses 32 filters with the same kernel size. Each layer is followed by ReLU activation and batch normalization.
This configuration was selected based on common practice and empirical tuning, offering a balance between
representational capacity and computational efficiency. A max pooling layer with a kernel size of 2 and stride of
2 follows, reducing spatial dimensions while retaining salient features.

The resulting features are passed through three fully connected layers with 1024, 256, and 2 neurons,
respectively. These layer sizes were chosen to progressively compress the feature space, allowing the network
to model complex patterns while avoiding over parameterization. ReLU activations are used throughout to
introduce non-linearity, and dropout with a rate of 0.3 is applied after the first fully connected layer to improve
generalization. This architecture was iteratively refined to capture both local and global structure in the data
effectively, enabling robust performance on the classification task.

Experiments and analysis
Dataset overview
This study evaluates our method using three publicly available skeleton-based datasets: UI-PRMD?*, KIMORE*,
and EHE®. All three datasets provide two primary types of features: position and orientation of skeleton joints.
These features are crucial for understanding the exercise performance of different populations, each presenting
unique challenges in rehabilitation assessments. The position and orientation features are visualized in Fig. 3.
An overview of the key characteristics of these datasets is provided in Table 1. The details of each dataset are
described below”

UI-PRMD Dataset contains 1326 exercise repetitions from 10 healthy subjects performing 10 rehabilitation
exercises (e.g., side lunge, sit to stand, deep squat). Data was captured using Kinect v2 and Vicon motion capture.
The datasets provide position and orientation features of skeleton joints. Subjects perform both correct and

(a) (b)

Figure 3. KIMORE dataset visualization.
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Dataset Subjects | Categories | Total samples | Balanced dataset | Subject description

UI-PRMD | 10 10 1326 Yes Healthy adults

KIMORE |78 5 2806 No Healthy adults Experts & Non-experts, Pain/Postural disorders
EHE 25 6 869 No Elderly (including AD)

Table 1. Overview of Dataset Characteristics.

incorrect versions of exercises, simulating common errors in musculoskeletal rehabilitation. We use the Kinect
v2 data for our experiments, following the consistent subset used in prior work to minimize errors.

KIMORE Dataset includes 2806 exercise repetitions from 78 subjects divided into three groups: Control
Group - Experts (CG-E), Control Group - Non-Experts (CG-NE), and Group with Pain and Postural Disorders
(GPP). Subjects perform five exercises (e.g., lifting arms, squatting) captured using the Kinect v2 sensor. The
dataset includes RGB videos, depth videos, and skeleton joint positions and orientation information. It also
includes clinical performance scores based on physician evaluations. This dataset offers a valuable benchmark
for rehabilitation assessment, especially for subjects with motor dysfunctions.

EHE Dataset consists of 869 exercise repetitions from 25 elderly subjects performing six daily morning
exercises (e.g., wave hands, hands up and down). Data was collected using Kinect v2 in a natural elderly home
setting. The subjects had an average age of 68.4 years, with 10 diagnosed with Alzheimer’s disease (AD) at
varying severity levels. The dataset provides position and orientation features of skeleton joints and is useful for
analyzing exercise performance in elderly individuals, particularly those with AD.

Experimental setup

Data division strategies

To evaluate the generalization capability of the proposed models, we adopt two data split strategies: cross-
subject division and random division. In the cross-subject division, the training and testing sets are constructed
from disjoint subject identities—i.e., actions performed by one group of subjects are used for training, and
actions from different subjects are used for testing. This simulates real-world deployment on previously unseen
individuals. In the random division, all samples are randomly partitioned into training and testing sets without
considering subject identities. This setting evaluates the average-case performance of the model. Both strategies
are commonly used in skeleton-based action recognition and are designed to test model robustness under
different generalization conditions.

Parameter settings

We evaluate the performance of three classification methods: KNN on the SPD manifold, SVM on the SPD
manifold, and a Neural Network in Euclidean space. The KNN and Neural Network models are applied to two
types of covariance matrix representations. The first is a full-body covariance matrix, computed using all skeleton
joints. The second is a multi-scale covariance matrix, which includes separate covariance matrices for arms, legs,
and full-body movements, later combined into a larger representation (as detailed in the Methodology section).
Due to computational constraints, SVM is evaluated only with the full-body covariance matrix. We next describe
the specific hyperparameters and configurations used for each of the three methods.

KNN classification on the SPD manifold parameters We assessed a range of distance metrics across
multiple categories for KNN classification on the SPD manifold. Cholesky-based metrics included the Cholesky
distance?® and the Log-Cholesky distance®*. Log-Euclidean metrics comprised the Log-Euclidean distance®
and the Log-det distance’®. Additionally, we evaluated the Affine-invariant distance’!, the Euclidean distance,
and information-theoretic metrics, such as the Kullback-Leibler divergence and its symmetric variant®>. We
selected k& = 3 neighbors for KNN, as preliminary testing across k € 1,3, 5,7 showed that & = 3 consistently
yielded competitive performance under both the cross-subject and random division protocols, effectively
balancing bias and variance.

Tangent space SPD SVM parameters For the SVM classification in the tangent space of the SPD manifold,
we configured the model with the following hyperparameters: a regularization parameter C' = 0.1, a training
duration of 150 epochs, a learning rate of 0.01, and a batch size of 8. These values were selected based on
standard practices in prior work and preliminary tuning on a validation set, balancing training stability and
generalization. To optimize convergence and prevent overfitting, we employed an early stopping patience of
20 epochs and implemented a learning rate reduction strategy with a step factor of 5.0, reducing the learning
rate until a minimum value of 1 x 10~* was reached. We explored three distance metrics for mapping the SPD
manifold to the tangent space: the affine-invariant metric, the Log-Euclidean metric, and the Euclidean distance,
evaluating their impact on classification performance.

Neural Network-Based Method Parameters For our neural network-based approach, we adopted a network
architecture detailed in the methodology section. The model was trained using the Adam optimizer with a
learning rate of 0.001 and a batch size of 8 over 50 epochs. These values were chosen based on commonly used
defaults in similar settings and verified to provide stable convergence during initial experiments. To regularize
the optimization process, we applied a weight decay of 1 x 10™* and configured the optimizer’s beta parameters
to [0.9, 0.999], balancing the influence of past gradients and squared gradients for stable convergence.
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Results and comparison

This section presents the classification results for KNN on the SPD manifold, Tangent Space SVM, and a neural
network in Euclidean space, using two covariance matrix representations: full-body and multi-scale (arms,
legs, full-body). Experiments were conducted on three datasets: UI-PRMD, KIMORE, and EHE. The following
subsections present the results for each method in detail.

SPD manifold KNN with different distance metrics
To assess the impact of multi-scale covariance matrices, we evaluated the KNN classifier using various distance
metrics. The results are presented in Table 2. The goal of this experiment is to determine whether the multi-
scale representation enhances the distinctiveness of covariance matrices, thereby improving classification
performance.

The findings reveal the following trends:

« The multi-scale representation consistently outperforms the full-body representation across all datasets, ex-
cept when using Euclidean-based metrics, where it shows no advantage. This suggests that the multi-scale
approach improves the distinctiveness of covariance matrices for most metrics.

« Cholesky?’ and Kullback-Leibler divergence? metrics achieve higher accuracy in 5 out of 6 cases when using
the multi-scale representation, indicating these distance metrics benefit from the finer granularity of motion
captured by the multi-scale matrices.

« The symmetric variant of the Kullback-Leibler divergence®* metric improves accuracy in 4 out of 6 cases
with the multi-scale representation, further reinforcing the advantages of this approach for capturing motion
patterns.

« Log-Euclidean®®, Log-det®, and Affine-invariant®! metrics achieve higher accuracy in all 6 cases with mul-
ti-scale representation, suggesting that these metrics are highly compatible with the multi-scale approach.

o The Euclidean-based metric does not benefit from multi-scale representation, likely due to the inherent mis-
match between Euclidean geometry and the SPD manifold, where Euclidean distance fails to capture the
complex structure of the covariance matrices.

These results confirm that the multi-scale covariance representation better captures fine-grained motion patterns
across different body parts, enhancing distinctiveness and improving classification accuracy.

We also observed that the random split outperformed the cross-subject split across all datasets. This can be
attributed to the nature of the KNN classifier, which relies on distance-based measurements. In the random split
scenario, parts of the same subject’s data can end up in both the training and test sets, resulting in more similar
data for both training and testing. This similarity improves KNN’s performance. In contrast, the subject cross-
split ensures that training and testing data come from different subjects, which introduces more variation and
makes the task more challenging, thus leading to lower performance.

KNN, while effective with certain distance metrics, has inherent limitations. It relies on predefined distance
measures, struggles with high-dimensional data, and cannot model complex, non-linear relationships. These
weaknesses make it less suitable for capturing the intricate patterns in multi-scale covariance matrices.

For the KNN classifier, we evaluated all three feature types—position (Pos), orientation (Ori), and their
combination (PO)—and reported the averaged results across all action classes. Due to space constraints and
the large number of configurations involved (3 datasets x 8 distance metrics), we present only the Pos-based
results in the main paper. Detailed modality-specific results (Pos, Ori, PO) under the Log-Euclidean metric,
which serves as a representative choice due to its consistent performance across datasets, are provided in
Supplementary Tables S1.

Tangent space linear SPD SVM under different metrics
To further analyze the effectiveness of different metrics on SPD matrix classification, we evaluated a Tangent
Space Linear SPD SVM. Unlike KNN, which relies on local distance comparisons, SVM is a more powerful

Cross-subject Random division
Metric prmd | ms-prmd | kimore | ms-kimore | ehe | ms-kimore | prmd | ms-prmd | kimore | ms-kimore | ehe | ms-ehe
Cholesky 70.23 | 69.92 70.01 70.77 60.00 | 61.25 77.29 | 79.31 85.29 86.89 81.37 | 83.45
Log-Euclidean 72.79 | 74.14 74.21 75.66 63.62 | 69.74 84.08 | 84.99 97.31 98.23 88.84 | 94.53
Affine-invariant 72.06 | 73.54 74.63 76.77 54.53 | 62.96 83.78 | 85.54 97.70 98.37 77.16 | 90.60
Euclidean 67.87 | 66.96 73.62 73.54 60.57 | 59.93 81.50 | 81.15 90.57 90.12 85.28 | 85.32
Kullback 45.24 | 45.61 76.03 75.76 50.51 | 52.74 56.86 | 57.06 88.88 88.92 68.29 | 70.19
Kullback-Symmetric | 74.96 | 74.74 78.53 78.19 56.64 | 57.09 84.16 | 84.51 97.05 97.13 86.45 | 87.93
Log-Cholesky 71.95 | 72.22 75.40 75.43 75.54 | 78.07 83.19 | 84.38 96.45 97.09 91.06 | 92.61
Log-det 71.24 | 72.35 72.41 75.04 52.98 | 6191 83.13 | 85.88 96.94 98.07 71.78 | 89.59

Table 2. SPD manifold KNN classification results (k=3) using position features on UI-PRMD, KIMORE, and
EHE datasets across 8 distance metrics with cross-subject and random division protocols (Accuracy in %).
“ms-” denotes multi-scale representation. Accuracy values that decrease due to multi-scale representation are
shown in bold.
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Cross-subject Random division
Metric ms-prmd | ms-kimore | ms-ehe | ms-prmd | ms-kimore | ms-ehe
Affine-Invariant | 68.40 55.87 65.07 78.86 56.59 69.68
Log-Euclidean | 74.94 77.28 68.31 85.68 89.70 81.96
Euclidean 71.90 55.65 67.83 84.02 60.15 72.77

Table 3. Tangent Space SPD SVM classification results using position features on UI-PRMD, KIMORE, and
EHE datasets across 3 distance metrics using cross-subject and random division protocols (Accuracy in %).
“ms-” denotes multi-scale representation.

Exercise | Cross-subject Random division

ID MLE-O | MLE-PO | Pos Ori PO MLE-O | MLE-PO | Pos Ori PO
El 83.33 91.11 83.13 | 93.07 | 91.98 | 86.14 89.95 95.00 | 94.44 |95.00
E2 84.55 90.00 88.19 | 95.24 | 96.67 | 92.73 94.55 94.55 | 98.18 | 98.18
E3 82.35 84.31 79.78 | 76.67 | 84.67 | 89.22 91.18 90.14 | 91.14 |91.14
E4 79.29 86.43 80.97 | 84.10 | 85.42 |92.14 94.29 92.86 | 96.43 | 95.00
E5 89.88 93.45 97.16 | 91.37 | 97.12 | 92.26 94.64 99.39 | 95.24 | 98.20
E6 89.04 89.73 76.72 | 89.84 | 89.89 | 95.21 97.26 94.48 | 95.17 | 95.86
E7 92.06 97.62 96.67 | 97.78 | 97.78 | 95.24 97.62 97.60 | 100.00 | 100.00
E8 81.75 84.92 88.41 | 90.99 | 93.51 | 89.68 97.62 95.23 | 96.06 96.06
E9 95.83 95.83 83.52 | 94.35 | 93.68 | 92.50 94.17 93.33 | 95.00 |96.67
E10 83.33 86.11 86.67 | 95.00 | 93.33 | 87.96 92.59 96.23 | 94.50 |95.41
Average | 86.14 89.95 86.12 | 90.84 | 92.40 | 91.81 95.00 94.88 | 95.61 |96.15

Table 4. Accuracy (%) on the UI-PRMD Dataset with Cross-Subject and Random Division Protocols.
MLE-O*’ and MLE-PO'® represent state-of-the-art methods, while Pos, Ori, and PO denote our proposed
multi-scale method using position features, orientation features, or both. Bolded accuracy values indicate cases
where our method outperforms the state-of-the-art.

classifier that can find complex decision boundaries, particularly when operating in the tangent space of SPD
manifolds. By mapping SPD matrices to a vector space, SVM can leverage linear separation techniques to
improve classification accuracy.

Table 3 presents the classification accuracy for the UI-PRMD, KIMORE, and EHE datasets under cross-
subject and random division protocols. The Log-Euclidean metric consistently achieved the highest accuracy
across all settings, demonstrating its effectiveness in capturing the intrinsic structure of SPD matrices while
maintaining computational tractability. In contrast, the AIRM, despite its theoretical appeal, produced the
lowest performance in nearly all cases, possibly due to sensitivity to class imbalance or numerical instability. The
Euclidean baseline, lacking geometric modeling, sometimes outperformed AIRM, particularly under random
division, indicating that simpler approaches can occasionally be more robust.

These findings suggest that geometry-aware mappings, especially Log-Euclidean, generally enhance
classification performance when paired with discriminative classifiers such as SVM. However, method selection
should be guided by the data and application context, motivating further investigation into metric suitability
and robustness.

We report SVM results using the multi-scale covariance representation with position (Pos) features, as its
superiority has been clearly demonstrated in the KNN experiments. Due to the computational expense of training
SVMs across multiple settings, we did not include separate evaluations using the single-scale representation and
instead focused on the multi-scale variant, which offers better discriminative power.

For completeness, we provide additional SVM results using all three input types: multi-scale Pos, multi-
scale Ori, and their combination multi-scale PO. These results, computed under the Log-Euclidean metric, are
included in Supplementary Table S2.

Neural network approach in Euclidean space
While KNN and our Tangent Space Linear SPD SVM have shown effectiveness, they face inherent limitations.
KNN relies on predefined distance metrics and struggles in high-dimensional spaces, while the Tangent Space
Linear SPD SVM assumes that SPD matrices can be well-separated using a linear decision boundary. This
assumption may not hold for complex SPD data, restricting its ability to capture intricate patterns. To address
these challenges, we turn to neural networks, which can learn non-linear patterns, handle high-dimensional
data more effectively, and automatically extract relevant features. This makes them a more robust alternative for
classifying SPD matrices, leading to improved performance.

As demonstrated in Table 4, for the UI-PRMD dataset, the classification results across both cross-subject and
random division protocols highlight the superior performance of the PO method (Position and Orientation-
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Exercise | Cross-subject Random division

ID MLE-O | MLE-PO | Pos Ori PO MLE-O | MLE-PO | Pos Ori PO
Esl 79.22 83.92 83.45 | 84.21 | 83.22 | 88.24 96.47 98.48 | 95.42 | 97.47
Es2(L) 81.12 82.14 87.88 | 86.61 | 85.87 | 83.16 92.86 94.93 | 93.36 | 96.20
Es2(R) 80.60 85.07 84.55 | 85.09 | 85.39 | 83.58 93.53 95.99 | 95.67 | 96.60
Es3(L) 77.62 85.24 83.25 | 84.85 | 84.64 | 81.90 92.86 95.88 | 93.81 | 94.70
Es3(R) 76.08 79.90 88.36 | 85.53 | 87.07 | 88.04 89.47 97.04 | 95.87 | 96.76
Es4(L) 84.75 85.20 86.21 | 84.70 | 88.22 | 87.89 91.48 98.84 | 96.24 | 99.13
Es4(R) 84.09 85.45 87.68 | 86.94 | 87.19 | 91.36 91.36 98.61 | 97.22 | 98.06
Es5 77.65 81.57 80.12 | 81.85 | 78.85 | 90.59 94.51 93.81 | 93.80 | 94.58
Average | 80.14 83.56 85.18 | 84.97 | 85.05 | 86.85 92.82 96.69 | 95.17 | 96.68

Table 5. Accuracy (%) on the KIMORE Dataset with cross-subject and random division protocols. MLE-O*
and MLE-PO!® represent state-of-the-art methods, while Pos, Ori, and PO denote our proposed multi-scale
method using position features, orientation features, or both. Bolded accuracy values indicate cases where our
method outperforms the state-of-the-art. L and R refer to exercises on the left and right sides, respectively.

Exercise | Cross-subject Random division

ID MLE-O | MLE-PO | Pos Ori PO MLE-O | MLE-PO | Pos Ori PO

El 90.40 90.40 88.01 | 84.70 | 84.86 | 95.96 97.98 99.49 | 98.97 | 99.50
E2 82.64 84.72 95.83 | 88.85 | 88.19 | 97.92 98.61 98.62 | 99.31 | 97.93
E3 81.12 86.22 96.20 | 92.67 | 90.70 | 93.88 97.96 98.99 | 98.47 | 100.00
E4 87.10 91.40 94.62 | 87.43 | 89.36 | 98.92 99.46 99.46 | 97.84 | 99.46
E5 74.32 82.43 75.78 | 70.65 | 77.46 | 81.08 86.49 86.48 | 87.81 | 89.05
E6 78.87 83.10 75.13 | 73.49 | 77.89 | 84.51 87.32 87.43 | 83.14 | 88.86
Average | 82.41 86.38 87.59 | 82.96 | 84.74 | 92.05 94.64 95.07 | 94.25 | 95.79

Table 6. Accuracy (%) on the EHE Dataset with cross-subject and random division protocols. MLE-O** and
MLE-PQ'® represent state-of-the-art methods, while Pos, Ori, and PO denote our proposed multi-scale
method using position features, orientation features, or both. Bolded accuracy values indicate cases where our
method outperforms the state-of-the-art.

based information), which achieves the highest average accuracy of 92.40% in the cross-subject protocol and
96.15% in the random division protocol. The Ori method (Orientation-based information) ranks second, with
90.84% accuracy in the cross-subject protocol and 95.61% in the random division protocol. The Pos method
(Position-based information) shows slightly lower performance at 86.12% in the cross-subject protocol. Our
proposed methods consistently outperform the state-of-the-art methods MLE-O and MLE-PO, with Ori and
PO achieving the best results. Notably, our methods surpass the MLE methods in 8 out of 10 exercises for the
cross-subject protocol and in 7 out of 10 exercises for the random division protocol.

As demonstrated in Table 5, for the KIMORE dataset, our methods consistently outperform the previous
state-of-the-art methods, MLE-PO and MLE-O, across both the cross-subject and random division protocols.
Our approach achieves an average accuracy of 85.18% in the cross-subject protocol and 96.69% in the random
division protocol, surpassing MLE-PO and MLE-O in both protocols. Specifically, under the cross-subject
protocol, our methods outperform MLE-PO and MLE-O in 5 out of 8 exercises, while in the random division
protocol, our methods achieve superior performance in all 8 exercises compared to MLE-PO and MLE-O.

As demonstrated in Table 6, for the EHE dataset, the classification results indicate that while the Pos method
performs well, the PO method achieves the best overall performance, particularly in the random division
protocol (95.79% average accuracy). In the cross-subject protocol, Pos leads with the highest average accuracy
(87.59%), followed closely by MLE-PO and MLE-O, with MLE-O showing slightly lower accuracy than both Pos
and MLE-PO. In the random division protocol, PO outperforms all other methods, achieving the best results in
five out of six exercises. While Pos also performs well, it falls short of PO, with MLE-PO and MLE-O showing
similar performance, and MLE-O trailing slightly behind.

In conclusion, across the UI-PRMD, KIMORE, and EHE datasets, our methods consistently outperform
the state-of-the-art MLE-PO and MLE-O methods. The PO method, which combines position and orientation
information, proves to be more robust and generally achieves the best results across both protocols in all three
datasets. Even in cases where it doesn’t provide the absolute best accuracy, it still delivers strong performance.
Overall, our approach demonstrates significant improvements over MLE-PO and MLE-O, confirming its
effectiveness and superiority in human activity recognition.
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UI-PRMD KIMORE EHE

Method Pos (Ori |Pos |Ori |[Pos |Ori
GCN?® 75.44 | 77.03 | 76.27 | 77.54 |77.63 | 77.74
AGCN*! 68.86 | 76.96 | 72.49 | 72.27 |72.21 | 68.29

MS-G3D* 77.89 | 84.26 | 74.76 | 75.53 | 82.34 | 71.15
CTR-GCN** | 82.17 | 86.18 | 76.10 | 77.38 | 84.74 | 76.87
SPDNet** 87.00 | 87.31 | 84.28 | 82.56 | 82.60 | 76.32

86.12 | 90.84 | 85.18 | 84.97 | 87.59 | 82.96

Ours

Pos+Ori Pos+Ori Pos+Ori
MLE-O% 86.14 80.14 82.41
MLE-PO® 89.95 83.56 86.38
SPDNet* 88.87 82.57 78.76
Ours 92.40 85.05 84.74

Table 7. Comparison with State-of-the-Art Methods on the UI-PRMD, KIMORE, and EHE Datasets Using
the Cross-Subject Protocol (Accuracy in %). The methods under "Pos’ and ‘Ori’ correspond to single feature
methods using position and orientation features, respectively, while the methods under "Pos+Ori’ represent
feature fusion methods combining both position and orientation features. Bolded values indicate where our
method outperforms the state-of-the-art.

Comparison with state-of-the-art

To evaluate the effectiveness of our proposed method, we compare it against several state-of-the-art approaches
on the UI-PRMD, KIMORE, and EHE datasets using the cross-subject evaluation protocol. The results, presented
in Table 7, demonstrate the superior performance of our approach in various settings.

GCN 2 leverage spatial dependencies in skeleton-based action recognition by applying graph convolutions
to model joint interactions. This method achieved moderate accuracy across datasets, with performance varying
between position-based (Pos) and orientation-based (Ori) features. AGCN *! Adaptive GCNs (AGCN) enhance
GCN by introducing adaptive graph structures that can dynamically learn relations between joints. While this
method improves upon standard GCN, it struggles with orientation-based representations, particularly on
the EHE dataset. MS-G3D *? Multi-Scale Graph 3D Convolution (MS-G3D) incorporates multi-scale graph
convolutions to capture both local and global motion patterns. This approach outperforms AGCN and GCN,
particularly in orientation-based features, but still falls short in fully leveraging positional and orientation cues.
CTR-GCN “** Channel-wise Topology Refinement GCNs (CTR-GCN) introduce an adaptive channel-wise
topology refinement strategy to better capture motion dynamics. This approach yields significant improvements
over previous methods, particularly in the UI-PRMD and EHE datasets, demonstrating strong generalization
capabilities. In contrast to these graph-based methods, SPDNet % learns directly from Symmetric Positive
Definite (SPD) matrices using Riemannian geometry-based layers, allowing the network to operate on manifold-
structured data while preserving its non-Euclidean properties.

MLE-O *° employs ensemble learning in a two-stage process: first, training on joint positions for action
recognition to identify key neurons, then refining the model for action correctness using orientation information,
with pointwise weight multiplication ensuring HAR-relevant neurons influence correctness evaluation. This
strategy enhances integration of spatial and orientation cues, improving performance over standard graph-based
methods. MLE-PO !¢ builds upon MLE-O by further refining the second learning stage, incorporating both
position and orientation information for action correctness assessment. This enhancement allows the model to
leverage spatial and orientation cues more effectively, leading to improved accuracy over its predecessor.

Our method significantly outperforms existing approaches across all datasets. In the position and orientation
(Pos+Ori) category, our model achieves the highest accuracy of 92.40% on UI-PRMD and 85.05% on KIMORE,
surpassing MLE-PO € in each case. For the EHE dataset, while MLE-PO achieves a higher accuracy (86.38%),
our method achieves the best performance in the position (Pos) category with 87.59%, highlighting the
robustness of our approach in integrating both spatial and orientation-based features and leading to improved
generalization across datasets.

As we observe, the state-of-the-art methods for this task are GCN-based, as these methods are particularly
well-suited for modeling the geometric structures inherent in human motion data. This makes them the
natural choice for comparison, as they achieve state-of-the-art performance on tasks involving manifold-aware
representations. While attention-based models, such as Transformers, have shown strong performance in other
contexts, they operate in Euclidean space and do not account for the underlying SPD manifold geometry. As
such, they are not directly comparable in this setting. Adapting attention-based models to non-Euclidean
domains is a promising direction for future work but is beyond the scope of this study.

Computational cost comparison

In this subsection, we evaluate the computational efficiency of our proposed CNN-based model in comparison
to state-of-the-art GCN-based methods on the UI-PRMD dataset. When measuring training time for one fold of
5-fold cross-validation on a Tesla V100-PCIE GPU, our model demonstrates superior efficiency. With a batch size
of 8, the MLE-O*® model, a graph-based approach leveraging both position and orientation (Pos+Ori) features,
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Method Feature_type | Parameters | Flops | Accuracy
GCN* Pos 3.1M 3.8G | 75.44
AGCN*! Pos 3.5M 7.2G | 68.86
MS-G3D*? Pos 32M 12.2G | 77.89
CTR-GCN* | Pos 1.4M 19G | 8217
SPDNet* Pos - - 87.00
Ours Pos 107.7M 0.2G | 86.12
MLE-O% Pos+Ori 6.2M 7.6G | 86.14
MLE-PO® Pos+Ori 6.2M 7.6G | 89.95
SPDNet* Pos+Ori - - 88.87
Ours Pos+Ori 267.2M 0.6G | 92.40

Table 8. Comparison of FLOPs and Parameters with State-of-the-Art Methods on the UI-PRMD Dataset. (M
= Million, G = Billion, Accuracy in %).

}’HR-MD(%) KIMORE(%) | EHE(%)
Model implementations Pos | Ori |Pos Ori |Pos |Ori | Mean(%) | Mean Drop | (%)
Baseline model 86.12 | 90.84 | 85.18 | 84.97 | 87.59 | 82.96 | 86.28 -
Without multi-scale 85.99 | 91.33 | 83.38 | 85.18 | 83.58 | 83.55 | 85.50 0.78
Without spd embedding 69.17 | 91.15 | 86.53 | 84.94 | 84.36 | 75.54 | 81.95 4.33
Without log-euclidean mapping | 87.56 | 91.76 | 83.88 | 83.68 | 82.91 | 78.88 | 84.78 1.5

Table 9. Results of ablation studies for our neural network method on the UI-PRMD, KIMORE, and EHE
datasets using the cross-subject protocol (Accuracy in %).

requires approximately 77 seconds to train a single fold. In contrast, our CNN-based model, incorporating the
same Pos+Ori features, completes the training in just 46 seconds under identical conditions, highlighting its
computational advantage.

As shown in Table 8, our model has a significantly higher parameter count (e.g., 267.2M for Pos+Ori features
compared to 3.1M-6.2M for GCN-based methods). This is primarily due to the dense fully connected layers
in our Conv + MLP model, where each connection has a separate weight, leading to a quadratic increase in
parameters with input size. In contrast, GCNs share parameters across nodes and typically avoid large fully
connected layers, making them more parameter-efficient, especially for graph-structured data. Additionally, as
noted in?’, certain concepts or objects recur across various mathematical domains and often carry substantial
implications. For example, a system involving three identical globes in robotics: originally represented in a nine-
dimensional Euclidean space, can alternatively be modeled on a three-dimensional orthogonal group manifold.
In our approach, we transform the data onto a SPD manifold to better capture its intrinsic geometric structure
while also reducing computational complexity through fewer floating-point operations.

Despite the higher parameter count, our model achieves substantially lower FLOPs—0.6G compared to
1.9G-12.2G for GCN-based methods. This difference stems from the complexity of graph-based operations.
In GCNs, each node aggregates features from its neighbors, which involves multiple matrix multiplications or
neighbor-to-node feature propagation. This process becomes computationally expensive, particularly in large or
dense graphs, where node degree and graph size both affect the cost. On the other hand, our Conv + MLP model
operates on fixed-size local regions (e.g., image patches) with more localized operations, resulting in fewer
FLOPs per layer despite having more parameters. The global aggregation in GCNs increases computational cost
significantly, making them more FLOP-intensive, even with fewer parameters.

Ablation studies
The contributions of each model component, as evaluated on the UI-PRMD, KIMORE, and EHE datasets, are
detailed in Table 9.

o Baseline Model: Our full approach embeds skeleton data onto the SPD manifold, employs a multi-scale strat-
egy (arms, legs, whole body) to form a combined covariance matrix, and applies a Log-Euclidean mapping to
project the data onto the tangent space. This configuration achieves a mean accuracy of 86.28%.

+ Without Multi-Scale: Removing the multi-scale component reduces the mean accuracy to 85.50% (a drop of
0.78%), demonstrating the benefit of capturing localized dynamics.

« Without SPD Embedding: Excluding the SPD embedding significantly degrades performance, lowering the
mean accuracy to 81.95% (a drop of 4.33%), with a dramatic decline in the UI-PRMD position data (from
86.12% t0 69.17%).
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« Without Log-Euclidean Mapping: Omitting the Log-Euclidean mapping results in a moderate decrease to
84.78% (a drop of 1.5%), confirming its importance in linearizing the manifold structure for effective classi-
fication.

These ablation studies clearly demonstrate that each module contributes to the overall performance of the model.
The SPD embedding is particularly critical, as evidenced by the substantial drop in accuracy when it is removed.
The multi-scale strategy and log-Euclidean mapping, while offering relatively smaller improvements individually,
still play a significant role in refining the discriminative power of the learned representations. Collectively, these
components synergize to enhance the network’s ability to evaluate rehabilitation exercise correctness effectively.

Discussion

General-purpose manifold learning methods, such as t-SNE, Isomap, and UMAP, are widely used for nonlinear
dimensionality reduction but often fail to model the underlying geometry of the data, treating it as generic point
clouds in Euclidean space. This can lead to suboptimal representations for data with specialized structures.
To address this, our method leverages the Riemannian geometry of SPD manifolds, which is well-suited for
modeling covariance matrices prevalent in motion and sensor-based data. Equipped with geometric tools like
logarithmic and exponential maps, the SPD manifold preserves the intrinsic structure of second-order statistics,
making it ideal for capturing the variability of rehabilitation movement patterns. Unlike other non-Euclidean
spaces, such as Grassmannian manifolds (suited for linear subspaces) or hyperbolic manifolds (designed for
hierarchical data), the SPD manifold provides a more precise and effective framework for this application®>°,

Although this study focuses on performance in terms of computational complexity and accuracy, real-world
rehabilitation applications demand models that can run efficiently on resource-constrained devices. When
using position features from the UI-PRMD dataset, the current model requires approximately 2086 MB of GPU
memory during evaluation, as reported by nvidia-smi, suggesting it is feasible for deployment on modern edge
devices with CUDA support. However, the SPD manifold representation in this work is based on complete
action sequences, which may limit its responsiveness in real-time scenarios. A promising direction for future
work is to incrementally accumulate the covariance matrix over shorter time windows, enabling early-stage
classification and progressive evaluation as the movement unfolds. This would allow for more interactive, real-
time feedback, which is particularly valuable in rehabilitation contexts.

In this work, the multi-scale covariance embedding is constructed using three intuitive partitions: arms,
legs, and full body. This grouping reflects a straightforward anatomical structure, where limbs are naturally
treated as coherent units in human motion. The choice was based on simplicity and interpretability, rather
than dataset constraints or clinical guidelines. However, we acknowledge that this is just one of many possible
partitioning strategies. Future work could explore alternative groupings, such as data-driven clustering or
functional segmentation, to assess their potential impact on model performance and insight generation. A
potential direction for future work is to analyze which joints or covariance components contribute most to the
model’s decisions, in order to enhance transparency and support more informed use in rehabilitation settings.

We adopt the Log-Euclidean Riemannian metric to map SPD matrices to the tangent space, as it strikes
a balance between mathematical rigor and computational tractability. Unlike AIRM—which offers desirable
invariance properties but at high computational cost—the Log-Euclidean approach treats the space of SPD
matrices as a Lie group under the matrix logarithm, resulting in a vector space structure that simplifies both
implementation and optimization. Prior work has demonstrated its empirical effectiveness across various
domains®, and we find it especially suitable for our setting, where fast and stable optimization is critical for
learning from high-dimensional covariance descriptors.

In our Tangent Space Linear SVM experiments, the Log-Euclidean mapping consistently outperformed both
AIRM and the Euclidean baseline. Although AIRM respects the manifold geometry more precisely, its use of the
Riemannian mean as the base point may introduce bias in imbalanced datasets and lead to numerical instability.
Interestingly, even on the balanced dataset, AIRM still underperformed, suggesting that other factors such as
data variability or curvature sensitivity may also contribute. The Euclidean baseline, which ignores manifold
geometry entirely, performed less effectively overall, further supporting the value of geometry-aware mappings
in SPD classification.

The three classification pipelines explored in this study—KNN, tangent-space SVM, and neural network—are
intentionally selected to reflect a range of modeling capacities and assumptions. KNN relies purely on manifold
geometry and does not involve any training, SVM introduces supervised learning with linear decision boundaries
in the tangent space, and the neural network approach enables hierarchical and nonlinear feature learning
directly on the SPD manifold. While we do not fuse these models in this work, they provide complementary
perspectives on how SPD representations support classification tasks, highlighting the manifold’s versatility
across different learning paradigms. Future work could investigate hybrid strategies that combine these models,
such as ensemble learning or multi-branch architectures, to further enhance robustness and generalization.

Beyond these three paradigms, other prototype-based strategies have also been developed. For example, Tang
et al.¥” proposed generalized learning Riemannian space quantization (GLRSQ), which learns discriminative
prototypes directly on the SPD manifold using Riemannian distances. Compared with our Riemannian KNN
classifier, which is instance-based and requires no training, GLRSQ produces a compact set of prototypes,
yielding stronger generalization and more efficient inference once trained. A promising future direction is to
combine these two paradigms—for instance, by initializing prototypes from nearest neighbors or refining them
adaptively—thereby balancing the simplicity of non-parametric methods with the discriminative power of
prototype learning.
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Conclusion

In this study, we presented a novel approach for assessing rehabilitation exercises using an SPD manifold-based
framework. By integrating multi-scale features and leveraging manifold-based learning techniques, our method
achieved significant performance improvements over traditional approaches. Extensive experiments across
three benchmark datasets (Kimore, UI-PRMD, and EHE) demonstrated the robustness and reliability of our
model, with notable accuracy improvements in both cross-subject and random train-test protocols.

From a clinical perspective, our method could improve patient outcomes by providing clinicians with timely
feedback on exercise performance. This would not only help ensure correct execution of rehabilitation exercises
but also support personalized rehabilitation plans. Ultimately, integrating such a system into clinical practice
could enhance patient recovery, reduce the burden on healthcare providers, and improve the efficiency of
rehabilitation programs.

Looking ahead, future work will focus on deploying the model on mobile devices for timely assessments,
making it more accessible and practical for everyday rehabilitation. Further optimizations will also target
efficient deployment, expanding clinical applications, and enhancing the interpretability of the model to foster
greater trust among clinicians and patients.

Data availability

No new data were generated or analysed during this study. All data used are publicly available from the following
GitHub repositories: https://github.com/bruceyo/EGCN and https://github.com/bruceyo/egenplusplus. Further
details are provided in the Methods and Supplementary Information.
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