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Bifurcation, chaotic behavior,
sensitivity analysis, and dynamical
investigations of third-order
Schrodinger equation using new
auxiliary equation method
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This current study presents a precise analytical examination of the generalized third-order nonlinear
Schroédinger equation through the application of the new auxiliary equation method. The approach
provides several classes of exact solutions, such as V-shaped, dark soliton, periodic, kink, and anti-
kink soliton solutions, which prove its effectiveness in solving higher-order nonlinear wave equations.
The derived solutions are well depicted through 2D, contour, and 3D plots to show their spatial

and temporal evolution features. A complete dynamical system analysis is carried out by Galilean
transformation, showing the system behavior through accurate phase portraits and bifurcation
diagrams. The analysis offers valuable information on stability of the solutions and transition processes
amongst solution types. The system sensitivity analysis to parameters provides significant stability
conditions for the solutions obtained. All the outcomes are derived by strict analytical means, and
graphical plots are used to support the mathematical analysis. The study makes a contribution to the
theoretical basis of nonlinear wave propagation and offers a sound framework for similar nonlinear
evolution equations.
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The nonlinear Schrédinger equation (NLSE) is fundamental to the modeling of nonlinear wave phenomena in
many different physical systems, especially in nonlinear optics, plasma physics, and fluid dynamics. Perhaps its
most important application is in the description of the propagation of optical pulses in nonlinear media, for
example, optical fibers, where it describes the interaction between dispersion and nonlinearity. In plasma physics!,
the NLSE controls the dynamics of wave packets in Langmuir and ion-acoustic waves. In hydrodynamics?, it also
models the evolution of deep-water wave trains. A distinctive feature of the NLSE is that it can support soliton
solutions. Solitons are stable, localized wave structures that maintain their shape and velocity over time as a
result of a fine balance between nonlinearity and dispersion. These solitons not only improved our theoretical
knowledge of nonlinear systems but also resulted in practical applications, like distortion-free long-distance
communication using fiber-optic cables.

Based on the fundamental applications of NLSE, it is extended by adding higher effects like third-order
dispersion, self-steepening, and stimulated Raman scattering. The most significant advancement is the
generalized third-order nonlinear Schrédinger equation (GTNSE)®. The higher effects are required in the
transmission of ultrashort optical pulses in high-speed communications or in complex nonlinear materials with
complicated dispersion. The GTNSE offers a more precise model for describing complex wave dynamics in
nonlinear optics, plasma waves, and fluid dynamics where second-order models are inadequate. Similar to the
NLSE, the GTNSE also possesses soliton solutions, which can take more complicated forms like dark, bright,
kink-type, and rogue solitons based on how the higher-order terms interact. The soliton solutions of the GTNSE
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are crucial in understanding advanced phenomena like pulse compression, and stability of localized wave
packets in nonlinear and dispersive materials. Due to its relevance in modeling real phenomena, a broad range
of analytical and numerical methods has been developed to study its solutions.

Development of new analytical methods in recent years has significantly improved our capacity for finding
the exact solutions of such nonlinear evolution equations. Some of them are modified, the first-integral method?,
the (%)—expansion method®, the improved (%)—expansion method®, Sine—cosine method” and the sub-ODE

method®. In addition, the Hirota bilinear method”!?, Modified kudryashov expansion method!!, rational sine
and rational cosine methods'*!?, Kudryashov expansion'?, extended tanh(coth)-expansion method' and
updated rational sine-cosine-function method have gained attention!®. Overall, these methods highlights the
importance of analytical method in soliton dynamics. Sardar sub equation method!” and new extended and
modified rational expansion method'® have been used to successfully solve the GTNSE and derive various types
of solutions ranging from bright, dark, and singular solitons to periodic and chaotic waveforms. Ahmad, et al."”
investigate the fractional GTNSE by using generalized riccati equation and mapping method. Badshah, et al.?0
explore the soliton soutions by using improved F-expansion method, extended hyperbolic function technique
and Adomian decomposition method and applied modulation stability to verify the results.

The primary objective of this research is to obtain traveling wave solutions of the GTNSE by an effective and
rigorous technique known as the new auxiliary equation method (NAEM). The technique enables us to simplify
the original PDE to an easier ODE by appropriate transformations and the introduction of auxiliary functions,
enabling us to obtain explicit analytical solutions. Using the technique, we obtain several exact solutions,
including soliton, periodic, and rational-type waveforms, demonstrating the intricate math structure of the
model behind. In addition to discovering exact solutions, we perform a careful analysis of the traveling wave
system. Bifurcation analysis shows how system parameters affect the model’s performance and the shape of the
solutions. Specifically, we investigate dynamics of the reduced ODE system, identify the transitions between the
many dynamical states and determine equilibrium points, phase portrait and inspect conditions under which
saddle-node, center, or spiral-type bifurcations occur, which improves our comprehension of the solutions’
structural characteristics. This work integrates the new auxiliary equation method and bifurcation analysis to
further investigate the intricate behavior modelled by the GTNSE. Our study generates new exact solutions and
offers informative analytical explanations for the broader area of nonlinear wave theory.

The paper is organized into sections. Governing equation is describe in Sect. 2. Section 3 covered algorithm of
new auxiliary method in detail. In Sect. 4, method is implemented. Visual evaluation and discussion is explained
in Sect. 5. Bifurcation analysis is done in Sect. 6. Chaotic behaviour and sensitivity analysis is examined in
Sects. 7 and 8, respectively. Physical significance of study is describe in Sect. 9. Then conclusion is provided.

Governing equation
The GTNSE is a mathematical model, an extension of the original nonlinear Schrodinger equation, which is
applied to model wave propagation in nonlinear media. The GTNSE*! is:

i (e + Usae) + [ul® (Bru + iBaus) +ifs (Jul*) u =0, @1

where the dispersive coefficient is indicated by parameters 82 and f3, the coeflicient of cubic nonlinearity is
represented by parameter 31 and u = u(z, t) is a complex function. Eq. (2.1) has been used to model ultrashort
pulses in optical fibers. The above equation typically also contains the term of second-order derivative. But as
soon as the derivative expression of third order is added, the second-order derivative term can be eliminated
through a gauge transformation formation. If 51 = 3 = 0, then Eq. (2.1) is termed as modified Korteweg-de
Vries or Hirota equation in complex form, which can be solved by the inverse scattering transform technique.

Algorithm of new auxiliary equation method
The procedures for using the auxiliary equation approach?? to find traveling wave solutions of nonlinear partial
differential equations are described in this section.

Consider the general form of nonlinear partial differential equations (NLPDE), involving two independent
variables x and t, expressed as follows:

Py (W, s,y U, Uit U, Uz, - - -) = 0, 3.1

where function u = u(x, t) is complex function. P; is the polynomial expression involving functions and their
classical derivatives, where the maximum order of derivative and nonlinear terms are co-related. Detailed and
concise flowchart of solutions procedure is given in Fig. 1.

Step 1: Apply the wave transformation, given as follow:

u(z,t) = V() e'?, where £=xz—~t, ¢=wt—nz+. (3.2)

Here v, w, 1 represents soliton’s veocity, wave number and frequency, respectively. Phase constant is denoted
by §.

Step 2: The transformation in step 1, converts NLPDE in Eq. (3.1) to nonlinear ordinary differential eqation :
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PDE: Generalized third order

nonlinear Schrodinger equation

Applying Traveling Wave Transformation:
u(@,t) = U(E)e', &=z —t, ¢ = wt—na+0

6 PDE reduced to complex ODE h
L i.e. real and imaginary parts )
6 Real and imaginary parts are h
equal under constraint conditions:
_ 3 _
L w = 3yn + 8n° and f1 = 2183 )
Auxiliary Equation:
T(E) = 3N, QPO where N = 1
g N
Algebraic System of Parameters
. )
Exact Solutions (Dark, Kink,
Anti-kink, Periodic, V-type)
Fig. 1. Solution procedure for GTNSE via NAEM.
Py (0,0, 0" W) =0, (3.3)

Step 3: Now according to NAEM, the Eq. (3.3) has series solution of the form:

N
W(E) = e, (3.4)
i=0
where ¢;(j = 0,1,2,..., N) are constants. p(¢) satisfies the following equation:
ey = —p(€) P(&)
p(f)fan(CQ +x+0Q7Y), Q>00#1 (3.5)

where ¢, 6 and x are real constant parameters. Depending on these constants, specific solutions of (3.5) are
determined.

Step 4 The positive integer N is obtained by balancing highest-order derivative with the highest-degree non-
linear term in Eq. (3.3).

Step 5 Then, put Eq. (3.4) along with Eq. (3.5) in Eq. (3.3). An algebraic system is obtained by setting all like-
terms of Q°(®) equal to zero. Solve the obtained system to find the values of unknown parameters. Then, put
these parameters into Eq. (3.4) along with solutions of () stated below : Following families are produced
using general solution with T' = (x* — 4(9):

Cluster 1: When 6 # 0,and T' = (x? — 4¢ 6) < 0, then
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s __ X VT V=T
@ = 29*29“1(25’
0r© = _ % - 2T9F cot (F €> )

0 — _ 210 - \gta h (f&) :
0P — _ 219 - \;—Zcoth <\/2f£)
Cluster 3: When 4¢* + x* < 0,6 = —C and 6 # 0, then
Qr© :% \/Wtan ( (X22+4C2) E) ;
o © Z% N —(x;; ) ( —(x22+ 4¢2) §> .

Cluster 4: When 4¢? 4+ x? > 0,0 = —C and 6 # 0, then

Qr® ZQXT + \/Wtanh ( (x* +4¢2) 5) ’

2C 2
p(&) _ X (x? +4¢?) (x2 +4¢?)
Q % + 2% coth 5 &l
Cluster 5: When x? — 4¢% < 0 and 0 = ¢, then
&) _ X —(x% —4¢?) —(x? —4¢?)
Q =T + % tan 5 ¢,
) _ X —(x? —4¢?) V —(x? —4¢?)
QP = 5% 5 cot 5 &
Cluster 6: When x? — 4¢% > 0 and 6 = ¢, then
%) 02 —40)
Q D7 T tanh 5 ¢,
&) _ X (X% —4¢?) (X% — 4¢?)
Q =% 5 oth 3 13
Cluster 7: When x? = 46¢, then
p(&) _ _ 2+ x¢
o= 20¢
Cluster 8: When (0 < 0,0 # 0 and x = 0, then
Qa® = — %C tanh ( —Co g) :

Cluster 9: When ¢ = —6 and x = 0, then

—26
qre) _ (L
1—e20¢ |-
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Cluster 10: When ¢ = 0 = 0, then

Q) = sinh(x€) — cosh(x€).

Cluster 11: When ( = L = y and § = 0, then

QP(©) — L& _q

Cluster 12: If = L = y and { = 0, then

Cluster 13: If x = ¢ + 0, then

Cluster 15: When ¢ = 0, then

L
Qe — _¢€ ¢
1—eke’
qee _ L= Celem”*
T 1= geC-0Er
Cluster 14: When x = —( — 0, then
0 _ e(¢=0)¢ —¢
T elc-0E g
r©) _ X
1—0ext

Cluster 16: When ( = x = 0 # 0, then

pie) _ 1 V3
0re® = 5 (x/??tan <2c5) - 1>.

Cluster 17: When x = 0 = 0, then

Cluster 18: When ( = x = 0, then

QP — CE.
-1
Ore) - -
3

Cluster 19: When ¢ = 0 and x = 0, then

Q7 = tan(¢€).

Cluster 20: When 6 = 0, then

Applications

QP(E) _ eXE _ E
l

Travelling wave transformation for GTNSE
Substitute transformation provided in Egs. (3.2) to (2.1), then separate real part (Re) and imaginary part (Im)
of resulting equation.

Re: =V — wU + 103 4 B 03 4 3nT” =0,
Im : —y U — 3020 + By WU + 285020 4+ " = 0.

Now, by integrating imaginary part and setting constant of integration to zero, yields:

1 2
T — 3020 + 5,32\1/3 + 553\1/3 + 0" =0.

The Eq. (4.1) and Eq. (4.2) are equal under following constraints:

w=23yn+8n°, Bi=2nps.
Plug these constraints into Eq. (4.1), yields

(4.1)

(4.2)
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(=3yn — 9n* )W + (B2n + 2Bsn)V° + 30" = 0. (4.3)

Application of new auxiliary equation method
Using balancing principle that equate the highest order derivative with the highest degree nonlinear term in Eq.
(4.3), results in N = 1. Now, with help of Eq. (3.4), series solution of Eq. (4.3) becomes:

() = co+ 1 O, (4.4)

A nonlinear system in 7€) is obtained by substituting the above solution along with Eq. (3.5) into Eq. (4.3).
Now, arrange all terms in power of 2°(¢). An algebraic system is obtained by setting each coefficients of generated
polynomial equal to zero, that is

(Q7©)0 = —3ynco — In’co + 3¢nx 1 + ncdBa + 2nc) B,

((2”(5)1 = —3ync1 — InPcr + 6¢nb c1 + 3nxer + 3ncieifa + 6ncier Bs,
(Q°©)? = 9nbxer + 3neoci Bz + Gneoct Bs,

()3 = 6n02c1 + nci B2 + 20t Bs.

Then, solve this system by using software Wolfram Mathematlca, the following parameters are obtained:
c —3x2—228
01:29Xo7,y_,( 61 + 4¢H — X) Bs = %.

Using the families of solutions described in section 3, the analytical solutions of GTNSE are presented as
follows:

Cluster 1: When 0 # 0,and T’ = (x* — 4¢ 0) < 0, then

e'®/—T ¢o tan (—;F £)

)

,Fg)'

QOr —

X
e'®/—T co cot (
X

Ore — _

Cluster 2: When 0 # 0,and T’ = (x? — 4¢ 6) > 0, then

Z“Nﬁco tanh (£ §>

QP — 7 (4.5)
X
o e'*\/T ¢y coth (@ E)
Q =— .
X

Cluster 3: When 4¢? + x? < 0,0 = —C and 6 # 0, then

Qp(&)_& <<+9>< gmtan<@g>>7
Q”(S):ée <C+0 )X + 01/—(4C2 + X2) cot <@5>>

Cluster 4: When 4¢? + x% > 0,0 = —C and 6 # 0, then

o :é e’ co ((( +0)x +01/4¢2 + x? tanh <V4€22+X2£>> : (4.6)

0P :é e ey ((C + 0)x + 0+/4¢2 + x2 coth (”4@2—'_)(25)) . (4.7)

Cluster 5: When x? — 4¢2? < 0and 6 = ¢, then
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¢x

Qp(i)zi (C 0)x — chot<m§>>.

QP& — 1 e co <(( — 0)x + 0+/4¢% — x2 tan <@€>> , (4.8)

¢x

Cluster 6: When x? — 4¢2 > 0 and # = ¢, then

oo - L ( ¢ —0)x — 61/x — 4¢2 tanh <m£>> : (4.9)

Cx
Qe — Cx (g 0)x — Hmcoth<vx _4<25>>.
Cluster 7: When x? = 46¢, then
r©) _ _2e%¢co
£x

Cluster 8: When (6 < 0,60 # 0 and x = 0, then

e ¢ (X -2 f% 0 tanh (\/§9§)>
Qre —

’

X
e ¢ (X -2 f% 0 coth (\/C9£)>
Qre — .
X

Cluster 9: When ( = —6 and x = 0, then

; 2(1 +€*%)0
QP(&) — i} 1— .
¢ (=14 e20¢)x @

Cluster 10: When ¢ = 0 = 0, then
pe) _ 1 is ,
Qs = X e"? (x — 20 cosh(&x) + 20 sinh(&x)) co
Cluster 11: When ¢ = K = ) along with § = 0, then

et? (2(—1 +ef8 0+ X) co
X

Qe —

Cluster 12: When § = K = x and ( = 0, then

K¢
p(&) _ id 270
Q =e <1+X—€K£X) co.

Cluster 13: When x = ¢ + 0, then
—¢+6
2 (*C + _1+e<<—e)59)

QP(&) _ ei¢ 14 Co.
X

Cluster 14: When x = —( — 0, then
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. 2 (=95 _¢) 0
Q& = @ (1 + (( C) Co-

eC=0E —9)

Cluster 15: When ¢ = 0, then

Cluster 16: When ¢ = x = 0 # 0, then

e* ¢o <x+\/§0tan (@Cf))
N .

QOre —

Cluster 17: When x = 6 = 0, then

e _ €7 (2608 +x) co
X
Cluster 18: When ¢ = x = 0, then
Qe _ €7 (=24 8x) 0
X

Cluster 19: When ¢ = 6 and x = 0, then

e _ €7 co (x + 20tan(C€))
X

Cluster 20: When 6 = 0, then
EX _n
QPO — o <1+2(€ z)@) ..

where{ =z —yt,andp =wt —nx+94.

Limiting cases and comparison
In addition to broadening the scope of current analytical techniques, the analytical solutions of the GTNSE
obtained using the NAEM also recover a number of classical solutions when the parameters are limited to
certain values. By choosing properly the auxiliary parameters ¢, x, # and 2 in the equation,

P =g (CQ7P0 + x+00°9), Q>0,Q#1,

the general solution W(£) = co + 1 27 simplifies to classical waves forms and solitons described in
literature. Specifically, when = —(, x = 0,and Q2 = e, the solution leads to 0@ = _ tanh (&) or — coth(§),
corresponding to kink and dark solitons. These are same as standard solutions for GTNSE derived by using
tanh-coth method?. Similarly, when x? — 4¢0 < 0, trigonometric solutions such as tan(—I" ) or cot(—I'¢)
arise, corresponding with periodic wave solutions obtained by the modified (<-)-expansion approach??*. In

the case y? = 4(6, rational solutions of the form 2°(&) = f%‘?g are derived, which represent algebraic or

rogue wave-type solutions?*?”. Moreover, the NAEM framework consolidates other current methodologies. As
a result, the NAEM proves itself effective in generating a range of accurate solutions in addition to acting as a
unified framework incorporating a wide range of standard approaches as definitive examples. Such consistency
with standard results thus verifies the method’s potency and reliance in solving nonlinear evolution equations,
thus raising its theoretical significance in the broader application area of soliton theory.

Visual evaluations and discussion

This section presents a detailed analysis of the traveling wave solutions derived by using the NAEM for GTNSE.
This equation has extensive application in the modeling of nonlinear complex wave processes in nonlinear
optics, plasma physics, hydrodynamics, and ultra-short pulse propagation. With the implementation of the novel
method, a richness of exact wave solutions have been obtained successfully, such as dark solitons, V-type solitons,
periodic waves, kink, and anti-kink wave profiles. This diversity of profiles indicates the success and effectiveness
of the proposed method in generating physically meaningful solutions. In contrast to earlier published results,
the findings here prove higher diversity and accuracy in the solutions achieved. The invariance and stability of
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such solutions under propagation attest to their usability within the modeling of actual nonlinear systems. To
further clarify the dynamical behavior and space evolution of the solutions derived, graphical illustrations are
presented in 2D, 3D, and contour plots. Contour plots specifically assist in the description of the wave intensity
distribution and topological structure in various spatial regions.

The results of applying NAEM is discussed below:

Dark soliton represented in Fig. 2, obtained from Eq. (4.5), create stable intensity dip with jumps in phase
when nonlinearity compensates normal dispersion. These solutions have good propagation properties and
can be used in optical switching applications and dark pulse generation.

Figure 3 illustrate anti-kink soliton solution provided in Eq. (4.6), with inverted phase profiles in contrast to
kink solitons.

Figure 4 illustrate periodic solution, obtained from Eq. (4.7), demonstrate stable intensity modulation. Such
solutions are useful for designing all-optical buffers and waveguide arrays.

V-shaped soliton as shown in Fig. 5, is found in Eq. (4.8) which are defined by their vertex-like intensity
profiles with conjugate phase jumps. These solutions have uses in optical pulse compression and frequency
comb generation.

Kink solitons in Fig. 6 arise in Eq. (4.9), with monotonic phase transitions between stable solutions. Such
topological solitons are used to make optical logic gates.

12.5

10.0

7.5

5.0

2.5

5

(a) 3D Plot

(b) 2D plot for varying t (c) Contour Plot

Fig. 2. Dark soliton solution of absolute behaviour for Eq. (4.5) by employing the parametric values: (a)
3D plot illustrates the intensity dip’s progression along the x-t plane; (b) 2D profile demonstrate the dip’s
propagation at ¢ = 0 (red line), t = —0.5 (purple line) and ¢ = 0.5 (green line); (c) a contour plot shows the
phase jump over the soliton core.
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(a) 3D Plot

X I I I I
-4 -2 0 2 4

X

(b) 2D plot for varying t (c) Contour Plot

Fig. 3. Absolute behaviour for Eq. (4.6) represent anti-kink soliton obtained by employing the parametric
values: (a) 3D plot illustrates the transition profile along the x-t. plane; (b) 2D profiles demonstrate the phase
shift at t = 0 (red line), t = —3 (purple line) and ¢t = 3 (green line); (c) Contour graph shows the kinetics of
phase reversal throughout the propagation domain.

Parameters values for all solutions-type (dark, anti-kink, periodic, V-shaped and kink) is given in Table 1 for
clarity. These visualizations and propagation stability provide an intuitive representation of the wave structures,
phase transitions, and space distributions that are necessary for the analysis of the physical mechanism.

Bifurcation analysis

Bifurcation in dynamical systems occurs when small parameter changes result in large changes in the system’s
behavior. This can involve the appearance of periodic patterns, chaotic dynamics or new stable phases. The
bifurcation hypothesis describes these abrupt changes and even forecasts how systems evolve through various
phases of their behavior. One well-documented real-world example is the way that traffic patterns on a road
change. With more cars on the road, the system can transition suddenly from free-flowing traffic to dense stop-
and-go waves. This bifurcation describes how a small parameter change (e.g., in car density) results in a large
change in the system’s behavior?®%.

Let % = N, then the planar dynamical system of equation Eq. (4.3) is:

wo_ N,
Planar dynamical system : { % — VU — V0P, (6.1)
With Hamiltonian function:
H(WU,N) = N2 o2 vt g,
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(a) 3D Plot
1.0
05
0.
-05
-1.0

(b) 2D plot for varying t (c) Contour Plot

Fig. 4. Periodic wave solution of real behaviour for Eq. (4.7) with the parametric values: (a) 3D plot illustrates
the periodic wave along the x-t plane; (b) 2D profiles demonstrate wave at z = 5 (red line), x = 6 (purple line)
and « = 7 (green line); (c) Contour plot depicts phase matching within the periodic structure.

where, h is Hamiltonian constant, Vi = ('y —+ 3772) and Vo = % It is important to note that the four

parameter cases in the phase portraits are not arbitrarily selected. They arise naturally from the different sign
combinations of the coefficients V1 and V2 in the reduced dynamical system Eq. (6.1). Each case determines
whether the equilibrium points act as centers, saddles, or cuspidal points, thereby covering all qualitatively
distinct dynamical behaviors of the system. Physically, these cases correspond to regimes governed by different
balances between dispersion and nonlinearity. For instance, positive or negative values of V1 and V> represent
scenarios relevant to optical fibers, plasma waves, and fluid systems under different operating conditions. Hence,
the four cases are both mathematically exhaustive and physically meaningful, providing a comprehensive view
of the system’s dynamics. ) ,

In hamiltonian, 1 N represent kinetic energy, and *L,"~ + Y2~ denotes potential energy. For equilibrium

points, put % = 0, then Eq. (6.1) becomes:

N =0,

Solving this system yields,
—70) (722:0)
0.0).(=¥22.0)  (Y2.0).

The determinant of the Jacobian matrix of Eq. (6.1) is

Scientific Reports |

(2025) 15:35855 | https://doi.org/10.1038/s41598-025-19742-9 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

(a) 3D Plot

10

(b) 2D plot for varying t (c) Contour Plot

Fig. 5. V-soliton solution of absolute behaviour for Eq. (4.8) with the parametric values: (a) 3D plot illustrates
the propagation of V-shaped profile along the x-t plane; (b) 2D profiles at ¢ = 0 (red line), t = —5 (purple line)
and t = 5 (green line); (c) Contour map depicts the combined effect of spectral broadening and phase shift
dynamics.

0 1

— 2_
ety o~ SRV W

J(U,N) =

Consequently,

o If J(U,N) <0, then (¥, 0) represent saddle point.
o IfJ(¥,N) > 0, then (¥, 0) represent center point.
o If J(¥,N) =0, then (¥, 0) represent cuspidal point.

Changing the values of parameters results in four case:

Case 1: Figure 7a illustrates the case Vi > 0, V2 > 0 with the equilibrium points (0, 0), (—2, 0) and (2, 0) un-
der the parameters v = 5,17 = 1, B2 = 4, 33 = 1, where (0, 0) is saddle point and (+ 2, 0)represent center
points.

Case 2: Figure 7b illustrates the case Vi < 0, V2 < 0 with equilibrium points (0, 0), (—3,0) and (3, 0) under
the parameters vy = —12,7 = —1, 82 = —5, 83 = 1, where (0, 0) denotes center point and (£ 3, 0) repre-
sent saddle points.

Case 3: Figure 7c illustrates the case V1 > 0, V2 < 0 with equilibrium points (0,0), (—2¢,0) and (2¢,0)
under the parameters v = 1,7 = 1, 82 = —5, B3 = 1, where (0, 0) denotes saddle point and (& 2¢, 0) rep-
resent center-like points.
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Fig. 6. Kink soliton solution of imaginary behaviour for Eq. (4.8) with the parametric values: (a) 3D plot
illustrates the phase transition along the x-t plane; (b) 2D plot demonstrate phase shift at ¢ = 0 (red line),
t = 1 (purple line) and ¢t = —1 (green line); (c) Contour map illustrate the phase shift dynamics.

Figure2 |6 =1, n = 0.21, ¢g = —1.1, 0 = 0.5, ( = —0.9, x = 0.1

Figure3 |6 =2, n = 0.5, ¢co = 0.1, 6 = ( = —0.7, x = 0.8

Figure4 |0 =1, n = —0.71, ¢c = 0.8, 6 = (= —0.9, x = —0.5

Figure5 |0 = —0.7, n = —-0.2, ¢co =7, 0 =(=0.1, x = —0.1

Figure6 |0 = 1.2, n =0.1, ¢co = -0.8, # =¢(=0.1, x = -1

Table 1. Summary of parameters used for different solutions.

Case 4: Figure 7d illustrates case V1 < 0, V2 > 0 with equilibrium points (0,0), (—¢,0) and (¢, 0) under
the parameters v = —4,7n = 1, B2 = 5, B3 = —1, where (0, 0) is center point and (= ¢, 0) represent saddle
points.

Chaotic behaviour
Chaotic behavior is dynamics that are seen as random or unpredictable but are really governed by hidden
irregular patterns. These systems are highly sensitive to initial conditions. Chaotic systems are, however, founded
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Fig. 7. Phase diagrams for planar system in Eq. (6.1): (a) illustrate the phase portrait for Case 1; (b) illustrate
the phase portrait for Case 2; (c) illustrate the phase portrait for Case 3; (d) illustrate the phase portrait for
Case 4.

on deterministic rules that are transparent and comprehensible through certain geometries or structures. Chaos
can be observed in natural and artificial systems such as optics, atmospheric flow, and fluid dynamics.

Here, we study the chaotic behavior of the resulting dynamical system through the structures of instability. In
this study, we have a careful comparison of the 2D and 3D phase portraits. To proceed with this study, we focus
our attention to the second term included in Eq. (6.1).

av _
S 7
¥ =WVi¥ — VoW 4 (cos (p§).

where, ¢ and p represents the frequency distribution and external disturbance, respectively.

Now, consider the parameter values v = 5,1 = 1, B2 = 4, 83 = 1. We examine how the system is affected
by frequency ¢ and perturbation p. Figures 8, 9 and 10 show chaotic behaviour of the system (6.1) for different
values of p and ¢. The detailed description of these figures are described in the captions. These findings verify the
existence of chaotic behavior in the system with the provided parameters. Generally, these graphs demonstrate
the system to be chaotic, with sensitive dependence on initial values and no steady or recurring action.

To provide a quantitative verification of chaos in addition to qualitative phase portraits and time series, we
computed the largest Lyapunov exponent (LLE) of the reduced planar dynamical system using the standard
Benettin-Wolf algorithm with RK4 integration. The parameters were selected according to the chaotic
regimes presented in Section 7. Specifically, for V1 = 8 and V> = 2 corresponding to y =5,n=1,52 =4
and 3 = 1, the LLE values were found to be positive across the tested cases: Az =~ 0.041 for ¢ = 0.1 and
P =25 Amaz = 0.067 for ¢ = 3 and p = 27; and Anae = 0.052 for ¢ = 3 and p = 10. The positivity of these
exponents confirms the presence of sensitive dependence on initial conditions, thereby offering strong numerical
evidence of chaotic dynamics in the GTNSE system.

Sensitivity analysis

The sensitivity analysis is carried out to examine the reaction of the dynamical system to small variations in its
initial conditions. Precisely, when small changes in initial values bring about slight differences in the evolution of
the system, it is classified as low sensitivity. However, when small initial perturbations cause substantial variations
in system behavior, it indicates high sensitivity. In this analysis, various solution curves are seen for constant
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Fig. 8. Chaotic nature of the system (6.1) for p = 2 and ¢ = 0.1.

parameters: v = 5,1 = 1, B2 = 4, 83 = 1, to analyze how the stability changes of Eq. (6.1), when the initial
conditions are slightly modified. In Fig. 11, two solution paths are plotted (¥ (0), N(0)) = (0.7,0.2) with red
and (¥(0), N(0)) = (0.7, 1.5) with bue line. In Fig. 12, two orbits are shown again: (¥(0), N(0)) = (0.7,0.1)
in red and (¥(0), N(0)) = (0.9,0.3) in green. In Fig. 13, two additional initial condition pairs are used:
(T(0),N(0)) = (0.9,0.9) in greenand (¥ (0), N(0)) = (0.6, 0.3) inblue. In Fig. 14, three initial conditions are
tested:(¥(0), N(0)) = (0.7,0.8) in red and (¥(0), N(0)) = (0.5,0.3) in green. Graphical inspection shows
that even slight variations in (¥(0), N (0)) result in visible alterations in solution behavior, demonstrating the
system’s strong sensitivity to initial conditions. This is a significant observation in confirming the responsiveness
and rich dynamics of the model, which can lead to unstable behaviors under a small change in inputs.

In addition to graphical inspection, the sensitivity of the system can also be interpreted in a quantitative
sense. Small perturbations in initial conditions lead to trajectories that diverge at an exponential rate, which is
consistent with a positive largest Lyapunov exponent. This implies that the growth rate of separation between
initially close trajectories serves as a measurable indicator of sensitivity. Hence, while our visual results illustrate
the phenomenon effectively, they are also supported by the underlying dynamical system theory that confirms
sensitivity through norms and growth rates.

It is worth noting that the sensitivity outcomes are directly aligned with the stability conditions established in
the bifurcation analysis. In particular, the bounded and regular trajectories observed under small perturbations
correspond to the center-type equilibria, confirming local stability. Conversely, the unbounded divergence of
nearby trajectories reflects the presence of saddle-type equilibria, which denote instability. This consistency
between bifurcation-based classification and sensitivity responses provides a robust validation of the dynamical
behavior of the system and emphasizes how small perturbations may trigger transitions predicted by the
bifurcation framework.

Physical interpretation

The GTNSE plays a central role in the description of nonlinear wave propagation in a variety of physical systems.
The mathematical formulation includes higher-order dispersion, self-phase modulation, self-steepening
phenomena, and nonlocal nonlinear interactions. Its implications are present in fields including nonlinear
optics, fluid dynamics, plasma physics, and Bose-Einstein condensates, where the interplay between dispersion
and nonlinearity is the controlling influence on the subtle dynamics of wave propagation. The applications of
terms involving in equation are describe below:
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Fig. 9. Chaotic nature of the system (6.1) for ( = 3 and p = 27.

« Temporal evolution term ¢ u is a measure of how the wave envelope u(x, t) varies with time, which describes
how the shape of the wave evolves with time. Application Seen in optical fiber communication systems, in
plasma waves, and in the investigation of how water waves evolve with time

« Third-order dispersion term ¢ U4 refers to higher-order dispersion effects, which illustrate how various fre-
quency components of the wave travel at various velocities. Extremely important for propagation of ultrashort
pulses in optical fibers, creation of supercontinuum, and study of internal ocean waves where third-order
dispersion is important.

« Cubic nonlinearity (Kerr effect 31 u |u|? illustrates how self-phase modulation occurs due to the Kerr effect.
The refractive index varies as intensity varies, causing phase shifts and contributing to the formation of sol-
itons. Application finds in optical fiber communications (soliton pulses), Bose-Einstein condensates, water
wave packets.

« The term i us |u|? explains the self-steepening phenomenon, in which areas of high-intensity waves phase
shift faster, leading to pulse distortion and steepening. The phenomenon is important for short, high-intensity
pulses in nonlinear fiber optics and is significant for supercontinuum light sources.

o L33 (\u\2) , U defines excited Raman scattering or higher order nonlinear dispersion. Enables energy transfer

between higher and lower frequencies (self-frequency shift), typically manifesting itself as the Raman effect or
nonlinear spectral recoil. The phenomenon is important in fiber optics (soliton self-frequency shift, Raman
scattering), acoustic phonon coupling, energy transfer in plasmas.

The NAEM is an analytical tool for obtaining exact solutions to nonlinear evolution equations, which are essential
in mathematics, physics, and engineering. The method is effective in producing many different exact solutions-
kink, anti-kink, periodic, V-type, and dark soliton solutions-characterizing real-world wave phenomena. Kink
and anti-kink soliton solutions are characterized by sudden jumps between two states. This renders them suitable
for the description of magnetic domain walls, nerve impulses in biological systems, and phase boundaries in
condensed matter physics. In nonlinear optics, for instance, a kink soliton can possess the sudden leading edge
of an optical pulse when it makes a jump between two states of intensity. This is significant in signal processing
and optical switching devices. Periodic solutions have recurring wave patterns. They are useful in naturally
repeating systems, like the propagation of energy in crystal structures, sound waves in periodic media, and
water wave dynamics. Periodic solutions are especially important in the case of repeating boundary optical fibers
and in photonic crystals, where wave propagation is governed by periodicity in the refractive index. Temporal
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Fig. 10. Chaotic behaviour of the system (6.1) for { = 3and p = 10.
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Fig. 11. Sensitivity response by considering two conditions: (¥ (0), N(0)) = (0.7, 0.2) and (¥ (0), N(0)) =
(0.7, 1.5), which are represented by lines in red and blue, respectively.

dark solitons have been experimentally demonstrated in optical fibers, where dark solitons propagate as “holes”
on a continuous-wave background. One experiment used 5.3ps dark solitons generated from 36ps wide pulses
generated from an 850nm titanium-doped sapphire laser, and then propagating 1km of optical fiber. This is used
in nonlinear guided wave optics and optical switching. Kink solitons have been utilized as useful applications
in the form of polarization switches and optical logic gates in nonlinear optics. They are employedin modeling
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red, respectively.
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dislocation dispersion in crystals and wave propagation in plasmas. Their stability and topological nature
have been investigated through experimental and theoretical studies, and in applications in fluid dynamics
and quantum field theory. Anti-kink solitons, which are often studied alongside kink solitons in specific
systems, especially Sine-Gordon-type systems, are topological solitons like particle-antiparticle wave objects in
condensate matter and nonlinear wave systems. Experimental and theoretical work has studied their dynamic
interactions (kink-antikink collisions). V-shaped dark solitons were investigated in relation to their propagation
characteristics in inhomogeneous optical fibers, their behavior and shape being controllable to enable soliton
control in optical communication systems. Periodic wave train or periodic soliton solutions have been generated
in birefringent fibers for pulse shaping and nonlinear fiber optics. Experimental demonstration shows varied
envelope soliton pulses periodic or multi-peak structures such as W-shaped solitons. It is important to note that
the physical relevance of the obtained solutions is strongly dependent on parameter selection. Our bifurcation
and sensitivity analyses demonstrate that while stable soliton, periodic, and kink-type structures exist in specific
regimes, certain parameter combinations lead to instability or chaotic behavior. In these cases, the Hamiltonian
structure of the unperturbed system may be destroyed, resulting in non-conservation of energy and loss of
physical applicability. Thus, the derived analytical solutions remain valid in form, but their stability and physical
significance are restricted to ranges where the balance between dispersion and nonlinearity is preserved.

Conclusion

This paper investigates the GTNSE comprehensively by a new powerful method known as the auxiliary equation
method. The proposed method is found to be very efficient for analytically solving considered equation when
compared with classical methods of solutions. In contrast to classical procedures that can have difficulty with
the intricate higher-order terms and complicated nonlinear interactions involved in the considered equation,
NAEM method systematically reduces the PDE into a more tractable ODE through wave transformations and
simplifications. This makes possible the derivation of exact solutions, including V-shaped, kink, dark soliton,
periodic, and anti-kink solitons, without losing the key nonlinear and dispersive features of the system. Each of
them is obtained and explained carefully mathematically. These solutions significantly enrich the known type
of solutions for this significant class of nonlinear wave equations, demonstrating how efficient the method is
in handling complicated nonlinear evolution equations. The dynamical behaviors of the system were explored
in depth with the help of an advanced analytical Galilean transformation. Hamiltonian formalism provided
valuable information about the conserved quantities and stability properties of the system, and phase portrait
construction revealed the rich dynamics at play, such as periodic, quasi-periodic, and chaotic phases. Bifurcation
analysis charted the significant points of transition between solution types and provided valuable information on
parameter dependence and solution stability. To gain further insight, we conducted a careful sensitivity analysis
to see how the system responds to changes in parameters and initial conditions. This was found to reveal strong
solution patterns and to indicate when chaotic behavior can arise. The mathematical formalism reached here
presents new avenues of research, including its extension to higher-dimensional systems, investigation of coupled
nonlinear systems, and investigation of other solution classes using higher-level tools. Physically, the findings
provide insight into nonlinear wave propagation in optical fibers, plasma, and fluid systems where higher-order
effects like dispersion, self-steepening, and Raman scattering are important. Not only does this work enlarge
the solution space of proposed equation but also sets a strong platform for applications in photonics, high-
speed communications, and other nonlinear physical systems. The results here not only provide a basis for
improving our simple conceptual image of nonlinear wave equations but also give a solid theoretical foundation
for the investigation of similar systems in mathematical physics. Future prospects include the extension of these
methods to other physically interesting nonlinear evolution equations and investigation of potential applications
in other fields of physics and engineering.

Data availability
The data and materials used to support the findings of this study are included in this article.
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