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This article enunciates the effects of slip in an axisymmetric flow of non-Newtonian fluid via 
Buongiorno model with non-linear variable thermal conductivity and variable electric conductivity 
between two stretchable discs. Through the application of similarity transformations, the system 
of governing partial differential equations is systematically reduced and expressed in the form of 
coupled ordinary differential equations. The transformed system is resolved by HAM (homotopy 
analysis method) and the obtained results for skin friction coefficient, Nusselt number and Sherwood 
number are then compared with the results attained by SM (shooting method). The effect of several 
conspicuous parameters on velocity, thermal and concentration profiles are perceived through 
graphical data. The nanoparticles’ whirling between discs is assessed via thermophoretic diffusion 
and Brownian movement parameters in the flow of Casson nanofluid. Axial and radial velocity profiles 
enhance for stretching ratio and declines for Casson material parameter. The concentration profiles 
enhance when values of thermophoresis parameter are increased while an inverse trend for Brownian 
motion parameter is noticed. Temperature profile declines for rising values of Prandtl number and 
Reynolds number. The stretching behavior of discs is observed through tabular data by calculating 
engineering interest quantities at both lower and upper discs simultaneously. Both axial and radial 
velocity components show decreasing behavior due to increase in electric conductivity. The current 
analysis may be useful in many engineering applications including automobiles industries, hydraulics 
and mechanical engineering.
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Abbreviations
b 	� Electrical conductivity number
B0 	� Magnetic field constant (kg s−2 A−1)
Bi 	� Biot number
Cp 	� Specific heat (Jmol−1 K−1)
C1 	� Nanoparticles’ concentration on lower disc (kgm−3)
C2 	� Nanoparticles’ concentration on upper disc (kgm−3)
DB  	� Brownian motion diffusivity (m2 s−1)
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DT  	� Thermophoresis diffusivity (m2s−1)
K0 	� Ambient thermal conductivity (Wm−1 K−1)
K(T ) 	� Variable thermal conductivity (W m−1 k−1)
k 	� Mean absorption coefficient
Le 	� Lewis number
M  	� Hartmann number
Ni 	� Nield number
Nb 	� Brownian movement parameter
Nt 	� Thermophoresis parameter
p 	� Pressure (Nm−2)
P r 	� Prandtl number
Rd 	� Thermal radiation
R 	� Reynolds number
T1 	� Lower disc’s temperature (K)
T2 	� Upper disc’s temperature (K)
Tm 	� Mean temperature (K)
β 	� Casson material parameter
ρ 	� Density of fluid (kg

/
m3)

σ 	� Stefan- Boltzmann constant
σ(T ) 	� Variable electrical conductivity (S/m)
θ 	� Dimensionless temperature
λ1 	� Slip length as time relaxation
λ2 	� Slip length as retardation time
η 	� Similarity variable
ε 	� Constant of conductivity
ϕ 	� Concentration variable
µ0 	� Viscosity at zero shear rate
µ∞ 	� Viscosity at infinite shear rate
µ 	� Viscosity of fluid (kg/ms)
γ 	� Stretching ratio
τw  	� Wall share stress

There is much importance of magneto hydrodynamic flows in the field of industrial engineering, petrochemicals 
and mechanical systems such as manufacturing through MHD pumps, disc brake system in automobiles, MHD 
generators, ionized gasses flow, hydraulic systems, MHD levitating systems, and MHD propulsion aircrafts. 
Since viscous and electrically conducting fluid flows are generally stimulated by imposition of magnetic field 
that is why many researchers, for instance, Abdulaziz et al.1, Srinivas and Muthuraj2, Zhang et al.3, Ali et al.4 
and Zhang5 discussed the magnetized flow phenomena in different flow assumptions. Casson liquid is one of 
the most popular pseudoplastic fluids because of its unique rheological configurations in an association of shear 
stress relative to strain factor. The plastic fluids are generally regarded as Casson fluids because of yield stress 
factor. Since at lower values of shear stress it is elastic solid and when it has critical stress value then it turns 
into Newtonian fluid. Tomato sauce, tooth paste, blood, honey, soup, synovial fluids, fruit juices and biological 
fluids are some common examples viscid fluids which are usually estimated through Casson fluid model. Eldabe 
et al.6 appraised the heat transference rate in the flow of Casson fluid between concentric cylindrical surfaces. 
Mukhopadhyay et al.7 conferred the numerical solution of mass transpiration of Casson liquid over pervious 
sheet with radiative flux effects. Upreti et al.8 presented a numerical investigation of Au–blood Casson nanofluid 
stagnation-point flow over a stretchable sheet in a permeable medium, emphasizing the roles of various slips, 
and nanoparticle geometry on flow velocity and heat transfer behavior. In another research, Upreti et al.9 
have developed a mathematical model for hybrid Casson nano-liquid flowing around a horizontal cylinder, 
incorporating magnetic field, Ohmic heating, and thermal radiation effects, and solved the governing equations 
efficiently using the differential transformation method. Recently, Dinarvand et al.10 emphasized the potential 
of nanofluids and hybridized modifications to enhance flat tube car radiator performance by improving heat 
transfer and enabling compact designs, while also discussing the challenges such as stability and material 
compatibility. Furthermore, recent researches11–14 have revealed that the induced magnetic field significantly 
alters MHD nanofluid flows by modifying the Lorentz force and energy transport, thereby influencing both 
velocity and thermal distributions. It is disclosed in review of literature that there exists no such work in the field 
of magneto hydrodynamics (MHD) axisymmetric Casson nanofluids flow with assumptions of non-linearly 
varying thermal conductivity and electric conductivity till to date.

In pioneering studies on thermal behaviors of non-Newtonian fluids, Choi15 introduces the new concepts 
of non-Newtonian fluids known as nanofluids. These fluids are engineered by pouring small particles of size 
1–100  nm into some pure liquid. The liquids containing nanoelements are termed as base fluids. Thermal 
conductivities of these fluids surprisingly increased due to suspension of nano-sized particles into the base 
liquids of smaller thermal conductivities. Casson fluid with nano sized particle is regarded as Casson nanofluid. 
Jamshed et al.16 considered the dynamics of Casson nanofluid under impact of thermal radiation over sheet 
taking unsteady case. Afterwards, Abdal et al.17 examined the flow of Casson nanofluid through a cylindrical 
surface by assuming porous medium. Casson nanofluid flow over sheet under the effect of fluid properties is 
discussed by Prasad et al.18. Berrehal et al.19 have recently conducted a numerical investigation on the flow 
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behavior, heat transfer characteristics, and entropy generation of an aqua-based silver-copper oxide hybrid 
nanofluid past a downward-pointing rotating vertical cone.

The physical problems of flow in between discs has gained the great interest of engineers and researchers due 
to its lot of industrial and mechanical applications. Few applications of rotating bodies having disc shape are 
being utilized in medical equipment industry, rotating machinery, air cleaning machines, aerodynamic, crystal 
growth processes, thermal power generating system, gas turbine rotors and mostly prominent in computer 
storage devices. These applications of rotary discs stimulated the scientists of modern era to analyze flows of 
different fluids between discs with different thermal and magnetic settings. Initially, Fang20 got the solution 
for the rotating discs by revisiting Karman21. Fang found that the centrifugal force pumps in the ambient fluid 
due to rotating discs and Karman observed that the ambient pressure is higher than the pressure near the 
walls due to stretching discs. Transfer of heat and flow of fluid over vertically and rotating discs is analyzed 
by Turkyilmazoglu22. Casson fluid flow over rotating discs discussed by Khan and Hussain23. MHD Casson 
nanofluid flow over discs under the thermal radiation impact examined by Jawad et al.24. In recent years, several 
researchers have examined nanofluid flow over rotating discs to analyze the thermal characteristics of working 
fluids (see Refs.25‚26). These studies highlight the significance of rotating geometries in enhancing heat transfer 
performance for practical engineering applications.

Convective boundary conditions are very prominent in various engineering and industrial fields such as 
material dying, laser pulse heating, nuclear plants and turbines. The convective boundary condition captured 
the attentions of researchers because of its better thermal transference capability on flow of fluids in various 
disciplines. Aliakbarzadeh Kashani et al.27 numerically explored unsteady double-diffusive mixed convection flow 
of a salt-water nanofluid flowing through a vertical plate, incorporating Brownian motion and thermophoresis 
effects via Buongiorno’s two-component model. Zhang et al.28 discussed different irreversibilities on flow of 
Newtonian natured liquid through a convectively heated sheet and flow is taking place due to stretching effects 
in the sheet. Recently, Faridi et al.29 numerically calculated different newly defined Bejan numbers in the flow of 
pseudoplastic fluid through a magnetically influenced sheet assuming the convectively heated wall of the sheet. 
MHD boundary layer flow of Casson nanofluid through a stretchable thin sheet taking convective heat flux has 
been studied by Nadeem et al.30. Das et al.31 demonstrated magneto dynamics of nanofluid over a convectively 
heated sheet with a numerical technique constructed by shooting method. They assumed chemical reaction 
and linear radiative heat flux in the analysis. Likewise, Mansourian et al.32 examined heat transfer features of 
MHD hybrid nanofluid composed of Mn/Zn ferrite and cobalt ferrite nanoparticles in water over a stretched 
permeable sheet employing numerical methodology. Recent studies33,34 highlight that convective boundary 
conditions strongly affect heat transfer by controlling surface to fluid thermal exchange, underscoring their 
importance in realistic thermal flow modeling.

The Buongiorno model offers a more accurate demonstration of nanofluids behaviour than usual single-phase 
or two-phase models. It portrays two unique effects namely; the Brownian motion and the Thermophoresis 
between nanoparticles and the base fluids. The stability of nanofluids, variations in viscosity, thermal conductivity 
enhancement and convective heat transference capability of naofluids is better understood by applying the 
Buongiorno model. It reflects the independent movement of nanoparticles through Brownian motion and 
thermophoresis, encouraging more genuine results of heat transfer. The insertion of slip parameters pronounces 
more accurately the behaviour of thermal boundary layer, which is a key factor in various applications including 
cooling systems, petroleum refineries, microchannels, solar collectors, etc.

In many studies, thermal conductivity is supposed to be a constant in flow of nanofluids. Thermal 
conductivity of a material is the physical property which may vary due to change in temperature. Hazarika and 
Konch35 examined the thermal conductivity impact on two-dimensional MHD dusty fluid over a permeable 
plate. Kakac et al.36 deliberated the thermal variable conductivity effect in single phase transfer of heat in slip 
flow. The variable conductivity impact on pseudoplastic nanofluid flow through an asymmetric channel has been 
numerically analyzed by Hasona et al.37.

Electric conductivity is reciprocal of electric resistivity and is defined as the capability of a material to conduct 
electric current. It is also known as specific conductance. In metallic conductors, due to decrease in temperature 
the electric conductivity of material increases. The materials of high electric conductivity are plasma and metals 
while poor conductivity materials are glass, rubber, diamond, plastic, air etc. The electrical conductivity of 
distilled water is poor but its electric conductivity is changed by pouring small amount of sodium chloride. 
The instrument used to measure the electric conductivity of fluid is known as conductive metre device and its 
units are micro-mhos per centimetre. Sikdar et al.38 analyzed the electric conductivity of nanofluids. The electric 
conductivity impact on MHD flow is determined by Hossain and Gorla39. Hussain and Khan40 demonstrated 
the electric conductivity effect on thermal flow of Williamson nano-liquid amid rotatory discs in the presence of 
external magnetic field. The electric conductivity impact on flow of Casson nano-liquid over a linearly stretchable 
surface is observed by Obalalu et al.41. Recently, Behrouz et al.42 explored thermo-micropolar binary nanofluid 
flow over a permeable shrinking sheet with mixed convection and a lateral magnetic field using Tiwari–Das 
model, with alumina and copper nanoparticles in water. Alraddadi et al.43 implemented the Cattaneo-Christov 
heat flux theory to observe the thermal and electrical variable conductivities in the magnetized flow of Jeffery 
nanofluid amid a pair of stretched discs. Moreover, Hussain et al.44 analyzed the entropy generation rate in flow 
of Williamson nanofluid between stretchable discs under the impacts of magnetic field.

In present study, thermally radiative Casson nanofluid flow in the existence of non-linear thermal variable 
conductivity, effects of magnetic field and electric conductivity have been analyzed. It is considered that Casson 
nanofluid is flowing between two parallel discs. The Casson nanofluid is most valuable fluid because of its many 
real-life applications in food manufacturing, biological fluids, automobiles industries, etc. Although, researchers 
pointed out many investigations on MHD Casson nanofluids but MHD Casson nanofluid flow with features 
of non-linear thermal variable conductivity and variable electric conductivity with various slips has not been 
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examined yet. The major motivation of this research is to fill this gap of scientific knowledge. Moreover, a novel 
comparison of numerical results is presented by applying homotopy analysis method (HAM) and shooting 
method (SM) simultaneously. The obtained results could be very helpful in the fields of energy production, 
extrusion processes, solar systems, HVAC systems, petrochemicals and automobile industries.

Mathematical formulation
In this section we suppose axisymmetric steady and incompressible MHD flow Casson nanofluid with non-
linear variable thermal conductivity K(T ) and variable electric conductivity σ(T ) between the pair of parallel 
stretching discs located at a distance d apart from each other.

The discs are supposed to be stretching linearly and direction of discs is taken opposite to transverse direction. 
Casson nanofluid occupies the space 0 < z < d. Let B0 be the constant magnetic field applied crosswise on fluid 
flow as demonstrated in Fig. 1. Under low magnetic diffusivity assumption, magnetic induction phenomenon 
has been ignored in this analysis. The cylindrical coordinates (r, θ, z) are chosen for the current flow model. 
Since flow is assumed to be axisymmetric, the azimuthal velocity vanishes and all the quantities are obtained in 
the form free from θ.

The main flow assumptions are specified here as:

•	 A two-dimensional, steady and incompressible is assumed.
•	 An axisymmetric flow is considered between two stretchable rotating discs.
•	 Buongiorno model is modified for estimation of Casson nanofluid.
•	 The variable relations for thermal conductivity K (T ) and electric conductivity σ(T ) are considered.
•	 Thermal radiative heat flux and external magnetic field effects are considered in this study.
•	 Velocity slip and convective heat transfer conditions are imposed on the boundaries.

In the view of above stated flow assumptions, the governing equations of flow are given as43,44:
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The symbols used in above equations are (u,w) the axial and radial components of velocity, p the pressure, µ 
the dynamic viscosity, (C1, C2) the nanoparticle’s concentration on respective discs, ρ the fluid density, DB  
the Brownian movement diffusivity, DT  the thermophoresis diffusivity, (T1, T2) the temperatures at respective 

Fig. 1.  Geometry of problem.
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discs,Tm mean temperature of the fluid and υ kinetic viscosity. Furthermore, expression for thermal radiations  
qr  is followed by the works of Khan et al.45 defined as:

	
qr = −4σ

3k

∂

∂z
T 4,� (6)

here σ and k are Stefan Boltzmann and absorption constants respectively. With the help of Taylor’s series, 
expanding T 4 and the below relation is obtained by neglecting terms consisting higher order of T 4.

	 T 4 ∼= 4T 3
mT − 3T 4

m,� (7)

K(T ) designates the nonlinear thermal conductivity by following Alraddadi et al.43 which is expressed as:

	
K (T ) = K0

[
1 + ε

(
T − T1
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where, the constant ε shows thermal dependent conductivity and K0 represents the ambient fluid conductivity 
parameter.

Variable electrical conductivity σ(T )46 is stated as:

	 σ (T ) = σ0f (θ) ,� (9)

where, f (θ) = 1 + b (T2 − T1) θ = 1 + bθ, here b is called electric conductivity parameter.
Using Eqs. (6) and (8) the Eq. (4) is modified as
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Boundary conditions of proposed problem are of the form:

	
u = b1uz + ar, w = 0, −kTz = hf (T − T1) , p = aµβr2

4d2 , −kCz = hm (C − C1) , at z = 0,� (11)

	 u = −b2uz + cr, w = 0, −kTz = hf (T − T2) , p = 0, −kCz = hm (C − C2) at z = d.� (12)

Where  hf   and hm are coefficients of heat and mass transfer respectively.
Similarity transformations relevant to this problem are stated as:
u = H ′ (η) .ar, w = H (η) .ad, θ (η) = T −T1

T2−T1
,
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[
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d
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The transformed system of governing equations of present problem is stated as
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The transformed form of boundary conditions is demarcated as:

	 H (0) = 0, H (1) = 0, P (0) = 0, H
′
(0) = λ1H ′′ (0) − 2, H ′ (1) = −λ2H ′′ (1) − 2r,� (18)

	 θ′ (0) = −Biθ (0) , θ′ (1) = −Bi[θ (1) − 1].
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Where, β
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lengths parameters. Some other non-dimensional numbers aroused in calculations are, R
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number, Le
(
= α
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, Lewis number, Pr

(
= ν

α

)
, Prandtl number, Bi
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= hf d

k
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 Biot number, Ni
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Nield number, and M
(

= σB2
0
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)
 is Hartmann number.

Estimation of physical quantities
The relations for engineering attention quantities which are representative of thermal (the Nusselt number), 
solutal (the Sherwood number) and momentum (skin friction coefficient) behaviors of working fluid are 
modified in this section. The expressions for these physical quantities are formulated for both discs in view of 
basic laws.

Nusselt number
By application of Fourier’s law, heat transfer rate is computed very easily and calculated as

	
qw = − (kTz) = −θ′ (η) .

k (T2 − T1)
d

,� (20)

The Nusselt numbers are stated at both discs in the following form.

	
N1u = dqw

k(T2 − T1) = −
dk ∂T
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K (T2 − T1) = −θ′ (0) ,� (21)

	
N2u = dqw

k(T2 − T1) = −
dk ∂T

∂z
|z=d

K (T2 − T1) = −θ′ (1) .� (22)

Sherwood number
The Sh Sherwood number at both discs is computed as.

	
Sh = djw

D(C1 − C2) , jw = − (DCz) |η=0,1,� (23)

where the mass flux is  jw  and Sherwood number in dimensionless form is stated as.

	 Sh = −ϕ′ (η) |η=0,1.� (24)

Skin friction
τw  Is symbol of shear stress and its illustration on both discs respectively is expressed as

	 τw = τrz|z=0� (25)

	 τw = τrz|z=d� (26)

The coefficients of skin friction C1f  and C2f  at both discs are formulated as

	
C1f = τw

1
2 ρ(δr)2 = τrz|z=0

1
2 ρ(δr)2 = −H ′′ (0) ,� (27)

	
C2f = τw

1
2 ρ(δr)2 = τrz|z=d

1
2 ρ(δr)2 = −H ′′ (1) .� (28)

Solution methodology
In the present article, the transformed set of equations of the flow model are resolved by employing the 
homotopy analysis method (HAM) as studied in pioneering research work of Liao47. It is a powerful semi-
analytical technique that delivers a flexible and convergent approach for solving highly non-linear differential 
equations without demanding small parameters. Numerous studies have been conducted and documented in 
the literature48–51 that has employed the homotopy analysis method (HAM) in simulation of non-linear systems 
of equations. The basic steps for applying the homotopy analysis method are summarized in the flowchart Fig. 2.

The convergence of the solution
In this portion of study, we evaluate the convergence of series solutions of the modelled equations. The substitute 
parameters namely h1, h2 and h3 are used to describe the variation in momentum, energy and concentration 
respectively of the fluid. The accuracy and convergence of HAM solution is obtained from these auxiliary 
parameters. The preparations of h-curves are very helpful in finding the suitable range of the auxiliary parameters 
and it is demonstrated in Fig. 3a–c. The solution shows better accuracy when h1ϵ[−1.3, 0.2], h2ϵ[−1.3, −0.8] and 
h3ϵ[−1.4, −0.7]. By our calculations, additionally determined the optimal values of auxiliary parameters such 
as h1 = −0.1, h2 = −0.2 and h3 = −0.2. The convergence of homotopy solution for different approximation 
order such as H ′′(0), θ′(0) and ϕ′(0) is shown in Table 1. It is noticed that for HAM technique, by an increase 
in approximation order, the more accurate solution is obtained.
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Comparison and code validation
The solution obtained by homotopy analysis method has been compared and validated through literature results 
given in works of Mustafa52 and Aldabesh et al.53 against various data set for parameter M  arranged as in 
histogram Fig. 4. It noticed that our results are in an inclusive accordance with the existence one.

Results and discussion
A unique analytical technique, the homotopy analysis method (HAM) is applied to attain the approximate 
solution of above stated dynamical problem. With the help of numerous dimensionless parameters, the numerical 
outcomes for velocity, thermal and solutal equations of the proposed problem are discussed here. The symbols 
and designations of the dimensionless parameters involved are demonstrated as; (M) the Hartmann number, 
(Ni) the Nield number, (Nb) the Brownian motion parameter, (λ1) the Deborah number, (γ) the stretching ratio 
parameter, (Nt) thermophoretic diffusion parameter, (R) the local Reynolds number, (Le) the Lewis number, 
(Bi) the Biot number, (Pr) the Prandtl number and (b) the electric conductivity parameter. The present flow 
model is established on basis of some assumptions on theoretical flow except any experimental data, so flow 
parameters are assigned arbitrary values. The outcomes of various non-dimensional parameters influencing 
the momenta, thermal and solutal profiles of modelled equations are represented and demonstrated through 
graphical data for a range of optimal values.

The influence of Hartmann number on velocity profiles is shown in Fig. 5a, b. Since the Hartmann number M 
is obtained by taking the ratio between viscous and electromagnetic forces. Hartman number and resistive force 
are directly proportional to each other. When large amount of magnetic force is utilized then as result higher 
Lorentz force is obtained which sufficiently resists the movement of fluid particles. Thus, both axial velocity 
Fig. 5a and radial velocity profiles Fig. 5b falloff from upper towards lower disc due to increase in M. The effect 
of ratio parameter on axial and radial velocity components is described in Fig. 6a and b correspondingly. The 
axial velocity component develops from lower disc’s flow region to upper disc’s flow region when stretching 
ratio increases which is given in Fig.  6a. While the radial velocity is described in Fig.  6b, as the stretching 
ratio parameter enhances, the radial velocity also rises up to a maximal region then it starts declining and this 
happens due to dissimilarity of stretching velocities of two discs.

Figure 7a and b are sketched to describe the impact of Casson parameter β on velocity curves. An axial 
velocity component drops from upper disc towards lower disc due to enhancement in Casson parameter β, 
which is shown in Fig. 7a. Physically, an enhancement in Casson parameter relates to high flow viscosity in 
nature and as a result the velocity distribution declines. It is demonstrated in Fig. 7b that when β enhances then 
radial velocity declines from upper to lower disc. It is noticed that fluid flow improves under electric conductivity 
impact. The impact of electric conductivity parameter b on velocity profile is shown in Fig. 8a and b. The axial 
and radial velocity components decay from upper to lower disc due to upsurge in electric conductivity parameter 
which is demonstrated graphically in Fig.  8a and b respectively. Physically higher electrical conductivity 
intensifies the Lorentz force, causing a greater reduction in both radial and axial velocity components. Reynolds 
number R is introduced by Osborne Reynolds and is used to identify the flow type, either it is turbulent flow or 
a laminar flow. Since Reynolds number is the relation between inertial and viscous forces. Figure 9a and b are 
produced to demonstrate the impacts of Reynolds number and Prandtl number on temperature distributions. 
The temperature of fluid reduces from upper to lower disc when Reynolds number R is enhanced as shown in 
Fig. 9a. The relation between viscous and thermal diffusivity is termed as Prandtl number Pr. Ludwig Prandtl 

Fig. 2.  Flowchart of solution methodology.
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introduced this dimensionless number. Thermal diffusivity declines due to variation in Pr then as result the 
nanofluid temperature decreases. The appropriate values of Pr are helpful in control the heating and cooling 
processes. Few large Prandtl fluids having large thermal diffusivity and low thermal conductivity are namely 
engine oil, water etc. For growing values of parameter Pr gives a remarkable decline in fluid overall heat as 
depicted in Fig. 9b.

Figure 10a and b are mapped to discuss the thermal behavior nanoparticles. As shown in Fig. 10a, the fluid 
temperature decreases from the upper to the lower disc with an increase in the thermophoresis parameter Nt, 
since stronger thermophoretic forces drive nanoparticles away from hotter regions, reducing thermal energy 

Orders of approximation H′′(0) θ′(0) ϕ′(0)
6 2.75235 0.918551 1.001040

8 2.75160 0.752325 1.997844

10 2.75003 0.669900 0.997099

12 2.75003 0.664500 0.997048

Table 1.  Different orders of approximation impacting the convergences of H ′′(0), θ′(0) and ϕ′(0).

 

Fig. 3.  (a–c) h− profiles for H ′′(0), θ′(0) and ϕ′(0).
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retention. Similarly, Fig.  10b reveals that higher Brownian motion parameter Nb lowers the thermal profile 
from the upper to the lower disc, as enhanced random motion of nanoparticles promotes heat dispersion and 
accelerates thermal energy diffusion. The irregular motion of fluids’ molecules is categorized as Brownian 
movement which effects the temperature of fluid significantly. Biot number is useful in the calculations of 
heat transfer and denoted by Bi, furthermore it is dimensionless quantity. Biot number and coefficient of heat 
transference are directly related with each other. The proportion of thermal resistance inside body and surface 
of body is Biot number. Figure 11a and b show the effects of Bi and ε  on thermal profiles. Figure 11a shows that 

Fig. 5.  (a–b) Effect of M on velocity curves for R = 5, h1 = −0.1, h2 = −0.2, h3 = −0.2,
β = 1.5, λ1 = 0.2, λ2 = 0.2, ε = 0.5, γ = 0.5, Bi = 1, Nb = 0.5, P r = 0.5, Nt = 0.1 and b = 1.

 

Fig. 4.  Validation chart of our numerical results with existing literature.
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the rising values of Bi remarkably boosts up the temperature of fluid from lower disc to upper disc. Likewise, the 
dimensionless parameter ε behaves with the thermal distributions as mapped in Fig. 11b.

Figure 12a and b are drawn to elucidate the effects of Lewis number Le and Nield number Ni on concentration 
profiles. The concentration profiles exhibit a decreasing trend from upper disc to lower one in response of 
increasing values of Le which is examined in Fig. 12a. In boundary layer region, comparative role of thermal 
diffusion and mass diffusion rates is seen against Lewis number Le. Since the ratio between Schmidt number and 
Prandtl number is designated as Lewis number. Thus, the heat diffusion rate will be greater than mass diffusion 
when Le > 1.0 while the diffusion rates of both mass and heat will be same when Le = 1.0. Therefore, thinness 

Fig. 7.  (a and b) Effect of β on velocity profile for R = 5, h1 = −0.1, h2 = −0.2, h3 = −0.2,
M = 1, λ1 = 0.2, λ2 = 0.2, ε = 0.5, γ = 0.5, Bi = 1, Nb = 0.5, P r = 0.5, Nt = 0.1 and b = 1.

 

Fig. 6.  (a and b) Effect of γ on velocity profile for 
R = 5, h1 = −0.1, h2 = −0.2, h3 = −0.2, M = 1, λ1 = 0.2, λ2 = 0.2, ε = 0.5, β = 1.5, Bi = 1, Nb = 0.5, P r = 0.5, Nt = 0.1 
and b = 1.
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is observed in mass boundary layer and the enhancement in Lewis number results steeper in concentration 
profile. In Fig. 12b, it is established that concentration of suspended particles enhance due to increase in Ni. 
Physically, with increasing values of Nield number Ni, the surface mass flux dominates over molecular diffusion, 
thus enhancing nanoparticle transport into the fluid and resulting in elevated concentration profiles. The 
impression of Nt and Nb on concentration curves is examined in Fig. 13a and b. The concentration profile of 
nanoparticles enhances for growing values of Nt as shown in Fig. 13a and a significant decline in concentration 
of the working fluid for Nb as marked in Fig. 13b. It is assumed that nanoparticles’ concentration expression 
varies inversely against Brownian motion parameter. So, nanoparticle concentration declines due to increase 
in Nb. Higher values of Brownian movement while thermophoresis diffusion parameter perform a vital role in 
the dynamics of floating nanoparticles in the base fluid between two axisymmetric stretching discs. The thermal 

Fig. 9.  (a and b) Effect of R and Pr on thermal curves for M = 1, Nt = 0.1, Nb = 0.5,
γ = 0.5, λ1 = 0.2, λ2 = 0.2, Bi = 1, Ni = 1, ε = 0.5, h1 = −0.1, h2 = −0.2, h3 = −0.2, b = 1,
Rd = 0.3, Le = 0.2 and δ = 0.2.

 

Fig. 8.  (a and b) Effect of b on velocity curves for R = 5, h1 = −0.1, h2 = −0.2, h3 = −0.2,
β = 1.5, λ1 = 0.2, λ2 = 0.2, ε = 0.5, γ = 0.5, Bi = 1, Nb = 0.5, P r = 0.5, Nt = 0.1 and M = 1.
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cooling of flow field can be condensed by adjusting the numerical values of Brownian movement parameter and 
thermophoresis diffusion parameter effectively.

Comparison of two different solutions obtained by HAM and shooting method for three engineering 
quantities are described through Tables 2, 3 and 4. The coefficients of skin friction at both lower and upper discs 
for several values of γ and β, are calculated and compared as shown in Table 2. The two diverse techniques, 
the shooting method and HAM, are employed here to compute numerical as well as analytical solutions of 
the present problem. It is detected that maximum values are attained by wall shear stress due to variation of 
both dimensionless parameters. The variation in amount of Nusselt number at both discs for several values of 
dimensionless numbers such as Pr, Nb, Nt and Bi is displayed in Table 3. For numerous growing values of Pr, M 

Fig. 11.  (a and b) Effect of Bi and ε on thermal curves for M = 1, R = 5, P r = 0.5, b = 1,
Nt = 0.1, Ni = 1, Nb = 0.5, h1 = −0.1, h2 = −0.2, h3 = −0.2, λ1 = 0.2, λ2 = 0.2, γ = 0.5,
Rd = 0.3, Le = 0.2 and δ = 0.2.

 

Fig. 10.  (a and b) Effect of Nt and Nb on thermal curves for M = 1, R = 5, P r = 0.5, λ1 = 0.2,
λ2 = 0.2, Bi = 1, Ni = 1, ε = 0.5, h1 = −0.1, h2 = −0.2, h3 = −0.2, Rd = 0.3, γ = 0.5,δ = 0.2, b = 1 
and Le = 0.2.
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and R, the Sherwood number at both discs is examined which is given in Table 4. It is perceived that the rate of 
mass transfer improves in response of growth in Pr.

Conclusions
The slip effect in axisymmetric Casson nanofluid flow between discs with non-linear thermal variable 
conductivity and electric variable conductivity is discussed in this article. A comparative analysis of homotopy 
analysis method and shooting method is presented here to evaluate the solution of the current problem. The 
findings of this research work provide valuable intuitions for engineering and industrial processes where 
MHD flows of non-Newtonian fluids are important, such as in polymer processing, metallurgical operations, 
automobile engines, cooling of electronic devices, and energy systems. The key outcomes of the study are:

Fig. 13.  (a and b) Effect of Nt and Nb on solutal curves for = 1, R = 5, P r = 0.5,
λ2 = 0.2, Le = 0.2, ε = 0.5, Bi = 1, Ni = 1, = 0.5, h1 = −0.1, h2 = −0.2, h3 − 0.2, Rd = 0.3,  
δ = 0.2, λ1 = 0.2, γ = 0.5 and b = 1.

 

Fig. 12.  (a and b) Effect of Le and Ni on solutal curves for M = 1, R = 5, P r = 0.5,
λ2 = 0.2, Nt = 0.1ε = 0.5, , Bi = 1, Nb = 0.5, h1 = −0.1, h2 = −0.2, h3 = −0.2, Rd = 0.3,
λ1 = 0.2, γ = 0.5, δ = 0.2 and b = 1.
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•	 When γ increases, axial velocity smoothly develops while the radial velocity increases to some extent then it 
tends to degenerate.

•	 Both axial and radial velocity components show decreasing behavior due to increase in electric conductivity 
parameter b.

•	 When parameter β enhances and the remaining parameters are fixed, both the axial and radial components 
of velocity show a decreasing behavior.

•	 The fluid’s temperature decreases with growing values of Pr.
•	 Temperature profile shows increasing behavior for both Bi and ε.
•	 Concentration profiles decrease as Le enhances, while increase as Ni has grows.
•	 Nanoparticles’ concentration shows increasing behavior with rising values of Nt but a decreasing trend is 

observed for Nb.

Parameters HAM results Shooting results

Pr M R Upper disc Lower disc Upper disc Lower disc

0.2 01 05 −0.999859 −0.998688 −0.990933 −0.992941
0.4 01 05 −0.997719 −0.999376 −0.990255 −0.996909
0.6 01 05 −0.995581 −1.000060 −0.990058 −1.001591
0.5 0.2 05 −0.996647 −0.999719 −0.994972 −0.999596
0.5 0.4 05 −0.996647 −0.999719 −0.994997 −0.999473
0.5 0.6 05 −0.996648 −0.999719 −0.995022 −0.999349
0.5 01 01 −1.001890 −0.997388 −1.006809 −0.991136
0.5 01 02 −1.000570 −0.997974 −1.006358 −0.990644
0.5 01 03 −0.999263 −0.998557 −0.995920 −0.990138

Table 4.  Comparison of solutions for Sherwood numbers against different values of Pr, M and R, at both discs.

 

Parameters HAM results Shooting results

Pr Nb Nt Bi Upper disc Lower disc Upper disc Lower disc

0.20 0.50 0.10 0.10 −0.686964 −0.547409 −0.681040 −0.545509
0.30 0.50 0.10 0.10 −3.024590 −3.129840 −3.01955 0 −3.165490
0.40 0.50 0.10 0.10 −5.49986 0 −5.864320 −5.42295 0 −5.854390
0.50 0.10 0.10 0.10 −2.65640 0 −2.720950 −2.61797 0 −2.75600 0

0.50 0.20 0.10 0.10 −3.96345 0 −4.165370 −3.920157 −4.163398
0.50 0.30 0.10 0.10 −5.30853 0 −5.651830 −5.322270 −5.670761
0.50 0.50 0.10 0.10 −1.27890 0 −1.823390 −1.262700 −1.852690
0.50 0.50 0.20 0.10 −1.29138 0 −1.95820 0 −1.281040 −1.922880
0.50 0.50 0.30 0.10 −1.24146 0 −1.95142 0 −1.29841 0 −1.99179 0

0.50 0.50 0.10 02 −1.01968 0 −2.073169 −1.075930 −2.074750
0.50 0.50 0.10 03 −1.90024 0 −2.613540 −1.947452 −2.624310
0.50 0.50 0.10 04 −1.84036 0 −2.554310 −1.890380 −2.584740

Table 3.  Comparison of solutions for Nusselt numbers against different values of Pr, Nb, Nt and Bi, at both 
discs.

 

Parameters HAM Results Shooting Results

γ β Lower disc Upper disc Lower disc Upper disc

0.2 1.5 5.98830 −5.33653 5.93447 −5.32358
0.4 1.5 5.98320 −5.77560 5.93447 −5.72358
0.6 1.5 5.96060 −5.23640 5.93447 −5.22358
0.5 0.4 5.44260 −5.50440 5.49971 −5.53892
0.5 0.6 5.45690 −5.50390 5.43835 −5.56379
0.5 0.8 5.46410 −5.50370 5.437131 −5.53266

Table 2.  Comparison of solutions for skin friction coefficients against various values of γ and β, at both discs.
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The results obtained from this study may be further helpful in developing magnetic levitation in automotive 
engines under controlled conditions to enhance thermal stability and fuel cost reduction.

Limitations and future recommendations
The present study is limited to a two-dimensional, steady, viscous and incompressible MHD Casson nanofluid 
flow with variable thermal and electrical conductivities, while other transport properties are assumed constant. 
The effects of induced magnetic field, Hall currents, nanoparticle aggregation, and sedimentation are not 
considered, and the analysis is performed under idealized boundary conditions without experimental validation. 
Future work may extend this model to three-dimensional and transient flows, incorporate electromagnetic effects 
such as Hall currents and ion slip, account for nanoparticle shape factor, agglomeration, and polydispersity, and 
include validation through experiments or advanced numerical simulations for broader applicability.

Data availability
All data generated or analysed during this study are included in this published article.
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