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Thermal enhancement of ternary
hybrid Casson nanofluid in porous
media: a sensitivity analysis study

Gadisa Kenea & Wubshet Ibrahim®™

The current study mainly explores unsteady, laminar and mixed convection boundary layer flow of
Casson ternary hybrid nanofluid in Dary-Forchheimer porous medium about a rotating sphere with
slip velocity condition. The study considers quadratic thermal radiation and Cattaneo-Christov heat
flux model subjected to convective heating condition with entropy generation for efficient heat
transfer and irreversible processes. The non-dimensional similarity variables are employed to convert
the governing equations, nonlinear partial differential equations into nonlinear coupled ordinary
differential equations. An implicit finite difference approach known, as Keller-box method numerically
applied to solve the flow problem. The main findings for thermal and flow behavior of ternary hybrid
nanofluid containing silver, titanium and alumina nanoparticles with blood as base fluid are presented
through graphical and tabular forms. The outcomes depict that the magnetic field, inertia constant,
unsteady and material parameter increases the velocity field, while angular velocity decreases.
Moreover, the presence of thermal radiation and convective heat parameters highly optimize the
thermal distributions of boundary layer, whereas the coefficient of heat transfer decreases. Conversely,
thermal time relaxation and unsteadiness parameters lead to a decrease in temperature field and
thermal boundary layer thickness for hybrid and ternary hybrid nanofluids. Entropy production
reduces as magnetic parameter strengthen and increase with the Brinkmann number and convection
parameter. The findings are confirmed a strong correlations with previous literature. Moreover,
Response Surface Methodology and sensitivity analysis are established to quantify the effects of
input parameters on thermal performance with values R? = 99.99%, and R*-adjusted = 99.98%,
which confirm reliability of the result. The sensitivity analysis depicted that heat transfer rate is

high sensitivity to heat generation, moderate sensitivity to nanoparticle volume fraction, and low
sensitivity to radiation parameter with their maximum point 1.4178, 0.9898, and 0.4425, respectively.
Further, ternary hybrid nanofluid reveals that greater heat transfer enhancement rate of 1.44% than
heat transfer enhancement of hybrid nanofluid 1.41% at maximum value.

Keywords Nonlinear thermal convection, Thermal radiation, Ternary hybrid casson nanofluid, Porous
media, Spinning sphere

List of symbols

A Unsteadiness parameter

B Convective parameter

B; Biot parameter

By Magnetic field strength (N m/A)
Ctaz,Cy Skin friction drag

Cp Heat capacity (J/(m® - K))

Eo Electric field strength (mkg/S>A)
Ey Electric parameter

E. Eckert number (m?/s)

Fy Inertia constant

f Nondimensional stream function
g Nondimensional angular velocity
Gry Grashof number

hf Convective heat factor (Wm 2K ~1)

Department of Mathematics, Ambo University, Ambo, Ethiopia. “‘email: wubshetib@yahoo.com

Scientific Reports | (2026) 16:2400 | https://doi.org/10.1038/s41598-025-21154-8 nature portfolio


http://orcid.org/0000-0003-2281-8842
http://www.nature.com/scientificreports
http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-025-21154-8&domain=pdf&date_stamp=2026-1-16

www.nature.com/scientificreports/

1f
f

k Thermal conductivity (Wm™ K1
K. Porosity parameter (W/(m - K))
Ma Magnetic parameter

N, Radiation parameter

Nug Nusselt number

Pr Prandtl number

w Heat generation

Re, Local Reynolds number

S Angular velocity (m/s)

T Fluid temperature (K)

Ty Convective heat transfer (K)
Too Ambient temperature (K)

(u, v, w) Velocity component (#/s)

(%, %) Cartesian coordinates(m)
Greeks

n Dimensionless similarity variable
by Rotation parameter

B Casson parameter

Bo,B:  Thermal expansion factors (K ')
5y Buoyancy parameter

Y1 Nonlinear convection parameter
5 Slip velocity parameter

0 Dimensionless temperature

«a Temperature gradient ratio

I Dynamic viscosity (kg/ms)

v Kinematic viscosity (m?/s)

o Electrical conductivity (s/m)

P Density of fluid (kg/m?>)

T Thermal relaxation parameter
Subscripts

thnf  Ternary hybrid nanofluid
hnf Hybrid nanofluid

n Nanofluid

Base fluid (blood)

00 Free stream circumstances
w Condition at the surface

Optimizing the heat transfer rate in conventional fluids is a critical concern in various manufacturing industries
and emerging nanotechnology. Numerous techniques have been introduced to enhance the thermal conductivity
of base fluids in flow and heat transfer processes, as highlighted by Guedri et al.!. The suspension of solid
nanoparticles within the base fluid has obtained substantial notice in heat transfer enhancement among various
nanotechnologies, as nanoparticles exhibit unique properties such as a large surface area to volume ratio and
high thermal conductivity. This accumulation of metallic or non-metallic nanoparticles to the conventional fluid
results a novel class of fluids known as nanofluids, which was first introduced by Choi and Eastman?. Nanofluids
demonstrate enhanced heat transfer capabilities due to the improved thermal properties of solid nanoparticles.
Many scientists have considerably interested in nanofluids research because of its diverse potential applications in
modern science and technology, including automotive cooling, aerospace engineering, heat exchangers, cooling
of electronic devices, textiles, material processing, cancer therapy, drug delivery, energy storage, solar collectors,
water distillation, temperature control systems, and various environmental applications*>. Mahmood et al.®
have investigated the boundary layer behavior of Casson nanofluids and heat transfer using a non-Fourier heat
model and entropy generation under thermal radiation and magnetic effects over permeable stretching surfaces.
The results indicated that the Lorentz force enhances the temperature field while reducing the fluid motion
within the thermal boundary layer. Numerous studies have explored the behavior of nanofluids across different
fluid types and flow conditions”*°.

Now days, an enhancement in the thermal transfer rate of base fluid is the most important difficulties in
many advanced industries and nanotechnologies. In this context, the dispersion of two nanoparticles into the
convectional fluid gives rise to hybrid nanofluids, according to Nasir et al.!!. Due to their remarkable thermal
conductivity and other thermophysical properties, hybrid nanofluids demonstrate superior thermal performance
and heat transfer rates compared to base fluids and nanofluids. Maskeen et al.'* studied energy transfer in
alumina-copper/water based hybrid nanofluid under viscous dissipation, magnetic field, and thermal radiation
effects over an elastic cylinder. In addition, the flow of hybrid nanofluid and thermal transfer in a Darcy Porous
medium with chemical reactions through stretching surface were numerically investigated by Abd-Elmonem
et al.1>. Moreover, the ternary hybrid nanofluid is currently emerged through amalgamation of three different
nanopraticles within the base fluid as novel types of nanofluids. Ternary hybrid nanofluids have optimized
thermal properties, higher stability, and enhanced physical strength than hybrid and ordinary nanofluids Yang
et al.*. An increasing number of researchers from diverse fields of study have investigating ternary hybrid
nanofluid under different flow and heat transfer system due to enhanced thermal and heat transfer properties,
which open new opportunities for various engineering and industrial applications as explored in'>"7.
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For example, The boundary layer flow of water-based ternary hybrid nanofluid with non-Fourier heat
flux and activation energy past a stretching curve under convective heating is investigated by Sarada et al.'s.
Sajid et al.'® also analyzed the flow of a radiative Casson trihybrid nanofluid with heat generation using the
Yamada-Ota and Xue nanofluid models under the effect of viscous dissipation in a porous rotating disk. Riaz
et al?® explored thermal transfer of non-Newtonian magnetized Williamson ternary hybrid nanoparticles
(Al203, M gO, T'iO2) in a permeable stretching sheet under thermal radiation effect. Alwawi et al. The study of
mixed convection flow and heat performance of magnetized trihybrid micropolar nanofluid in moving cylinder
with constant heat flux using the Tiwari and Das model was analyzed by Alwawi et al.?!. Further, Sharma et al.??
have conducted thermal radiation and entropy generation with homogeneous and heterogeneous reactions in
blood-based ternary hybrid micropolar nanofluid flow using the Bayesian regularization network algorithm.
Moreover, the behavior of flow and thermal transfer of non-newtonian MHD ternary hybrid nanofluid over
nonlinear stretching surface has been discussed by Naidu et al.?3.

The study of non-Newtonian fluids and energy transfer has significant attention in recent years due to their
wide-ranging applications in industries such as food processing, water pollution control, material production,
pharmaceuticals, biochemical systems, cooling of nuclear reactors, and molten polymer processing. One of
the notable and realistic types of non-Newtonian fluid models that possesses shear-thinning properties and
yield stress is Casson fluid, which was coined by Casson?*. The Casson fluid model is widely applied in various
fields, including biomechanics and industrial processes, with materials like blood, chocolate, fruit juices, ice
cream, jelly, and honey being prominent examples. Jamshed ef al.?> examined unsteady non-Newtonian Casson
nanofluid flow and energy transfer over a stretching surface with entropy analysis, considering the effects of
thermal convection and slip constraints. The effects of Newtonian heating and thermal radiation on convective
MHD non-Newtonian Casson fluid flow through porous plate has been numerically studied by?*?’. In addition,
Sademaki et al.?® have investigated unsteady hydro-magnetic convection flow of non-Newtonian Casson with
heat source in a porous medium. Porous medium is another crucial mechanism in strengthen thermal efficiency
of the flow system Sankari et al?’. The flow non-Newtonian Casson ternary hybrid nanofluid with thermal
tranfer across Darcy-Forchheimer porous medium in the presence of thermal radiation and magnetic field
under slip and melting heat condition has been discussed in®*-32. Babu et al.?* have examined natural convection
flow ternary hybrid nanofluid with joule heating saturated in Darcy-Forchheimer porous medium. Moreover,
Khan et al.** investigated entropy generation analysis on electromagnetic flow of micropolar Williamson ternary
hybrid nanofluid with porous Darcy-Forchheimer medium subjected to electromagnetic and thermal radiation
effects.

Thermal radiation, a form of electromagnetic radiation, plays a crucial role in heat transfer and is detected
as the thermal flow of particles. It is particularly important in various medical and engineering applications,
such as nuclear fusion, heat energy utilization, polymer processing, power plants, solar energy systems, gas
turbines, cancer treatment (e.g., chemotherapy), space vehicles, aircraft, satellites, and missiles Mohanty et al.*.
Jamshed and Aziz*® examined electrically conducting non-Newtonian Casson hybrid nanofluid with radiation
and entropy generation over an extended sheet using the Cattaneo-Christov heat flux model. The analysis
of thermal radiation with entropy generation for MHD nanofluid flow over stretched surface under slip and
convective conditions were explored in*’~%°. Rehman et al.*! explored the Cattaneo-Christov heat flux model
with Darcy-Forchheimer and radiation effects on Sutterby nanofluid flow over a stretching surface. Noreen et
al.*? analyzed MHD flow of ternary hybrid nanofluids over a double rotating disk with thermal radiation and
Cattaneo-Christov heat flux effects. Quadratic and nonlinear thermal radiation have recently become active
research areas due to their essential applications in heat transfer phenomena. Ali et al.*? studied the unsteady
viscoelastic Casson ternary hybrid nanofluid flow and heat transfer in porous media over a nonlinear stretching
disk under the influence of magnetic field and thermal radiation.

The impact of magnetic fields on energy transfer in electrically conducting fluids has gained significant
interest in various industrial and engineering applications, including reactor cooling, molten metal purification,
electricity generation, glass production, metal coating, and chemical engineering according to***°. Usman et
al.*6 examined the mass and energy transfer characteristics of non-Newtonian Casson couple stress hybrid
nanofluids around a spinning disk under the influence of electric and magnetic fields. Hussain et al.*’ studied
electrically conducting magnetized Casson hybrid nanofluids and thermal analysis with stagnation point flow
under the effects of thermal radiation. Jakeer et al.*® investigated heat transfer in Darcy-Forchheimer flow of
electrically magnetized hydrodynamic couple stress CUCNT-Ti/water-based ternary hybrid nanofluids under
uniform heat source/sink and radiation effects. Gupta et al.*’ explored heat and mass transfer with the Cattaneo-
Christov model in thermally radiative EMHD hybrid nanofluids over a bidirectional extended stretching surface.

In recent years, the flow problem over a rotating sphere has attracted the attention of numerous researchers
due to its extensive applications in advanced industrial and engineering fields, including the food industry, fiber
coating, chemical processing, floating bodies in water, rotating machinery, thermal power plants, meteorology,
and hydraulic transport according to Lone et al.*®. Mahdy and Ahmed®! examined convection stagnation point
flow of Casson nanofluid over an impulsively rotating sphere under the influence of a magnetic field. Mahdy et
al.?? also discussed the non-Newtonian Casson nanofluid flow in the existence of entropy generation analysis
in the stagnation region over a rotating sphere. The study assumed the effects of magnetic field with mixed
convection under convective bounder condition. Al ef al.>* analyzed thermal flow of bio convective tangent
hyperbolic nanofluid in the stagnation point of a cycling sphere along with buoyancy force and magnetic field
effects using finite element analysis. Additionally, unsteady mixed convection flow of couple stress hybrid
nanofluid about a rotating sphere towards stagnation region using HAM has been analyzed by Gul et al.>*. The
study significantly elaborate the influence of magnetic field with thermophoresis and Brownian motion under
convective boundary condition. Furthermore, Gamachu et al.>® have investigated mixed nonlinear convection
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with unsteady electro-hydromagnetic flow of Sutterby hybrid nanofluid in the stagnation zone of a spinning
sphere under the effects of thermal radiation .

A comprehensive studies in the literature have mainly investigated to discuss the flow and thermal transfer
properties under different conditions including magnetic field, mixed convection, non-Newtonian fluid
behavior, nanofluid, and, hybrid nanofluid. However, an electrically conducting EMHD Casson ternary hybrid
nanofluid flow in a porous medium around spinning sphere incorporated with non-Fourier heat flux model
and thermal radiation has not yet been discussed. Build upon this gap, the present study specifically extends to
investigate the unsteady EMHD Casson non-Newtonian ternary hybrid nanofluid flow in Darcy-Forchheimer
porous medium with quadratic thermal radiation and Cattaneo-Christov heat flux model around a rotating
sphere. The ternary hybrid nanofluid is obtained by composition of silver (Ag), titanium dioxide (72O2), and
aluminum oxide (Al2O3) nanoparticles in blood as based fluid. This innovative use of ternary hybrid nanofluid
is a novel contribution to the existing body of literature with unique combinations of factors including
Casson non-Newtonian fluid, electromagnetic field, Dary-Forcheimer porous medium, nonlinear Boussinesq
approximation, joule heating, heat generation, and convective boundary condition. Moreover, the inclusion of
the Cattaneo-Christov heat flux model with quadratic thermal radiation offers further precision of heat transfer
processes, accounting for finite heat propagation and complex heat flux behaviors. Additionally, the Darcy-
Forchheimer theory is considered to examine the impact of both inertial and porous drag.

The current model provide a more accurate and notable advancement to the flow and heat transfer within the
system, enhancing the efficiency and reliability of the obtained results. The governing equations are transformed
from nonlinear partial differential equations (PDEs) into ordinary differential equations (ODEs) using
appropriate non-dimensional variables. The resulting system is then solved numerically using the Keller Box
method via MATLAB R2023a. Furthermore, response surface methodology (RSM) is employed with sensitivity
analysis to statistically examine the effects of input parameters on heat transfer rate. The findings of this study
has potential applications in various fields including biomedical engineering, cooling and heating electronic
device, cancer treatment, drug delivery, transportation, and industrial processes.

Problem formulation and assumptions
This study investigate the unsteady, incompressible and laminar flow of an electrically conducting
magnetohydrodynamic ternary hybrid Casson nanofluid subject to mixed nonlinear convection in a Darcy-
Forchheimer porous medium. The problem is motivated by the need for improved thermal management and
enhancement in advanced fluid flow system, with applications in industrial processes, energy systems, and
biomedical devices. The ternary hybrid nanofluid is accounted for three distinct solid nanoparticles including
silver (Ag), titanium dioxide (703 ), and aluminum oxide (Al2O3) suspended in a Casson base fluid, influenced
by time-dependent external electric and magnetic fields, impacting both flow dynamics and heat transfer. The
thermophysical properties of nanoparticles and base fluid is given in Tables 1 and 2.

Quadratic thermal radiation is modeled using the Rosseland approximation to capture significant temperature
variations, while the non-Fourier heat conduction is represented by the Cattaneo-Christov heat flux model. The
fluid flow and heat transfer are examined for a rotating sphere with a radius r(x), driven by an angular velocity

m
Viscosity (1) Hthnf = (1,¢,1)2,5(17¢£)2~5(17¢3)2'5

Density (p) Pihny = (1 — ¢3){(1 — ¢2) {(1 — ¢1)py + p1¢1} +P2¢2}+P3¢3

(pCp)enns = (1~ ¢3){(1 — $2) [(1 —61)(pCyp)s + (pCp)ubl}
Heat capacity (0Cp)

+(Pcp)2¢2}+(/70p)3¢3
(PBo)thny = (1 — ¢3){(1 — ¢2) [(1 = ¢1)(pBo) s + (Pﬂo)1¢1}
Thermal expansion (p/30)
+(P/30)2¢2}+(1)50)3¢3
kthnf _ (k34+2kpnf) —283(kppnf—k3)
Ehnf — (B3+2kpnf)+e3(kppp—k3)
. Epng _ (k2+2kpp)—2¢2(k,f—k2)
Thermal conductivity (k) Kg . (k2T 2k, ;)T 20k, f—F2)
knfg _ (k142kp)—2¢1(ky—k1)
kp T (kit2kp)ter(kp—k1)
Sthnf _ (934+20pnf)—2¢3(0hnf—03)
Thnf  (03+20pnf)+e3(oppnf—0o3)
(o2+2 )—2¢2( —02)
Electrical conductivity (o) H"}::}f = (022 T ;;;ff) . 4522(:7:}’"_:;)

onf _ (o14205)=2¢1(0p—01)

of — (o1F20f)+¢1(0f—01)

Table 1. Mathematical description for thermophysical characteristics of trihybrid nanoliquids.
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Physical properties | Blood | Ag Al203 TiO2
p(kg/m?) 1063 | 10500 3970 4250
k(W/mK) 0492 | 429 40 8.5938
Cp(J/kgK) 3594 | 235 765 686.2
o(kg/m®) 038 3.6 x 107 | 1.0 x 1071° | 1.0 x 10712

Table 2. Thermophysical properties of base fluid and nanomolecules®?-4,

Stagnation point

Fig. 1. Physical flow configuration.

S(t) = Bt™' along the diameter, parallel to the free stream velocity u. = Axt™", where A and B are positive
constants, and ¢t > 0. The coordinates are aligned with the surface of the sphere (x-axis), perpendicular to the
surface (y-axis), and in the spinning direction (z-axis). The electric field and magnetic field are implemented
orthogonal to the flow direction to consider the Lorentz force effects, which is a resistance force used to control
the flow of nanofluid in the opposite direction. The effects of Darcy-Forchheimer drag in the porous medium
add complexity to the flow due to viscous and inertial resistance. Additionally, the analysis incorporates heat
enhancement rate and entropy generation, providing insights into energy efficiency and irreversibility in the
flow system. Buoyancy forces due to thermal expansion with convective heat and slip effects at the surface are
also considered for a comprehensive understanding of the fluid and thermal dynamics.
This research aims to:

1. Analyze the impact of quadratic thermal radiation and Cattaneo-Christov heat conduction on the heat trans-
fer performance of a ternary hybrid nanofluid.

2. Investigate the effects of magnetic field, electric field, Darcy-Forchheimer drag, velocity slip, and nonlinear
convection on fluid flow and heat transfer enhancement.

3. Assess entropy generation to gain insights into the system’s energy efficiency and irreversibility.

4. Utilize Response Surface Methodology to analyze the sensitivity for optimizing and designing the character-
istics of key parameters.

Governing equations

The governing equations of the flow problem are derived by the following partial differential equations for
conservation of mass, momentum, and energy balance, combining the previously stated assumptions that follow
the approaches of Usman et al.*®, Lone ef al.>°, Gamachu ef al.*%, and Kenea et al.”’. The schematic physical flow
and geometric configuration is given in Fig. 1.
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thn

Where the initial and boundary constitutes are defined as:

{ ult,z,y) =0, o(t,z,y) =0, w(t,z,y) =0, T(zy) —oo, as t<0,

for t>0:d U= UwFustipy v=0, w=S8O)r, —kinsGy =hi(Tr=T), at y=0,
=l u—= U, w—0, T—oTs, as y— oo.

where (u, v, w) denotes the components of velocities along x, y, and z axes, and ¢ is time. In addition 3, g,
By, Eo, k¥, F4, Qo, €4, hy, Ty, T, Too represents casson parameter, gravity of fluid, magnetic field strength,
electric field, porous permeability, inertia coeflicient, heat generation coefficient, thermal relaxation time, rate
of heat transfer, reference temperature, temperature at surface and free stream condition accordingly. Also
Pthnfs> Hthnf> Othnfs Kthngs (PCp)thng> (B0)thng, (Bt)tnns being density, viscosity, electrical conductivity,
thermal conductivity, specific heat capacity, linear and nonlinear thermal expansion coeflicient of ternary hybrid
nanofluid, respectively. By applying Rosseland approximation, the thermal radiation g, can be described as:

40"
3k*

qr = —o— VT, (6)

Where ¢* and k™ being Stefan-Boltzmann and mean absorption rate. The quadratic thermal radiation is
considered for sufficient temperature variations and the term 7 can be expanded around T, using Taylor
series and dropping higher-order terms we have®;

T~ T + ATS (T — Too) 4 6T2 (T — Tio)? = 3T — 8TS T + 61212 7)

Now, using Eq. 7 the radiative heat flux can be represented by:

40" 0 3 2 2
= 5oy (3T% — 8TLT +6T5LT?), (8)
dqr 160", 3 (. 0°T 3 9*(T)?
Th = T (255 — —=—
M By T B < oy 2T 0y? ©)

Therefore, substituting Eq. (9) into Eq. (4) yields

oT or  oT Eihn 0T  320°T3 92T  240*TZ 9*(T)?
e bu v | = k(O 2Tt O T @7 @ (p 1)
ot oz By (pCp)thns \ Oy 3k* Oy 3k* y (pCp)thny
28T 20T T ou ou\or ( ov | ov) 9] (1)
1T 0x2 oy? 0zdy or ' Oy ) Oz or ' Oy ) oy
+ 2L { (B (t) — Eo(t))? + (wBo(t) — Eo(t))’} ,

Pthn f

The similarity variables employed in the current problem are®>>:

n= \/ Uity’ U= %f/(n% Ue = Af» 2%*Af(n)v } (11)

w=Eg(n), St)=7F, T=Te+(Ty—Tx)0(n),

Employing similarity conversion in Eq. (11), the mathematical equations in Egs. (2-4) with boundary limit Eq.
(5) are reduced into system of ODEs:

arwn(L D+ (A + DI+ 5 =D+ G~ 240 =g Ko lf = 1)
A

A M (12)
a
- §Fd(f/2 1) Fwagy(wil + wsm6%) +wswa =~ (Ef — f+1=0,

Scientific Reports | (2026) 16:2400 | https://doi.org/10.1038/s41598-025-21154-8 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

1., 1 A
wiwa(1+ 2)g" — A(f'g— fg') + 5(9 + ggl) —wiwe 5 Krg — \deg

2
o (13)
i Ma ( 1 B ) =0
wawz——(—=ky —g) =0,
2 VX !
1
—wrwed” + LENT(3a(07 +00") — 20") + TA(AF20" + AfF0) + Lo/
Pr Pr 4 (14)
A
+ Af0 + w7§w9 + wgngCT {(f' — Ef)2 + Mg — Ef)z} =0,
Subjected to the limit conditions
! " ! Bi
f(0)=0, [f(0)=6f7(0), g(0)=1, 6(0)= 51— 0), at =0
f'm) =1, gn)—0, 6(n) =0, for n— oo (15)
where
_ I3 .
A= (%)2 is rotation parameter, Grgy = M is Grashof number,
Fy = \C/’;Tp is Forchheimer constant, 1 = Eg;)); (Ty — Two) is nonlinear thermal convection,
K, =t Akp is porosity parameter, Re, = ";f”” is Reynolds number
2
vy = g;z is Buoyancy parameter, FEc= MW is Eckert number,
e, o) (c
Ma = t% is magnetic parameter, Ey = ufgo is electric parameter,
Pr = % is Prandtl number, Nr = 3115*"; T3 is radiation parameter,
T = 2te, is relaxation time parameter, w = W is heat generation,
a = % is temperature gradient, Bi = #« / UTft is Biot number,
_ Hthnf __pf _ Othnf _ (PBO)thny _ (pBt)thns _ Kthnf (pCp) s
w1 wnr W2 = Pthnf’ W= af e = (0Ba)y X5 = T By 18 T ks YW = (PCp)thnf
o1 = dag, P2 = ¢T102, ¢3 = $a1,0; denotes Volume fraction for specific nanoparticles,
and ¢ = ¢1 + ¢2 + ¢3 is total volume fraction for ternary hybrid nanofluid.
The skin friction coefficient and Nusselt number are specified in the form:
ou dw
Cfx _ . ZJ:()’ sz — 5 y:07
PthnfUe PthnfUe
—x orT
Nuy = —————— <kthnf> ) (17)
ki (Ty — To) ),

This physical measures can be transformed to:

Rel/2C;, = 24 %wmu + %)f”(()), Rel20;. = —24 %wlwgu + %)g'(O), (18)

_1
Rey 2 Nug, = —\/EAf%Lt]:nf 0'(0), (19)
f

Heat transfer enhancement

The enhancement of heat transfer in nanofluids is one of the primary motivations for their application in
industrial and engineering systems. The suspension of nanoparticles in a base fluid leads to modifications in
the thermal conductivity, viscosity, and convective heat transfer behavior of the fluid. These enhancements are
particularly significant in boundary layer flows, where efficient heat dissipation is critical.

To quantify the impact of nanoparticle concentration on heat transfer performance, a widely used
dimensionless metric is the “Heat Transfer Enhancement (HTE) percentage. This quantity compares the
normalized Nusselt number (a measure of convective heat transfer) in the presence and absence of nanoparticles.

Mathematically, the HTE can be expressed as®:

Tr= (¢ #0) — Ji=(¢ = 0)

T (0=0)

HTE = x 100 (20)

In this equation:
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o Nuy, is the local Nusselt number at a location x along the surface.

o Re, is the local Reynolds number based on the distance x.

¢ denotes the nanoparticle volume fraction.

o ¢ = 0 corresponds to the case of a pure base fluid (no nanoparticles).

o ¢ # 0 corresponds to the nanofluid case, i.e., when nanoparticles are present in the fluid.

Nug

VReq
viscosity variations due to Reynolds number changes.

The HTE value gives the percentage increase (or decrease) in heat transfer due to the inclusion of
nanoparticles. A positive HTE indicates enhancement, while a negative value would imply deterioration. This
measure is essential for evaluating the thermal performance of nanofluids in practical heat transfer systems such
as heat exchangers, solar collectors, and cooling channels.

Numerical studies, including the present work, demonstrate that increasing the nanoparticle concentration
generally leads to an increase in N, hence improving the HTE. However, this enhancement comes with trade-
offs such as increased pressure drop and changes in flow structure, which must be considered in design and
optimization.

The expression is used as a normalized heat transfer rate to eliminate the effect of flow velocity and

Entropy generation
Entropy generation is a fundamental concept in thermodynamics that measures the irreversibility associated
with real processes. In any thermal system, irreversibilities arise due to factors such as fluid friction, heat transfer
across finite temperature differences, viscous dissipation, Joule heating, and mass diffusion. These mechanisms
contribute to the degradation of useful energy, leading to entropy production.

In systems involving electrically conducting fluids under the influence of magnetic fields such as those
encountered in magnetohydrodynamic flows, electro-hydrodynamic flows, and nanofluid applications the
sources of entropy generation become more complex and significant. The magnetic field induces Lorentz forces,
which result in additional joule heating, thereby amplifying the entropy production. Similarly, viscous dissipation
becomes notable in boundary layer flows, especially when non-Newtonian or hybrid nanofluids are involved.

Minimizing entropy generation is a key objective in thermal system design, as it correlates directly with
energy efficiency and performance.

In the present flow configuration,the entropy generation for the flow system can be expressed as

2 2 2
_ ky kthng | 240" 5., 3207 3 or Hthnf 1 du ow
Eg_T&,{( PP T T°°> (ay> }+ Too (1+ﬁ) ay ) T\ 5y

60,66-68.

(21)
n (o} n
+ :’;Zkf) (u® +w?) + %Of ((UBO — Eo)? + (wBo — Eo)2),
Now the rate of entropy generation can be described in the form
Eg l/fToo
9= 5 =17 79 (22)
Sg  ks(Ty = Tx)
Here, Sg = i? Zj denotes entropy production rate. Now using Eq. (11) the dimensionless form of entropy

generation becomes:

Ng =a <w4 + NT(M - 2)) 0” + w1 Br(l+ %) (f+xg?) + wdﬂBr?(f’Q + Ag%)
(23)
M
+ws 5 Br{(f' = E)* + Mg - By)*}
2
Br = 2" represent Brinkman number. The Bejan number defined as entropy generation due to

kp(Ty—Too)
thermal system to total entropy generation. Mathematical expression of Bejan number can be written as
a (ws + Nr(20522 — 9)) ¢72

Be = -
a (w4 —|—Nr(5(1'ga9> _2)) 972 —|—wlBT{(1—|— %)(f/& + Ag?) +Kr§(f’2 +)\92)} (24)

+w33T? {(f' = E))*+ A9 - Ep)*}

Numerical procedures

Due to the strongly coupled and nonlinear nature of the conservation equations in Egs. (12-14) associated with
limit condition Eq. (15), the flow problem is numerically solved using Keller-Box method. The method is effective
and reliable for boundary layer flow problems, providing second-order convergence with an unconditionally
stable solution®. The key steps involved in the Keller-Box method are as follows:
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1. Transformation of ODEs By establishing the new dependent variables u, v, w, t with u = f', v = v’ = f”
,w=g',t =0, the governing equations Egs. (12-14) with associated limit condition in Eq. (15) are trans-
formed to the subsequent system of first-order.

1., 1 A A
wiwz(1+ <)o" + Afv + i(u—i— gv — D+ =1 -’ 4 2g®) —wiwe =K, (u—1)

B 2 2
A A M
fiFd(uz -1+ 570.)2(0.)49 + wsy10%) + w;;sza(Ef —u+1)=0, (25)
1 1 A A
wiwa(1+ E)w/ + A(fw —ug) + §(g + gw) — wlwzaKrg — 5\5Fd92
(26)
+w WQ@(LE —g)=0
3 2 \/X f )
%wﬂust/ + %Nr(?»a(tQ +or') —2t') + gt + Aft + TAAS + Afut)
(27)
+ w7§w9 + wzngc% {(u —Ef)*+ Mg — Ef)Q} =0,
f(0)=0, u(0)=0v(0), g¢(0)=1, wt(0)=-Bi(1-6(0)), at n=0
u(n) =1, g(n) =0, O(n)—0, for n— co. (28)

2. Discretization and difference equations A domain discretization and grid points of rectangular mesh in the
x — 7 coordinates are characterized in Fig. 2 as follows:

=0, 2'=2""+hi,i=1,2,3,...1,
no=0, nj=mnj-1+k;,j=12,3,...J, where h; = Az, and k; = An are the step size.
Then, an algebraic equations are developed by utilizing central difference construction to the linear system of

ODE:s at the point («, M1 ).

3. Block tri-diagonal matrix The structure of block tri-diagonal matrix has been utilized to the linearized
system of equations as:

[A][6] = [¢] (29)
Where,
'[gl] [iﬁ] . -
s [61] [é1]
[62] [&:]
A= Jol=1 : |.,and =]
[53—1} [€51]
[Bsio] [Asa] [Cooi] [97] €]
- [BJ] [AJ] |
y
Known
U ® Center
¢ Unknown
n]*%i o—©O ]\/
Nj—1- ——
/7,'

Fig. 2. Discretization process.

Scientific Reports | (2026) 16:2400 | https://doi.org/10.1038/s41598-025-21154-8 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

Gul** Dinarvand”’ Present result
Ma | I (0) -g’(0) £(0) |-g’(0) | f(0) |-g’(0)
0.1 |1.12994579 | 0.6346328456 | 1.1299 0.634632 | 1.12986 | 0.63419

0.3 | 1.174483467 | 0.6634967345 | 1.17448 | 0.663496 | 1.17453 | 0.66349
0.5 | 1.218992356 | 0.6922215234 | 1.21899 | 0.692221 | 1.21897 | 0.69223

Table 3. Comparison of the present result with earlier published data for A = 0.2, Pr = 21, and Nr = 0.5.
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Fig. 3. f'(n) profile with §3.

Here A represents the 7 x 7 block sized matrix related with the generalized size of J x J. However, § and £
denotes a column vectors of order J x 1. Further, an eminent LU decomposition technique has been used to
obtain the solution for §. That is, assuming A in Eq. (29) is non-singular and can be factorized into lower and
upper trigonal matrices as:

A=LU (30)

Later the forward and backward update conditions are applied to end the solution. During this study, where
An = 0.01 is chosen as step size, the convergence condition was asymptotically fulfilled at the maximum point
of 1077 after the series of estimations.

Validation of the numerical scheme

In this part, the legitimacy of the numerical scheme is evaluated by considering skin friction and heat transfer
rate. The computational results obtained by present scheme are tremendous conformity with prior published
results by Gul*, and Dinarvand”® as indicated in Table 3. This proves the validity of current numerical scheme.

Results and discussion

The characteristics of various flow fields in the problem, includinglinear and angular velocities, entropy generation,
temperature distribution, and key engineering quantities such as the skin friction coefficient and heat transfer rate,
have been thoroughly analyzed and presented through graphs and tables using MATLABR2023a. To perform this
analysis, the numerical values of physical parameters were carefully chosen based on their relevance, historical
significance, and uniqueness within the given context as 0.1 < Ma < 0.5, 0.5 < 3 <5, 0.5 < K, <5,
05 < F3<5,01<A4<0501<X1<0.5,001<FE;<0.501<v<0505<7y <201<w<5,
05<Nr<201<a<01,5<Pr<1501<7<505<Br<501<6<0505< Bi< 15,
0.01 < x1, X2, x3 < 0.03.Theresultshowssignificantimprovementsinvelocity, temperature,andentropyprofiles
compared to the existing literature, due to the optimization of flow and heat transfer by ternary hybrid nanofluids.
Additionally, the inclusion of thermal relaxation time and quadratic radiation further optimizes the thermal
management system’s performance. Finally, Response Surface methodology is employed on the rate of heat
transfer to predict the optimal parameter through ANOVA analysis.

Velocity distribution

The effects of various flow parameters on the linear and angular velocity fields are illustrated in Figs. 3, 4, 5, 6, 7,
8,9, 10, 11, 12 and 13. Figs. 3 and 4 present the behavior of linear and angular velocity in response to increasing
values of the Casson parameter (). The results indicate that strengthen Casson parameter leads to upgrade
linear velocity and reduce angular velocity. Because for larger 5 parameter the casson fluids changes from non-
Newtonian to Newtonian behavior due to lessen fluid plasticity, which causes higher linear velocity gradient but
decreases angular velocity.
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Fig. 6. g(n) profile with Ma.

The magnetic parameter (Ma) has higher influence on the velocity profiles is shown in Figs. 5 and 6. The
findings reveal that the linear velocity field is enhanced as a function of Ma. Conversely, angular velocity
becomes reduced with greater magnitudes of Ma. This is due to the applied magnetic field induces a current in
the conducting fluid and it can generates an electromagnetic force known as the Lorentz force, which acts normal
to the flow of nanofluid. Therefore, as Ma increases the nanofluid velocity profile increases in the x-direction
while a reducing angular velocity due the effects of magnetic field perpendicular to the surface.

The effect of the electric field constant on both linear and angular velocities is displayed in Figs. 7 and 8.
The results show that both velocity profiles increase as the electric field strength increases. Physically, this
means that a stronger electric parameter experiences greater force on the charged particles, increasing their
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Fig. 9. f'(n) profile with A.

linear acceleration and the rate of rotation along their trajectory. As result, both the linear velocity and angular
velocity are enhanced. The impact of the unsteady parameter (A) on the linear and angular velocity profiles is
depicted in Figs. 9 and 10. The outcomes reveal that the free stream velocity improves due to amplifying values
of unsteadiness parameter as discussed in Fig. 9. Whereas it has been distinguished the angular velocity reflects
a decreasing behavior as shown in Fig. 10. The actual justification is the nanofluid velocity profile is amplified
at its free stream due to positive increment of a constant parameter (A > 0), which leads a redistribution of
angular momentum in the boundary layer region. Consequently, the motion of velocity profile increase in the
flow direction while slowing down in rotational axis near the boundary region.
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The influence of the Forchheimer constant (F) on both linear and angular velocity profiles is discussed
in Figs. 11 and 12, respectively. The results indicate that the linear velocity increases with higher Forchheimer
factors, while the angular velocity shows a decreasing behavior. This justifies that when the Forchheimer number
enlarges the inertial resistance to the rotational motion increase due to nonlinear effects but the linear motion
is less sensitive to the Forchheimer drag. Hence, the ternary hybrid nanofluid velocity enhances in the stream
wise direction while angular velocity decreases. Fig. 13 shows the fluctuation of linear velocity profile due to the
escalating of the () rotational parameter. The upshots depict that the augmentation in the rotational parameter
intensifies the velocity of ternary hybrid nanofluid in the x-direction. This is because the frictional force rises
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with increasing the rotational parameter, which injects an extra momentum into the motion fluid within the
boundary region. As a result, the velocity profile in the free stream enhanced for amplifying rotating parameter.

Temperature distribution

The distinct behavior of the temperature profile for various control parameter effects of hybrid nanofluid
(Ag + TiO2/blood) and ternary hybrid nanofluid (Ag + TiO2 + Al2O3/blood) explored in Figs. 14, 15, 16,
17, 18, 19 and 20. Fig. 14 demonstrates the effects of the temperature gradient parameter (o) on the thermal
characteristics of ternary hybrid nanofluid. The graph reveals the temperature profile decreases as the temperature
gradient ratio parameter increases. Practically, an increment in the temperature gradient parameter means the
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difference between surface and ambient temperatures grows larger relative to the ambient temperature, leading

to a drop in the temperature profile.

The influence of unsteadiness parameter (A) on the temperature field of ternary hybrid nanofluid is reflected
in Fig. 15. It can be seen that an increasing in the unsteady parameter causes a reduction in the temperature
profile. Physically, this indicates increasing magnitudes of A causes to enhance natural instability in the
boundary layer which can influence the temperature distribution, and therefore the temperature profiles and
thermal boundary layer are breaking down to the surface. On the other hand, Fig. 16 reveals that the temperature
distribution and thermal boundary layer increases with higher values of the radiation parameter (/V;.). In physical
justifications, stronger thermal radiation generates an extra heat near the surface in both (Ag + T:O2/blood)
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and (Ag + TiO2 + Al203/blood) nanofluids, which can lead to improved cooling performance and thermal
management efficiency.

Fig. 17 shows that the temperature distribution and thermal boundary layer are improved as the Biot number
(Bi) increases. This is due to higher Bi values at the surface of the spinning sphere reduce thermal resistance,
leading an improved temperature distribution and convective thermal transmission. Fig. 18 illustrates the
impacts of thermal relaxation time parameter (7) on the characteristics of temperature distributions within the
boundary domain. It is observed that the thermal boundary layer thinner as temperature profile reduces for
ascending values of thermal relaxation time (7). In practical terms, increased thermal relaxation time (7) results
faster temperature gradient dissipation and enhance heat transfer processes between the materials by reducing
time to reach the desired thermal equilibrium. This results in more efficient and faster thermal management.

Fig. 19 explains the effects of the Prandtl number (Pr) on the ternary hybrid nanofluid temperature profile.
It is clear that as the Prandtl number increases, the temperature profile declines. This occurs because a higher
Prandtl number corresponds to lower fluid thermal conductivity, which reduces the temperature in both hybrid
and ternary hybrid nanofluids.

In Fig. 20, the temperature profile decreases with increasing heat absorption parameter (o). In practical
applications, such as cooling systems for electronic devices or industrial processes, nanofluids help maintain a
stable temperature despite high heat generation. Their ability to reduce the temperature field even under increased
heat generation stems from their enhanced thermal properties and improved heat transfer mechanisms.

Entropy and Bejan number analysis

The effects of governing parameters such as magnetic field, rotation parameter, Brinkmann number, unsteadiness
parameter, Casson parameter, radiation parameter, and electric field on entropy generation and the Bejan
number are analyzed in Figs. 21, 22, 23, 24, 25, 26, 27, 28, 29 and 30. The behavior of entropy generation under
the effects of the magnetic field strength is detailed in Fig. 21. It shows that the rate of entropy generation decline
as the magnetic parameter (Ma) enhances. The magnetic parameter relates to the influence of a magnetic field
on a fluid flow. Higher magnetic field strength generates a resistance force that tends to slow the flow of fluid due
to low friction and dissipation systems, results in higher thermal control with lower entropy generation. Similar
behavior is observed with increasing electric field values, as shown in Fig. 22.
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Fig. 23 illustrates that the rate of entropy generation rises with higher Brinkmann number (Br). This is
because increased viscous effects for larger Brinkmann numbers elevate the entropy generation rate in the
boundary region. It is crucial in practical applications to reduce energy losses due viscous dissipation by
optimizing thermal management systems. On the other hand, an inverse trend is seen in the Bejan number as
the magnetic field and Brinkmann number increase, as shown in Figs. 24 and 25, respectively. This happens due
to Bejan number represents the relative importance of thermal irreversibility compared to viscous irreversibility.
An increase Bejan number revealed that thermal irreversibility are significant than fluid friction losses in the

system as magnetic

field reduces viscous dissipation.
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The impact of the thermal radiation parameter (Nr) on entropy generation is shown in Fig. 26. As the radiation
parameter increases, the entropy generation rate rises near the wall of the sphere but shows minimal variation
further from the wall. In general, as thermal radiation increases, more heat is generated near the surface, creating
higher temperature gradient and efficient energy transfer, resulting increased entropy. While farther from the
wall, less thermal effects leading to reduced temperature gradient and decreased entropy generation. In Fig. 27,
entropy generation is shown to increase with larger values of the rotational parameter ().

Fig. 28 depicts the response of entropy generation to changes in the casson parameter (3). As the Casson
parameter increases, the rate of entropy generation decreases. This occurs because higher values of the Casson
parameter cause the fluid to transition from non-Newtonian to Newtonian behavior, reducing entropy
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generation. Conversely, the Bejan number increases with the Casson parameter, as seen in Fig. 29. Since the total
entropy generation decreases with higher Casson parameter values, the Bejan number rises due to the inverse

relationship between these quantities.

Finally, the effect of the unsteadiness parameter on entropy production is shown in Fig. 30. Entropy generation
increases close to the wall of the sphere but gradually decreases as one moves far from the wall, highlighting the

localized effects of these parameters on the system.
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Skin friction and Nusselt number
The influence of various control parameters on key physical quantities, such as skin friction drag and heat
transfer rate, has been analyzed and is presented in Figs. 31, 32, 33, 34, 35, 36, 37, 38 and 39. The results indicate
that the coefficient of skin friction decreases with increasing material parameter (/) and unsteadiness parameter
(A), while it rises with larger values of the magnetic parameter (Ma) and rotation parameter ()), as discussed in
Figs. 31, 32, 33 and 34. Which indicates that Ma, X are directly related to skin friction and the higher rotational
speed of sphere significant increase the skin friction at the surface.

Furthermore, Figs. 35, 36, 37, 38 and 39 illustrate the variations of heat transfer rate for different physical
parameters. Figs. 36 and 37 demonstrate that higher values of the Biot parameter (Bi) and radiation parameter
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(Nr) lead to a reduction in the heat transfer coefficient. An increase in the thermal radiation the process of heat
transfer near the surface becomes dominant, resulting in a reduced Nusselt number as it represents convective
heat transfer. In addition, a greater Biot number indicates that enhancing the temperature gradient within
the material leads to effective convective heat transfer at the surface, resulting in a reduced Nusselt number.
Conversely, the coefficient of heat transfer is enhanced with increasing unsteadiness parameter (A), Prandtl
number (Pr), and temperature gradient ratio (o). A comparative evaluation of the current results confirms good
agreement, as shown in Table 3. Moreover, the rate of energy transfer for enhancing concentration nanoparticle
X is depicted through bar chart in Fig. 40. It is observed that the rate of heat transfer enhances for increasing
percentage of nanoparticle volume fraction (0 < x < 1) having enhancement rate 1.41%, and 1.44% at
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maximum level for hybrid and ternary hybrid nanoparticles, respectively. Which indicates that ternary hybrid
nanofluid has superior heat transfer rate than hybrid nanofluid containing greater number of nanopraticles.

Response surface methodology

Response surface methodology is statistical approach used to construct model and analyze the relationship
between the independent factors (inputs) and response variables ("73). In the present study, the key elements
of response surface method known as face central composite design is utilized to construct a quadratic model in
order to investigate the relationship between independent variables (input) and the response in particular heat
transfer rate (N u,). The computation particulary focus on the three parameters with predefined intervals of heat
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Level
Parameters | Coded symbols | Low (-1) | Medium (0) | High (1)
- 91 0.3 0.4 0.5
Nr o 2 3 4
¢ 93 0.03 0.06 0.09

Table 4. Parameters and their levels.

generation (0.3 < w < 0.5), radiation parameter (2 < Nr < 4), and volume fraction (0.03 < ¢ < 0.09). The
factors of parameters along with their corresponding levels (-1, 0, 1) and coded symbols (1, V2, ¥3) are given
in Table 4. An experimental simulation of 20 runs for three independent parameters with their corresponding
coded levels is presented in Table 5. The quadratic model that describe the relationship between the response
variable and parameters @, Nr, ¢ containing their linear, quadratic and interactions developed”*7¢:

Nuz = oo+ 1w + aa Nr + asé + a4w2 + a5N7"2 + a6¢>2 + arwNr + agwo + agNro, (31)

Where o;,7 =0, 1, - - - 9, are the regression coeflicients to be determined. The accuracy of the estimated model
is measured by utilizing analysis of variance (ANOVA) based on RSM in Table 6. Analysis of variance is a
well-known statistical approach used to evaluate model accuracy and significance through descriptive analysis
containing level of confidence R2, P-values, F-values, lack - of - fit, and error. For more accurate and statistically
significant model the standard results typically obtained at 95% of confidence level or 5% (0.05) of significance
level and sufficiently large F-values. In the present analysis quadratic term ¢® marked as insignificant term
having p-values > 0.05 while others are considered to be statistically significant as illustrated in Table 6. The
model R-squared measure the variance in the response variable due to independent variables and particularly
ascertain how well the data fits the regression model. The predicted model experimentally establish R value
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Code values Real values
Runs |91 |95 |93 | oo | N» | @ | Response
1 -1 -1 -1 03 ]2 0.03 | 1.748876
2 1 -1 -1 05 ]2 0.03 | 1.925460
3 -1 1 -1 03 |4 0.03 | 2.546795
4 1 1 -1 05 |4 0.03 | 2.789448
5 -1 -1 1 03 ]2 0.09 | 1.777179
6 1 -1 1 05 ]2 0.09 | 1.965091
7 -1 1 1 03 |4 0.09 | 2.599354
8 1 1 1 05 |4 0.09 | 2.855296
9 -1 0 0 0313 0.06 | 2.166515
10 1 0 0 0513 0.06 | 2.389817
11 0 -1 0 04 |2 0.06 | 1.862978
12 0 1 0 04 |4 0.06 | 2.705723
13 0 0 -1 04 |3 0.03 | 2.262340
14 0 0 1 043 0.09 | 2.309837
15 0 0 0 043 0.06 | 2.286441
16 0 0 0 04 |3 0.06 | 2.286441
17 0 0 0 043 0.06 | 2.286441
18 0 0 0 04 |3 0.06 | 2.286441
19 0 0 0 04 |3 0.06 | 2.286441
20 0 0 0 043 0.06 | 2.286441

Table 5. Design experiment.

Source DF SS MS F-statistic P-values
Model 9 1.9049 | 0.2117 88998.3377 | 0.00000
Linear 3 1.9018 | 0.6339 266558.5026 | 0.00000
w© 1 0.1180 | 0.1180 49626.8001 | 0.00000
Nr 1 1.7783 | 1.7783 747749.5302 | 0.00000
¢ 1 0.0055 | 0.0055 2299.1777 0.00000
Quadratic 3 0.0005 | 0.0002 66.2091 0.00000
w2 1 0.0005 | 0.0005 192.5186 0.00000
Nr2 1 0.0000 | 0.0000 6.0217 0.03403
¢2 1 0.0000 | 0.0000 0.0872 0.77386
2-ways interaction | 3 0.0026 | 0.0009 370.3013 0.00000
w* Nr 1 0.0022 | 0.0022 945.1559 0.00000
w * P 1 0.0001 | 0.0001 31.8510 0.00021
Nr * ¢ 1 0.0003 | 0.0003 133.8969 0.00000
Error 10 0.0000 | 0.0000
Lack of Fit 5 0.0000 | 0.0000 Inf 0.00000
Pure Error 5 0.0000 | 0.0000
Total 19 1.9050

R? = 99.99% R2,; =99.98%

Table 6. Trend analysis (ANOVA).

of 99.99% and R*-adjusted 99.98%, which confirms enhanced model precision and consistence in between
response variable Nu, and factors. The residual plots for the analysis of data distribution for response Nusselt
number through normal probability, residual histogram, and observation order are presented in Fig. 41. The
normal probability reveals that the residuals jointly align with straight line and the residual histogram further
supporting, which ensures the normal distribution. Further, residual error for fits and run all confirm well fitted
data and model accuracy. In general, the present analysis depicts normality, evaluating model estimations and

consistence.

By using regression coefficients obtained after data analysis the quadratic model Eq. (31) of the Nusselt

number Nu, for the significant parameters can represented as:
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Fig. 42. Contour and 3D plot for ¢ = 0.06,0.3 < w < 0.5,and 2.0 < Nr < 4.0.

Nugz =0.6532 + 1.1777w + 0.3541Nr — 0.2251¢ — 0.8197w> — 0.0020N 1> — 0.3051¢>

The representation of Eq. (32) is graphically presented through contour plot and 3D surface plot for the
interactions of two parameters out of three with the third parameter keeping as constant at their medium level
interval (see Figs. 42, 43 and 44). The behavior of response variable N u. is significantly optimized for enhanced
radiation parameter Nr and heat generation (w), while volume fraction (¢) remains fixed at its middle level as
depicted Fig. 42. In addition, Fig. 43 illustrate the impacts of volume fraction (¢)and radiation parameter Nr
on the heat transfer rate Nz, leading that both variables enhance the response function and the effect of @ to
Nu, assumed to be insignificant. Consequently, at smaller values of Nr parameter and greater values of w the
heat transfer rate become decrease. In Fig. 44 the interaction between w and ¢ on the response function Nu,

+ 0.1676wNr + 1.0257Tw¢ + 0.2103Nr¢

20
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Fig. 44. Contour and 3D plot for Nr = 3.0,0.3 < w < 0.5,and 0.03 < ¢ < 0.09.

is computed while taking Nr at a medium level, indicating that the response variable effectively improved for
higher values of the both components of variables.

Sensitivity analysis

Sensitivity analysis is used to understand change of response variable with respect to variations in the independent
variables. This is the most interesting method to determine the significant parameters and assess their effects on
the response variable for effective design and simulation system’”. In this study, the sensitivity analysis can be
described by taking partial derivatives of the model for heat transfer rate in the Eq. (32) with respect to the coded
variables 991, 12, 93 as follow:

aé\;“’ = 1.1777 — 2 % 0.8197 + 0.1676Nr + 1.0257¢ (33)
1
ONug
S5 = 03541 = 2 0.0020N + 016762 + 0.2103¢ (34)
2
8;:9“’” = —0.2251 — 2% 0.3051¢ + 1.0257w + 0.2103Nr (35)
3

The sensitivity analysis for heat transfer rate corresponds to the three parameters has been simulated at three
distinct level values of 91, and 92 while 93 remains for medium level as shown in Table 7 and also presented
graphically (see Figs. 45, 46 and 47). The heat transfer rate is presents the maximum sensitivity point of 1.4178
and lower sensitivity 0.4010 at same o = 0.3, Nr = 4, ¢ = 0.06 parameter values as seen in Table 7. In general,
The sensitivity result for response Nu, shown that sensitivity to w decreases as w increases, demonstrating
that w has a strong negative effect on its own sensitivity. Conversely, the sensitivity with respect to Nr and ¢ are
positively enhancing as w increase. Furthermore, The heat transfer rate Nu, illustrates more sensitive towards
w(1.4178) relative to ¢(0.9898), and Nr (0.4425) sensitivity and also the same behavior is observed at three
distinct cases for increasing radiation parameter.
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Sensitivity

Nug Nug Nug
91 | 92 91 V2 93

-1 1.0826 | 0.4090 | 0.4666
-1 |0 1.2502 | 0.4050 | 0.6769

1 1.4178 | 0.4010 | 0.8872
-1 | 0.9187 | 0.4258 | 0.5692
0 0 1.0863 | 0.4218 | 0.7795

1 1.2539 | 0.4178 | 0.9898
-1 | 0.7547 | 0.4425 | 0.6717
1 0 0.9223 | 0.4385 | 0.8820
1 1.0899 | 0.4345 | 1.0923

Table 7. Sensitivity analysis for the medium level of 3.
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Fig. 45. Sensitivity for 0.3 < @ < 0.5, Nr = 2,and ¢ = 0.06.
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Fig. 46. Sensitivity for 0.3 < @ < 0.5, Nr = 3, and ¢ = 0.06.

Conclusions

The current study consider laminar, incompressible, unsteady nonlinear convection flow of ternary hybrid
nanofluid in the spinning sphere passing in Darcy-Forchheimer porous medium. In this study, the three distinct
nanoparticles containing silver (Ag), titanium dioxide (7202 ), and aluminum oxide (Al2O3) in blood regarded
as base fluid under electric and magnetic field influence. Moreover, the energy transfer has been discussed in
the feature of quadratic thermal radiation, joule heating and heat generation including Catteo-Christov heat flux
model in the presence of entropy analysis. The governing equations are delimited to nonlinear partial differential
equations and the similarity variables are used to obtain the non-dimensional form of the conservation equations.
The governing problem is solved numerically by using Keller-box scheme is adopted to solve the problem. The
results demonstrate that key parameters such as the Casson parameter, magnetic field, rotation speed, inertia
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Fig. 47. Sensitivity for 0.3 < w < 0.5, N7 = 4, and ¢ = 0.06.

parameter, relaxation time, and thermal radiation yielded significantly impact on velocity, temperature, and
entropy generation. Specifically, the key conclusions in this study are drawn as follows:

« The linear velocity increases with higher values of Casson parameter (/3), magnetic constant (Ma), and un-
steadiness parameter (A), while the angular velocity decreases.

 An increase in the rotation parameter (A) and the Forchheimer term (Fy) results in a higher linear velocity
field in the boundary region, but angular velocity decrease as the Forchheimer factor (Fy) rise.

o The temperature profile decreases for greater thermal relaxation time parameter (7). In contrast, increase with
thermal radiation (Nr) and Biot number (Bi).

« However, both thermal radiation and Biot number reduces the rate of heat transfer.

« Entropy generation decreases with stronger magnetic field (Ma) and Casson parameter (/) but rises with
greater rotational effects (A) and Brinkman number (Br).

o An increase in the Brinkman number (Br) leads to decline Bejan number, whereas an opposite trend is ob-
served for Casson () and magnetic field (Ma) parameters.

o The heat transfer rate Nu. obtain positive sensitivity with respect to ¢ and Nr where as sensitivity correspond
to respect to z with highest optimal condition at different occasion 0.9898, 0.4425, and 1.4178, respectively
for medium level of ¢. Further, the experimental result established accuracy of the predicted model for con-
fidence level R* = 99.99%, R2 jjusrca = 99.99%.

These findings offer important insights into optimizing heat transfer in ternary hybrid nanofluid systems, which
could be beneficial for advanced cooling systems, energy management, biomedical processes, and materials
science applications. While the study provides a detailed theoretical analysis, future work should explore
experimental validation and extend the model to include more complex geometries and boundary conditions.

Data availibility
All data generated or analyzed during this study are included in this article.
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