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Study of phase separation process
in multi-component mixtures

using analytical methods and
decomposition variational iteration
method for the fourth-order Cahn-
Hilliard equation

Jiaming Luo?, Jalil Manafian23"™, Arezu Aghazadeh?3, Onur Alp llhan*, Baharak Eslami®,
A. A. FattahS, K. H. Mahmoud® & Mehdi Fazli Aghdaei’

In this paper, the fourth-order Cahn—-Hilliard equation is studied, which plays an important role in the
development of the spinodal decomposition, phase separation, and phase ordering dynamics. The
tan(¢/2)-expansion method (TEM), Jacobi elliptic function expansion scheme (JEFES), rational multi
wave functions (RMWFs), and decomposition variational iteration method (DVIM) are considered to
investigate the exact traveling wave solutions to nonlinear evolution equations (NLEEs) in the domain
of applied physics and engineering. This equation can be utilized to explain the contact between the
modes in describing the process of phase separation of a binary alloy under the critical temperature,
phase separation, phase-ordering dynamics, and spinodal decomposition, fluid mechanics, and

fluid flow. The dynamics of the assessed solutions in terms of understanding the real phenomena for
such nonlinear model is demonstrated by plotting their 3D, 2D, contour, and density profiles using
proper parametric values. Consequently, we obtain distinct types of solutions, containing dark,
bright, kink, singular, combo kink singular, and combo dark singular soliton solutions. These results
are essential to the explanation of several mesmerizing and intricate physical phenomena. Also, the
decomposition variational iteration method of the proposed model is analyzed and conditions are
developed accordingly. The soliton solutions demonstrate the competency of the proposed technique
in identifying traveling wave solutions, offering a useful tool for tackling a variety of NLEEs. We believe
that our results would pave a way for future research generating optical memories based on the
nonlinear solitons.

Keywords Fourth-order Cahn-Hilliard equation, Spinodal decomposition, Phase separation, tan(¢$/2)
-expansion method, Jacobi elliptic function expansion scheme, Rational multi wave functions, Decomposition
variational iteration method, Periodic wave solution

In the past decades, investigating nonlinear models and solving them has been a challenge for scientists and
experts in various fields, including: plasma physics!, optics®, electromagnetic-circuital-termal-mechanical
multi physics?, granular termo dynamic migration model® and multi-scale spatial-temporal interaction fusion
network®. The study of wave propagation for nonlinear evolution equations (NLEEs) has drawn interest
from the scientific community in recent years. NLEEs are frequently found in a variety of domains due to
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the extensive presence of nonlinearity in both natural and artificial frameworks, such as medical imaging,
population dynamics, and material science. Advanced computational approaches, numerical simulations, and
mathematical methodologies have all been developed in an effort to understand and solve NLEEs. Nonlinear
partial differential equation is a type of equation with important research significance, which is applied in many
subjects. At present, in the academic field, an important academic wave is to solve the exact solution of nonlinear
partial differential equations?. Nonlinearity plays a major role to describe the behavior of optical solitons and
wave packets in nonlinear media. With the continuous exploration of researchers, a series of methods have
been explored, such as the exp(—£(n))-expansion method®, the homotopy analysis method’, the homotopy
perturbation method?®, the Exp-function method®, the Hirota bilinear method!?, the first integral method!!, the
inverse scattering method!?, Lie group method'?, the Jacobi elliptic function expansion method!?, the variational
iteration method!?, Laplace-residual power series method'® and Legendre approximation method!”.

Numerous academic domains, such as signal and image processing, biology, chemistry, economics,
physics, electricity, and aerodynamics, and many more, have been greatly impacted by nonlinear models'3-22.
Additionally, this understanding greatly enhances the real-world consequences and practical applicability of
ordinary differential equations (ODEs) and partial differential equations (PDEs)**-%’. Hirota bilinear scheme is
powerful technique to obtain the analytical solutions. Therefore, to find the lump and their interactions solutions
of such nonlinear models, physicists and mathematicians have worked very hard. Many researchers have been
worked on this method for some nonlinear equations, including the generalized Bogoyavlensky-Konopelchenko
equation?®, the generalized Hietarinta equation?’, the dispersive wave systems®, the variable-coefficient
generalized nonlinear wave equation®!, symmetric nonlinear dispersive wave model®?, the (3+1) dimensional
KPB like equation’, the spectral functional method?*, application of cubic B-splines method* and fractional
order Sturm-Liouville problems?®.

The true structure of nonlinear behaviors can be revealed by solitons to nonlinear phenomena. A traveling
wave is one that maintains its shape while moving in a specific direction. In addition to this, a traveling wave
is associated with maintaining a steady velocity during its propagation®”. In 1834, the early observations by
John Scott Russell on the solitary wave were received with skepticism. However, his research was eventually
confirmed by the theoretical studies of the Dutch physicists Diederik Korteweg and Gustav de Vries. In 1895,
Korteweg and de Vries developed a mathematical model to describe the transmission of a solitary wave. Since
the effective theoretical modeling of solitary waves, there has been an increased concern in nonlinear waves. The
idea of solitons was discovered in the field of integrable models. In 1965, Kruskal and Zabusky proved the steady
solitary wave solution of the KdV equation through a numerical experiment and termed it “soliton” because
of its particle-like character. Later on, Gardner discovered the Inverse Scattering Transform to solve nonlinear
evolution equations analytically. Among the mentioned analytical techniques that generate soliton solutions for
NPDEs the tan(¢/2)-expansion approach stands as the fundamental easy and effective algebraic procedure.
The transformation of NPDEs to NODEs through wave transportation enables the strategic application of
the tan(¢/2)-expansion that results in a set of nonlinear algebraic equations when a solution form series
assumption exists. The use of Maple computational software generates multiple soliton solutions containing
rational exponential trigonometric and hyperbolic functions when implementing solutions to the resulting
problem. A solitary self-reinforcing wave packet referred to as a soliton travels through a medium without shape
or velocity modification. Academic researchers value soliton solutions for NPDEs because their higher detail
level exceeds standard solution approaches. The extended existence and reliability of soliton solutions provide
numerous technical applications in scientific domains. Nonlinear systems benefit from solitons through efficient
information transfer processes which also lead to extensive concordance retention3%-49.

Cahn and Hilliard*! established the Cahn-Hilliard equation in 1958 to depict the process of phase separation
of a binary alloy under the critical temperature. This model is significant in a variety of noteworthy scientific
processes, including phase separation, phase-ordering dynamics and spinodal decomposition’?*3. One of the
important and essential nonlinear wave phenomena in mathematics and physics is the Cahn-Hilliard (CH)
equation has many applications. Exact solutions for the Cahn-Hilliard equation in terms of Weierstrass-
elliptic and Jacobi-elliptic functions were obtained!*. The Cahn-Hilliard model assumes a fundamental role
in elucidating phase separation phenomena within physical systems, notably in the context of alloys*>. Exact
solutions of convective diffusive Cahn-Hilliard equation using extended direct algebraic method were created?’.
Authors of*® used the natural decomposition approach with non-singular kernel derivatives to find the solution
to nonlinear fractional Gardner and Cahn-Hilliard equations. The approximate solutions of nonlinear temporal
fractional models of Gardner and Cahn-Hilliard equations were investigated in*’. Novel approximations to the
fourth-order fractional Cahn-Hillard equations using the Tantawy Technique and variational iteration transform
method and the homotopy perturbation transform method were made®®. Asymptotics of large deviations of finite
difference method for stochastic Cahn Hilliard equation were made in®!. A periodic boundary value problem
for the generalized Cahn-Hilliard equation was considered in>2. The viscous Cahn-Hilliard equation with a
degenerate, phase-dependent mobility was considered to investigate weak solution and establish the existence
of a solution™.

The general form of the Cahn-Hilliard equation is given as follows*’

Y (z,t) Y (x,t) 02 3 Y (=, 1)
=\ — | Y(z,t)" - Y(z,t) — ———= .
8t ax + 8$2 (.’177 ) (I, ) axQ I (1 1)
in which A is a free constant. Also, the nonlinear terms denote the chemical potential of the model, while o ;;x’t)

denotes the dispersive wave effect of the fourth order system. That equation is often used to simulate phase
segregation of a binary alloy system, but many other applications, such as, image processing, planet formation
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and cancer growth are encountered in the literature. The Cahn-Hilliard equation is a basic partial differential
equation in the context of so-called phase field models, which are also called diffuse interface models. It is used
to describe the mixture of two conserved components, e.g. two different kinds of atoms in a binary alloy or two
different fluids.

This paper employs the novel strategies based on the tan(¢,/2)-expansion method, Jacobi elliptic function
expansion scheme, rational multi wave functions and decomposition variational iteration method for the
fourth order Cahn-Hilliard equation. This technique allows scholars to compute accurate optical solutions for
differential equations of both integer and fractional order. Firstly, the fourth order CH equation is utilized to
generate various novel soliton solutions. In addition, we explain how the selection of parameters affects the
profile of wave dynamics. This analysis highlights the effectiveness and reliability of the method in constructing
soliton using the tan(¢/2)-expansion method and Jacobi elliptic function expansion scheme to the fourth-order
Cahn-Hilliard equation. The soliton solutions offer novel or enlarged types of wave dynamics and stability when
compared to previous solutions in the literature. Future technological and scientific research may be able to take
new paths thanks to the possible uses of these solutions in water waves, plasmas, and other fields. In this study,
we aimed to use the RMWFs and one and two waves to the CH equation to investigate its capability of modeling
wave propagation in multidimensional media. As demonstrated by applying the RMWFs, generating exact,
implicit solutions for this nonlinear partial differential equation turned out to be highly effective, providing clear
evidence for the utility of this method in solving NPDEs.

The sixth-order highly nonlinear generalized Korteweg-de Vries—Kadomtsev-Petviashvili dynamical model
was studied with the unified method and the auxiliary method and the stability analysis®. The infinitesimal
generators of symmetries were found by Lie symmetry invariance analysis using the modified Sardar sub
equation method®. The Radhakrishnan-Kundu-Lakshmanan equation was investigated using the extended
direct algebraic method and the modified Sardar sub-equation method®. The (2+1)-dimensional complex
modified Korteweg-de Vries system was utilized by the auxiliary equation method and the Hirota bilinear
method with novel solitons®. A comprehensive nonclassical symmetry analysis of the Tzitzéica-type nonlinear
evolution model arising in quantum field theory and nonlinear optics was provided using chaotic behavior
and sensitive analysis®®. An integrable spin reduced Hirota-Maxwel-Bloch equation incorporating Atangana’s
conformable derivative was investigated modeling magnetization reversal and femtosecond pulse propagation®.
A (2+1)-dimensional nonlinear electrical transmission line model with the Atangana Baleanu derivative was
employed the generalized exponential rational function method including exponential, hyperbolic, periodic,
dark, kink, singular, and combo forms®.

The dynamics of solitons in electrical microtubule model, which describes the propagation of waves in
nonlinear dynamical system were analyzed using the solitary wave ansatz to extract these solitons®’. The optical
soliton solutions for the (1+2)-dimensional chiral nonlinear Schrédinger’s equation were extracted using the
first integral method and the sine-Gordon expansion method®. The extreme efficient decision making units in
stochastic data envelopment analysis was studied to investigate deterministic equivalent of stochastic mode®.
The generalized Davey-Stewartson equation that was used to investigate the dynamics of wave propagation in
water of finite depth under the effects of gravity force and surface tension using exp(—®(§))-expansion method,
the first integral method and the Sine-Gordon expansion method®’. The extraction of optical solitons with
Radhakrishnan-Kundu-Lakshmanan model in the presence of Kerr law media was investigated with the aid
of the modified simple equation and exp(—¢(q)) method®. Generalized trial equation and enhance modified
extended tanh function methods were used to the cubic-quintic nonlinear Helmholtz equation®. The Chupin
Liu’s theorem for obtaining the grey and black optical solitons was evaluated to study the optical metamaterials
model®.

Our motivation for using this model with the proposed methods including tan(¢/2)-expansion method,
Jacobi elliptic function expansion scheme, rational multi wave functions is to obtain analytical solutions with
a greater variety of solution categories. We also used the semi-analytical decomposition variational iteration
method and could find closed form solution for this mentioned model.

This paper is organized into nine sections. “Introduction” section introduces the fourth order CH equation
and also its significance in describing the phase ordering dynamics. The “The tan(¢/2)-expansion method”
section discusses tan(¢/2)-expansion method and application of this method. In the “Main fundamentals
concepts of Jacobi elliptic function expansion scheme” section, using Jacobi elliptic function expansion scheme
the traveling wave solutions are extracted. “Application of RMWFs for 4th order CH equation” section offers
rational multi wave functions and its application. “Decomposition variational iteration method” section presents
decomposition variational iteration method. The graphical results and discussion are found in “Graphical
results” section. The “Conclusion” section provides the conclusion.

The tan(¢/2)-expansion method

The approach of the tan(¢/2)-expansion method (TEM) is related to a first-order equation. We explain the
auxiliary equation below before describing the main steps of the considered technique®®. The equation is given
below: Accepting that the arrangement of condition (1.1) can be communicated by the taking after ansatz:

[ ¢
Y(0) =po+ Y mitan(Z/2)' + > Aicot(Z/2)", 2.1)
=1 i=1

where £;(0 < i < @), \i(1 <1 < ¢) are the parameters to be decided and py # 0,y # 0 and Z = Z(0)
fulfills within the ODE as takes after:
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Z'(0) = q1sin(Z(0)) + g2 cos(Z(9)) + gs. (2.2)

The specific arrangements of condition (2.2) will be exammed as:
Product 1: With F=@+¢-¢<0 and g2 — q3 # 0, then

®(&) = 2arctan [ N (g@)} .

—as3 q2—4g3

Product 2: With F' > 0 and g2 — ¢3 # 0, then ®(§) = 2arctan [q;j + Y tanh ( 0)} .
q

Product 3: With F>0F =q¢+d o ‘(1)3 a2 a;:i vy .
®(€) = 2arctan _% + gtanh (\/21?19” ]

Product 4 With F<0,F=q —q, g3 #0 and q2 =0, then
®(€) = 2arctan _—g—; —+ \isg tan (@9)} )
N g Wih F>0,F =~ g, @2—q3#0 and q =0, then

_ [ [azta: VFs
@(5)—23rctan- ﬁtanh( 5 9)}

Product 6: With ¢; = 0 and g3 = 0, then ®(£) = arctan {624;29_1 2¢129 }

e2a20 17 24201

Product 7: With g2 = 0 and g3 = 0, then ®({) = arctan [

2¢919 e2919_4
62719+17 62‘119+1

Product 8: With F' = 0, then ®(¢) = —2arctan | (219)(@01042) |
q10

Product 9: With ¢1 = 0, g2 = —¢s, then ®(§) = —2arctan [q 9}

Product 10: With g1 = 0, g2 = g3, then ®(§) = 2arctan [C1 + g3 6] .
Product 11: With g3 = 0, g2 = 7 g1, then ®(§) = —2iarctanh |:q10§2j| :

q1
For see the rest cases refer to Ref.71, Also, i, A\i(i = 1,2,..., ), ¢q1, g2 and g3 are also the values to be
explored later.

Application of TEM for 4th order CH equation
By using the transformation wave = m x + nt, Eq. (1.1) changes to

(n—mx\)——m d€2 (Y3 Y—m2%):0. (2.3)

After integrating once Eq. (2.3) respect to 6, we get

(n—mA\)Y —m? (Y3 Y—mQ%)—&-go:O. (2.4)
Employing the principle of homogeneous balance to the terms (Y)? ‘g and £ pr: LY in Eq. (2.4) yields ¢ = 1. So,

Eq. (2.1) can be re-written as follows:

Y (0) = po + pa tan(é/2) + A1 cot(¢/2). (2.5)

Insert the Eq. (2.5) and its derivatives into equation (2.4) get to the related nonlinear arithmetical condition. The
sets of solutions are as follow:

Merge I:
/m2(—q2+¢2)42 o) m2(—q24q2)+2
n=Am, go=0, A\ =0, #02—4(\(/12 a3) T (@\/%3) Lo = (:12 a3) ) (2.6)

Through product 2, F = -2 the exact solution will be as:

Yi(:c,t):——V(quq3 [\/mQ -2 +q2) —|—2+\ftanh< vz (m—i—)\t))] (2.7)

V2
Merge II:
m2(—q3+a3)+2 Hm m?(—q5+q3 )+2
n= )\Tfl, go = 07 H1 = 07 Mo = ( \/; 3) ) A= (qu/q;) ; 1 = ( 'm2 3) . (28)

Through product 2, F' = —2; the exact solution will be as:

V2 V2 a2—q3 q2—q3

—1
m2(—qg2 2 2 m2(—qg2 2
Ya(z,t) = (—a3+q3)+ + (a2+a3) (—a3+43)+2 + 2 tanh (g (m—l—)\t))} .29
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Merge I11:

q2+43

— 1 — A — — — : — 92—43 —
m=—— n=——__ = = A= 4/— = = 0.
/[~a3+a3’ V-az P 0, mo=0 A 2052030 M1 =\ “2gat2g0 D=0

(2.10)

Through product 5, F3 = g2 — g2 the soliton-singular solution will be as:

B = JFs VFs
Y3(z,t) = \/_ SasFoa3 {\/% tanh( 70)| + \/_% \/ngrgs coth (¥370)] (2.11)

_ 1
0= 77%%}% T+ At

Through product 6, the kink solution will be as:

2q260 _ 2929

_ 1 e i 1 e2920 1 2092°
Yi(z,t) = 75 tan (5 arctan {m, m}) + 5 cot (5 arctan [m, m}) ,

(2.12)
0= A \t).
- @A)
Merge IV:
_ +
m= zqz V243247 \/243 V2a3—24] 90 =0, po=0, M= Vo Tas—dgy> M=\ T agragy 0 =0 2.13)

Through product 5, I3 = ¢3 — ¢3 the soliton-singular solution will be as:
g - F ; F
Vol t) = /st [/t vann (V320) | st [\ S o (YR0) |
— 1 !
0= NeTET (z t).
Through product 6, the kink solution will be as:

2q26 _ q20 2920 _ a26
arctan [5 1 2 }) +3 L cot ( arctan [e 1 _2e }) ,

€202011° 242041 e2920 117 292041

Ys(x,t) = & tan (%

9= —1 (x4t (2.15)

)
Q
[

Merge V:

m:m7 n:ﬁ7 90:()7 MO:07 )\1:%@ /,le—%i, q1:07 q2:17q3 (216)

Through product 5, F3 = 28843 the soliton-singular solution will be as:

Y7 (x,t) = — 25 tanh (242}28 (z+ )\t)) + 7 coth (gﬁ} (z+ At)) -,
itan(—”sg(:r—k)\t))—!—icot(v (1:—0—)\15)) 217
V2 242 2 242

Merge VI:
m = :|:24q3 n:iﬁ, go =0, /10:0, )\1:4—\3/5, ‘u,1:37\2/§’ q1 =0, g2 =17g3. (2.18)

Through product 5, F3 = 28843 the soliton-singular solution will be as:

Ys(w,t) = 3 tanh ( V288 (Lo 4 /\t)> L coth ( V288 (o 4 /\t)) (2.19)
Merge VII:
m:ﬁ, n:ﬁ, =0, =0, A\ = ‘[ m:f?i, q1 =0, g2="7g3. (2.20)

Through product 5, F3 = 48¢3 the periodic-singular solution will be as:

Yo(x,t) = —% tanh (4(z + At)) + 4 coth (§(z+ At)) = 3 tan (3(z + At)) + & cot (3(z + A1) .
(2.21)

Merge VIII:
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1 A 3
M= o " o’ go =0, po=0, )\12%7 H1 = =775 q1 =0, q2=7gs. (2.22)

Through product 5, I3 = 48¢3 the periodic-singular solution will be as:

Yio(z,t) = 1 tanh ( s(z+ )\t)) 1 coth ( s(z + At)) (2.23)
Merge IX:
m = 7\/3%13, n= 7\/%):]3, go=0, po=0, A\ = @’L‘, H1 = _§i7 @1 =0, g2 =2gs. (2.24)

Through product 5, F3 = 343 the periodic-singular solution will be as:

Yii(z,t) = 3\f1 tanh( (a:—l—)\t)) STmcoth(%(z-}-)\t))

t)
2.25
32 ¢4 n(%(er/\t)) icot( (z+At)). (225)
Merge X:
_ 1 — A _ f SV _ —
= Toa "= Vog 9070 po=0, M =75, m=5, q1=0, ¢=2g. (2.26)
Through product 5, F3 = 343 the periodic-singular solution will be as:
Yiz(z,t) = 3 tanh ( s(z + )\t)) + 2 coth ( s(z + At)) (2.27)
Merge XI:
p 3)m V 2m,2(q2—q?)+2 2—q3)m V 27n2(q§—q§)+2
n=Am, go=0, A\ =-—{LEWm o, — = 28l oy = emmm g = poe .
V2 V2 V2 (2.28)
Th 37n2q§737n2q§+2 . . .
rough product 1, F = ——2——=2"= < 0 the soliton solution will be as:
Vi) = DT g [ RS o (G )]

-1
Gt | V(oo 2 \/3”‘2(q§’q§)’2tan (‘/Bmz(qsfqg)’z(mu))} : (2.29)

m(q2—q3) m(q2—q3)

3m? qg —3m2q§+2

Through product 2, F' = —3 > 0 the soliton solution will be as:
2m? 2m2(q2—q3)+2 - 2_2
Vis(e,t) = - V2B D | g {\/ BR)e | IR (\/ IR )\t))}

m(q2—q3) m(q2—q3)

-1
(q2+q3)m {\/2"'2 a2—q2)+2 \/ 3m2 (g2~ q3)+2 (\/ 3m2( qs q§)+2($+)\t))} ' (2.30)

Through product 6, the kink soliton solution will be as:

2m? (q§)+2 m 1 e2920 1 2¢92°
Yis(z,t) = -+ % tan (5 arctan LZquHv e2q20+1i|) 2.31)
m 2920 _ eq20
(qf} cot (% arctan [62%9&, %D , 0 =m(x+ A\t).
Main fundamentals concepts of Jacobi elliptic function expansion scheme
The following is the expression for the NLPDE:
N(u,uzyut,uza:,uzzz,»n) = 07 (333)

where N is a polynomial that contains u(x, ) and its partial derivative. Consider the following transformation

u(z,t) =Y (0), 06=max+nt. (3.34)

In this way, Eq. (3.33) turns into a NODE, which is described as
MY, YY" ..)=0. (3.35)
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No 70 T2 T4 F)
j=1 |1 —1—x% |x? sn(0)
i=2 | 1=x% 252 =1 | —»2 cn(0)
i=3 | x? —1—x% |1 ns(0)
j=4 —x? —142x% |1 -2 nc(6)
j=s | % 12 1 ns(0) F cs(0)
- - 2 . en(0)
i=6 x Lix 1-x nc(0) F sc(0) or =5
1 2 2 sn(6)
j=7 |3 x -2 s TFdn ()
i=8 |1 2 —x2 1—x% |sc(9)
i=9 |1—x2|2—x? 1 cs(0)
j=10 [x2— 1|2 -2 -1 dn(9)
4 2
22 (@ s ase)
1 2 _v2)2 sn (6
j=12 | 1 | e

Table 1. The Jacobi elliptic functions.

No. X—=>0|x 1
j=1 |sn(0) |sin(0) |tanh(6)

j=2 |en(8) |cos(9) |sech(d)

j=3 |dn(0) |1 sech(0)

j=4 |cd(0) cos(0) |1

j=5 |sd(0) |sin() |sinh(6)

j=6 |nd(0) |1 cosh(0)
j=7 |dc(0) |sec(d) |1

j=8 |mnc(f) | sec(d) |cosh(d)
j=9 |sc(0) |tan(f) |sinh(0)

j=10 | ns(0) | esc(0) | coth(d)

j=11 | ds(0) | csc(8) | csch(0)

j=12 | cs(0) | cot(0) | csch(0)

Table 2. The Jacobi functions for x — O and x — 1.

To get to the exact solutions, we have:

(RO \T F(6) 1- F2(0)
Y(e)—uo+20:<m,2(m> <Hi1+F2(9)+)\i1+F2(9)). (3.36)

where p; and \; are free constants (14; # 0 or A; # 0). The function F'(0) is expressed as follows:

F'(0) = \/1o + r2F2(0) + r4F4(6). (3.37)

where rg, 72, and 74 are constants, then the solution of Eq. (3.37) is given below Tables 1 and 2, with the
conditions of 7o, 72, and 74. Table 1 contains the Jacobi elliptic functions, while Table 2 includes functions of
trigonometric and hyperbolic functions.

Application of JEFES for 4th order CH equation
According to Eq. (2.4) and obtained balance number, using (3.36) solution can be re-written as follows:

F(0) \ L F?(9)

YO =po+m i mgy M T )

(3.38)
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With their derivatives

av(e) _ (g5FO))u1  200)°ui (5 F0)  2H0) (5 FO)A1  2(1-F0) )>\1F(¢9)( F(e))

d0 T 1+F(0)? (pr)z)? 14+F(0)2 (1+F(9 2)
2 - b
42y (0) _ (d‘iﬁﬂe))m B 6( 2L F0)) u1 FO) | 8F(0)°p1 (25 F9))’ _ 2H0)2u1(j72Fr9>) B 2( £ F6))* M
doz T 14 H6)? (1+70)2)? (1+70)2)? (1+70)2)? 1+H(6)?
2
_270) (5 FO)) M N 8RO)% (45 F0)* N | 8(1-F0)2)M A0 (4 F0)°  2(1-F6)?)n (45 F6)°
1+F(6)2 (1+F(0)2)? (1+F0)2) (1+760)?)
2(1- wa)mm)(d%ﬂ )
1+F(0) ’
3 24&(9)3 () F(e))( F‘(H)) 247(0)2 ( FKG))A( o)) 2 3(d 3
By ) _ #1( g n 167 1(ge _48(1-F(0)* )\ F(0)% (5 F(9))
203 (1+70)2)° (1+F0)2 ) (1+F0)2)?
R N 3 (3.39)
6(1=R0)*)x (5 F(@))(de2 Ro))  2(1-F0) )A1F<9>(d93F<9>) (5 70) i o( 4 F6)°m .
(1+F0)2)° (1+F6)2)? 14+F(0)? 2(1+Fre>2)2
+48(%F‘(9))3u1F‘(9)2 ERLLONIE 10 2F(6>2u1(d93 F<9)) (%H@)M(ﬁoﬁmﬂ) 24( 4 1(0))* M F(0)
(1+§(0)2)3 (1+F(0)2)"‘ (1+F0)2)? ' 14+ F(0)? (1+F0)2)°
2P0 (F5FO)N a0 (5 F0) N | 28(1-F0)2)A ) (25 F10))° R G O SOl (d(,ﬂe))(daz o))
1+16)? (1+10)%)° (1+10)%)° (1+110)%)°
18( L 1(0)) w1 F10) (5 F(0))
(1+m0)?)?

Insert the Eq. (3.38) and its derivatives (3.39) into Eq. (2.4) get to the related nonlinear arithmetical condition.
The sets of solutions are as follow:

Merge I.
\/—2(37‘ —drgra—Grors+4r2 —47‘2r4+37‘4)(7‘0 7‘2+7‘4) /\\/—2(37‘(2]—4r07‘2—67‘g1‘4+4r§—47‘2r4+37‘§)(7‘0—7‘2+7‘4)
m= 312 —drgra—6rora+Ard—drarg+372 n= 8rZ—drora—6rora+4r2—ararg+3r2 )
go = 0 )\1 _ 2rg— 212?)»27"4 o = rQ—T4
: \/3r2—4rry —6rora+4rs —aryra+3r3’ \/3r2—4rgry—6rora+4r2 —4rzra+3r2 (3.40)
r0—27124 37 0)2 —3rg+2ro—1
Y (0) = (ro—2rp+3r4) F(6) o+2r2—ra

\/37'2 Argro— 67‘0'r4+47‘2 4r2r4+3r (l«&»F’(@)Q)7
g — \/ 37‘0747“07‘276ror4+4r374r2r4+3r4)('r —7ro+r4)
37”(2)—4r07‘2—6r0'r4+4r§—4'r2r4+37‘z

(3.41)

(z+ At).

Case 1 Take the case 74 = x%,72 = —1 — x2,70 = 1 and F() = sn(6, x). Then we can write the solution
according (3.41) as

(5x%+3)sn2(6,x)—5—3x> o 24/~ (11xA+10x2+11) (x2+1) (tta)

TIxZ+10x2+11

Y(e) = - )
\/7—2X2+4(—X2—1)2—4(—X2—1)X2+3X4 (1+sn2(0.%)) (3.42)

When x = 0, then (3.42) gives the soliton solution as

Va(a.t) = 3sin2(@ (z+.)\t))75 _ -3 sinh2( VIL (z+)\t)) 4 (3.43)

r(1+51n2(2\{?’ (:c+>\t))) \/ﬁ(l—sinhz( (z+/\t)))
When x = 1, then (3.42) gives the periodic solution as
Ya(z, t) = 2 o (3 @ian) g et (5 (ex ) (3.44)

1+tanh2(% (z+A t)) 17tan2(% (z+/\t))

Case 2 Take the case 74 = —x?, 12 = 2x% — 1,79 = 1 — x* and F() = cn(0, x). Then we can write the
solution according (3.41) as

Y (60) = (8x%—3)en?(0,x)—8x2+5 2\/ (32x*—32x2+11) (2x2 1) (At+x) (3.45)
T /823t —82x2 411 (en2(0,)+1) 32x4—32x2+11 ’ '
When x = 0, then (3.42) gives the soliton solution as
—3 cos? 2113 (z+At))+5 —3 cosh? 2Vi1 (z+At))+5
Yi(z,t) = (25 ) _ (24 ) (3.46)

V11 (c052 (217\/?1‘ (z+X t))+l) o V11 (C()Sh2 (@ (z+X t))+1) ’

When x = 1, then (3.42) gives the soliton solution as
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—3sech? (@ (z+X t)) +5

Y4($»t) = Vil (sechQ(g (z+2 t))+1) .

(3.47)

Case 3 Take the case 74 = 1,72 = —x? — 1,70 = x* and F(0) = ns(6, x). Then we can write the solution
according (3.41) as

Y () = — (3x2+5)ns?(6,x)—5x2—3 2\/ (11x4+10x2+11) (x2+1) (At+a) (3.48)
VXA 1032411 (ns2(0,5)+1) TIxF+10x7+11 :
When x = 0, then (3.42) gives the singular soliton solution as
5csc? ((2/A1E (z+At))—3 _5esch? (2¥AL (z+At))—3
Ys(z,t) = — ( RO ) =— ( o ) . (3.49)
\/ﬁ(cscz(T (z+X t))+1) \/ﬁ(fcschz(T (z+>\t))+1)
When x = 1, then (3.42) gives the singular periodic solution as
- 8 cothz(% (z4+X t))—S - —8 cot (% (z+A t))—8
Yo(2:1) =~ U comd (3 ara0)51) — VA (= e (3 era0)+1)” (350)

Case 4 Take the case 74 = 1 — x%, 70 = 2x? — 1,70 = —x* and F(#) = nc(6, x). Then we can write the
solution according (3.41) as

Y (0) = (8x2—5)nc?(0,x)—8x>+3 _ 2\/(32x4732x2+11)(2x271) (At+a) (3.51)
T V/B2x —82x2 411 (ne2(0,x)+1) o 32x1—32x2+11 ’ '
When x = 0, then (3.42) gives the bright soliton solution as
v (x t) _ 7556C2(217\/?1i (z+X t))3 _ 7556Ch2(217\/117 (z+X t))3 (3 52)
T \/H(secz(iz\{?i (z+kt))+1) V11 (sechQ(L\I/lli1 (z+X t))+1) ’ ’
When x = 1, then (3.42) gives the soliton solution as
3 cosh? 2V11 (z+Xt))—5
Ys(z,t) = = (3.53)

V11 (cosh2 (% (z+X t))+1) ’

Case 5 Take the case 74 = ,72 = 17§X2 ,ro =+ and F(0) = ns(6, x) F cs(6, x). Then we can write the

solution according (3.41) as

Y(G) _ \/§X2((7LS(0,X)IC$(9,X))271) 0 — —(2X2—1)X4 (At+z) (354)
V2x =2 ((ns(0,x)Fes(0,x))2+1) (2x2—1)x2 '

When x = 1, then (3.42) gives the soliton solution as

_ V2((coth(i (z+A 1) Fesch(i (z4A )% =1)  V2((= cot((z+A t))Eese((z+A1)))% 1)
Yo(z,1) = — ((coth(i (@t A t))Fesch(i (et A ))2+1)  ((— cot((z+xr ) Fese((m+r )2 +1) (3.55)

Case 6 Take the case 74 = 174’(2 , T2 = 1";"277“0 = 174’(2 and F(0) = nc(9, x) F sc(d,x) or 1;7;29(’9)(;)-

Then we can write the solution according (3.41) as

Ve (i) 1)

Vi (2002 4) (3.56)

- Vax? ((ne(0,x)Fse(0,x))%~1)
T VXX (ne(0,0)Fse(0.x))2+1)
x*(x2+1) (At+a)
X2 (x2+1)

When x = 1, then (3.42) gives the soliton solution as

(CObh( V2 (z+A t))IFbinh( V2 (z+A t)))2

(coqh f (z+A t))¥§1nh( V2 (z+A t))) +1 ’

Mgn ‘f (z4+A t)) 2 (3.57)
—1 .
1q:tanh f (z+X t))

—.
ee(‘h f(ﬂ-u))
+1

1q:mnh f (z+A t))

Y (0 r Y (0) =

0 =

YIO (l‘ t)

N .z
e =
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2 2
Case 7 Take the case T4 = XT’ ro = X 272 ,To = i and F(Q) = % Then we can write the solution
according (3.41) as
2
(3x2—11) (%) —x2+9 23 \/(11X4762X2+83)(X2—5) (At+a)
Y(0) = (o) N2 , 0= T1x%_62x2183 : (3.58)
\/11x4—62x2+83 ((mwax)) +1)

When x = 0, then (3.42) gives the soliton solution as

. [ 2v/830i 2 . 2./830 2
sin (2830 (545 ¢) —sinh ( 2¥830 ;4 ¢)
11(W> o 11( ( s (ot ’)) o
Yia(z,t) = =

= . 3.59
sin(Lg‘a’d”i (z4+A t)) 2 —sinh(27\/sz§30 (z4+A t,)) 2 ( )
V83 — | +1 V83 5 +1

When x = 1, then (3.42) gives the bright-dark soliton solution as

2
tanh(zivsg?’o (z4+2 t))
-8 +8
1:Fsech,(27\’8%30

Yia(z,t) =20) (3.60)
x,t) = . .
1345 . tan]x(z\/S%SU (z4+A t)) 2
32 - 1
lqisech(2 88330 (z+X t)) *
Case 11 Take the case r4 = 1,72 = X22 ,ro = X; and F'(0) = ns(0, x) F ds(6, x). Then, we can write
the solution according (3.41) as

Y (0) (x*—4x2+11) (ns(6,m)Fds(8,m))* —3x* +4x? -9

V/3x8 —8x6+26x4 —72x2+83 ((ns(0,m)Fds(6,m))2+1)’ (.61)
0 — 2\/—2(3X378XG+26X4—72X2+83) (x*—2x2+5) (At+a)

- 3x%—8x6+26xT—-72x2+83 :

When x = 0, then (3.42) gives the bright soliton solution as

44 csc? (2839 (A )) —9
Y14(m,t) = — ( 83 )

\/83 (4 csc(27‘;i;m (z+X t)) 2-&-1)

—4csch? (2788330 (z4+X t)) -9

: 3.62
V83 (—4csch(2‘/88330 (z4+A t))2+1) ( )

When x = 1, then (3.42) gives the combined singular solution as

_ _ _ 8(coth(i(z+At))Fesch(i(z+A t)))?—8 _ _ _ 8(—cot(z+At)Fesc(z+A t)%2-8
Yis(z,8) = V32 ((coth(i(z+At))Fesch(i(z+A1))2+1) V32 ((— cot(z+At)Fesc(z+At))2+1) " (3.63)

2,2 2
Case 12 Take the case r4 = (HZ Sy = X g = Land F(0) = sn(6.X)

m. Then, we can write
the solution according (3.41) as

sn(6,x)
Y(0) = (3X4_1ox2)(ch§»(9,x))2—x4+6x2

/3x3 —20x6 +36x* +32x ((dn(fa?;)(:iﬁ,)(e,x) )2+1) 7 (3.64)
0 2/~ 2x* (3x6 —20x4 +36x2+32) (x—2) (x+2) (\t+2)

x2(3x6 —20x1+36x2+32)

When x = 1, then (3.42) gives the dark-bright soliton solution as

= 2
canh(2‘{;4 (z+A t))
-7 ———— +5
4sech(2 34

Yao(x, 1) o) (3.65)
16{T, 1) = — - p) . .65
’ mllh(i?‘l/?‘ (z4+A t))
V51 _— +1
4sech (72‘1/7374 (z4+A t))
Merge I1.
\/72(27"0?"2712ror‘4+r§+2r2r4)(r'ofr2+r4) )\\/72(27‘01"27127‘0r4+r§+2r2r4)(r0—7'2+7'4)
m 2rgro—12rgra+r3+2rary » = 2rgro—12rgra+r3+2rary ’
=0 )\ = To T2 T4 = 074 3.66
go ’ 1 \/2ror2712ror4+r§+2r2r4 Mo \/2r0r2—12r0r4+r§+2r2r4 ’ ( )
= 21(rg—ro+r4)

- \/27‘0 ro 712r0r4+'r§+2'r2 Ty’
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Y () = ro—T4 21(ro—ra+ra) F(0) ro—To+T4 (1-r0)?)
\/27‘(17"2712T(]7‘4+T§+2T2r4 \/2'r(]7‘2712T()r4+7"§+27‘2r4 1+F(0)2 \/27‘(]7"2712r()7‘4+r§+2r2r4 1+ F(0)2
_ 1 Fw)rz—me>r4—1r2+21m)
\/2r07‘2—12r0r4+7"§+27‘2r4 F(0)+1 ’ ( )
_ \/—2(2r0r2—12r07'4+7"§+2r2r4)(7‘077‘2+r4) 3.67
0= 2r0r2—127‘07'4+r§+27‘2r4 (ZE +A t)
Case 1 Take the case 74 = X%, 72 = —1 — X2, 70 = 1 and F(6) = sn(6, x). Then we can write the solution
according (3.41) as
3x2+1 0,x)—i(x2+3 24/ (x*+14x2+1) (x2+1) (A t+z)
Y(@) — ( X )sn( x)—i(x ) \ — _ ( S )(2 ) ) (368)
VXA 14x2 1 (i+sn(6,X)) XA
When x = 0, then (3.68) gives the periodic solution as
_ —sin(2(z+At))—3¢
When x = 1, then (3.42) gives the dark soliton solution as
NG )
—4tanh( %= (z4+At))—41
Yo(z,t) = 2 (3.70)

(4+4i tanh(g (x4 t))) ’

Case 2 Take the case r4 = —x2,72 = 2x% — 1,70 = 1 — x? and F(#) = cn(6, x). Then we can write the
solution according (3.41) as

(4)(2 71)cn(0,x)7i(4x2 —3i)

2\/—(16X4—16X2+1)(2X2—1) (At+z)

Y0 = oo tirenn) 0o T TE T (3.71)
When x = 0, then (3.42) gives the periodic solution as
YVa(x,t) = £t et (3.72)
When x = 1, then (3.42) gives the singular-periodic solution as
Yile,t) = BBl ten - saetgten, @79

Case 3 Take the case 74 = 1,72 = —x? — 1,70 = X and F(8) = ns(6, ). Then we can write the solution
according (3.41) as

Y(6) = —(x2+3)cn(9,x)4.-i(3x2+1) ’ _ 2 (X4+14>:2+1)(2X2+1) O‘t*z)_ (3.74)
V=xt =143 —1 (i+en(6,x) XA
When x = 0, then (3.74) gives the singular periodic solution as
Ys(x,t) = S=eEl L (3.75)
When x = 1, then (3.74) gives the soliton solution as
Yo(z. 1) = 4coth(§ (242 t))+4i (376)

4 (—1—7,' coth(% (z+A t))) ’

Case 4 Take the case 74 = 1 — X%, 72 = 2x® — 1,70 = —x* and F(#) = nc(6, x). Then we can write the
solution according (3.67) as

Vo= e oo L WIRTREIRTIN )
When x = 0, then (3.77) gives the periodic solution as
Yi(x,t) = Sl ettt (3.78)
When x = 1, then (3.77) gives the periodic solution as
Ys(o.t) = <P, = e ey (3.79)
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Case 5 Take the case r4 = 1,72 = TQ, ro = + and F(6) = ns(6, x) F cs(, x). Then we can write the

solution according (3.41) as

V() = — 2L 00Fes030) ) g — VxE2) Ot (3.80)

VxAE—2x2 (ns(0,) Fes(0,x))+1) N x2(x2-2)

When x = 1, then (3.80) gives the complex singular soliton solution as

(— coth(\/i(ach/\ t))j:csch(\/i(aH»A t)))fi

Y9(x7 t) = T ((7 coth(\/§(1+)\ t))j:csch(\/g(aﬂ»)\ t)))+z) '

(3.81)

Case 6 Take the case r4 = 12 ,T2 = 1*'2"2,7’0 = 1_4X2 and F(6) = nc(0, x) F sc(6, x) or %.

Then we can write the solution according (3.41) as
2 cn(0,x) .
Y(6) = X2 (ne(0,x) Fse(8,x) =) or Y(0) = X (wsn(é?x‘x) 71)
VX2 ((ne(0,) Fse(0,))+1) N U (3.82)
ho V2 VxA(x2-2) e

x2(x%-2)

When x = 1, then (3.82) gives the complex combined soliton solution as

((Cosh(\/ﬁ (z+X t)):Fsinh(\/ﬁ (z+X t)))fz)

Ylo(l’, t) = ((cosh(\/i(.'z-ﬁ-k t))Isinh(\/i (z+A t)))+i) ’
sech(ﬂ (z4+X t)) .
v = 1xtanh (V2 (22 1)) ‘ (3.83)
u(z,t) = .§ech,(\/§(m+)\ t))
1¥tanh(\/§(z+) t))
Case 7 Take the case r4 = XT27 ro = X2272 ,To = i and F(@) = % Then we can write the solution
according (3.41) as
2-=n0.) 42 3) (x*—4x2+1) (x2—5) (At+a)
Y(@) _ 1Fdn(0,x) — 0 = — . (384)
When x = 0, then (3.84) gives the soliton solution as
in(V5i (z+X t))73i sinh(\/g(a:+/\ t))73
Vig(x,t) = —~ ( o = . . :
s ((bm(\/&z(wrx t)))+i> s (alxxll(\/gz(1+)\ 0) +1) (3.85)
When x = 1, then (3.84) gives the complex bright-dark soliton solution as
—tanh(VZ (z+A 1)) B
sec. f x
Via(a, ) = —roetlV2 A 0) (3.86)

9 ( 7tanh(\/§(w+>\ t)) +¢> .

1xsech(VZ (z+A1))

Case 10 Take the case 74 = —1,72 = 2 — X2, 70 = x* — 1 and F(#) = dn(0, x). Then, we can write the
solution according (3.41) as

Y(0) = _amdanesoriaion g 2V (019 (3-2) et (3.87)
Vx4 +16x2 16 (dn(8,x)+i)’ X1-16x7+16 '

When x = 1, then (3.87) gives the complex periodic solution as

BSech(gi (z4+X t)>7i . 3 scc(@ (z+)\t)) —1

Yia(z, t) = i (sech(RiGean)+i) i (sec(2 @trn)+i)

(3.88)

Case 11 Take the case 74 = +,72 = X22_2,ro = X{ and F(0) = ns(0, x) F ds(6, x). Then, we can write

the solution according (3.67) as

Y (9) = (x%=3) (ns(0,x)Fds(0,x)+i(x>+2)
VOCHD (A —5x2+2) (ns(0,0) Fds(0,x)+i)
\/72(X2+1)(X475X2+2) (X472X2+5) (At+z)
(x2+1) (x*—5x2+2) :

(3.89)
0 =
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When x = 0, then (3.89) gives the complex singular soliton solution as

_ —6 CSC(\/gi (z+A t))+27l _ —61 csch(\/g(z+)\ t))+2i
Yis(z,t) = V2 (2 ese(VEi (z+At))+i) V2 (—2icsch(VE (wtAt))+i)’ (3.90)

When x = 1, then (3.89) gives the complex singular solution as

—2 (= coth(V2 (z+At))Eesch(V2 (z+A1)))+3i

YlG(xvt) = 22‘(7 coth(\/§(z+)\t))icsch(\/§(z+)\t))+i) :

(3.91)

2,2 2
Case 12 Take the case r4 = (HZ ) py = X g = 1 and F(0) = %. Then, we can write

the solution according (3.67) as

sn(6,x)
¥ (0) = — 0 e

- (0, %)
Vil -85 (g o )
\/ 2x2 (X6 —3x*+8x2) (x2—4) (At+=)
x—3x1+8x2 :

(3.92)
0=

When x = 1, then (3.92) gives the complex dark-bright soliton solution as

tanh(z+Xt)
Yiz(z,t) = W (3.93)

Sech(atrp) T?

—1

Application of RMWFs for 4th order CH equation

We consider two subsections:

One wave solution for Eq. (3.38)
Consider the one wave solution as

Fi(z,t) = Ao+ A1 exp( (x t),
Fy(z,t) = 1+ Xaexp(f(z,1)) + Asexp(2 f(z, 1)), (4.94)

F
u(@, 1) = R

Using (4.94) and inserting (4.94) into (3.38), we can get the nonlinear algebra equations

11A300at — 9AZN3a? — 16XsXhoat — 11h2at A + 12237302 + 21X A1 22a? + 3X3 X oda1 — 12203 \oa?
—X3Xo0a? + 223 0ha1 — 3dadiar A — 4z hoa? + Aaathi — 3X3Aob1 — 2X3\0b1 + 3XAabi A = 0,
—11X3Noat 4+ TThs adoal + 11XN3ath; — 33X\3 2 \da? — 1202010202 + 3A3Nodar — T6A3ath;
+66)\3)\1)\gaf + 21)\2)\%)\0@% + A%)\ga% + 932 Aoar1 A — 3)\5)\1(11)\ — 7/\3)\2)\0&% — 9/\?@% — Xﬁa%)\l
—3X3N0b1 — 2X3h1a1 X — 4Azai A1 — I3 hahobr + 3)\§b1/\1 + 2/\3b1)\1 =0,
Aidoat — 58XsAZhoat — Adath + Midodar + 176)\3)\0a1 + 47/\3)\2a1)\1 — 36,\2,\;]111 — 51,\3,\2A1,\§a%
—3)@)\%)\0@% =+ )\%)\0@% + 12)\3)\%)\0)\(11 )\2)\1(11)\ =+ 84)\3)\ )\oal =+ 2/\3)\2)\()@1 =+ 3)\2)\1(11
—/\SG%A1 — )\%/\01}1 + 6A§/\0)\a1 — 3)\3)\2/\1(11)\ 4)\3)\0(11 — 13A3/\20,1)\1 — 12A3/\2)\0b1
+A3b1 A1 — 623 X0b1 + 3XsA2bi Ay = 0,
5a}>\o)\§)\3 - 115@%)\0)\2)\% — 10@%/\1)\%)\3 —+ 5Aa1A0A%A3 + 230&%)\1/\% — 75&%)\8)\1)\% — 15@%)\0)\%)\2)\3
+5a%)\o/\%>\3 + 15)\(11)\0)0/\% + 5(1%)\0)\2/\% + 30@?)\}5)\3 - 10&%/\1)\%)\3
—5b1AoAIAs — 1002 A A2 — 151 Ao M2 A2 = 0, (4.95)
11afXoA3A2 — af A A3As — 176a Mo + 47aT A1 Xad3 4+ OXa1 AoAZAZ + Aai A A3Ns
—48a2MoAZA2 + 11a2XoAZA2 + 3a2 A3 dods — a2 A1 A3 A3 + 6Aa1 AoAS + 3hai A1 Ao?
+4a2MoX} — 13a§A1,\2,\§ — 9b1)\0/\§/\§ —biMAIAs — 6b1/\o>\§ - 361/\1>\2/\§ =0,
fa‘{,\of\m +1la )\1)\2/\2 76a1,\1,\3 + 7,\CL1,\0A2,\3 + 3)\a1)\1/\2)\3 + 11a1,\0,\2/\3
—9a2X3N% — al,\l,\QAd + 2)\a1>\1>\5 —4ai s — 71;1A0A2,\d — 3b1>\1)\2)\3 - 2b1A1/\3 =0,
16@%/\0)\% — 11a1)\1/\2)\3 —+ 2)\(11)\0)\3 + 3)\a1/\1)\2)\3 + 4a1/\0)\3 + al)\1)\z/\3 — 2171/\0)\3 — 3b1/\1)\2)\§ = 07
at A+ Xar s + a2 — b =0,
—>\2)\0(Z411 + 3)\2/\80‘% —+ (Lzll)\l — 3)\1/\(2)(1% + A2 doai A — )\2)\0(1‘% —Atai A+ (L%/\l — A2Xob1 + b1 A1 = 0.

After solving the above system, we can receive the following results:

z)V2+c
al = \/Q, b1 = )\\/57 )\0 = :t]., )\1 = $)\2, )\3 = 0, Yl Q(ZL‘ t) = M (4.96)

1+)\29(M+w)\/§+61 .

2 x c
a1 =V=I, bi=A=T, Xo=0, Aa=0, As=2, Va(a,t) = SSMe Tl (497)

)\%el(2/\t+2z)+2c1 18

Two wave solution for Eq. (3.38)
Consider the one wave solution as
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t) = Ao + A exp(f(z, 1)) + Az exp(g(, 1)) + Az exp(f ( t) + g(2,1)),
;)=:1%7u16wp(f(7 1) + iz explg (e, 1) + s exp(2 f(2,£) + pa exp(29(z, ), (4.98)

Using (4.98) and inserting (4.98) into (3.38), we can get the nonlinear algebra equations. After solving the
obtained system, we can receive the following results:

a1 = —a2+v2, b1 =AV/2—ba, Xo=—1, A\ =X =p1 =2 =0,
V(1) = 71+M36<M+m)(fa2+\/§)+<xt+m>a2+c1+cz . (4.99)
1+M36(>\t+z)(*a2+\5)+(>\t+w>a2+01+02

a1:\/§, (IQIbQIO7 b1=)\\/§, )\0:—1, )\121141, A3:u3, )\2:;12207
Vo (. t) — —1pg e tFR)I Vel Lo o (Atde) V2der +ea (4.100)
Q(I’ ) - 1+Me(xt+z)ﬁ+c1 +#3e(xt+m)ﬁ+c1+c2 .

a1 =2, az=bx=0, b1 =22, =1, M =—pu, As=—pus, A2=p2=0,
Ya(w,t) = —p et VEer o (tta) VEter fep +1 (4.101)
1+Hle(>\t+w)\/§+c1 +M3e(>\t+w)\/§+c1+c2

az=v2, bz=AV2 X=1, M= =4 A\3=—ps, do=—pa,
v, 7#20()\t+a:)\/7+02 7H30(>\t+m)\/§+b1t+a1 x+c1+co H2+M3Cb1t+alz+cl Fpo (4.102)
4(1"7t)

Mze(xt+z)f+c2+Mse(n+z)\/§+b1t+a1z+c1+c2u2+u3eb1t+alz+c1 tpo

apﬂﬁ,@ZM@,M:%,M:*MZ*%,MzwyMzwy
Ys(z,t) =

ng()\t+a:)\/§+c2 +ng(z\t+z)\/§+b1t+a1:c+c1+c2 po—pgebltterzter _ (4.1()3)
ugc(%t+w)\/§+62 +HSC(M+w>\/§+b1t+a1w+01+02 potpgeblttareter 4y, "

a1 =b1 =0, bz=a2(a§+)\+a2), )\02%, A =A3=0, puz = pipo,

A2(”2602(&3+M2)HW+C2“ (4.104)

2(a%+x+a2)t+a2m+c2+H1H2€a2(ag+x+a2)t+a2x+cl+cz) :

Y6(5L‘7 t) =
2 (1+u1€°1 +uze”

a1:b1:O, by = —a2+a2)\—a2, )\0—0 )\I_Q )\2207 13 = [1p2,

2’
r (e"’2(_ ,2+/\—a2)t+0r2‘7’+‘31+“2 H2+e<:1> (4.105)

a2(7ag+)\7a2)t+azz+c2+p‘1‘u‘2ea2(7ag+/\7a2)t+a21+cl+c2> :

M2 (H—ul el tpuge

4 242 2 A
a1 =b1 =0, by = —ay+ 3a3A\§ + a2 — a3, A1 = Tg’ A2 = p2do, p1 = Z
a2 3 2
(=a 2+(3>\0—1)a2+>\)t+a21:+62+)\36a2(7a2+(3/\0—1)a2+/\)t+a21+c1+c2‘u +A5e®l 4 pp0

a2
Ya(x, t) = 12200

i2e ag(—ad+(332-1)ag+2)t+agetes a3+(8A2—1)ag+A)t+agzter+eo

" (4.106)

+#Sea2(_ n2+uzel +uo

a1 =2, by = A2, X =—1, /\1:%7 Ao = —p2, A3 = us, MlZL
ve (a: t) — eb2f+a2r+c2+H36(At+r)f+b2t+agr+cl+c2H2+H36(A1+m)f+c1 o (4.107)
EACT 2 2obot+agwteg +M3e(>\t+.n)f+b2t+a21+c1+02H2+N3e(>\t+1)\f+cl g

a1 =2, b1 =XM/2, =1, A\ =— %7 A2 = pl2, A3 = —pus, /M—L
v, ’ p2ebattagates o Otda) VB+byttagetertey g o(te)VEter 4y, (4.108)
10(% ) u2 bottagates | qe(Mttz)V24battagrterten ot ae(Mta)V2ater 4y,

Decomposition variational iteration method
In this section, we will explain the decomposition variational iteration method which will be utilized to the

mentioned nonlinear model. By taking the provided conditions in Y (z,0) = tanh ( ) the Eq. (3.38) is

transformed to the following form,

))+9“‘t(( t) +N(Y (z,1)) =Y; + R(Y (z,

N(Y (z,t)) =
—AY: + Ymm + Y, —6YY2 —3Y2 g/m = 2)) Y (1) (5.109)

For investigating the procedure, we consider the following iteration formula as:

Yoti(x,t) = Ya(z,t) +fo w) [R(Yn(2,w) = Yn-1(z,w)) + (Qn(z,w) — Qn-1(z,w))] dw, (5.110)
N(Yn(z,t)) = Qn(a: t) + O(t""'l)7 n > 1. '

where £ = 0;, R(Y (z, 1)) is a linear operator and (Y (z,t)) is a nonlinear term. Also, ¢(w) is the general
Lagrange multiplier’2. To compute the variation with respect to Y,, we obtain the following issues:
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(W) =0, 1+dw)lw=t=0, (5.111)
thus we obtain ¢(w) = —1. So, the equality is changed to

Yoii(2,t) = Ya(z,1) = fg R(Ya(z,w) = Yao1(2,0)) + (Qn(2,w) — Qu-1(z,w))] dw,

where
Yoi(a, 1) = 0, Yo(a,t) = Iz ) (5.112)
Yi(z,t) = Yo(z,t) — [y [R(Yo(z,w) — Vo1 (2,w) + (Qo(z,w) — Q-1(z,w))] dw.

Then, we have

Yosr(2,1) = Ya(z,t) = [[I(=AYa)a(@,0) + (Yn)za(@,w) + (Ya)zaas (2, 0) + A(Yn-1)z (2, w)
(V)i (2 0) — (V1w (2,0)) - (An (2,0) — Ao (2,0))] o,

where
= o e

katY k(2 1) Yo

(z,t)
O
(Ao(a: t))m_BYO z) MYO m) Yo(z) + 2(% )2)
(A1(2,0)ar = 6Yi(2) (4 Y0(0)) Yo(a) +3 (25 Yi(a)) Yo(e)® + 6¥i(a) (i Yo(w))®
+12Y5(z) (££Yo(2)) (£Yi(z)), (5.113)
(A2(2,1))0e = 6Ya() (;LY (@) Yo(z) + 3 (;LY (m)) Yi(2)?
+6Y1(x)( Yl(m) x)+3( 2Y2(z)) 0(2)? + 6Ya(x) (L Yo(x))?
+12Y1(2) (45 Yo(2)) (LY (2)) 4 12Y0(2) (45 Yo(x)) (4L Ya(x)) + 6Yo(2) (45 Yl(:v))
(As 1))z = 6Y2(2) (5 Y0(0)) Vi (@) + 6% (a) (Yoo ) () + 6Ya( )(ﬁ—iW))%(z)
+6Y:(2) (j—yz(x)) o(z) + ( QYI(I)) Yi(e ) +3< Ya(z)
+12Ya(x) (%Yb(ﬂg (Y <I))+12Yo 2) (£Y0(@)) (5 Ya(@ ))+12Yb(w (Y1) (Y2 (@)
+6Y1(z) (LYi(x))" + 6Y: )( Yb(m) +12Y1 (=) (LY ())( Yz(z)
(Aa(a, 1) = 12Y5(2) (i ¥o(a)) (3 Yo(o)) +12Ys z) LYo(@)) (A1 (@) + 121 (2) (£ Yo(@)) (£Va(a))
+12V1(2) (£ Y1(2)) (£ Ya(a) 2y (@) (& di ()
12Yoe ) (LYi(x)) (£Ya(x)) +6Ya( :1:)( (z) + 2(x) (£Yi(2))” + 6Yo(x) (L£Ya(2))’ (5.114)
+3( Yo(x)>Y(x)2 (dd;yz(w)>yl )2 +3( Y4(x)> g 6Yg(x)<d2Y1($) o(z)

(2)?
+6Ya(2) (LoYi(2) ) Yi(2) + 6Ya(z) (L Va(x)) Yolx) + 6Yi(x) (j—y3 >Yg(z
+6Ya(2) (45 Yo(2) ) Vi (@) + 6Ya(@) (5 Yo(@) ) Yo(a),

Y_i(z,t) =0, Yo(z,t) = tanh (i) =z,
Yi(a,t) = Yo(z,t) = i [R(Yo(z, @) = Y1 (,0)) + (Qo(z,w) — Q1(x,w))] dw = 2 — BEZ2 | 112,
3 2,2 2,2

Va(w,t) = —t2Z2 45 2 4 = *2; — 2227 41855 — 272%t + 92t

Ya(z,t) = fﬁz Azt “f BN 2N 5B 8105 4 27at — V2R 4 SXVE  gh9y,942
+1827927 2 45\/§Z6)\t2 + 171ﬂz4t2A _ fﬂﬁ _ 19629z 5¢2 — 45822 22N + 8613z3 2 + 9t A\f 1215z ¢2

Yi(z, 1) = 2 — 1250003 4 2002 “I35:TA20 1 ERSA 2162\ — 3062\ — 452 NF — M
+23)\2127z)\2227\/7)\33+27f Af+Mf tﬁz)\ix/iz A33+2A3t‘f 135\/§Z6>\t2
+513\/§z412/\ 135t2/2 22\ — 182385z8\f/\t 30996\/§z £ /\+ 1352713«/52 Ay 113049\/526,\t3
+13608\/§zm/\t3 +1142°t — 17123 + 57zt — 6804z"t2 +2162727¢% — 244622712 + 113402%12

—17012 ¢ + 279417621345 — 24857537= 10 | 42478555297 _ 18713097,74% 4 8500077255 — 3732885500 | 2maTTad
Ys(z,t) = z — 73766246402 7% + 335725854597215 4 809065581515z” 4 139163976995%¢1 _ 6145642532 ¢

B s
11 4 9,44 4 544 Q g 3,3
1070527025673z 1141 _ 8413187114799 395458550927z et 105515074529z 1 57095282343 — w (5.115)

46761072 _ 511046011117 +89166097729*3 116174765713 + 1974310256 — 7812:° + 98926271 — 37251252
+193772%2 — 32405 £2 420425t — 30623t + 1022t — 6804021 A3t 4 1352720208 46313127228 705017:TA%

—BIPAE  950495,9 3244 — 91825023 — 522N | 2atit 405:TA20 — 1352 A26° 1 64850240 4 °*—“
+i _ z)\2 2 315ZSIA3 S Gfx" 5 181621442“xf/\t4 17z2>\50L5f e 4A° t°v2 + 340581483z12f)\L4
—162559926z1°f Ath+ 6442027ssz8f Aty 07000425200 _ 986750814 2% 1/2 A — 86974182z6f /\t4
+szsz"f,\3 t* + 2@12%3 vz 363z4f)\3t4 tszA _ 4\[>\3t3 e 2»‘ 3v2 — 928520/2 A 12

+1083\/§z4t2)\ 285t2 2. /9 A + 306182'0v/2 A 3 — 21262>z5fxt3 78165\/52 B+ 357213222 )
27369922"f>\15 _ 170132 | A2 V288 | 57ePAVe > 271377t V2 | V2SS 15V A3
+ 2 2 += izt 2 + 4 + % 2

)

Subsequently, we define the series form solutions as follows

=> Y =Yo(z,t) + Yi(x,t) + Yao(z,t) + Ya(z,8) + - -, (5.116)
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where the exact solution is given as Y (z, t) = tanh (%) .

Convergence analysis of DVIM
We discuss the convergence by the following theorems:

Theorem 5.1 Suppose that £ and 91 are Lipschitz functions as in the last theorems; then, the relation of (5.109)
is convergent.

Proof Assume H = (C[J], || . ||) be the Banach space defined before, and let Y, = Zf:o Yi(z,t). To offer
that Y} is a Cauchy sequence in H. Let
| Yi, — Ya, ||= maxiey | Eflkm |, ka=1,2,3,...

<ot (M, (S(Vimn) + R(Yimr) + R(Vie) ) |

= (R, () + RV + 0(Y)) ) |

< {M(E(Vr, 1) = S(Ykz 1)+ R(Yiy—1) = R(Yeg—1) + N(Yiy _1) — N(Yip_1))} | 17

< g [T ULV, 1) — L(Yio-1))} |

g2 [ N ANR(Yy 1) = R(Yrp-1))} |

+g3 | NH{NN(Yey—1) = NV 1))} |
=(g1+g2+93) || Yi,—1 — Yio—1 || -

Let k1 = ko + 1, then we have
[ Yiar1 = Yies IS g | Yoo = Yio—1 |97 || Yaoor = Yip2 [< - < g™ [i=Yo |,  (5.118)

in which g = g1 + g2 + g3, we get

H Yo, _kYkQ HIcSH Yio41 — Y/? ” + H Yio+2 — Yio 1 H +e H Yi, = Y1 H
< (g 24y 2+1+...+g 1*1) | Vi —Yo ||

k1—k (5.119)
1_gk1—k2
<o (H2) I,
if0 < g<1,thenl— gkl*’§2 < 1, hence we have
I Vi = Vi 15 (425 ) maxees 1) Y3 (5.120)

when || Y1 ||< oo, and n — oo then || Yo — Y&, ||— 0.
One can see that Yy, isa Cauchy sequence in H. So, the series Yy, is convergent.

Graphical results

In this particular section, a detailed analysis of the generated solutions with those from earlier research
demonstrates the unique originality and innovation of the current study. Using the Maple software, a number
of graphical representations are produced for the problems, ranging from Figs. 1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12
and 13, at different selected values. This section aims to generate graphical illustrations of obtained solutions
of fourth-order Cahn Hilliard Equation, which are obtained by the tan(¢/2)-expansion technique, Jacobi
elliptic function expansion Scheme and one and two waves solutions. The results showcase a variety of visual
depictions, including 3D, 2D and density plots. Here, we elaborate and investigate the dynamics of the some
of the obtained solutions. These results generally shows dark, periodic, kink, bright, M-shaped and W-shaped
soliton solutions. Figure 1 visualize the graphs associated with the breather wave solution for the given Eq. (3.43)
using A = 0.2. Figure 2 illustrates the characteristics of periodic wave solutions for Eq. (3.44) using the given
parameters A = 0.2. Figure 3 illustrates the characteristics of soliton form solutions for Eq. (3.45) by applying
the given parameters A = 0.2. Figure 4 illustrates the characteristics of bright soliton solutions for Eq. (3.46)
using the given parameters A = 0.2. Figure 5 displays the characteristics of the periodic wave solution graph for
the solution of Eq. (3.55) for A = 0.2. Figure 6 depicts the graph of the soliton solution for the solution of Eq.
(3.62) for A = 0.2. Figure 7 visualizes the graph associated with the periodic wave solution for the solution of
Eq. (3.63) for A = 0.2. Figure 8 provides the graph associated with the periodic wave solution for the solution
of Eq. (3.69) for A = 2. Figure 9 provides the graph associated with the soliton solution for the solution of Eq.
(3.70) for A = 0.2.

Figure 10 provides the graph associated with the one wave solution for the solution of Eq. (3.72) for
A = 2. Figure 11 visualizes the graph associated with the periodic wave solution for the solution of Eq. (3.73)
for A2 = 0.2. Figure 12 provides the graph associated with the periodic form wave solution for the solution of
Eq. (3.75) for A = 2.

Dark solitons are defined as solutions to the nonlinear Schrédinger equation that exhibit a dip in intensity
within a uniform background, characterized by an abrupt phase change at the dip center. Bright and dark solitons
are usually considered from the perspective of modulation instability of the carrier wave train: bright solitons
are observed when the carrier wave is unstable with respect to long-wave modulations, while dark solitons are
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observed when the carrier wave is modulationally stable. Solitons can be classified in numerous ways, such as
considering their topology or their profiles. The solitons that will be focused on are called the Kink soliton.
The kink soliton is topological, meaning that the boundary conditions at infinity for the wave are topologically
different to the vacuum. These kink solitons are also characterized by their permanent profiles, which mean that
they do not change with time. We also report a soliton-induced change in the topology of the density profiles of
the two-species condensates at phase separation in Figs. 1, 2, 3,4, 5, 6,7, 8,9, 10, 11 and 12.

The first, second, third, fourth, fifth and sixth order approximations are compared with the exact solution for
the described case with known condition in Fig. 13 and show that the decomposition VIM is a working method
in obtaining the fourth order Cahn-Hilliard equation as a model of fluid flow.

We furnish the comparison of the above reported results with previously published works on fourth-order
Cahn-Hilliard equation. Hassana et al. utilized optimal Homotopy asymptotic method to derive approximate
solutions of the fractional Cahn-Hilliard equation’®. Al-Smadi et al. studied the approximate solutions
of nonlinear temporal fractional model of Cahn-Hilliard equation®. El-Tantawy et al. utilized homotopy
perturbation transform method to derive semi-analytical solutions of the fourth-order time-fractional Cahn-
Hilliard models®®. Only few works are published in the literature on the analysis of fourth-order Cahn-Hilliard
model. Some researchers derive trigonometric, hyperbolic and rational trigonometric solutions with aid ansatz
methods. We obtained abundant solutions by help of proposed schemes. We implemented the tan(¢/2)
-expansion approach, Jacobi elliptic function expansion scheme, rational multi wave functions method and
decomposition variational iteration method to derive hyperbolic, periodic, dark soliton, bright soliton, kink
soliton, and singular soliton solutions of the fourth-order Cahn-Hilliard model. In this work, we derive more
soliton solutions with efficient approach. The solutions are expressed by trigonometric, hyperbolic and Jacobi-
elliptic functions. These solutions are new for the fourth-order Cahn-Hilliard equation, which not been reported
elsewhere, confirming the originality of the reported solutions. The main advantages of three analytical methods
are the good transparency between calculated results and input data, less effort in modeling and programming,
and very short computation time. Depending on the degree of simplification, the results are sometimes not very
accurate.

Conclusion

In this article, the TEM, JEFES, RMWFs and DVIM were acknowledged as the strong techniques for finding
solutions of NLEEs. TEM was presented for the nonlinear CH equation. By utilizing JEFES, RMWFs and
DVIM techniques, we found several solutions of distinct types. Maple is a widely validated program used
in many scientific and mathematical domains. We used the latest version of Maple to influence changes or
improvements made to its algorithms. The acquired results demonstrate that the mentioned schemes were a
strong mathematical technique from which novel, exact, precise solutions are frequently obtained. From
a theoretical and practical standpoint, these approaches were quite valid, modest, practical, and efficient. In
the vast field of applied nonlinear science, it is crucial to note that these approaches may be more commonly
appropriate for the broad category of physical problems. The behavior of such nonlinear models can be better
determined, and decisions made to further resolve corresponding difficulties in the future. The results of this
research present new insights into soliton behavior, and scholars can use the method and models suggested in
this article. The result will significantly enhance nonlinear science and serve as a valuable resource for further
research. Numerical simulation has been carried out to highlight the ability of the DVIM method. We obtained a
good approximation for the nonlinear model with minimal numerical calculations. In the future, this article will

(1)

(2) gl

2.00e+03

150e+03

1.00e+03

" Y(t)
-500
-1.00e+03

-1.50e+03

-2.00e+03

Figure 1. Dynamic Graphical visualization of the obtained result of Eq. (3.43) of JEFES method, gives breather
wave solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Yi(z,t): A = 0.2,0 = m (x + At),
with —4 <2 <4and —4 <t < 4for 3D plot, —3 < 2 < 3and —2 < ¢t < 2 for density plot, and

—30 <t < 30 for 2D plot.
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(3)

Y(t)

Figure 2. Dynamic Graphical visualization of the obtained result of Eq. (3.44) of JEFES method, gives periodic
wave solution such as (f1) 3D surface, (2) density plot, (f3) 2D surface for Y2(z,t): A = 0.2,0 = m (x + At),
with —4 <2 <4and —6 <t < 6 for 3D plot, =10 < z < 10 and —2 < t < 2 for density plot, and

—40 <t <40 for 2D plot.

(3)

(f2)
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Figure 3. Dynamic Graphical visualization of the obtained result of Eq. (3.46) of JEFES method, gives soliton
solution such as (f1) 3D surface, (f2) density plot, (3) 2D surface for Y3(z,t): A = 0.2,0 = m (x + At), with
—6 <x<6and —4 <t <4for3Dplot, -3 <z < 3and —2 <t < 2 for density plot, and —30 < ¢ < 30
for 2D plot.

also help the researchers to use these techniques on higher-dimensional nonlinear models and to the system of
coupled equations. In addition, by selecting appropriate parameters, we plot three-dimensional graphs, density
plots (Figs. 1,2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13). The visual depictions act as a significant means of verification,
supporting the main findings and offering a thorough and detailed analysis of the solutions. The obtained
solutions can be used in different physical systems such interfacial fluid flow, polymer science and in industrial
applications. These images vividly illustrate the physical characteristics of rogue wave solutions. Two and one
waves for two cases of the mentioned equations were analyzed and investigated with plenty of solutions. In
future, the applied approaches can be utilized to more advanced problems in integrable systems. Compared to
many other methods, these solutions demonstrate and highlight the proposed method’s simplicity, reliability,
and effectiveness.
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Figure 4. Dynamic Graphical visualization of the obtained result of Eq. (3.47) of JEFES method,

gives bright soliton solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Yy(z, t):
A=0.2,0=m(z+ At),with—4 <z <4and -6 <t <6for3Dplot, —10 <z < 10and -2 < ¢t < 2
for density plot, and —40 < ¢ < 40 for 2D plot.

(f1)

(f2) (3)

Figure 5. Dynamic Graphical visualization of the obtained result of Eq. (3.55) of JEFES method, gives periodic
wave solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Yo(z,t): A = 0.2,0 = m (z + At),
with =10 <z < 10and —4 <t < 4for3D plot, =6 < = < 6and —2 < ¢t < 2 for density plot, and

—10 < z <10 for 2D plot.
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Figure 6. Dynamic Graphical visualization of the obtained result of Eq. (3.62) of JEFES method, gives soliton
solution such as (f1) 3D surface, (2) density plot, (3) 2D surface for Yi4(x,t): A = 0.2,6 = m (x + A ¢),
with —4 <2 <4and —6 <t < 6 for 3D plot, =10 < z < 10 and —2 < t < 2 for density plot, and

—40 <t <40 for 2D plot.
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Figure 7. Dynamic Graphical visualization of the obtained result of Eq. (3.63) of JEFES method,

gives periodic wave solution such as (f1) 3D surface, (f2) density plot, (3) 2D surface for Yi5(z, t):
A=0.2,0=m(z+ At),with—6 <z <6and —6 <t <6for3Dplot, —10 <z < 10and -2 < ¢t < 2
for density plot, and —40 < ¢ < 40 for 2D plot.
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Figure 8. Dynamic Graphical visualization of the obtained result of Eq. (3.69) of JEFES method, gives periodic
wave solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Y1 (z,t): A = 2,6 = m (x + A ¢),
with —2 <2 <2and -2 <t < 2for 3D plot, —3 < 2 < 3and —2 < ¢t < 2 for density plot, and

—3 < < 3for 2D plot.
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Figure 9. Dynamic Graphical visualization of the obtained result of Eq. (3.70) of JEFES method, gives soliton
solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Y2(z,t): A = 0.2,0 = m (x + A ),
with =10 <2z < 10and —10 < ¢t < 10 for 3D plot, =3 <z < 3and —2 < ¢t < 2 for density plot, and

—3 < < 3for 2D plot.
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Figure 10. Dynamic Graphical visualization of the obtained result of Eq. (3.72) of JEFES method,

gives M-shaped soliton solution such as (f1) 3D surface, (£2) density plot, (f3) 2D surface for Y3(z, t):

A=20=m(z+ At),with—2 <z <2and -2 <t <2for3Dplot, -3 <z <3and -2 <t < 2for
(13)
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Figure 11. Dynamic Graphical visualization of the obtained result of Eq. (3.73) of JEFES method,
gives W-shaped soliton solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Yy(z, ¢):
A=02,0=m(z+ At),with—4 <z <4and —10 <¢ < 10for3Dplot, -4 <z <4and -2 <t <2
for density plot, and —4 < x < 4 for 2D plot.
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Figure 12. Dynamic Graphical visualization of the obtained result of Eq. (3.75) of JEFES method,

gives periodic wave solution such as (f1) 3D surface, (f2) density plot, (f3) 2D surface for Ys(x, t):
A=0.2,0=m(xz+ \t),with—2 <z <2and -2 <t <2for3Dplot, -2 < z < 2and -2 < ¢t < 2 for
density plot, and —3 < = < 3 for 2D plot.
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Figure 13. Comparing the exact and approximate solution in a two-dimensional graph (5.113) (f1) the first-
order, (f2) the second-order, (f3) the third-order, (f4) the fourth-order, (f5) the fifth-order and (f6) the sixth-

order of 4OCHEq by dVIM.
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