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Analysis of Weibull time metrics
using normal operating via partially
accelerated tests with improved
adaptive progressive censoring and
its applications

Ahmed Elshahhat'*’, Refah Alotaibi? & Mazen Nassar*

Ensuring reliability under normal operating conditions remains a critical challenge in modern industrial
systems, where life testing is constrained by time, cost, and safety considerations. This paper
proposes a Weibull reliability model analyzed via partially accelerated life tests under normal operating
environments, integrated with an improved adaptive progressive censoring scheme to maximize
information while minimizing testing duration. The developed methodology bridges the gap between
traditional accelerated life testing and realistic operating conditions, enabling precise inference on
reliability indices without excessive extrapolation. We derive closed-form expressions for the likelihood
function, parameter estimators, and Fisher information, establishing robust inferential procedures

for both complete and censored samples. Symmetrical Bayesian frameworks are used for parameter
estimation, providing approximate confidence intervals and Bayesian credible intervals to measure
uncertainty. A thorough simulation study investigates the finite-sample efficiency of the estimators
under various censoring levels and stress profiles. Furthermore, two real datasets, light-emitting diode
(LED) lifetime data and insulating liquid breakdown times, are analyzed, illustrating the model’s ability
to capture complex failure mechanisms and outperform competing Weibull-based schemes in terms of
goodness-of-fit and predictive reliability. The proposed framework not only enhances the flexibility of
Weibull reliability analysis but also offers practical guidelines for reliability engineers aiming to balance
cost, test duration, and information efficiency.

Keywords Accelerated life tests, Weibull distribution, Improved adaptive progressive censoring, Bayesian
estimation, Fisher information, Light-emitting diode, Insulating liquids

In the contemporary fast-paced technological landscape, manufacturers encounter significant competition,
compelling them to develop products of high reliability. However, assessing the reliability of these products
presents challenges, as failures often require extended periods to occur, which is a crucial aspect of evaluating
product lifespan. To address this issue, researchers employ accelerated life tests (ALTs) to assess product durability
rapidly. In ALTS, products are subjected to extreme conditions, such as elevated temperatures, excessive voltage,
or increased pressure, to hasten the occurrence of failures. By analyzing this data, researchers can forecast the
product’s reliability under normal usage conditions. Although there are various methodologies for conducting
ALTs, the most prevalent approaches include constant-stress and step-stress ALTs.

In constant-stress ALTS, all test items are kept under the same high-stress conditions until they fail. For more
details about constant-stress ALTs, studies by Watkins and John!, Fan and Yu?, Kumar et al.3, Wu et al.%, and
Elwahab®, provide detailed insights. For step-stress ALTS, stress levels are raised gradually at fixed times or after
a certain number of failures. For step-stress ALTs, works by Tang et al% Leeetal’, Hakamipours, and Bakouch et
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al.%, among others, are reccommended. To effectively predict a product’s reliability under normal usage conditions
utilizing ALTs, a complete understanding of the life-stress model is critical. This model clarifies the relationship
between a product’s lifespan and varying stress levels. However, in instances where this relationship remains
unclear, the application of partially ALTs (PALTs) is warranted. This study specifically concentrates on constant-
stress PALTs , in which items are subjected exclusively to either normal or accelerated testing conditions, thereby
avoiding the complexities associated with stress-model investigation. Cheng and Wang'?, Ismail'!, Nassar and
Alam!2, Nassr and Elharoun'?, Nassar et al.!%, Fathi et al.!>, and Yao and Gui'®, among others, have conducted
studies into constant-stress methodologies. Prior work has examined estimation for various lifetime models
mainly via classical and Bayesian methods. However, most studies concentrate on distributional parameters, with
little to no treatment of reliability measures. Moreover, the literature largely relies on conventional progressive
Type-II censoring (PTIIC) scheme and its variants, with minimal attention to newer flexible schemes like
improved adaptive progressive Type-II censoring (IAPTIIC), the primary focus of this study.

In constant-stress PALTs, units are run at fixed stress levels (use and accelerated levels) to obtain failure
information quickly while preserving relevance to use conditions. In practice, time, cost, and safety constraints
mean that not all units can be observed to failure, so the test must be paired with a censoring plan that governs
removals and stopping rules. Censoring plans represent a fundamental approach to reducing both testing
duration and associated costs. In practical experimental settings, the acquisition of complete lifetime data can
pose significant challenges due to factors such as imposed study deadlines or the premature removal of units
to conserve resources. The two principal censoring methodologies employed are Type-I censoring, in which
tests are terminated after a predetermined period, and Type-II censoring, where tests are concluded following
a specified number of failures. A widely employed and flexible method of censoring in reliability studies is the
PTIIC scheme. This scheme enables researchers to withdraw a predetermined number of surviving test items
throughout the experiment. The withdrawn items, which have not yet experienced failure, may subsequently be
used for additional tests or analyzed independently. See for more details Asgharzadeh!’, Rastogi and Tripathi'®,
Wu and Gui'®, Abo-Kasem et al.2%, and Khalifa et al.2%.

A more advanced censoring method, referred to as the adaptive PTIIC (APTIIC )scheme, was developed by
Ng et al.?2. This approach seeks to enhance the accuracy of statistical inference methodologies by addressing
limitations present in a previously proposed hybrid progressive censoring plan proposed by Kundu and
Joarder®. In their design, the testing process concludes at a random time, determined by either a pre-set time
limit or the occurrence of a specific number of failures, whichever happens first. This approach frequently leads
to an insufficient number of observed failures for analysis.

Ng et al.?? observed that the APTIIC strategy exhibits optimal efficacy in the absence of a designated testing
deadline; however, for products requiring high reliability, this approach may result in excessively lengthy
experiments, thereby making it impractical. For more detail regarding the APTIIC plan, one can refer to Dutta
et al.?%, Lv et al.”, Sharma and Kumar?®®, Kumari et al.?’. To mitigate this limitation, Yan et al.?® proposed an
enhanced version termed the IAPTIIC scheme. The IAPTIIC strategy ensures that testing concludes with a
predetermined endpoint, thereby avoiding the issue of extended experiments while still enabling researchers to
gather a suitable number of failures. By effectively balancing time constraints with objectives related to failure
counts, JAPTIIC presents a more viable solution for the testing of durable products. Recently, some authors
considered the IAPTIIC plan in their investigation, see for example Dutta and Kayal?®, Dutta et al.*’, and Nassar
et al.’!. In the subsequent section, we will discuss in detail the IAPTIIC plan in conjunction with constant-stress
PALTs.

From an experimental perspective, the proposed censoring design is most feasible in laboratory settings
where multiple units can be tested simultaneously and where intermediate removals of surviving items are
logistically manageable. Such conditions commonly occur in accelerated life tests of electronic components,
material specimens, or chemical samples, where units can be monitored in batches under controlled stress
environments. However, in large-scale field studies or industrial setups with limited testing chambers, human
resources, or high unit-removal costs, the full implementation of IAPTIIC plan may be challenging. In these
cases, traditional censoring schemes such as Type-I or conventional progressive censoring may provide more
practical alternatives, albeit at some cost in statistical efficiency. This trade-off underscores the importance of
tailoring censoring designs to the specific experimental constraints while leveraging the advantages of IAPTIIC
scheme whenever feasible.

In practical reliability analysis, the selection of an appropriate statistical model to characterize failure-time
data is of main importance. The precision of the results is significantly influenced by how well the selected model
fits the observed data. Among the numerous models available, the Weibull distribution is distinguished as a
widely utilized choice. Its flexibility renders it particularly suitable for modeling failure patterns across various
domains, including but not limited to engineering and communication systems. The Weibull distribution is
remarkably versatile, capable of modeling failure data exhibiting constant, increasing, or decreasing failure rates
over time. This flexibility has established it as a popular choice across various studies, such as Bhattacharya and
Bhattacharjee®, Starling et al.’3, Hussain et al.*%, Kazempoor et al.*, and Yu et al.’®. Assume that the lifetime
of a component under normal operating conditions, denoted by the random variable Y, follows the Weibull
distribution. The respective probability density function (PDF) and cumulative distribution function (CDF) of
Y can be written as:

g1(y;6,9) = ¢0y” e [y > 0,6,9 >0, 1)

where ¢ and ¥ are the scale and shape parameters, respectively.
The cumulative distribution function related to the random variable X is as follows
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Gi(y;9,9) =1 — eV’ (2)

This study focuses on analyzing two critical reliability measures associated with the Weibull distribution, namely
the reliability function (RF) and the hazard rate function (HRF). Under normal operating conditions, the RF and
HRE for the Weibull distribution can be expressed, respectively, as follows

Ri(y;6,9) = e and Hi(y; ,9) = ody” " (3)

This study integrates constant-stress PALTs with the IAPTIIC plan to efficiently collect failure data for long-
lasting products, significantly reducing testing time and costs when lifetimes follow the Weibull distribution. We
are motivated to complete this work for many reasons, as follows:

1. The first is that the constant-stress PALTS are particularly advantageous for highly reliable products, as tra-
ditional testing methodologies can be extremely lengthy. The constant-stress PALTs mitigate this issue by
subjecting items to both normal and high-stress conditions, thereby accelerating failure observations while
maintaining realistic testing durations.

2. The second is that the IAPTIIC plan enhances statistical inference efficiency by ensuring an adequate num-
ber of failures are observed within a predefined time frame, thereby overcoming the limitations of prior
censoring approaches, such as the APTIIC plan.

3. The third key point is the significance of the Weibull distribution in life testing and reliability analysis, which
has garnered considerable attention from reliability engineers and statisticians alike.

In addition, two specific gaps in the literature motivate our study:

1. To the best of our knowledge, no prior work has analyzed the Weibull distribution under constant-stress
PALTs when combined with the IAPTIIC scheme. Existing studies on constant-stress PALTs typically adopt
conventional single-stage or multi-stage censoring plans, not the more flexible IAPTIIC design.

2. Most available studies on the Weibull model emphasize estimating distributional parameters and the accel-
eration factor, while providing no point or interval estimation for reliability measures.

In the current study, we focus on estimating the Weibull parameters, the acceleration factor which quantifies how
stress accelerates failures, and the RF and HRF under normal operating conditions, these reliability measures
have received limited attention in earlier studies. To achieve this, we employ two statistical approaches: the
classical method using maximum likelihood estimation for point estimates and approximate confidence intervals
(AClIs), and the Bayesian approach, which utilizes posterior estimates derived via the squared error loss function
and supported by Markov Chain Monte Carlo (MCMC) procedure. The proposed methods are precisely tested
through simulation experiments across various scenarios to evaluate their accuracy. Additionally, we validate
our approach with two real-world case studies, demonstrating its practical applicability and confirming the
suitability of the Weibull model for real-life data.

The remaining parts of this study are structured as follows: Section “Model description and test methodology”
provides a detailed explanation of the IAPTIIC plan within the framework of constant-stress PALTSs, along with
the structural functions of the Weibull distribution under accelerated conditions. In Sect. “Classical point and
interval procedures’, we present the maximum likelihood estimators (MLEs) and approximate confidence
intervals (ACIs) for the unknown parameters, RF, and HRF under normal operating conditions. Section
“Bayesian estimation” focuses on Bayesian estimation, including point estimates and Bayes credible intervals
(BCIs). Section “Monte Carlo comparisons” summarizes the design and results of the simulation study, evaluating
the performance of the proposed methods. Section “Real accelerated applications” applies these methodologies
to two real-world data sets, showcasing their practical applicability. Key observations and insights from the study
are presented in Sect. “Concluding remarks”.

Model description and test methodology
In the context of constant-stress PALTS, suppose we have a total of n test units. These units are divided into two
samples as follows:

1. The first sample consists of n1 units, randomly selected from the # test units, which are tested under normal
operating conditions. It is assumed that the lifetime of each unit in this group follows the Weibull distribu-
tion with PDF and CDF given, respectively, by (1) and (2).

2. The second sample includes the remaining no = n — n1 units, which are subjected to accelerated condi-
tions. In this case, the HRF of a test unit can be derived using the relation H2(y; 6) = AH1(y; ¢, ), where
A > 1 is the acceleration factor using proportional hazards life-stress link, and 8 = (¢, 9, /\)T is the vector
of the unknown parameters.

As a results, the RF under accelerated conditions can be derived as

Ra(y:0) = exp{/oy H2<m;o>dx},

where the corresponding RF and HRE, in this case, follow
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Hy(y;0) = pX9y" 1y > 0,0,0 > 0,1 > 1 (4)

and

Ro(y;0) = e

The CDF and PDF of the Weibull distribution at accelerated conditions can be written, respectively, as

Ga(y;0) =1— e’ (5

and

92(4:0) = pAoy" 1= ©)
For each test sample, the units are tested under the IAPTIIC scheme. Let m; < nj,j = 1, 2 represent the target
number of failures to be acquired, with a predefined removal pattern (Sj1, ..., Sjm; ). The experimenter sets
two time thresholds, Tj1 < Tj2, which define the experimental time frame, testing may extend beyond T
but must terminate by T’j2. Thus, the IAPTIIC sampling plan within the framework of constant-stress PALT is
implemented as follows: At each observed failure time Yj;, where j = 1,2and ¢ = 1, ..., mj, the experimenter
removes Sj; surviving units from the remaining functional units. The experiment continues until one of the
following three terminal scenarios occurs: Case I: If Yj,, ;< T}1, the experiment terminates at Yj., ; with all
remaining units removed at that time, yielding the conventional PTTIC sample. Case IL If Y}, < Tj1 < Yjr; 41
for r; < my represent the number of failures before time 71, an adaptive adjustment is applied, where removals
are stopped between T}j1 and Y, by setting Sj,; 41 = -+ = Sjm;—1 = 0, and the experiment proceeds until
Yjm,; is observed, generating the APTIIC sample. Case IIL: If Yy, > Tjo, the study concludes at Tjo, with d;
observed failures satisfying Yja, < Tj2 < Yja,.1, removals stopped after Tj1 (Sjr;+1 = - ja; = 0),and
the final withdrawal given by S =n; —d; —>.'7 Si;. Figure 1 represents the schematlc representation of
the different three cases of the IAPTHC scheme with constant stress PALTS.
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Fig. 1. Possible cases of the IAPTIIC scheme with constant-stress PALTS.
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Let y = (yj1,Y52:- - -»Yja;),J = 1,2 be the observed two IAPTIIC samples with constant-stress PALTs.
Then, the joint likelihood function in thlS case can be written, without constant terms, as

Loy =] {ng(yﬂ) [ -G n-a; (TJ)]S;} , (7)

where

B, =L mi Cases I/I1 D, — m; —1 Casel
77 dj  CaselIll R Cases II/III °

m; 71
nj — — >S5 Casel v
57 =4 n;— 7']‘ — E,_l Sji Case I , and 7; = { gfmf 8%68&{11
—d; SV S, CaselII 2 ase
nj 3 Zi:1 i ase

Classical point and interval procedures
In this section, we discuss the point and interval estimations for the model parameters, acceleration factor, and
the two reliability metrics under usage circumstances conditions.

Point estimation

Let (y11,¥12,--.,Y14, ) represent an observed IAPTIIC sample obtained from the Weibull population under
normal operating circumstances, with the PDF and CDF given by (1) and (2), respectively. Furthermore,
let (y21, Y22, .- .,Y2d,) denote an observed IAPTIIC sample collected from the Weibull population under
accelerated conditions, with the CDF and PDF described by (5) and (6), respectively. Based on these samples,
the likelihood function of the unknown parameter vector 6 can be expressed using (7) as follows

2
LO:y) =(o0) ABQexp{ DS gt ¢zv-1@j<y;ﬁ>}, ®
j=1

J=1 i=1

where B = B1 + B2 and ¢;(y; ) = Zijl y;?z- + Zf):jl Sjiy;?i + 5’;7’;-9. The log-likelihood function of (8)

takes the form
2
1(6;y) =Blog(¢) + Bz log(\) + (0 — 1 ZZlog (1) =6 > _ N lgi(y;0). ©)
j=1 i=1 Jj=1

To find the MLEs of the parameters ¢, A, and 1, we take the partial derivatives of the log-likelihood function
given by (9) with respect to each parameter and solve the resulting system of equations as

ol(e

Rl g i1, _
e ¢ ZA i(y;9) =0, (10)
ol(6;y) B
-2 Y D2 - 9) = 11
and
B.
0U0;Y) B o~
—= :5+2210g(yﬂ - ZA =0, (12)
Jj=1i=

where ¢} (y;¥) = Zf:jl y;?i log(yji) + Zf):jl Sjiy;?i log(yji) + S*T’9 log(7;). From the normal equations in
(10) and (11), the MLEs of the unknown parameters A and ¢, can be acquired explicitly, after some simplifications,

as
N Bapi(y; )
and
Y
oy ) (14)
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By replacing the unknown parameters ¢ and A with their MLEs $(19) and A(¢) into Eq. (9), the profile log-
likelihood of 1) can be derived after some simplifications as follows

2 Bj 2
J
) =0 I i B; 1 — .
) j; ;:1 og(yji) + ;:1 ; log (soj(y; 19)> (15)

After differentiating (15) with respect to ¥ and equating the result to zero, the MLE of 1, denoted by 1, can be
obtained by solving the next equation iteratively, say ¢ = [ (¢),

2 ; O 2'—1 f—ﬁlo Ji -
ro- {5 [ 2] - Batpea) 0

j=1

It is worth noting that the MLE ¥ cannot be expressed in closed form. Therefore, one can adopt the iterative
procedure outlined in Pareek et al.*” to obtain ). Once ¥ is determined, the MLE:s of the other parameters, A
and ¢, denoted by Xand ng can be straightforwardly computed by substituting J into (13) and (14), respectively.

Under the invariance property of MLEs, the reliability characteristics under normal usage settings at a
specific time f can be derived from (3). This is accomplished by

Ri(t) = e ®" and Hi(t) = $dt° 1.

Interval estimation

Beyond obtaining point estimates for unknown parameters and reliability metrics under normal conditions,
it is crucial to measure the uncertainty in these estimates. Interval estimation helps achieve this by providing
confidence ranges that likely contain the true values at a specified confidence level (1 — «©)100%. In this study,
we construct the (1 — «)100% AClIs based on the large-sample behavior of the MLEs. Under standard regularity
conditions, the MLE vector 6 = (¢, \,J)" approximately follows a normal distribution with mean @ and
variance covariance matrix estimated by inverting the observed Fisher information matrix, denoted by =(0),
and given by

821(65y) 821(65y) 2u0:y)\
T T g2 T T 9¢oA - 2609
2(0) = uey)  2%U6y)
T o 5))«’919
9%1(63y)
992 0=06 (17)
211 2:312 Z1313
= Yoo Mg |
Y33

where the detailed expressions for the second derivatives of the log-likelihood function (9) are provided by

°1(8;y) B 0(6;y) B, 0%l(6:y)

e s st ¢Z” Kel i

d*1(6;y) 9°1(6;y) <N 9°1(0;y) .

“Deon — p2(y; 9), Podp *X;A ®;(y;9) and a0 — w3 (y;9),
=

where ¢} = EZ L ym log?(y;:) + ZZ B Nyﬂ log®(yji) + ST} log (77). Accordingly, the (1 — «)100%
ACISs of the three unknown parameters are eventually obtained as shown below

{é * 202V 211} , [5\ + 2q/2V 222} and [19 + 2q/2V i33} ,

where z,, /; refers to the upper a/2 percentile of the standard normal distribution.

Constructing ACIs for the RF and HRF under normal conditions requires estimating the variances related
to their MLEs R (t) and Hi(t), respectively. A key challenge is determining the uncertainty in these metrics
derived from the MLEs of the parameters.

The delta method offers a practical solution by approximating these variances employing: (1) The estimated
variance-covariance matrix of the parameter estimates presented in (17). (2) The first-order partial derivatives
of the RF and HRF with respect to the parameters. These partial derivatives are evaluated at the MLEs of the
unknown parameters. Let V1 and V> refer to the gradient vectors of the RF and HRF obtained at the MLEs of
¢, A and 99, respectively, expressed as

Scientific Reports |

(2025) 15:39548 | https://doi.org/10.1038/541598-025-23990-0 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

- (OR(t;0) _ OR(t;0)\|" = (On(t;0) _ Oh(t;0)\ T
V1—< 96 ,0, 9 s’ and Va = 90 ,0, 99 o’
where
OR(t:;6) 5 ¢ ORHKO) 15 —t?
o6 t"e T B ot” log(t)e
and
Oh(t;0) 551 OR(L0) .+ 9_1,4
(0 oo, 2B 5 1og(e) + 11

The approximate variances can subsequently be derived as
Sk, & V{Z(O)V:1, and Si, ~ V) 2(0)Va.

Then, the (1 — «)100% ACIs for the RF and HRF under normal usage conditions are
|:1%1(t) + Za/21\/ 2R1:| and |:Ifl1(t) + Zay2\/ XA:H1:| .

Bayesian estimation

This section investigates the Bayes estimates and BCIs for the model parameters, acceleration factor, and the RF
and HRF under normal usage settings within the framework of the IAPTIIC plan with constant-stress PALTS.
The Bayes estimates are obtained under the assumption that the three unknown parameters are independent and
by using the symmetric squared error loss function. In practice, the Bayesian method represents a substantial
alternative to traditional estimation techniques, conceptualizing unknown parameters as random variables,
wherein prior beliefs are updated in light of new observations. By employing this principle, the Bayesian
perspective enhances estimates through iterative learning.

In constant-stress PALTs combined with the IAPTIIC plan, the effective number of observed failures is often
small and uneven across stress segments. This happens because only part of the test is run at high stress, units
are removed adaptively during the experiment, and early stopping at inspection times can leave few failures
at normal use. Under these conditions, the classical estimators may be unstable or biased in small samples.
In addition, the ACIs that rely on large-sample normality can then have poor coverage, especially for derived
reliability quantities such as the SF and HRE The Bayesian approach works well with small samples because it
combines prior information with the data to stabilize estimates. Credible intervals stay reliable when failures are
few, and informative priors prevent extreme or unstable results while respecting natural constraints.

By examining the likelihood function (8), it is evident that the gamma prior serves as a natural conjugate prior
for the unknown parameter ¢. For the parameter ¢, although no conjugate prior exists, we adopt the gamma
prior due to its compatibility with the support of ¥ and its ability to maintain simplicity in posterior analysis. As
for the acceleration factor A, a non-informative prior is chosen to simplify computational challenges during the
implementation of MCMC procedures. Accordingly, the joint prior distribution of 8, can be written as

7(0) o ¢ TN exp {—wip — wad}, ¢, 0 > 0,1 > 1, (18)

with v;,w; > 0,7 = 1,2 are the known hyper-parameters. By merging the observed data provided by the
likelihood function in (8), with prior knowledge represented in the joint prior distribution in (18), the posterior
distribution of the parameter vector 6 is derived as

K(0|X) :é¢B+V171§B+V271A3271

X exp {19 [Z Zlog(yji) — wgl — [Z N~ 1 ) +wi

j=1 i=1

where C is the normalized constant derived as

C= /// y)do di dA.

Under the squared error loss function, the Bayes estimator of a parameter (or function of parameters) is the
mean of its posterior distribution. Let zo (@) represent any function of the unknown parameters 8, such as a
parameter itself, the RF, or the HR. The Bayes estimator of zo(8) is calculated as

o [0 [ 0)L(6;y)d¢ dd dA
@(e)zf o Jy @ ( Y) ' )
=5 Jo ;y)d¢ dd dA
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The Bayes estimator in (20) cannot be computed directly due to the complexity of the posterior distribution.
Instead, the MCMC procedures are used to approximate Bayes point estimates and construct the BCIs. The
MCMC procedures are a key computational tool in Bayesian analysis, enabling numerical approximation of
complex posteriors by generating samples from the target distribution. Among MCMC methods, two widely used
algorithms are: Gibbs Sampling and Metropolis-Hastings (MH) algorithm. These methods are foundational in
statistical modeling and reliability engineering, connecting theoretical frameworks with practical applications.
To implement MCMC methods, like Gibbs or MH, we first need the full conditional distributions for each
parameter. These distributions are derived from the joint posterior distribution in (19).

For the parameter ¢, for example, in the vector 6, the full conditional distribution is proportional to the joint
posterior, ignoring terms not involving ¢. The explicit forms of these conditional distributions are instrumental
in determining the most efficient MCMC algorithm to employ; for instance, the Gibbs sampler is appropriate
when the conditionals are known, whereas the MH algorithm is employed in other cases. In our case, the full
conditional distributions of ¢, A and ¥ can be derived, respectively, using the joint posterior distribution in (19)

as
2
K(¢|)\,’L97x) o ¢B+u1—1 eXP{—¢ [Z Aj_l(pj(z; 1_9) + w1 } R (21)
j=1
KMo, 9,y) o A% exp {—¢Apa(yi9) }, (22)
and

K(0]¢,A,y) 9?27

X exp {19 [ZZIOg(yﬁ) - w2] -9 [Z X7 oi(y;9) +

j=1 i=1

} (23)

To determine if the full conditional distributions in (21)-(22) correspond to any recognized probability
distributions, we examine their structure and derive the following observations :

1. The full conditional distribution of the scale parameter ¢ in (21) is gamma distribution with scale parameter
[Z?:l N7l (y;9) + wl} and shape parameter (B + v1).

2. The full conditional distribution of the acceleration factor A in (22) is gamma distribution with scale param-
eter [qbgag (¥; 19)] and shape parameter Bo.

3. 'The full conditional distribution of the shape parameter 1 given by K (9|, A, y) in (23) is unknown.

As a result, generating MCMC samples from the conditional distributions of the scale parameter ¢ and
acceleration factor A can be straightforwardly achieved using standard gamma sampling algorithms. In contrast,
the conditional distribution of the shape parameter ¥} does not conform to a recognizable probability distribution.

To address this, we advocate for the adoption of the MH algorithm. A critical step in implementing the MH
algorithm involves selecting a suitable proposal distribution for sampling; here, we justify the use of a normal
distribution as the proposal through empirical analysis via graphical examination of the conditional posterior
in (23). Accordingly, the MH-within-Gibbs algorithm is deployed to simulate MCMC samples for ¢, A, and
19, enabling the derivation of Bayesian point and interval estimates for any function of these parameters. The
implementation of the MH-within-Gibbs framework follows the structured sampling procedure detailed below

Step 1: Set initial values for ¢, \, and ¥ as (¢>(0>7 AO) 19<0)) = (¢A>, \, 19)
Step 2: Put h = 1.
Step 3: Generate ") via the MH algorithm:

(i) Propose a candidate ¥* from N (9"~ 233).

K(ﬂ* |¢(h,—1),)\(h,—l)yy)
P K@D (=D XD gy (-

(i) Compute £ = min {1

(iii) Drawu ~ U(0,1).
(iv) Update 9P = 9% ifu < &; otherwise, retain ) = =1,

Step 4: Get ¢ from Gamma (B + 1, {Z?Zl[/\(h)}j_lgoj (v 9Py 4 wl} )

Step 5: Get from Gamma(Bz, [¢(h><p2 (¥; AR )} ) .
Step 6: At iteration h, compute the RF and HRF at normal operating conditions:

9(h)

I

—o (h) _
R — gm0t HW = gy -1,
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Step 7: Update the counter to h <— h + 1.
Step 8: Repeat Steps 3-7 for M iterations to obtain the MCMC samples:

{¢(h)7A(h),ﬁ(m,Rgh),Hl(h)} , h=1,...,M.

Then, we can compute the Bayesian estimates and BCIs from the gathered MCMC samples. To mitigate
initialization bias and ensure convergence, the first A iterations are discarded as a burn-in period. The posterior
mean estimates for the model parameters ¢ and 9, acceleration factor ), and reliability metrics R (¢) and H; (¢)
are computed, respectively, as

7 1 M n 3 1 M O 1 M (n)
= X = AW g = 9
¢ M-A Zh:A+1 A M-A Zh:A+1 ’ M-A Zh:A+1
5 1 M (h) ? 1 M (h)
Ri(t) = R dH (1) = H®.
1®) M—Azh=A+1 1 and Ha(?) M—Azh=A+1 1

To construct the BCIs, the retained MCMC samples are sorted in ascending order:
[GH <l ML AR My gl L pIMIL

{R < < R and {HPY <

The 100(1 — )% BClIs are then calculated as the «/2 and (1 — §) quantiles of the sorted samples, as

{¢[%<M—A)17 ¢[(1—%)<M—Q>]}, {)\[%(M—A)]7 ,\[(1—%)<M—Q>1}7 {ﬂ[%w—An’ 19[(1—%)<M—Q>]}

[RE) GUDOmeN, y f el plo-peen,

Monte Carlo comparisons

This section presents several extensive Monte Carlo simulation studies aimed at evaluating the performance of
both point and interval estimators, with a particular focus on their accuracy and reliability in estimating the
parameters ¥, ¢, and ), as well as the reliability and hazard functions R (t) and H;(t).

Simulation setups

To assess estimator performance under varying conditions, we generate 1,000 datasets from the IAPTIIC
plan with constant-stress PALT sampling, using two sets of parameter settings (¢, ¢, A), namely: Set-
1:(1.5, 0.5, 1.5) and Set-2:(2, 1, 2)—where (9, ¢) denote the Weibull parameters and ) is the acceleration
factor. Simulations are conducted across multiple configurations of full sample sizes n; (i = 1,2), effective
sample sizes m;; (i,j = 1,2), and threshold times Tj; (¢, = 1,2). Table 1 outlines these configurations
while fixing 711 (= 0.5, 1.0), To1(= 1.0, 1.5), Ti2(= 0.4, 0.8), and T22(= 0.8, 1.2). At the pre-specified
time ¢ = 0.1, we evaluate the estimates of the reliability and hazard functions, (R1(t), H1(t)), under nominal
operating conditions, with the true values taken as (0.98, 0.24) for Set-1 and (0.99, 0.20) for Set-2.

Following the generation of 1,000 IAPTIIC samples gathered under constant-stress PALT sampling, the
MLEs (along with associated 95% ACIs) for 9, ¢, A, R1(t), and H1(t) are obtained using the Newton-Raphson
optimization algorithm using maxLik package developed by Henningsen and Toomet *%. For the Bayesian
inference, two sets of hyperparameter configurations (v;, w;) (for ¢ = 1, 2) are considered for each parameter
scenario.

All specified values of (v, w;), ¢ = 1,2, corresponding to the prior distributions in Sets 1 and 2, are selected
such that the resulting prior means coincide with the actual values of the Weibull parameters 1) and ¢. Specifically:

o Set-1:

- Group-1: (v1,1v2) = (7.5,2.5) andw; = 5fori = 1,2;
- Group-2: (v1,v2) = (15,5) andw; = 10 fori =1, 2.

e Set-2:

- Group-1: (v1,v2) = (10,5) and w; = 5 fori = 1,2
- Group-2: (v1,v2) = (20,10) and w; = 10 fori = 1, 2.

Subsequently, M = 12,000 samples for 1, ¢, and A are generated via the MCMC approach based on the
posterior distributions (21), (22), and (23), respectively. To mitigate the effects of initial transients, the first
A = 2,000 samples are discarded as burn-in. The remaining samples, including 10,000 MCMC iterations, are
then used to compute Bayesian point estimates and 95% credible intervals for ¥, ¢, A, R1(t), and H;(t) using
the Metropolis-Hastings within Gibbs sampling scheme. These computations are carried out using the coda
package developed by Plummer et al. *°, which facilitates posterior inference and convergence diagnostics.

In each experimental setup, the mean point estimate (MPE) for ¥/ (as an example) is given by
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Test | (721, 12) (m1,mz) {(S11,812,---,81mq), (S21,S22,...,S2my)}
[1] {(574,0716),(5%4,076)}
2] (20, 10) {(08,5"4,0°8), (0°3,5"4,0"3)}
[3] {(0716,574), (076,5"4)}

(40,30)
1] {(52,0%28), (5*2,0%18)}
2] (30, 20) {(0714,5"2,0714), (079, 5"2,0"9)}
3] {(0*28,5%2), (0*18,5"2)}
1 {(5%6,0%24), (56,0%14)}
2] (30, 20) {(0712,5"6,0712), (0°7,5"6,0°7)}
3] {(0*24,5%6), (0*14,5"6)}

(60,50)
1 ((5*4,0736), (5*4,0°26)}
2] (40, 30) {(0718,5%2,0°18), (0" 13,5"4,0°13)}
3] {(0736,5%4), (026, 5*4)}
1 ((5*8,0°32), (5*8,0"42)}
[2] (40, 50) {(0716,5"8,0716), (0"21,5"8,0"21) }
[3] {(0732,578),(0742,5"8)}

(80,90)
1 {(5"4,0%56), (5°4,0766)}
[2] (60, 70) {(0728,5"4,0%28), (0733,5%4,0%33)}
(3] (0756, 5"4), (0766, 5"4)}

Table 1. Various simulation setups of IAPTIIC plan.

1 1000
MPE()) = {555 > o,
i=1

where 9! is the estimate of 9 obtained at i-th simulated sample.
Evaluate the precision of the calculated point estimators using the two metrics, namely root mean squared
error (RMSE) and mean relative absolute bias (MARB), respectively, as

1 1000
RMSE(J) = | 1555 > (g -
i=1

1000 1
MRAB(J 1000 Z E

Evaluate the efficiency of the suggested interval estimation frameworks by computing the average interval length
(AIL) and the coverage probability (CP) as follows:

1000

1
AlLos%(9) = 7555 D Uy — L),
1=1
1000
CP95% 1000 Z Uy (19)5

where D(+) is the indicator function, and (£(+),U(-)) denotes the estimated interval limits.

Simulation results and discussions

Part of the full simulation results for the point and interval estimators of ¥, ¢, A, R1(t), and H;(¢) from Set 2
have been moved to the supplementary file for brevity. Based on the results presented in Tables 2, 3, 4, 5, 6, 7, 8,
9,10 and 11, and guided by the criteria of achieving the lowest RMSE, MRAB, and AIL together with the highest
CP, the following key findings are observed:

o The proposed point and interval estimators for ¥, ¢, A, R1(t), and H (t) exhibit satisfactory performance
across both Weibull population groups, Set i fori¢ = 1, 2.
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(n1,7m2) | (m1,m3) | Test | MPE | RMSE | MARB | MPE | RMSE | MARB | MPE | RMSE | MARB

Bayes
MLE Group-1 Group-2

(T11,Ti2,T21,T22) = (0.5, 1.0, 0.4, 0.8)

[1] | 1.761 | 0.768 | 0.507 1.131 | 0.686 | 0.449 1.349 1 0.570 | 0.374
(20, 10) [2] 1.888 | 0.805 | 0.532 1.457 | 0.725 | 0.476 1.618 | 0.537 | 0.336
[3] |1.803 | 0.742 |0.481 1.498 | 0.616 | 0.406 1.285 | 0.482 | 0.314

(40,30)
[1] | 1.742 | 0.697 | 0.421 1.231 | 0.527 | 0.343 1.196 | 0.418 | 0.251
(30, 20) [2] 1.885 | 0.726 | 0.463 1.326 | 0.566 | 0.368 1.260 | 0.462 | 0.268
[3] |1.773 | 0.648 | 0.420 1.261 | 0.511 |0.324 1.222 1 0.367 | 0.206
[1] |1.620 | 0.607 |0.384 1.486 | 0.477 |0.281 1.357 | 0.339 | 0.190
(30, 20) [2] 1.828 | 0.644 | 0.416 1.251 | 0.489 | 0.305 1.226 | 0.340 | 0.190
[3] 1.749 | 0.572 | 0.363 1.152 | 0.449 |0.279 1.123 1 0.306 | 0.176
(6050 [1] |1.631|0.559 |0.358 1.318 | 0.440 | 0.262 1.742 1 0.241 |0.137
(40, 30) [2] |1.914 |0.565 |0.362 1.393 | 0.444 | 0.264 1.785 | 0.304 | 0.172
[3] 1.679 | 0.558 | 0.346 1.237 | 0.407 | 0.246 1.567 | 0.240 | 0.128
[1] |1.452|0.533 |0.321 1.303 | 0.323 | 0.199 1.340 | 0.201 | 0.107
(40, 50) [2] |1.705|0.538 |0.339 1.429 | 0.389 | 0.221 1.451 | 0.232 | 0.125
[3] 1.642 | 0.469 | 0.285 1.441 | 0.306 |0.178 1.455 | 0.181 | 0.101
(80,90)

[1] |1.551 | 0.450 |0.262 1.555 | 0.300 | 0.170 1.396 | 0.174 | 0.092
(60, 70) [2] |1.620 | 0.468 |0.281 1.796 | 0.302 | 0.174 1.291 | 0.179 | 0.098
[3] 1.576 | 0.394 | 0.233 1.355 | 0.188 | 0.108 1.497 | 0.161 | 0.076

(Th1,T12,T21,T22) = (1.0, 1.5, 0.8, 1.2)

[1] |1.707 | 0.687 |0.454 1.399 | 0.670 | 0.439 1.409 | 0.543 | 0.345
(20, 10) [2] 1.776 | 0.725 | 0.480 1.483 | 0.709 | 0.466 1.507 | 0.543 | 0.345
[3] 1.720 | 0.671 | 0.442 1.600 | 0.587 | 0.380 1.516 | 0.448 | 0.280

(40,30)
[1] |1.581 | 0.627 |0.405 1.344 | 0492 |0.313 1.481 | 0.386 | 0.238
(30, 20) [2] |1.681 | 0.646 |0.415 1.368 | 0.494 |0.318 1.507 | 0.405 | 0.265
[3] 1.558 | 0.625 | 0.346 1.281 | 0.490 | 0.312 1.415 | 0.316 | 0.203
[1] |1.632|0.542 |0.342 1.351 | 0.428 | 0.275 1.503 | 0.287 | 0.183
(30, 20) [2] |1.743 | 0.575 |0.344 1.428 | 0.465 | 0.300 1.570 | 0.290 | 0.185
[3] 1.611 | 0.537 | 0.342 1.350 | 0.428 | 0.267 1.478 | 0.253 | 0.160
(6050 [1] |1.848 | 0.528 |0.325 1.625 | 0.386 | 0.234 2.089 | 0.201 | 0.105
(40, 30) [2] |1.858 | 0.532 |0.327 1.703 | 0.402 | 0.260 2.155 | 0.228 | 0.128
[3] 1.587 | 0.511 | 0.300 1.300 | 0.344 | 0.220 1.442 | 0.196 | 0.099
[1] |1.437 | 0452 |0.281 1.452 | 0.288 |0.171 1.646 | 0.162 | 0.081
(40, 50) [2] | 1.583 | 0.482 |0.295 1.617 | 0.295 |0.173 1.780 | 0.162 | 0.081
(80.90) [3] 1.339 | 0.449 | 0.267 1.197 | 0.255 | 0.143 1.423 |1 0.159 |0.078

[1] 1.379 1 0.380 | 0.225 1.365 | 0.181 | 0.106 1.381 | 0.142 | 0.078
(60, 70) [2] 1.478 | 0.390 | 0.241 1.180 | 0.242 | 0.135 1.491 | 0.144 |0.078
[3] 1.406 | 0.339 | 0.195 1.491 | 0.178 | 0.104 1.419 | 0.140 | 0.072

Table 2. The point estimation results of ¥ from Set-1.

When n; (or m;), for ¢ = 1, 2, grows, it leads to improved estimator performance and confirms their consist-
ency. A similar trend is observed when the total of the censoring scheme values, Z;r;‘l Sij, decreases.

Owing to the inclusion of prior information, Bayesian point and credible interval estimation findings con-
sistently outperform their frequentist estimation results in terms of accuracy for all parameters considered.
Among the two prior configurations determined in Group-i for ¢ = 1, 2, estimates derived from Group-2
(which has smaller variance) are generally more accurate than those obtained from Group-1, aligning with
expectations.

As the threshold values Tj; for 4, j = 1,2 increase, a notable improvement in estimation accuracy is ob-
served: the RMSEs, MRABs, and AlLs for 6, p, 8, R1(t), and H; () consistently decrease, while their CPs
exhibit an increasing trend.

Comparing the performance under different censoring schemes, (Sj1, . . ., Sjm; ), we noticed that:

- For parameters 9, \, and H; (t), the right-censoring (specified in Test [3]) provides more accurate estima-
tion results than others;
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Bayes

MLE Group-1 Group-2

(n1,7m2) | (m1,m3) | Test | MPE | RMSE | MARB | MPE | RMSE | MARB | MPE | RMSE | MARB
(T11, Th2, T21, Ta2) = (0.5, 1.0, 0.4, 0.8)

[1] |0.435|0.560 |0.924 0.796 | 0.386 | 0.650 0.919 | 0.141 | 0.228
(20, 10) [2] |0.420 | 0.414 |0.787 0.573 | 0.224 | 0.394 0.642 | 0.115 | 0.203
[3] |0.358 | 0.445 |0.837 0.409 | 0.297 | 0.544 0.516 | 0.133 | 0.216

(40,30)
[1] |0.451 | 0.200 | 0.361 0.557 | 0.133 | 0.232 0.636 | 0.111 | 0.177
(30, 20) [2] |0.439 | 0.189 |0.315 0.489 | 0.126 | 0.206 0.558 | 0.103 | 0.165
[3] |0.429 | 0.198 |0.359 0.478 | 0.129 | 0.215 0.545 | 0.108 | 0.169
[1] |0.422 |0.185 |0.314 0.509 | 0.123 | 0.198 0.581 | 0.098 | 0.162
(30, 20) [2] |0.423|0.171 |0.270 0.410 | 0.115 | 0.192 0.458 | 0.095 | 0.153
[3] |0.362|0.177 |0.290 0.346 | 0.122 | 0.196 0.394 | 0.097 | 0.159
(6050 [1] |0.468 | 0.161 |0.256 0.538 | 0.107 | 0.181 0.547 | 0.091 | 0.151
(40, 30) [2] |0.443 | 0.147 |0.241 0.447 | 0.105 | 0.176 0.413 | 0.087 | 0.141
[3] |0.418 | 0.152 |0.253 0.437 | 0.107 | 0.180 0.423 | 0.089 | 0.141
[1] |0.418 | 0.144 |0.233 0.403 | 0.103 | 0.172 0.541 | 0.086 | 0.140
(40, 50) [2] |0.413|0.131 |0.211 0.365 | 0.102 | 0.159 0.482 | 0.083 | 0.135
(80.90) [3] |0.347 | 0.138 | 0.223 0.321 | 0.103 | 0.169 0.433 | 0.086 | 0.137

(1] |0447 [0108 |0.195 |0437 (0093 |0.151 |0.569 |0.082 |0.132
(60, 70) [2] |0451 [0.098 |0.163 [0405|0.078 [0.129 |0.518 0068 |0.108
3 |0439 [0.108 |0.195 [0.405]0079 |0.129 |0.518 |0.076 |0.120
(Ty1, Thz, To1, Toz) = (1.0, 1.5, 0.8, 1.2)

[1] |0.501 | 0.404 |0.776 0.577 | 0.169 | 0.287 0.696 | 0.123 | 0.196
(20, 10) [2] |0.749 | 0.317 |0.592 0.888 | 0.136 | 0.206 0.610 | 0.110 | 0.170
[3] |0.484 | 0.395 |0.643 0.432 | 0.144 | 0.234 0.535 | 0.111 | 0.180

(40,30)
[1] |0.532|0.155 |0.305 0.529 | 0.125 | 0.199 0.512 | 0.102 | 0.164
(30, 20) [2] |0.542 | 0.151 |0.266 0.598 | 0.105 |0.171 0.477 | 0.096 | 0.158
[3] |0.514 | 0.153 |0.292 0.522 | 0.112 | 0.174 0.528 | 0.096 | 0.163
[1] |0.501 | 0.143 |0.234 0.526 | 0.104 |0.171 0.606 | 0.095 | 0.150
(30, 20) [2] |0.748 | 0.142 |0.213 0.772 | 0.101 | 0.167 0.494 | 0.085 | 0.137
[3] |0.482|0.143 |0.233 0.468 | 0.104 | 0.168 0.530 | 0.088 | 0.141
(6050 [1] |0.516 | 0.135 |0.213 0.607 | 0.097 | 0.164 0.560 | 0.085 | 0.134
(40, 30) [2] 0593 |0.128 |0.204 0.528 | 0.095 | 0.155 0.599 | 0.083 | 0.129
[3] |0.524 | 0.130 |0.206 0.586 | 0.097 | 0.162 0.579 | 0.084 | 0.132
[1] |0.502 |0.125 |0.198 0.454 | 0.095 | 0.150 0.598 | 0.080 | 0.126
(40, 50) [2] |0.480 | 0.107 |0.185 0.413 | 0.088 | 0.144 0.575 | 0.077 | 0.125
(80.90) [3] |0.470 | 0.116 |0.185 0.438 | 0.090 | 0.150 0.588 | 0.079 | 0.125

[1] |0.544 | 0.103 |0.177 0.425 | 0.087 | 0.140 0.547 | 0.072 | 0.122
(60, 70) [2] |0.557 | 0.080 |0.137 0.440 | 0.070 | 0.109 0.546 | 0.068 | 0.106
[3] ]0.522|0.095 |0.160 0.411 | 0.078 | 0.127 0.519 | 0.068 | 0.106

Table 3. The point estimation results of ¢ from Set-1.

- For parameter ¢, the middle-censoring (specified in Test [2]) provides more accurate estimation results
than others.

- For parameter R (¢), the left-censoring (specified in Test [1]) provides more accurate estimation results
than others.

o Comparing the two Weibull population sets 1 and 2 on the estimators performance, i.e., when the values of ¥,
¢, and X increased, it is noted that:

- For parameters 9, ¢, A, and H (t), their RMSE, MRAB, and AIL simulated values are increased, while the
associated CP values decreased;

- For reliability parameter R (t), its RMSE, MRAB, and AIL simulated values are decreased, while the as-
sociated CP values increased.

o Using Set-1, the calculated estimates of all unknown parameters considered, in most cases, demonstrate su-
perior performance and greater stability compared to those derived from Set-2.
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Bayes
MLE Group-1 Group-2
(n1,7m2) | (m1,m3) | Test | MPE | RMSE | MARB | MPE | RMSE | MARB | MPE | RMSE | MARB

(T11,Ti2,T21,T22) = (0.5, 1.0, 0.4, 0.8)

[1] | 1.414 | 1.269 |0.894 1.866 | 0.591 | 0.366 1.571 | 0.416 | 0.244
(20, 10) [2] 1.402 | 1.319 | 0.963 1.892 | 0.634 | 0.387 1.432 | 0.453 | 0.266
[3] |1.452|1.145 |0.771 1.941 | 0.546 | 0.314 1.160 | 0.384 | 0.238

(40,30)
[1] | 1.295 | 0.759 | 0.382 1.620 | 0.477 | 0.282 1.448 | 0.286 |0.153
(30, 20) [2] 1.436 | 1.057 | 0.546 1.714 | 0.496 | 0.295 1.464 | 0.366 | 0.227
[3] |1.357 | 0.685 |0.359 1.615 | 0.396 | 0.221 1.428 | 0.268 | 0.151
[1] |1.216 | 0.666 |0.327 1.562 | 0.342 | 0.202 1.384 | 0.246 | 0.132
(30, 20) [2] 1.375 | 0.647 | 0.346 1.615 | 0.352 | 0.209 1.452 1 0.246 | 0.138
[3] 1.427 | 0.504 | 0.284 1.506 | 0.326 | 0.195 1.356 | 0.240 | 0.125
(6050 [1] |1.382|0.458 |0.278 1.515 | 0.317 | 0.177 1.718 | 0.184 | 0.100
(40, 30) [2] |1.496 | 0.496 |0.284 1.755 1 0.322 | 0.180 1.971 | 0.210 | 0.106
[3] 1.517 | 0.458 | 0.265 1.498 | 0.277 | 0.155 1.621 | 0.173 | 0.093
[1] |1.306 | 0.440 |0.250 1.608 | 0.253 | 0.149 1.105 | 0.142 | 0.079
(40, 50) [2] |1.387 | 0.447 |0.263 1.787 | 0.268 | 0.151 1.276 | 0.171 | 0.091
(80.90) [3] 1.361 | 0.435 | 0.247 1.695 | 0.249 |0.143 1.397 | 0.140 | 0.078

[1] | 1.300 | 0.388 |0.222 1.551 | 0.173 | 0.092 1.474 | 0.137 |0.077
(60, 70) [2] | 1.348 | 0.421 |0.226 1.628 | 0.176 | 0.094 1431 | 0.132 | 0.075
[3] 1.314 | 0.385 | 0.210 1.551 | 0.168 | 0.091 1.457 | 0.128 | 0.073

(Th1,T12,T21,T22) = (1.0, 1.5, 0.8, 1.2)

[1] |1.422|0.747 |0.419 1.760 | 0.492 | 0.294 1.481 | 0.319 |0.178
(20, 10) [2] 1.443 | 0.903 | 0.441 1.818 | 0.517 | 0.314 1.029 | 0371 |0.214
[3] 1.312 | 0.685 | 0.396 1.635 | 0.466 | 0.294 1.503 | 0.312 | 0.177

(40,30)
[1] |1.342 | 0.600 |0.328 1.586 | 0.344 | 0.195 1.400 | 0.237 |0.135
(30, 20) [2] |1.346 | 0.649 |0.351 1.605 | 0.446 | 0.261 1.411 | 0.250 | 0.148
[3] 1.547 | 0.570 | 0.321 1.882 | 0.339 |0.175 1.658 | 0.234 | 0.124
[1] |1.290 | 0.435 |0.270 1.617 | 0.275 | 0.150 1.467 | 0.181 | 0.090
(30, 20) [2] |1.359 | 0.487 |0.308 1.592 1 0.275 | 0.152 1.426 | 0.225 |0.124
[3] 1.319 | 0.406 | 0.255 1.432 | 0.264 | 0.146 1.168 | 0.171 | 0.087
(6050 [1] |1.360 | 0.389 |0.238 1.923 | 0.246 | 0.140 1.386 | 0.152 | 0.087
(40, 30) [2] | 1.404 | 0.397 |0.242 1.899 | 0.257 | 0.142 1.468 | 0.171 | 0.087
[3] 1.451 | 0.382 | 0.212 1.723 | 0.226 | 0.121 1.489 | 0.144 | 0.083
[1] |1.351 |0.375 |0.208 1.655 | 0.177 | 0.101 1.136 | 0.123 | 0.068
(40, 50) [2] | 1.395 | 0.382 | 0.209 1.702 | 0.219 |0.113 1.189 | 0.123 | 0.071
(80.90) [3] 1.991 | 0.367 | 0.207 1.554 | 0.172 | 0.092 1.385 | 0.117 | 0.066

[1] 1.316 | 0.344 | 0.186 1.578 | 0.161 | 0.086 1.144 | 0.115 | 0.065
(60, 70) [2] 1.341 | 0.349 | 0.199 1.575 | 0.164 | 0.088 1.488 | 0.116 | 0.064
[3] 1.301 | 0.318 | 0.158 1.668 | 0.153 | 0.085 1.234 | 0.115 | 0.063

Table 4. The point estimation results of A from Set-1.

o Itis observed that the estimated CPs of BCIs frequently exceed the nominal 95% level, particularly in cases of

small sample sizes or heavy censoring. This conservative behavior stems from the use of diffuse priors, which
inflate posterior uncertainty and result in wider intervals. Although this may reduce efficiency relative to
AClIs, it effectively prevents under-coverage—an important feature in high-risk reliability applications, where
underestimated uncertainty could lead to unsafe conclusions.

Although the simulation experiments are done with ¥ > 1, the proposed methodology is not restricted to
this case. Since the Weibull distribution and the censoring design are mathematically valid for ¥ < 1, the es-
timation procedures extend naturally to decreasing failure-rate scenarios. Thus, the results presented here can
be interpreted as illustrative rather than exhaustive, with the method remaining applicable across increasing,
constant, and decreasing hazard structures.

Overall, the Bayesian framework, implemented via an MH-within-Gibbs algorithm, proves to be the most
effective method for estimating the parameters of the Weibull model parameters (¢, ¢), the acceleration fac-
tor (\), and the associated reliability and failure rate functions (R1(t) and H1(t)) against normal operating
conditions in the constant-stress PALT sampling with IAPTIIC data.
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Bayes
MLE Group-1 Group-2
(n1,7m2) | (m1,m3) | Test | MPE | RMSE | MARB | MPE | RMSE | MARB | MPE | RMSE | MARB
(T11, Th2, T21, Ta2) = (0.5, 1.0, 0.4, 0.8)
(1] [0957 [0109 [0.102 [0.945[0.053 [0.049 [0.966 | 0.039 [0.036
(20, 10) [2] [0959 [0111 |0.107 [0968 0053 |0.051 |0976 |0.048 |0.045
(3] |0966 0122 |o0111 [0971 0056 |0.054 |0977 | 0048 |0.045
(40.30) [1] 0.956 | 0.062 0.061 0.970 | 0.041 0.039 0.967 | 0.023 0.019
(30, 20) [2] [0963[0073 |0072 [0971 [0050 |0.044 [0.965|0.030 |0.026
(3] |0954[0067 |0067 [0969 0046 |0.044 |0966|0027 |0.025
[1] 0.955 | 0.048 0.045 0.968 | 0.036 0.030 0.966 | 0.020 0.019
(30, 20) [2] [0950 [0.048 |0.047 [0961[0.037 |0032 [0.959 |0.020 |0.019
(3] |0965 0052 |0047 [0970 [0.039 |0.038 |0966 |0.022 |0.019
(6050) (1] |0946 0038 |0036 |0973 0026 |0.022 |0988 |0.015 |0012
(40, 30) [2] [0966 0046 |0.044 [0978[0.033 |0.028 [0.990 |0.020 |0.018
(3] |0944[0046 |0.040 [0978]0031 [0.026 |0992]0016 |0.013
(1] |0946 0032 |0029 [0986 0021 |0017 |0982|0.008 |0.007
(40, 50) [2] [0932]0034 |0030 [0983[0.023 |0.019 [0.979 [0.009 |o0.008
(3] |0954[0037 |0031 [0984[0025 |0.020 [0980 0015 |0.011
(80.90) (1] |0934 0024 |0019 [0956 0012 |0.008 |0.940 |0.007 |0.006
(60, 70) [2] [0941 0031 [0029 [0962]0.013 [0.011 [0.946 |0.008 |0.007
(3] |0932]0025 |0020 [0.956 0013 |0.010 |0.940 |0.007 |0.006
(T11, Tha, Ta1, Taa) = (1.0, 1.5, 0.8, 1.2)
[1] 0.941 | 0.059 0.057 0.959 | 0.041 0.026 0.959 | 0.038 0.025
(20, 10) [2] [0960 [0.069 |0.067 [0.967 0052 |0032 [0.973[0.049 |0.029
“030) (3] |0964 0070 |0069 |0964 0055 |0032 |0972 0053 |0.029
(1] |0939 0050 |0046 |0941 0036 |0.020 |0936 0031 |0018
(30, 20) [2] [0954[0056 |0.055 [0956 0039 [0.025 |0953]0034 |0.022
(3] |0946 0053 |0052 [0954 0038 |0022 |0951|0.032 |0.019
(1] |0928 0043 |0039 [0937 0031 |0019 |0927 |0.026 |0.016
(30, 20) [2] [0955[0.043 |0.039 [0960[0.035 |0.019 [0.959 |0.030 |0.016
(3] |0963[0047 |0040 [0963[0.035 |0020 |0.960|0.031 |0.017
(6050) (1] |0938 0033 |0031 [0951[0023 |0010 |0947 |0.020 |0.007
(40, 30) [2] [0970[0.038 |0.034 [0978]0030 [0.019 [0990 |0.025 |0.015
(3] |0963 0035 |0031 [0975]0027 |0012 |0.988 |0.023 |0.008
(1] |o0915[0027 |00235 [0952]0016 |0.006 |0945]0013 |0.005
(40, 50) [2] 0.933 | 0.030 0.025 0.972 | 0.018 0.006 0.966 | 0.014 0.005
(5090) (3] |0948 0033 |0030 |0980 0022 |0.007 |0.974 |0.016 |0.006
(1] |o0916 0019 |0015 [0936|0008 |0.005 |0.9180.007 |0.004
(60, 70) [2] 0.930 | 0.026 0.022 0.949 | 0.010 0.005 0.930 | 0.008 0.005
(3] |0916 0026 |0.020 |0932]0010 |0.005 |0915]0.007 |0.004

Table 5. The point estimation results of R (¢) from Set-1.

Using a data visualization tool and taking Set-1 as an example, Figure 2 displays the maximum likelihood
and Bayesian estimates of R;(¢) and Hi(t) for (n[l],n[2]) = (40,30) under two sample allocations:
(m[1],m[2]) = (20, 10) (left panel) and (m[1], m[2]) = (30, 20) (right panel), with (711, T12, T21, T22) set
to (0.5, 1.0, 0.4, 0.8) and (1.0, 1.5, 0.8, 1.2), respectively. In each subplot, the labels A; and B; (i = 1,2, 3) on
the x-axis denote the RMSE and MRAB values obtained from the MLE, Bayes (Group-1), and Bayes (Group-2)
frameworks, respectively. These visualizations corroborate the numerical results for R1(t) and Hi(t) reported

in Tables 5 and 6.

Real accelerated applications

This section presents two real-data engineering applications to empirically assess the performance of the
proposed estimation methods. The first dataset pertains to the failure times of white organic light-emitting

diodes, while the second concerns the lifetime of micro-droplets in ambient environmental conditions.
Before examining the proposed real-world datasets, it is worth mentioning here that:
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Bayes

MLE Group-1 Group-2

(n1,7m2) | (m1,m3) | Test | MPE | RMSE | MARB | MPE | RMSE | MARB | MPE | RMSE | MARB
(T11, Th2, T21, Ta2) = (0.5, 1.0, 0.4, 0.8)

[1] |0.376 | 0.500 | 1.954 0.345 | 0.387 | 1.466 0.314 | 0.323 | 1.321
(20, 10) [2] |0.362 | 0.588 |2.110 0.418 | 0.473 | 1.865 0.361 | 0.347 | 1.328
[3] |0.408 | 0.469 | 1.841 0.548 | 0.353 | 1.329 0.432 | 0.293 | 1.181

(40,30)
[1] |0.431 | 0.431 | 1.700 0.355 | 0.307 | 1.224 0.415 | 0.220 | 0.822
(30, 20) [2] |0.389 | 0.442 | 1.806 0.357 | 0.314 | 1.254 0.440 | 0.222 | 0.856
[3] |0.423|0417 |1.660 0.348 | 0.291 | 1.100 0.409 | 0.200 | 0.780
[1] |0.424 | 0.376 |1.430 0.353 | 0.275 | 0.978 0.402 | 0.187 | 0.724
(30, 20) [2] |0.368 | 0.404 |1.579 0.358 | 0.282 | 1.011 0.422 | 0.193 | 0.750
[3] 0432|0341 |1.394 0.344 | 0.253 | 0.973 0.387 | 0.179 | 0.694
(6050 [1] |0.482|0.293 |1.160 0.279 | 0.233 | 0.807 0.138 | 0.161 | 0.545
(40, 30) [2] |0.374 |0.317 |1.237 0.303 | 0.238 | 0.877 0.165 | 0.163 | 0.633
[3] |0.481 | 0.287 |1.056 0.323 | 0.220 | 0.801 0.179 | 0.153 | 0.482
[1] |0.481 | 0.227 |0.803 0.213 | 0.180 | 0.638 0.270 | 0.110 | 0.327
(40, 50) [2] |0.436 | 0.247 |0.941 0.219 | 0.209 | 0.772 0.283 | 0.118 | 0.374
(80.90) [3] |0.471|0.218 |0.779 0.195 | 0.143 | 0.517 0.252 | 0.087 |0.318

1] |o0552 0215 |0740 [0417 [0.126 [0371 |0.563 |0.075 |0271
(60, 70) (2] |0517 [0216 |0777 [0397 |0.142 [0472 [0.552 0079 |o0.286
3] |0551 [0171 |0.589 [0417 [0078 |0272 |0.563 |0.063 |0.227
(Ty1, Thz, To1, Toz) = (1.0, 1.5, 0.8, 1.2)

[1] |0.423 | 0461 |1.870 0.360 | 0.347 | 1.374 0.348 | 0.224 | 0.771
(20, 10) [2] |0.403 | 0.585 |2.096 0.427 | 0.360 | 1.374 0.389 | 0.323 | 1.309
[3] |0.639 | 0454 |1.832 0.550 | 0.336 | 1.320 0.573 | 0.203 | 0.771

(40,30)
[1] |0.526 | 0.413 |1.658 0.471 | 0.265 | 1.038 0.539 | 0.185 | 0.686
(30, 20) [2] |0.485 | 0.441 |1.709 0.462 | 0.266 | 1.038 0.531 | 0.203 | 0.763
[3] |0.576 | 0376 |1.418 0.585 | 0.263 | 1.030 0.665 | 0.175 | 0.583
[1] |0.460 | 0.340 |1.372 0.411 | 0.251 | 0.844 0.460 | 0.168 | 0.560
(30, 20) [2] |0.417 | 0.348 | 1.386 0.416 | 0.254 | 0.984 0.479 | 0.173 | 0.578
[3] 0733|0316 |1.274 0.679 | 0.247 | 0.839 0.806 | 0.166 | 0.553
(6050 [1] |0.405 | 0.255 |1.019 0.341 | 0.222 | 0.807 0.205 | 0.150 | 0.520
(40, 30) [2] |0.367 | 0310 |1.217 0.317 | 0.227 | 0.834 0.179 | 0.161 | 0.551
[3] |0.612|0.235 |0.940 0.498 | 0.217 | 0.783 0.566 | 0.108 | 0.419
[1] |0.568 | 0.198 | 0.683 0.335 | 0.170 | 0.534 0.420 | 0.088 | 0.324
(40, 50) [2] |0.512 | 0.212 |0.785 0.272 | 0.206 | 0.757 0.351 | 0.108 | 0.343
(80.90) [3] |0.640 | 0.185 | 0.637 0.445 | 0.136 | 0.450 0.563 | 0.082 | 0.251

[1] |0.672 | 0.172 |0.595 0.528 | 0.079 | 0.292 0.674 | 0.063 | 0.222
(60, 70) [2] |0.631 | 0.181 |0.612 0.468 | 0.129 | 0.429 0.630 | 0.066 | 0.226
[3] |0.701 | 0.167 |0.571 0.535 | 0.071 | 0.251 0.681 | 0.060 |0.212

Table 6. The point estimation results of H1(t) from Set-1.

o The light-emitting diodes data analyzed in this work are representative of reliability issues in modern illumi-
nation systems, such as automotive headlights, traffic lights, and large-scale display panels. In such applica-
tions, failure or accelerated degradation of light-emitting diodes can lead to increased maintenance costs and
safety concerns. Our framework allows engineers to obtain reliable lifetime metrics under partially accelerat-
ed testing, thereby reducing testing time while maintaining inferential accuracy.

o The insulating liquid dataset reflects a key reliability concern in high-voltage transformers, which are essential
components in power generation and distribution networks. The dielectric performance of these fluids direct-
ly affects insulation integrity and transformer lifespan. By applying the proposed censoring scheme, practi-
tioners can obtain more efficient reliability estimates, which in turn guide condition monitoring, preventive
maintenance, and warranty design.

o Thus, the proposed methodology bridges statistical theory and engineering practice, offering a robust tool for
reliability assessment in diverse industrial scenarios.
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[1] ]1.028 | 0.929 | 0.881 | 0.943 | 0.660 | 0.963 | 0.907 | 0.940 | 0.812 | 0.949 | 0.569 | 0.971

(20, 10) [2] |1.118 | 0.921 | 0.908 | 0.940 | 0.668 | 0.962 | 0.917 | 0.939 | 0.837 | 0.947 | 0.598 | 0.969

(40,30) [3] |1.015|0.931 | 0.784 | 0.952 | 0.655 | 0.964 | 0.860 | 0.945 | 0.779 | 0.952 | 0.567 | 0.972
[1] ]0.933 | 0.938 | 0.741 | 0.956 | 0.597 | 0.969 | 0.845 | 0.946 | 0.677 | 0.962 | 0.535 | 0.975

(30, 20) [2] ]0.980 | 0.934 | 0.751 | 0.955 | 0.625 | 0.966 | 0.855 | 0.945 | 0.742 | 0.956 | 0.549 | 0.973

[3] ]0.928 | 0.938 | 0.715 | 0.958 | 0.558 | 0.972 | 0.789 | 0.951 | 0.631 | 0.966 | 0.535 | 0.975

[1] ]0.833 | 0.947 | 0.675 | 0.962 | 0.552 | 0.973 | 0.711 | 0.958 | 0.587 | 0.970 | 0.499 | 0.978

(30, 20) [2] ]0.881 | 0.943 | 0.675 | 0.962 | 0.554 | 0.973 | 0.711 | 0.958 | 0.624 | 0.966 | 0.532 | 0.975

(60,50) [3] |0.742 | 0.956 | 0.639 | 0.965 | 0.523 | 0.976 | 0.689 | 0.960 | 0.582 | 0.970 | 0.340 | 0.993
[1] ]0.677 | 0.962 | 0.595 | 0.969 | 0.355 | 0.991 | 0.622 | 0.967 | 0.556 | 0.973 | 0.329 | 0.994

(40, 30) [2] ]0.728 | 0.957 | 0.639 | 0.965 | 0.362 | 0.991 | 0.687 | 0.961 | 0.577 | 0.971 | 0.331 | 0.993

[3] ]0.666 | 0.963 | 0.567 | 0.972 | 0.355 | 0.991 | 0.600 | 0.969 | 0.538 | 0.974 | 0.320 | 0.994

[1] ]0.569 | 0.971 | 0.514 | 0.977 | 0.323 | 0.994 | 0.559 | 0.972 | 0.498 | 0.978 | 0.317 | 0.995

(40, 50) [2] ]0.661 | 0.963 | 0.535 | 0.975 | 0.350 | 0.992 | 0.574 | 0.971 | 0.523 | 0.976 | 0.318 | 0.995

[3] ]0.558 | 0.973 | 0.496 | 0.978 | 0.319 | 0.994 | 0.526 | 0.975 | 0.445 | 0.983 | 0.307 | 0.996

(80.90) [1] ]0.525 | 0.976 | 0.475 | 0.980 | 0.307 | 0.996 | 0.508 | 0.977 | 0.422 | 0.985 | 0.301 | 0.996
(60, 70) [2] ]0.531 | 0.975 | 0.490 | 0.979 | 0.314 | 0.995 | 0.516 | 0.976 | 0.424 | 0.985 | 0.306 | 0.996

[3] ]0.517 | 0.976 | 0.445 | 0.982 | 0.305 | 0.996 | 0.500 | 0.977 | 0.399 | 0.987 | 0.286 | 0.997

Table 7. The 95% interval estimation results of ¥J.

[1] ]0.597 | 0.951 | 0.550 | 0.956 | 0.472 | 0.965 | 0.577 | 0.953 | 0.530 | 0.959 | 0.436 | 0.969

(20, 10) [2] |0.481 | 0.964 | 0.414 | 0.972 | 0.404 | 0.973 | 0.466 | 0.966 | 0.407 | 0.973 | 0.395 | 0.974

(40,30) [3] ]0.509 | 0.961 | 0.435 | 0.969 | 0.426 | 0.970 | 0.489 | 0.963 | 0.429 | 0.970 | 0.423 | 0.971
[1] ]0.453 | 0.967 | 0.391 | 0.974 | 0.383 | 0.975 | 0.449 | 0.968 | 0.384 | 0.975 | 0.379 | 0.976

(30, 20) [2] ]0.432 | 0.970 | 0.383 | 0.975 | 0.365 | 0.977 | 0.430 | 0.970 | 0.365 | 0.977 | 0.321 | 0.982

[3] |0.446 | 0.968 | 0.383 | 0.975 | 0.373 | 0.976 | 0.434 | 0.970 | 0.379 | 0.976 | 0.366 | 0.977

[1] ]0.422 |0.971 | 0.375 | 0.976 | 0.350 | 0.979 | 0.404 | 0.973 | 0.352 | 0.979 | 0.306 | 0.984

(30, 20) [2] ]0.399 | 0.973 | 0.361 | 0.978 | 0.300 | 0.984 | 0.398 | 0.974 | 0.322 | 0.982 | 0.293 | 0.985

(60,50) [3] ]0.411 |0.972 | 0.368 | 0.977 | 0.307 | 0.984 | 0.400 | 0.973 | 0.328 | 0.981 | 0.305 | 0.984
[1] ]0.390 | 0.974 | 0.341 | 0.980 | 0.289 | 0.986 | 0.360 | 0.978 | 0.316 | 0.983 | 0.276 | 0.987

(40, 30) [2] ]0.381 | 0.975 | 0.309 | 0.983 | 0.270 | 0.988 | 0.349 | 0.979 | 0.272 | 0.988 | 0.266 | 0.988

[3] |0.388 | 0.975 | 0.325 | 0.982 | 0.287 | 0.986 | 0.356 | 0.978 | 0.313 | 0.983 | 0.272 | 0.988

[1] ]0.367 | 0.977 | 0.308 | 0.984 | 0.237 | 0.992 | 0.333 | 0.981 | 0.260 | 0.989 | 0.232 | 0.992

(40, 50) [2] ]0.337 | 0.980 | 0.278 | 0.987 | 0.214 | 0.994 | 0.314 | 0.983 | 0.256 | 0.989 | 0.201 | 0.996

(80.90) [3] ]0.354 | 0.978 | 0.278 | 0.987 | 0.221 | 0.993 | 0.330 | 0.981 | 0.256 | 0.989 | 0.218 | 0.994
[1] ]0.320 | 0.981 | 0.274 | 0.987 | 0.213 | 0.994 | 0.311 | 0.983 | 0.251 | 0.990 | 0.201 | 0.996

(60, 70) [2] ]0.308 | 0.982 | 0.235 | 0.992 | 0.195 | 0.996 | 0.273 | 0.987 | 0.220 | 0.993 | 0.170 | 0.999

[3] ]0.318 | 0.982 | 0.238 | 0.991 | 0.197 | 0.996 | 0.290 | 0.986 | 0.229 | 0.992 | 0.181 | 0.998

Table 8. The 95% interval estimation results of ¢.

Light-emitting diode data

Light-emitting diodes (LEDs), a prominent subclass of semiconductor devices, are widely integrated into
modern electronic displays, including televisions and multicolor panels. An LED is composed of a thin layer
of semiconductor material that has been treated to enhance its properties. When electricity is applied in the
correct direction, it produces light at a specific wavelength, based on the materials used and their treatment.
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BCI BCI
ACI Group-1 Group-2 ACI Group-1 Group-2
(0.5,1.0, 0.4, 0.8) (1.0,1.5,0.8,1.2)
Set-1
(ni,m2) | (mi,m2) |Test [AIL |CP |AIL |CP |AIL |CP |AIL |CP |[AIL [CP |AIL |CP
[1] |3.033 | 0.890 | 0.872 | 0.952 | 0.761 | 0.955 | 2.900 | 0.894 | 0.780 | 0.954 | 0.579 | 0.960
(20, 10) [2] |3.411 | 0.879 | 0.932 | 0.950 | 0.796 | 0.954 | 3.067 | 0.889 | 0.804 | 0.954 | 0.728 | 0.956
[3] 2.658 | 0.901 | 0.766 | 0.955 | 0.744 | 0.955 | 2.610 | 0.902 | 0.750 | 0.955 | 0.574 | 0.960
(4030) [1] |2.339 | 0.910 | 0.725 | 0.956 | 0.605 | 0.959 | 1.967 | 0.920 | 0.720 | 0.956 | 0.558 | 0.961
(30, 20) [2] |2.589 | 0.903 | 0.739 | 0.955 | 0.614 | 0.959 | 2.407 | 0.908 | 0.734 | 0.956 | 0.565 | 0.960
[3] 2.085 | 0.917 | 0.710 | 0.956 | 0.602 | 0.959 | 1.941 | 0.921 | 0.662 | 0.958 | 0.558 | 0.961
[1] 1.805 | 0.925 | 0.651 | 0.958 | 0.557 | 0.961 | 1.705 | 0.928 | 0.638 | 0.958 | 0.530 | 0.961
(30, 20) [2] |2.047 | 0.918 | 0.653 | 0.958 | 0.592 | 0.960 | 1.849 | 0.924 | 0.638 | 0.958 | 0.548 | 0.961
[3] 1.764 | 0.926 | 0.648 | 0.958 | 0.546 | 0.961 | 1.532 | 0.933 | 0.635 | 0.958 | 0.520 | 0.962
(6050) [1] 1.727 1 0.927 | 0.639 | 0.958 | 0.508 | 0.962 | 1.407 | 0.936 | 0.521 | 0.962 | 0.447 | 0.964
(40, 30) [2] 1.730 | 0.927 | 0.647 | 0.958 | 0.538 | 0.961 | 1.464 | 0.935 | 0.631 | 0.959 | 0.490 | 0.963
[3] 1.724 1 0.927 | 0.639 | 0.958 | 0.490 | 0.963 | 1.370 | 0.937 | 0.491 | 0.963 | 0.428 | 0.964
[1] 1.470 | 0.935 | 0.479 | 0.963 | 0.437 | 0.964 | 1.191 | 0.942 | 0.442 | 0.964 | 0.396 | 0.965
(40, 50) [2] 1.493 | 0.934 | 0.490 | 0.963 | 0.484 | 0.963 | 1.309 | 0.939 | 0.486 | 0.963 | 0.409 | 0.965
(80.90) [3] 1.392 | 0.937 | 0.469 | 0.963 | 0.424 | 0.964 | 1.190 | 0.943 | 0.440 | 0.964 | 0.392 | 0.965
[1] 1.261 | 0.940 | 0.442 | 0.964 | 0.392 | 0.965 | 1.105 | 0.945 | 0.437 | 0.964 | 0.375 | 0.966
(60, 70) [2] 1.318 | 0.939 | 0.467 | 0.963 | 0.395 | 0.965 | 1.137 | 0.944 | 0.439 | 0.964 | 0.378 | 0.966
[3] 1.259 | 0.941 | 0.429 | 0.965 | 0.373 | 0.966 | 1.009 | 0.948 | 0.411 | 0.965 | 0.351 | 0.967

Table 9. The 95% interval estimation results of \.

BCI BCI
ACI Group-1 Group-2 ACI Group-1 Group-2
Set-1

(ni,m2) | (M1, m2) |Test |AIL |[CP |AIL |CP |AIL (CP |AIL |CP |AIL |CP |AIL |CP
[1] |0.104 | 0.942 | 0.081 | 0.954 | 0.064 | 0.963 | 0.092 | 0.948 | 0.078 | 0.955 | 0.058 | 0.966
(20, 10) [2] |0.109 | 0.939 |0.084 | 0.952 | 0.075 | 0.957 | 0.093 | 0.947 | 0.083 | 0.953 | 0.065 | 0.962
[3] 0.110 | 0.939 | 0.094 | 0.947 | 0.085 | 0.952 | 0.098 | 0.945 | 0.089 | 0.950 | 0.065 | 0.962
(4030 [1] |0.094 | 0.947 | 0.076 | 0.956 | 0.054 | 0.967 | 0.088 | 0.950 | 0.059 |0.965 | 0.034 | 0.978
(30, 20) [2] |0.103 | 0.943 | 0.078 | 0.955 | 0.060 | 0.964 | 0.090 | 0.949 | 0.064 |0.962 | 0.052 | 0.969
[3] |0.102 | 0.943 | 0.077 | 0.956 | 0.055 | 0.967 | 0.089 | 0.949 | 0.059 | 0.965 | 0.035 | 0.977
[1] |0.089 |0.949 |0.062 | 0.963 | 0.041 | 0.974 | 0.085 | 0.952 | 0.052 | 0.969 | 0.028 | 0.981
(30, 20) [2] {0.090 |0.949 |0.065 | 0.962 | 0.041 | 0.974 | 0.086 | 0.951 | 0.056 |0.967 | 0.029 | 0.981
[3] |0.092 | 0.948 | 0.068 | 0.960 |0.051 | 0.969 | 0.086 | 0.951 | 0.059 |0.965 | 0.031 | 0.979
(6050 [1] |0.083 | 0.953 | 0.056 | 0.967 |0.040 | 0.975 | 0.080 | 0.954 | 0.044 | 0.973 | 0.027 | 0.981
(40, 30) [2] |0.085 | 0.952 | 0.057 | 0.966 |0.040 | 0.975 | 0.084 | 0.952 | 0.051 | 0.969 | 0.027 | 0.981
[3] |0.084 | 0.952 | 0.056 | 0.967 |0.040 | 0.975 | 0.081 | 0.954 | 0.049 | 0.970 | 0.027 | 0.981
[1] 0.073 | 0.958 | 0.031 | 0.979 | 0.029 | 0.980 | 0.069 | 0.960 | 0.031 | 0.979 | 0.023 | 0.983
(40, 50) [2] |0.076 | 0.956 | 0.051 | 0.969 |0.030 | 0.980 | 0.075 | 0.957 | 0.032 | 0.979 | 0.025 | 0.982
(80.90) [3] |0.080 |0.954 |0.055 | 0.967 |0.036 | 0.977 | 0.079 | 0.955 | 0.036 | 0.977 | 0.025 | 0.982
[1] 0.063 | 0.963 | 0.024 | 0.983 | 0.015 | 0.988 | 0.053 | 0.968 | 0.017 | 0.987 | 0.012 | 0.989
(60, 70) [2] |0.069 |0.960 |0.031 |0.979 |0.020 | 0.985 | 0.066 | 0.961 | 0.029 | 0.980 | 0.015 | 0.988
[3] |0.068 | 0.960 |0.031 | 0.979 |0.016 | 0.987 | 0.065 | 0.962 | 0.018 | 0.986 | 0.014 | 0.988

Table 10. The 95% interval estimation results of Ry (t).

Table 12 presents the failure times, measured in units of thousand hours, for LEDs subjected to both normal-
use and accelerated-stress conditions, with each scenario comprising 58 observed failure points. Cheng and
Wang have previously explored this dataset!, and it was more recently revisited in the analyses by Nassar and
Elshahhat*. To evaluate the suitability of the Weibull distribution as a potential model for these lifetime data, the
Kolmogorov-Smirnov (KS) statistic, along with its associated P-value, is employed. From Table 12, the MLEs
(with their standard errors (SEs)) and the 95% ACIs (with their interval lengths (ILs)) of the Weibull parameters
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BCI BCI
(n1,n2) ACI Group-1 Group-2 ACI Group-1 Group-2
(0.5,1.0, 0.4, 0.8) (1.0,1.5,0.8,1.2)
Set-1
(Th1, Th2, T21,T22) — | (m1, m2) | Test | AIL | CP AIL | CP AIL | CP AIL | CP AIL | CP AIL | CP
[1] 0.699 | 0.936 | 0.639 | 0.941 | 0.511 | 0.952 | 0.675 | 0.938 | 0.584 | 0.946 | 0.458 | 0.957
(20, 10) [2] 0.706 | 0.935 | 0.639 | 0.941 | 0.615 | 0.943 | 0.681 | 0.937 | 0.622 | 0.942 | 0.458 | 0.957
[3] 0.697 | 0.936 | 0.633 | 0.941 | 0.509 | 0.952 | 0.671 | 0.938 | 0.572 | 0.947 | 0.455 | 0.957
(4030 [1] 0.667 | 0.939 | 0.565 | 0.947 | 0.464 | 0.956 | 0.589 | 0.945 | 0.524 | 0.951 | 0.342 | 0.967
(30, 20) [2] 0.672 | 0.938 | 0.621 | 0.943 | 0.502 | 0.953 | 0.633 | 0.942 | 0.560 | 0.948 | 0.424 | 0.960
[3] 0.666 | 0.939 | 0.531 | 0.950 | 0.422 | 0.960 | 0.586 | 0.946 | 0.506 | 0.952 | 0.312 | 0.969
[1] 0.554 | 0.948 | 0.517 | 0.951 | 0.384 | 0.963 | 0.530 | 0.950 | 0.482 | 0.954 | 0.295 | 0.971
(30, 20) [2] 0.634 | 0.941 | 0.526 | 0.951 | 0.397 | 0.962 | 0.532 | 0.950 | 0.487 | 0.954 | 0.310 | 0.969
[3] 0.548 | 0.949 | 0.503 | 0.953 | 0.355 | 0.965 | 0.520 | 0.951 | 0.391 | 0.962 | 0.280 | 0.972
(60:50) [1] 0.535 | 0.950 | 0.422 | 0.960 | 0.340 | 0.967 | 0.502 | 0.953 | 0.385 | 0.963 | 0.269 | 0.973
(40, 30) [2] 0.545 | 0.949 | 0.430 | 0.959 | 0.354 | 0.965 | 0.515 | 0.952 | 0.385 | 0.963 | 0.280 | 0.972
[3] 0.531 | 0.950 | 0.420 | 0.960 | 0.332 | 0.967 | 0.497 | 0.953 | 0.378 | 0.963 | 0.255 | 0.974
[1] 0.526 | 0.951 | 0.368 | 0.964 | 0.300 | 0.970 | 0.484 | 0.954 | 0.309 | 0.969 | 0.248 | 0.975
(40, 50) [2] 0.527 | 0.951 | 0.414 | 0.960 | 0.326 | 0.968 | 0.495 | 0.953 | 0.353 | 0.966 | 0.249 | 0.975
(80.90) [3] 0.516 | 0.952 | 0.345 | 0.966 | 0.283 | 0.972 | 0.479 | 0.955 | 0.306 | 0.970 | 0.245 | 0.975
[1] 0.492 | 0.954 | 0.265 | 0.973 | 0.191 | 0.980 | 0.454 | 0.957 | 0.220 | 0.979 | 0.174 | 0.981
(60, 70) [2] 0.505 | 0.953 | 0.336 | 0.967 | 0.198 | 0.979 | 0.475 | 0.955 | 0.276 | 0.972 | 0.180 | 0.981
[3] 0.471 | 0.955 | 0.239 | 0.975 | 0.179 | 0.981 | 0.428 | 0.959 | 0.201 | 0.979 | 0.154 | 0.983

Table 11. The 95% interval estimation results of H1 (t).

1 and ¢ for the normal-use and stress conditions data are obtained; see Table 13. Furthermore, the KS statistics
and their corresponding P-values for the complete datasets under each condition are 0.1659 (0.082) and 0.1541
(0.127), respectively. These results support the adequacy of the Weibull model in capturing the failure behavior
of the LED devices under both operational conditions.

A further diagnostic evaluation of the Weibull fit is shown in Fig. 3, incorporating four graphical techniques
that collectively assess goodness-of-fit from multiple perspectives: (i) empirical and estimated reliability lines
and associated 95% ACI/BCI bounds; (ii) probability-probability (PP) lines comparing observed and fitted
probabilities; (iii) quantile-quantile (QQ) lines; and (iv) a contour map of the log-likelihood function. For
both normal-use and accelerated-stress datasets, the panels in Fig. 3a—c exhibit strong alignment between the
empirical observations and the Weibull model, indicating an excellent fit. Lastly, the log-likelihood contour in
Fig. 3d clearly demonstrates the existence and uniqueness of the fitted MLEs for the model parameters ¥} and ¢,
thereby justifying their use as initial values in further inferential procedures.

To demonstrate the feasibility of the proposed methodologies, taking mi = ma = 20, three artificial samples
based on various choices of threshold levels and progressive censoring patterns (Sj1,...,Sjm;), 7 = 1,2,
several IAPTIIC samples with constant-stress PALT from the LED datasets are created; see Table 14. For each
generated sample, the classical estimates in addition to their 95% ACI estimates as well as the Bayes estimates in
addition to their 95% BCI estimates of 3, §, and R1(t) (at distinct time ¢ = 0.5) are calculated. In Table 15, the
point estimates (along with their SEs) and the interval estimates (along with their ILs) of 9, ¢, A, R1 (¢), and H; (¢)
are reported. Due to there being no available prior information about ¥, ¢, or A, we set v; and w; for j = 1,2
as 0.001, which implies that the prior densities are almost improper. According to the MCMC methodology, we
repeat the procedure M = 50, 000 times and discard the first A = 10, 000 iterations as burn-in. The starting
values of ¥, ¢, and A used to run the MCMC sampler are assumed to be their frequentist estimates.

As we anticipated, from Table 15, the Bayes estimates perform better than the estimates derived from the
likelihood method in terms of their lowest St.Es, and the BCI estimates behave superior compared to those
developed by the ACI method in terms of shortest ILs.

From the remaining 40,000 MCMC samples generated for each artificial dataset described in Table 14, Table 16
summarizes key posterior characteristics of ¥, ¢, A, R1(t), and H; (t). These include the posterior mean, mode,
quartiles (Q;, ¢ = 1,2, 3), standard deviation (SD), and skewness (Sk.). The reported summaries support the
same Bayesian findings listed in Table 15 and indicate that the distribution of the simulated iterations of ¥ or A
is almost fairly symmetrical, of ¢ or H1 (t) is almost fairly symmetrical, while that of R1 (¢) is negatively skewed.

To examine whether the MLEs for the parameters 1, ¢, and \ derived from Sample S[1] are both existent
and unique, we constructed the corresponding log-likelihood contour plots as illustrated in Fig. 4. These
graphical representations clearly demonstrate well-defined peaks, confirming that the MLEs for ¢, ¢, and A (as
summarized across all samples in Table 14) exist and are also unique. Moreover, these findings corroborate the
numerical results provided in Table 15. Consequently, the frequentist point estimates are selected as initial values
in the MCMC iterations.
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Fig. 2. Plots for RMSE and MRAB results of R1(t) and H1(t) when (n[1],n[2]) = (40, 30).

Normal-Use Times

0.18 | 0.19 [ 0.19 | 0.34 | 0.36 | 0.40 | 0.44 | 0.44 | 0.45 | 0.46 | 0.47 [ 0.53 | 0.57 |0.57 | 0.63
0.65 | 0.70 | 0.71 | 0.71 | 0.75 | 0.76 | 0.76 | 0.79 | 0.80 | 0.85 | 0.98 | 1.01 | 1.07 |1.12 | 1.14
1.15 | 1.17 | 1.20 | 1.23 | 1.24 | 1.25 | 1.26 | 1.32 | 1.33 | 1.33 | 1.39 | 1.42 | 1.50 1.55 | 1.58
1.59 | 1.62 | 1.68 | 1.70 | 1.79 | 2.00 | 2.01 | 2.04 | 2.54 | 3.61 | 3.76 | 4.65 | 8.97

Accelerated Stress Times

0.13 | 0.16 | 0.20 | 0.20 | 0.21 | 0.25 | 0.26 | 0.28 | 0.28 | 0.30 | 0.31 [ 0.33 | 0.35 |0.35 | 0.35
0.39 | 0.50 | 0.52 | 0.58 | 0.60 | 0.60 | 0.62 | 0.63 | 0.67 | 0.71 | 0.73 | 0.75 | 0.75 | 0.78 | 0.80
0.80 | 0.86 [ 0.90 | 0.91 |0.93 | 0.93 |0.94 | 0.98 | 0.99 | 1.01 | 1.03 | 1.06 | 1.06 |1.10 | 1.22
122 | 1.24 | 1.28 | 1.39 | 1.39 | 1.46 | 1.48 | 1.52 | 1.74 | 1.95 | 2.46 | 3.02 | 5.167

Table 12. Failure times of 58 LED products.

A central concern in implementing MCMC methods lies in verifying the convergence behavior of the
generated chains. To address this, we retained 40,000 post-burn-in samples from each chain and utilized both
trace plots and posterior density plots, shown in Fig. 5, to assess convergence and mixing. The trace plots serve
as diagnostic tools for evaluating chain stability over iterations, while the density plots illustrate the smoothed
posterior distributions. In each panel of Fig. 5, the posterior mean (Bayesian estimate) for each parameter—
whether 1, ¢, A, the reliability function Ri(t), or the hazard function H;(t)—is marked by a solid curve,
with the associated credible interval boundaries indicated by dashed lines. As observed, (i) the MCMC chains
show strong evidence of convergence, and (ii) the burn-in phase, denoted .4, is sufficiently long to eliminate
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Reliabilty

Reliability

95% ACI

Stress Par. | MLE(SE) Low. |Upp. |IL KS(P-Value)

9 1.2543 (0.1119) | 1.0351 | 1.4737 | 0.4386 | 0.1369 (0.2269)
Normal Use

¢ 0.6325 (0.0999) | 0.4367 | 0.8283 | 0.3916

9 1.3516 (0.1248) | 1.1070 | 1.5963 | 0.4893 | 0.0928 (0.7002)
Accelerated

¢ 0.9769 (0.1367) | 0.7090 | 1.2448 | 0.5358

Table 13. Summary fit for the Weibull lifespan model from LED datasets.
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Fig. 3. Visualization panels of the Weibull model from LED datasets.

dependence on the initial values, ensuring that posterior inference is based on representative draws from the
stationary distribution.

Insulating liquids data

Insulating fluid performance under high-voltage stress refers to the fluid’s ability to resist electrical breakdown
when subjected to intense electric fields. It is typically evaluated by measuring the time or voltage at which
the fluid fails to insulate, indicating its reliability and durability in electrical equipment like transformers or
capacitors. This application investigates the breakdown behavior of an insulating fluid subjected to high-voltage
endurance testing under varying electrical stress conditions. Specifically, the analysis focuses on the time-to-
failure, measured in seconds, as a function of applied voltage levels. The dataset, originally gathered by Nelson*!,
includes experimental observations collected at two fixed stress settings: 40kV, representing typical operational
exposure, and 45KV, reflecting accelerated degradation conditions. In Table 17, each stress level comprises twelve
recorded failure times, providing a basis for comparative reliability modeling under normal and intensified
usage scenarios.

The suitability of the Weibull distribution for modeling insulating fluid failure times is evaluated using the
KS test, with significance assessed at the 5% level via the associated P-value. To achieve this, using Table 17, we
estimate the Weibull parameters ¢ and ¢ using the ML method (along with their SEs) as presented in Table 18.
It exhibits strong statistical evidence that the Weibull model offers an adequate fit to the insulating fluid datasets.
This conclusion is visually supported by Fig. 6a—c, which shows a high degree of agreement between the observed
and fitted values under both normal and accelerated stress conditions. Figure 6d confirmed that the fitted MLEs
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(T11("’1), T21("'2) (Slly e yslml) SI 1
Sample | Stress (T12(d1), T22(d2) | (S21,- -, S2my) S5 | 75 | Times
0.18, 0.34, 0.44, 0.46, 0.47, 0.57, 0.63, 0.70, 0.76, 0.79,
Normal-Use | (1.75(23),1.85(23)) (5*7,0716) 0 1.75 | 0.85,0.98, 1.01, 1.14, 1.20, 1.26, 1.33, 1.39, 1.42, 1.58,
1.62,1.68,1.70
S[1]
0.13, 0.16, 0.21, 0.25, 0.28, 0.28, 0.31, 0.39, 0.52, 0.60,
Accelerated | (0.30(6),1.35(23)) (478,3,0714) 11 1.22 | 0.63, 0.67,0.71, 0.73, 0.75, 0.78, 0.80, 0.91, 0.98, 1.01,
1.06, 1.10, 1.22
0.18,0.19, 0.19, 0.34, 0.36, 0.40, 0.44, 0.44, 0.45, 0.53,
Normal-Use | (0.55(10),1.45(20)) (0*8,5%7,0"8) 28 | 145
sl 0.63,0.71, 0.79, 0.85, 0.98, 1.12, 1.17, 1.24, 1.33, 1.42
0.13, 0.16, 0.20, 0.20, 0.21, 0.25, 0.26, 0.28, 0.31, 0.33,
Accelerated | (0.35(10),1.07(20)) (077,478,3,0"7) |26 |1.10
0.39, 0.58, 0.60, 0.60, 0.67, 0.71, 0.78, 0.86, 0.93, 1.06
0.18, 0.19, 0.19, 0.34, 0.36, 0.40, 0.44, 0.44, 0.45, 0.46,
Normal-Use | (0.42(6),0.65(15)) (0*16,5*7) 43 | 0.65
Sl 0.47,0.53, 0.57, 0.57, 0.63
0.13, 0.16, 0.20, 0.20, 0.21, 0.25, 0.26, 0.28, 0.28, 0.30,
Accelerated | (0.25(5),0.35(12)) (0*16,5%7) 46 10.35
0.31,0.33
Table 14. Three IAPTIIC samples from LED datasets.
MLE MCMC 95% ACI 95% BCI
Sample | Par. Est. SE Est. SE Low. |Upp. |IL Low. |Upp. |IL
9 1.5873 | 0.3423 | 1.5904 | 0.1226 | 0.9163 | 2.2582 | 1.3419 | 1.3516 | 1.8306 | 0.4790
) 0.6667 | 0.0930 | 0.6744 | 0.0875 | 0.4845 | 0.8489 | 0.3644 | 0.5120 | 0.8516 | 0.3396
S[1] A 1.1610 | 0.3975 | 1.1601 | 0.1348 | 0.3820 | 1.9400 | 1.5580 | 0.8979 | 1.4254 | 0.5275

R1(t) |0.8010 | 0.0473 | 0.7993 | 0.0272 | 0.7084 | 0.8936 | 0.1852 |0.7433 | 0.8493 | 0.1060

Hy(t) |0.7044 | 0.0982 | 0.7102 | 0.0920 | 0.5119 | 0.8969 | 0.3850 | 0.5393 | 0.8971 |0.3578

9 0.7431 | 0.1085 | 0.7501 | 0.1044 | 0.5304 | 0.9558 | 0.4255 | 0.5504 | 0.9569 | 0.4065
[ 0.3481 | 0.0272 | 0.3549 | 0.0551 | 0.2949 | 0.4014 | 0.1065 | 0.2554 | 0.4716 | 0.2161
S[2] A 1.3049 | 0.5457 | 1.3032 | 0.1399 | 0.2353 | 2.3745 | 2.1392 | 1.0323 | 1.5809 | 0.5485

R1(t) |0.8122 | 0.0189 | 0.8099 | 0.0289 | 0.7752 | 0.8492 | 0.0740 | 0.7501 | 0.8620 | 0.1119

H1(t) | 03091 | 0.0316 |0.3143 | 0.0537 | 0.2473 | 0.3710 | 0.1237 | 0.2181 | 0.4282 | 0.2100

9 1.3400 | 0.4448 | 1.3477 | 0.1279 | 0.4682 | 2.2117 | 1.7435 | 1.0972 | 1.5976 | 0.5005
[} 0.5195 | 0.0824 | 0.5298 | 0.0910 | 0.3581 | 0.6809 | 0.3228 | 0.3643 | 0.7166 | 0.3523
S[3] A 1.7646 | 1.3616 | 1.7637 | 0.1462 | 0.0041 | 4.4333 | 4.4292 | 1.4769 | 2.0515 | 0.5745

R1(t) |0.8145 | 0.0437 | 0.8128 | 0.0272 | 0.7289 | 0.9001 | 0.1712 | 0.7581 | 0.8637 | 0.1056

Hy(t) |0.5500 | 0.0947 | 0.5588 | 0.0972 | 0.3643 | 0.7356 | 0.3713 | 0.3810 | 0.7588 | 0.3778

Table 15. Estimates of 9, ¢, A\, R1(t), and H1 (¢) from LED data.

of ¥ and ¢ (provided in Table 18) exist and are unique as well as thereby justifying their use as initial values in
further inferential procedures.

To illustrate the applicability of the proposed inferential approaches, we consider the case where
m1 = meo = 8 and generate three artificial IAPTIIC datasets under varying threshold settings and progressive
designs (Sj1,...,Sjm ; ), j = 1,2, based on the insulating fluid data structure; see Table 19. For each simulated
dataset, both classical and Bayesian estimates are computed for the parameters /3, §, and the reliability function
Ri(t) at t = 0.5, including their corresponding 95% ACI/BCI intervals. Table 20 reports point estimates
(with SEs) alongside the interval estimates (with ILs) for the parameters ¥, ¢, A, R1(t), and Hi(t). In the
absence of strong prior information on ¥, ¢, and ), we adopt vague priors by setting v; = w; = 0.001 for
J = 1,2, effectively rendering the prior distributions nearly non-informative. The MCMC algorithm is executed
for M = 50,000 iterations, discarding the first A = 10,000 as burn-in, and initialized using frequentist
estimates of the parameters. As anticipated, the results in Table 20 reveal that Bayesian estimation outperforms
the classical approach, yielding lower standard errors, while the BCI intervals demonstrate improved precision
over ACI intervals based on shorter lengths. The vital statistics (summarized in Table 21) support the same
numerical findings of 9, ¢, A, R1(t), and H; (¢) (reported in Table 20).

To verify the existence and uniqueness of the MLEs for ¥, ¢, and A obtained from Sample S[1], several
contour panels are depicted in Fig. 7. The subplots in Fig. 7 evidence support the numerical outputs presented
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Sample | Par. Mean | Mode | Q1 Q2 Q3 SD Sk.

9 1.5904 | 1.5771 | 1.5078 | 1.5889 | 1.6734 | 0.1225 | 0.0120
¢ 0.6744 | 0.6626 | 0.6134 | 0.6721 | 0.7326 | 0.0872 | 0.1832
Sl1] A 1.160 | 1.043 |1.069 |1.159 |1.252 |0.1348 | 0.0577

R1(t) |0.7993 | 0.8009 | 0.7812 | 0.8004 | 0.8180 |0.0271 | —0.2226

Hy(t) |0.7102 | 0.7005 | 0.6459 | 0.7076 | 0.7710 | 0.0918 | 0.1857

9 0.7501 | 0.6683 | 0.6779 | 0.7470 | 0.8205 | 0.1041 | 0.0984
[ 0.3549 | 0.3679 | 0.3165 | 0.3522 | 0.3895 | 0.0547 | 0.3241
S[2] A 1.3032 | 1.3115 | 1.2093 | 1.2990 | 1.3971 | 0.1399 | 0.0578

R1(t) |0.8099 | 0.7933 | 0.7911 | 0.8112 | 0.8302 | 0.0288 | —0.2793

Hiy(t) | 03143 | 0.3094 | 0.2769 | 0.3113 | 0.3484 | 0.0534 | 0.3430

9 1.3477 | 1.2774 | 1.2609 | 1.3472 | 1.4339 | 0.1277 | 0.0233
¢ 0.5298 | 0.4910 | 0.4666 | 0.5259 | 0.5886 | 0.0904 | 0.2502
S[3] A 1.7637 | 1.8182 | 1.6664 | 1.7617 | 1.8634 | 0.1462 | 0.0089

R1(t) | 0.8128 | 0.8166 | 0.7944 | 0.8135 | 0.8317 | 0.0272 | —0.1544

Hy(t) | 05588 | 05175 | 0.4912 | 0.5546 | 0.6223 | 0.0968 | 0.2384

Table 16. Statistical summary for 40,000 MCMC iterations of 9, ¢, A, R1(t), and H1(t) from LED data.

in Table 20, lending further credibility to the estimated values and showing that all frequentist estimates of ¢, ¢,
and ) existed and are unique. Accordingly, the corresponding MLE of ¥, ¢, or A is employed as a starting point
for the MCMC setup.

In Bayesian analysis, demonstrating the convergence of MCMC chains is essential to ensure reliable posterior
inference. After discarding .A an initial burn-in period, we retained 40,000 posterior samples from each chain
for inferential analysis. Fig. 8 presents trace and density plots of ¥, ¢, A\, R1(t), and H;(¢). It states that the
simulated MCMC chains mix well and reach convergence, and the burn-in size is adequate for eliminating
transient behavior from the initial iterations.

In summary, the analysis of data from light-emitting diodes and insulating fluids confirms that the proposed
Weibull lifetime model provides a practical and effective framework for engineering reliability studies. The results
also emphasize the usefulness of the developed estimation procedures in real-world applications, especially
under constant-stress partially accelerated life tests with an improved adaptive Type-II progressive censoring
scheme, for estimating model parameters and key reliability measures.

Concluding remarks

This study addressed the challenge of acquiring meaningful failure data for highly reliable, long-lifespan
products by integrating constant-stress partially accelerated life tests with an improved adaptive progressive
Type-II censoring scheme. The proposed methodology balances the necessity for accelerated failure observations
under stress conditions and the practical constraints of time and cost. Utilizing the Weibull distribution to
model lifetimes, we estimated scale and shape parameters, the acceleration factor, the reliability function,
and the hazard rate function under normal operating conditions. Classical maximum likelihood estimation
provided point estimates and approximate confidence intervals, while the Bayesian framework, supported
by Markov Chain Monte Carlo sampling, yielded posterior estimates and Bayesian credible intervals. Monte
Carlo simulations demonstrated the superior accuracy and robustness of the Bayesian approach, particularly in
scenarios characterized by small sample sizes or high censoring rates. The practicality of the proposed framework
was validated through the analysis of two real-world accelerated lifetime datasets from the engineering field:
one based on times to failure of 58 light-emitting diodes and the other representing the breakdown times of
an insulating fluid subjected to high voltage, confirming the suitability of the Weibull model for reliability
analysis. These case studies highlighted the industrial relevance of the method, offering a structured approach
for engineers to evaluate product longevity without excessive testing durations. This work fills a critical gap in
the reliability literature by merging the Weibull distribution with constant-stress partially accelerated life tests
and an improved adaptive progressive Type-II censoring scheme, thereby enhancing life-testing efficiency for
contemporary high-reliability products. Some possible limitations of the current study are: (1) we assume a
Weibull lifetime model; if the real data do not follow Weibull, the estimates and confidence intervals may be
inaccurate; and (2) the improved adaptive progressive Type-II censoring plan can struggle when only a few
failures are observed, which can make the estimates unstable and the uncertainty large. It would be of interest to
study Weibull reliability under the same adopted censoring plan with deep-learning-based approaches; see the
work of Xu et al.*? for further background. Another avenue for future work is to extend the methodology to a
competing risks framework and evaluate reliability estimation in that setting.
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Fig. 4. Likelihood contours of ¥ (left), ¢ (middle), and X (right) from LED data.
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Table 17. Breakdown times of insulating fluid.
9 0.5646(0.1281) | 0.3134 | 0.8158 | 0.5023 | 0.1571(0.9287)
Normal Use
¢ |0.1043(0.0706) | 0.0025 | 0.2526 | 0.2501
9 | 0.6668(0.1521) | 0.3687 | 0.9649 | 0.5962 | 0.2211(0.6001)
Accelerated
¢ |0.1572(0.0939) |0.0013 | 0.3412 | 0.3399
Table 18. Summary fit for the Weibull lifespan model from insulating fluid datasets.
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Normal-Use | (30(4),110(8)) (1*4,0%4) 0 | 109 |1,3,12,25,45,56,68, 109
st Accelerated | (10(4),60(8)) (272,076) 0 |60 [1,1,2,9,13,47,50,55

Normal-Use | (5(4),70(7)) (0%2,1%4,0*2) 3|70 [1,1,2,3,12,45,68
S Accelerated | (2(4),15(7)) (073,2%2,0"3) 3 15 [1,1,1,2,3,9,13

Normal-Use | (15(5),110(8)) (074,1%4) 3109 |1,1,2,3,12,45,68, 109
B Accelerated | (10(7),50(8)) (076,2%2) 2 |47 [1,1,1,2,2,3,9,47

Table 19. Three IAPTIIC samples from insulating fluid datasets.
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MLE MCMC 95% ACI 95% BCI
Sample | Par. Est. SE Est. SE Low. |Upp. |IL Low. |Upp. |IL
9 0.6167 | 0.0919 | 0.5941 | 0.1008 | 0.4365 | 0.7969 | 0.3604 | 0.4130 | 0.7943 | 0.3813
[ 0.0956 | 0.0059 | 0.1137 | 0.0484 | 0.0840 | 0.1071 | 0.0232 | 0.0457 | 0.2200 | 0.1743
S[1] A 1.6739 | 1.4258 | 1.6652 | 0.1462 | 0.0000 | 4.4685 | 4.4685 | 1.3824 | 1.9474 | 0.5650

R1(t) | 0.9396 | 0.0070 |0.9264 | 0.0342 | 0.9258 | 0.9534 | 0.0276 |0.8498 | 0.9733 | 0.1235

H1(t) | 0.0769 | 0.0037 |0.0861 | 0.0291 | 0.0697 | 0.0840 | 0.0144 |0.0406 |0.1473 | 0.1068

9 0.4078 | 0.0509 | 0.4016 | 0.0870 | 0.3080 | 0.5076 | 0.1995 | 0.2424 | 0.5775 | 0.3351
¢ 0.1851 | 0.0192 | 0.1999 | 0.0647 | 0.1475 | 0.2228 | 0.0753 | 0.0954 | 0.3395 | 0.2441
S[2] A 1.6518 | 1.5414 | 1.6489 | 0.1477 | 0.0000 | 4.6729 | 4.6729 | 1.3603 | 1.9386 | 0.5784

R1(t) | 0.8698 | 0.0160 |0.8591 | 0.0470 | 0.8384 | 0.9012 | 0.0628 |0.7587 |0.9355 | 0.1768

H1(t) | 0.1138 | 0.0081 |0.1166 | 0.0299 | 0.0980 | 0.1296 | 0.0317 |0.0650 | 0.1808 | 0.1158

9 0.3349 | 0.0327 | 0.3317 | 0.0738 | 0.2707 | 0.3991 | 0.1284 | 0.1969 | 0.4826 | 0.2857
¢ 0.2207 | 0.0247 | 0.2351 | 0.0717 | 0.1722 | 0.2693 | 0.0970 | 0.1172 | 0.3903 | 0.2731
S[3] A 1.5024 | 1.1634 | 1.5002 | 0.1465 | 0.0000 | 3.7826 | 3.7826 | 1.2131 | 1.7885 | 0.5754

R1(t) | 0.8394 | 0.0190 |0.8295 | 0.0522 | 0.8022 | 0.8767 | 0.0745 |0.7189 | 0.9174 | 0.1984

H1(t) | 0.1172 | 0.0092 | 0.1187 | 0.0280 | 0.0993 | 0.1352 | 0.0360 | 0.0694 | 0.1776 | 0.1082

Table 20. Estimates of 9, ¢, A, R1(t), and H; (¢) from insulating fluid data.

Sample | Par. Mean | Mode | Q1 (o2 Qs |SD Sk.

9 0.5941 | 0.5590 | 0.5247 | 0.5898 | 0.6617 | 0.0983 | 0.1708
¢ 0.1137 | 0.1116 | 0.0806 | 0.1069 | 0.1392 | 0.0449 | 0.8604
Sl1] A 1.6652 | 1.4847 | 1.5675 | 1.6614 | 1.7660 | 0.1459 | 0.0088

Ri(t) | 09264 | 0.9271 | 0.9081 | 0.9314 | 0.9497 |0.0316 | —0.8984

H1(t) | 0.0861 | 0.0846 |0.0662 | 0.0834 | 0.1032 | 0.0276 | 0.5824

9 0.4016 | 0.4159 | 0.3406 | 0.3979 | 0.4612 | 0.0868 | 0.1784
¢ 0.1999 | 0.1862 | 0.1542 | 0.1930 | 0.2389 | 0.0629 | 0.5801
S[2] A 1.6489 | 1.5670 | 1.5500 | 1.6456 | 1.7488 | 0.1476 | 0.0189

Ryi(t) | 0.8591 | 0.8698 | 0.8299 | 0.8637 | 0.8926 | 0.0458 | —0.5232

Hy(t) |0.1166 | 0.1161 | 0.0952 | 0.1145 | 0.1355 | 0.0298 | 0.4331

9 0.3317 | 0.3092 | 0.2790 | 0.3281 | 0.3818 | 0.0738 | 0.2252
¢ 0.2351 | 0.2828 | 0.1842 | 0.2283 | 0.2803 | 0.0703 | 0.5083
S[3] A 1.5002 | 1.2768 | 1.4028 | 1.4971 | 1.5999 | 0.1465 | 0.0092

R1(t) |0.8295 | 0.7960 | 0.7959 | 0.8339 | 0.8661 | 0.0512 | —0.4177

Hi(t) |0.1187 | 0.1411 | 0.0988 | 0.1169 | 0.1368 | 0.0280 | 0.4184

Table 21. Statistical summary for 40,000 MCMC iterations of ¢, ¢, A, R1(t), and H; (t) from insulating fluid
data.
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