
An explicit and rapid intersection 
algorithm of plane and NURBS 
surface in CNC surface machining
Shengli Wei, Kai Zhao, Huaiping Yan & Yuan Li

To address the challenge of plane-surface intersection in toolpath planning for CNC surface 
machining, a rapid intersection algorithm between a plane and a NURBS surface is proposed, which 
can provide an explicit Non-Uniform Rational B-Spline (NURBS) description of the intersection 
curve. By leveraging the dual-parameter property of NURBS surfaces, a series of fixed parameter 
values (usually values in the knot vector of this parameter) in one parametric direction are selected 
to generate NURBS curves in the other parametric direction. The bisection method is employed to 
compute the intersection points of these curves and the plane. Subsequently, the reverse engineering 
algorithm is applied to construct a NURBS curve that passes through these points, representing the 
desired intersection curve. The proposed algorithm significantly improves computational efficiency 
by reducing the problem to one of calculating the intersections of multiple NURBS curves and the 
plane. Furthermore, the explicit NURBS representation of the intersection curve facilitates subsequent 
NURBS interpolation. Simulations and experimental results validate the algorithm’s effectiveness and 
accuracy, demonstrating its capability of deriving the intersection expression.

Keywords  Intersection algorithm, Explicit expression, Reverse engineering, Bisection method, Non-uniform 
rational b-splines (NURBS)

In CNC surface machining, the sectioning method is widely adopted for generating machining trajectories 
by intersecting a series of planes with the target surface1. Rapid computation of intersection curves is critical 
for this process. While algebraic methods yield exact solutions for analytically defined surfaces, parametric 
surfaces such as NURBS (Non-Uniform Rational B-Splines) pose significant challenges due to their inherent 
complexity. Traditional approaches, including tracing methods, bounding box techniques, and triangular 
mesh approximations2–9, often require extensive computational resources or fail to provide explicit NURBS 
descriptions of the intersection curves. In recent years, new progress has been made in the research of 
intersection algorithms. Recent advancements in intersection algorithms include adaptive step-size tracing2, 
subdivision surface intersection3, and point-cloud-based methods4. Researchers also studied the intersection of 
surfaces with unique shapes. Liu Xiaoming used a method based on a toroidal surface approximation to study 
the toroidal intersection algorithm10. Qian Fu et al. studied the intersection of ball B-spline curves and proposed 
an intersection method for ball B-spline curves11.

However, these techniques either rely on dense sampling of surface points or approximate representations, 
limiting their practicality in NURBS-based CNC systems. This paper proposes a bisection-based algorithm 
combined with reverse engineering to derive NURBS intersection curves, enhancing both computational 
efficiency and compatibility with downstream NURBS interpolation processes.

Intersection of a plane and a NURBS curve
NURBS curves are expressed in the form of parameters, and it is very challenging to solve the intersection issue 
analytically. In practice, approximate numerical methods are usually deployed to address this issue. The most 
widely used methods include the bisection method, tracing method, bounding box technique, etc. Furthermore, 
other algorithms are used to solve the intersection issue. Rao Daojuan et al. introduced the particle swarm 
optimization algorithm into the intersection of NURBS curves and proposed a NURBS curve intersection 
algorithm based on Particle Swarm Optimization (PSO)12. Delint Ira Setyo Adi et al. studied the NURBS fitting 
by using the particle swarm optimization algorithm, which provided a basis for the NURBS curve intersection 
with the particle swarm optimization algorithm13. Jingjing Shen et al. used the matrix representation method to 
study the intersection of straight lines and cropped NURBS surfaces14.
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The above research methods are highly versatile and robust but very computation-consuming. However, in 
the scenario of CNC surface machining, the two ends of the tool path are usually located on both sides of the 
plane, and there is usually only one intersection point between the tool path curve and the plane. In this case, the 
bisection method is highly efficient and converges at the rate of 1/2. After 20 iterations, an accuracy of 10− 6 can 
be achieved. Here, the bisection method is used to solve the intersection of a curve and a plane.

A NURBS curve is defined as15:

	
P (u) =

∑
n
i=0Ni,p (u) ViW i∑

n
i=0Ni,p (u) Wi

� (1)

 where Ni,p (u) is the B-spline basis function, V i are the control points, Wi are the weights, u is the parameter, 
which is generally in the range of [0,1].

Assuming one end of the curve is P (0) and the other is P (1), and the curve and plane have only one 
intersection point, the bisection method can be used to approximate the intersection point.

For a plane defined by N⋅X + D = 0, where A is the plane normal vector, X (x, y, z) is the position, and D is the 
intercept. The bisection method is applied to locate the intersection point when the curve spans both sides of the 
plane. The algorithm proceeds as follows:

The bisection method allows us to quickly locate the intersection point of the NURBS curve and the plane. 
Figure 1 is a schematic diagram of the intersection of a NURBS curve and a plane using the bisection method. For 
cases when the curve doesn’t span both sides of the plane, the piecewise bisection method, tracking method, or 
box bonding method can be used to solve the problem. However, as mentioned above, in the surface machining 
scenario, the two ends of the curve are usually located on both sides of the plane with only one intersection point. 
In most situations, the bisection method can be applied to find the intersection point directly.

Intersection of a plane with multiple NURBS curves
A NURBS surface is expressed as15

	
s (u, v) =

∑
n
i=0

∑
m
j=0Ni,p (u) Nj,q(v) W i,jPi,j∑

n
i=0

∑
m
j=0Ni,p (u) Nj,q(v) W i,j

� (2)

 where Ni,p (u) and Nj,q (v) are the B-spline basis functions of the surface parameters u and v respectively, 
P i,j  are the control points, Wi,j  are the weights. The two knot vectors of the two parameters are

	

U =


0,0, 0,0︸ ︷︷ ︸

p+1

, u0, · · · , un−p−1, 1,1, 1,1︸ ︷︷ ︸
p+1



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V =


0,0, 0,0︸ ︷︷ ︸

q+1

, v0, · · · , vm−q−1, 1,1, 1,1︸ ︷︷ ︸
q+1




.
NURBS surfaces can be rewritten as

	
s (u, v) =

∑
n
i=0Ni,p (u)

∑
m
j=0Nj,q(v) W i,jP i,j∑

n
i=0Ni,p (u)

∑
m
j=0Nj,q(v) W i,j

� (3)

By fixing one parameter (e.g. v = vk), Eq. (3) can be rewritten as Eq. (4), which represents a NURBS curve.

	
s (u, vk) =

∑
n
i=0Ni,p (u) P vk∑
n
i=0Ni,p (u) Wvk

� (4)

 where

	
P vk =

∑
m
j=0Nj,q(vk) W i,jP i,j

	
Wvk =

∑
m
j=0Nj,q(vk) W i,j

.
By fixing the parameter v with a series of fixed values (here v = [0, v0, · · · , vm−q−1, 1] as it is in the knot 

vector), a family of NURBS curves in the u-direction is generated. The bisection method is used to compute 
the intersection points of the plane and this family of curves, just as discussed in “Intersection of a plane and a 
NURBS curve”. Thus, m − q + 2 NURBS curves are intersecting with the plane, and m − q + 2 intersection 
points will be found. Figure 2 demonstrates the intersection of multiple curves with the plane.

Find the intersection curve reversely
Based on the reverse engineering and NURBS theory, the control points of a NURBS curve going through all the 
m − q + 2 intersection points will be computed reversely. According to the NURBS curve expression, without 
considering the weights, there is

Fig. 1.  Intersection of a NURBS curve with a plane.
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∑
m
j=0Nj,q (v) V j = P j � (5)

 where P j  are the data points through which we want the generated curve goes. In this case, P j  include the 
intersection points and the complementary points which are determined by the boundary conditions. V j  are 
the required control points that will generate the NURBS curve.

Due to the rational properties and non-uniformity of NURBS, NURBS interpolation is extremely difficult 
even impossible, and here it is first simplified as a B-spline interpolation problem. The error caused by this 
simplification can be solved later through additional interpolation as discussed in the “Algorithm verification”. 
According to16, Eq. (5) can be rewritten in matrix form as follows

	




b0 c0
1/

4
7/

12
1/

61/
6
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3
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6
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1/
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2/
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1/
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6
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4
am bm







V0
V1
V2
...

Vm−2
Vm−1
Vm




=




d0
P0
P1
...

Pm−3
Pm−2
dm−1




� (6)

For cubic NURBS curves, the following boundary conditions are added to Eq. (6).

	 b0 = 9 c0 = −3 d0 = 6P0

	 am = −3 bm = 9 dm−1 = 6Pm−2

In Eq. (6), the matrix is a tridiagonal matrix that can be solved using the pursuit method. Therefore, control 
points are computed by Eq. (6) reversely. The NURBS curve generated by these control points will go through the 
intersection points. Figure 3 illustrates the generated NURBS curve. The generated curve is used to approximate 
the actual intersection curve of the NURBS surface and the plane. Figure 4 demonstrates that the generated 
curve fits the actual intersection curve nearly perfectly. In the CNC surface machining process, this generated 
curve can be used as the tool path.

To strengthen the effectiveness of the algorithm, we have tested more NURBS surfaces with the proposed 
algorithm. Two of these surface are Figs. 5 and 6.

Fig. 2.  Intersection of multiple curves with the plane.
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Algorithm verification
Since the intersection curve is a curve coming from the NURBS surface intersecting with the plane, the 
curve must be a planar curve, and it must be on the plane. That is, the intersection points and the control 
points obtained reversely must be on the plane, too. To verify the correctness and accuracy of the proposed 
algorithm, first, we should verify if the intersection points and the control points obtained reversely satisfy the 
plane expression. In one of the experiments, the cubic NURBS surface has 9 × 9 = 81 control points. Each of 
the two parameters u and v has 9 − 3 = 6 segments. The expression of the plane intersecting with the NURBS 
surface is 0.01x + 12y − z − 1800 = 0. Usually, the projection of the control points of the NURBS surface 
onto one coordinate plane, i.e., the x-y plane of the coordinate system, is in a rectangular area. The reason that 
0.01x + 12y − z − 1800 = 0 is chosen as the expression of the plane is that we want to ensure that the plane 

is as parallel as possible to two opposite edges of the projection rectangle and perpendicular to the other two 
opposite edges (For the sake of simplicity, we will refer to it as ideal intersection later). In this situation, the 
generated curve used to approximate the intersection curve is closest to the intersection curve. Otherwise, if the 
plane is far from parallel and perpendicular to the edges of the rectangle, the approximation is not satisfying, 
and other improvement measurements should be taken, as discussed later. By fixing the parameter v as it is in 

Fig. 4.  The generated curve can fit the actual intersection curve well.

 

Fig. 3.  Intersection curve generated by the control points.
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Fig. 6.  NURBS surface and plane intersection test 2.

 

Fig. 5.  NURBS surface and plane intersection test 1.
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its knot vector, seven u-direction NURBS curves are formed, which are used to intersect with the plane to get 
seven intersection points. Then, nine control points are computed reversely.

Tables 1 and 2 show that the intersection points and the control points are on the plane, and the errors meet 
the error control requirement (error requirement being 10− 4).

To further verify the proposed algorithm, the actual intersection curve is compared with the generated curve, 
as shown in Fig. 5. In the test, the actual intersection curve is obtained via dense sampling. As can be seen from 
Fig. 7, the two curves have a high degree of agreement. The RMSE (Root Mean Square Error) between the two 
curves is only about 1.87.

The above results show that the algorithm is effective and has high accuracy when the plane is nearly parallel 
to the two opposite edges of the projection rectangle and perpendicular to the other two opposite edges (ideal 
intersection). If this is not the case, there will be obvious errors between the generated and actual curves, as 
shown in Fig. 8. The RMSE is 9.23, and it is obviously larger than that of the ideal intersection in which the RMSE 
is 1.87. This obvious error is mainly because the original knot vector of the NURBS surface is used as the knot 
vector of the generated curve in the proposed algorithm. This is a little unreasonable, but the purpose of doing 
so is to significantly reduce the complexity of the calculations. When a plane ideally intersects with a NURBS 
surface, the proposed algorithm brings about an ideal effect. However, when the plane doesn’t intersect with the 
surface ideally, the proposed algorithm will cause large errors. To address this problem is quite complex, and 
some studies have used complex algorithms such as particle swarm optimization (PSO) to solve this problem. 
However, the CNC system has real-time requirements, and complex algorithms cannot meet this requirement. 
At the same time, the increase in accuracy brought about by these complex algorithms is not always satisfactory. 
According to reference12 and our estimation, it takes about 20 ms to find just one intersection point of a NURBS 
curve when PSO algorithm is used. This is unacceptable for a CNC system. In the proposed algorithm, a NURBS 
calculation takes only several nanoseconds, and the total cost of finding the intersection curve is about several 
microseconds. Furthermore, for the PSO algorithm, the computational cost will increase exponentially if high 
accuracy is required. On the other hand, the computational cost of the proposed algorithm will only increase at 
a square root rate.

To improve the accuracy with the least increase in computational complexity, a strategy adopted here is to 
interpolate the generated curve so as to improve the intersection effect. By interpolating the generated curve, 
the shape of the curve can be controlled more flexibly, and the generated curve can fit the actual intersection 
curve better. In general, large errors are prone to occur at the place where the curvature of the intersection 
curve is large and at both ends of the intersection curve, so it is important to interpolate at these places. With 
curve interpolation, the accuracy of the approximation is significantly improved, and the RMSE reduces from 
9.23 to 2.23. Figure 9 shows a comparison of the improved intersection curve after interpolation and the actual 
intersection curve, and it can be seen that the two curves have a high degree of agreement. Comparing Figs. 8 
and 10, one can see that the accuracy has improved significantly.

No. Control points Error (*10− 4)

1 30.000000 151.641674 20.000000 0.880000

2 54.837038 153.336323 40.584198 0.483800

3 104.511115 156.725622 81.752593 − 0.178500

4 137.573169 157.443274 90.695106 − 0.863100

5 196.827231 158.434216 103.178772 0.923100

6 241.522149 157.352595 90.646294 0.674900

7 290.790181 156.575633 81.815511 − 0.131900

8 363.596727 153.080771 40.605170 0.492700

9 400.000000 151.333340 20.000000 0.800000

Table 2.  Control points verification.

 

No. Intersection points Error (*10− 4)

1 30.000000 151.641674 20.000000 0.880000

2 97.602938 155.997906 72.950913 − 0.116200

3 141.938504 157.488822 91.285298 − 0.489600

4 194.400707 158.088789 99.009415 0.600700

5 242.284335 157.403372 91.263243 0.643500

6 300.780479 155.831411 72.984723 0.137900

7 400.000000 151.333340 20.000000 0.800000

Table 1.  Intersection points verification.
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Conclusion
The proposed algorithm can find the intersection curve of a plane and a NURBS surface rapidly and give the 
NURBS description of the intersection curve, which can be used as a tool path in the CNC surface machining 
process. The NURBS description is convenient for storing and transmitting the tool path in the subsequent 
machining process in which the NURBS curve interpolation algorithm is usually needed. The explicit NURBS 
description benefits a lot to the NURBS interpolation algorithm. The proposed algorithm only needs to solve 
the intersection points of several NURBS curves with the plane. In the abovementioned experiment, 7 NURBS 
curves with 9 control points in each curve are first obtained, and only 63 NURBS calculations are required. 
When the control accuracy is 10− 6, it takes about 140 NURBS calculations to find the intersection points of the 
7 curves and the plane with the bisection method. Equation (6) can be solved using the Thomas algorithm. The 
computational cost of the reverse engineering is about 5 ∗ n floating-point operations, where n is the order 
of the matrix in Eq. (6). Its computational cost is relatively small compared to that of the NURBS, and so the 
computational cost of the reverse engineering can be neglected. Without considering the computation of the 
reverse engineering, the total computation is just a little more than 200 NURBS calculations. On the contrary, 
the traditional triangular patch approximation algorithm that uses a large number of small triangular patches 
to fit the original surface may require thousands or even hundreds of thousands of NURBS calculations to 
form triangular patches. Also, the traditional triangular patch approximation algorithm needs to judge whether 
each of these massive patches intersects with the plane, which is very computation-consuming. Therefore, 
the proposed algorithm has high efficiency. This is of great significance for CNC systems with high real-time 
requirements. The shortcoming of the proposed algorithm is that it needs ideal intersection conditions, just as 
described previously. However, in the path planning process of surface machining, people have opportunities 
to set how the plane intersects with the NURBS surface. In some special situations where the ideal intersection 
condition is not satisfied, curve interpolation techniques can be adopted to reduce the approximation error.

Fig. 7.  Comparison of the actual intersection curve and the generated curve.

 

Scientific Reports |        (2025) 15:41824 8| https://doi.org/10.1038/s41598-025-25765-z

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


Fig. 8.  Obvious error occurs in non-ideal intersection.
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Fig. 10.  The improved intersection curve after interpolation is fairly accurate.

 

Fig. 9.  The improved intersection curve after interpolation fits the actual intersection curve well.
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Data availability
The data, code, and algorithm that support the findings of this study are available from the corresponding au-
thor, Shengli WEI, weishengli401@126.com, upon reasonable request. Alternatively, they are available in the 
repository: https://github.com/aygxywlw/Surface-Intersection, DOI: https://doi.org/10.5281/zenodo.15278443.
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