
A yield design approach to the 
stability analysis of A seabed 
subjected to wave loading and 
pseudo-static seismic forces
João Paulo Chodacki Quiuqui & Samir Maghous

The stability analysis of a seabed under the combined action of wave and seismic loading is 
investigated in the light of limit analysis theory and related static and kinematic approaches. Effects of 
cyclic wave loading are addressed in the context of the first-order Stokes theory, whereas the pseudo-
static method is adopted to account for inertial forces induced in the seabed soil mass by earthquake 
events. Compared to existing works, the key contribution of the paper is two-fold: (i) incorporation 
of the destabilizing effects induced by the passage of seismic waves, and (ii) poromechanics-based 
evaluation of the pore pressure generated by the cyclic wave in the finite thickness seabed layer. 
Resorting to a total stress analysis, the stability condition of a purely cohesive seabed is formulated 
based on lower bound static and upper bound kinematic approaches, leading to closed-form 
expressions for seabed stability in terms of loading parameters or in terms of wave characteristics. 
For granular seabed soil, the stability analysis is handled within the framework of effective stress limit 
analysis reasoning in which the seepage flow related to pore pressure gradient can be accounted for 
by means of driven body forces. In that respect, particular emphasis is given to the decisive role of 
seepage forces that are derived from the pore pressure distribution associated with soil densification 
under the cyclic wave loading. Formulation of a seabed stability condition is then achieved by 
implementing the kinematic approach through a class of failure mechanisms, thus providing 
preliminary elements for assessing the influence of each loading component. Numerical simulations 
notably emphasized the destabilizing effects induced by seismic loading.
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 The growing interest in understanding seabed responses to wave impacts has been largely driven by the 
rapid development of marine structures and the increasing exploitation of offshore environments for energy 
generation, particularly through wind turbines1–3. In shallow waters or under intense wave conditions, wave-
induced pressures on the seabed can cause significant soil displacements. Such phenomena are critical in coastal 
engineering as they can compromise the stability of offshore platforms and lead to the rupture of pipelines, 
underlining the need for thorough stability analyses of horizontal or inclined seabeds, even in cases where no 
structures are present.

Several mechanisms can be involved in seabed instability. According to Hance4, the main mechanisms cited 
in the literature include rapid sediment deposition, the presence of gas within the seabed, tidal events, human 
activities, erosion, sea level fluctuations, earthquakes, and wave action. The author conducted an extensive 
literature review of submarine slope failure events and found that among the 534 cataloged failures, earthquakes 
were directly responsible for more than 200 failures, making them the primary triggering mechanism. Marine 
waves were responsible for approximately 5% of the cataloged failures and are also an important cause of 
submarine slope failure. It’s worth noting that these mechanisms can sometimes act in combination to cause 
instability. Most of stability analysis studies considered that wave action is the primary destabilizing loading 
component5–7. Few attention has been granted to the impact of combined wave and seismic actions on the 
stability conditions of a seabed. The present analysis shall specifically focus on evaluating the effects of gravity 

Department of Civil Engineering, Federal University of Rio Grande do Sul, Porto Alegre, Brazil. email:  
samir.maghous@ufrgs.br

OPEN

Scientific Reports |         (2026) 16:1816 1| https://doi.org/10.1038/s41598-025-31593-y

www.nature.com/scientificreports

http://www.nature.com/scientificreports
http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-025-31593-y&domain=pdf&date_stamp=2025-12-9


waves propagating on the sea surface and seismic events, both of which being significant contributors to seabed 
instability.

As regards the poromechanical effects of waves on a submarine slope, it is first observed that surface waves 
induce orbital motions in water, which results in varying excess pore pressure distribution within the soil mass, 
particularly in the zones located under the wave crest and trough8,9. These pore pressure variations can potentially 
lead to offshore structure instability, as noted in previous studies10,11. A natural approach for addressing this 
issue would consist in computing the displacement and stress fields prevailing within the soil mass by solving an 
appropriate boundary value problem stated on the seabed material system. In that respect, one may quote the 
works by Madsen12 and Yamamoto et al.13 who formulated analytical solutions for the poroelastic response of a 
seabed in the context of linear wave theory and the work by Dormieux and Delage14 extending this analysis to a 
more general form of wave loading. However, a more comprehensive investigation should incorporate nonlinear 
features of the soil constitutive behavior, such as the irreversible soil densification and associated pore pressure 
generation resulting from shear cyclic wave loading. The formulation of such nonlinear poromechanical behavior 
would rely upon field or laboratory evaluation of the constitutive parameters, which is generally not an easy 
task for marine soils, thus indicating that a yield design approach that requires only a few strength properties 
would reveal more suitable. As a consequence, insofar the assessment of seabed stability is the only objective, 
displacement-based approaches such as the incremental elastoplastic analysis until the free plastic flow of the 
structure is reached do not appear fully adequate, and the direct implementation of yield design or limit analysis 
theorems should be preferred. In that respect, two situations regarding the soil type should be distinguished 
when addressing the seabed stability issue.

Referring specifically to granular seabed soils, the pioneering works of Ishihara and Yamazaki15 and Rahman 
and Jaber16 have emphasized the crucial effect of pore pressure generation that is associated with soil densification 
under the shear cyclic wave loading. From the modeling viewpoint, the simplified methods formulated by these 
authors for evaluating the pore pressure induced in the seabed by the overpressure wave propagating along its 
surface have been significantly improved in Dormieux17 and later in Dormieux et al.18.

Resorting to the theoretical framework of limit analysis and relates static and kinematic approaches19–21, the 
primary purpose of the present paper is to investigate the stability conditions of a seabed submitted to combined 
action of marine wave and seismic loading. Emphasis will be given to assess: (a) the destabilizing effects induced 
by seismic loading, and (b) the impact of seabed thickness on the seabed stability condition. Regarding the latter 
loading component, the pseudo-static method is used to account for the inertial forces developed in the seabed soil 
mass, presumably generated by the earthquake ground motion. This simplified approach has been widely used in 
geotechnical engineering to address the stability analysis of structures under seismic loading, the inertia forces 
associated with earthquake sequence being accounted for through equivalent static forces (e.g.22–25). It should 
be, however, emphasized that the material system collapse cannot be addressed through a simple comparison 
of the applied load, say Q for illustrative purpose, to the associated limit value Qlim derived from pseudo-static 
analysis. Indeed, when Qlim drops below Q at some time during the earthquake sequence, it does not necessarily 
imply a serious problem of the seabed22–25. What really matters is the magnitude of permanent displacements 
induced by the earthquake when Qlim does lie below Q. If the accumulated displacement exceeds a certain limit, 
the system may be considered to have collapsed. This aspect of the stability analysis requires a dynamic analysis 
and cannot be addressed in the framework of the simplified pseudo-static method. At the material level, two 
situations shall be distinguished in the analysis according to the seabed constitutive material. For clayey or low 
permeability silty soils, the strength properties are described by a Tresca yield condition and the seabed stability 
analysis is carried out in the context of total stress analysis. Such a situation has been investigated under the static 
loading condition by Dormieux27, Dormieux17, Dormieux and Coussy28 and Dormieux29, considering a seabed 
with infinite thickness subjected to wave loading. In the case of granular seabed soils for which the effect of pore 
pressure reveals fundamental, the soil strength capacities are modeled by means of a Mohr-Coulomb criterion 
expressed in terms of Terzaghi effective stress tensor. The seabed stability analysis is therefore developed in 
the framework of effective stress formulation of the limit analysis problem (see for instance17,18,30,31, to cite a 
few). In that case, the seepage forces associated with the gradient of excess pore pressure distribution should be 
previously evaluated and incorporated in the stability analysis problem. For this purpose, the present analysis 
extends the framework formulated in Dormieux et al.18 to account for the effects of finite seabed layer and 
pseudo-static seismic forces in the seabed stability analysis.

Statement of the stability problem
This section provides a description of the problem geometry as well as the loading mode in the static context. The 
formulation of the stability problem is then extended to account within a simplified framework for the loading 
induced by seismic forces.

Geometry and loading mode in the static condition
The seabed is modeled as a half-space material domain Ω whose upper boundary surface z = 0 is inclined at an 
angle θ ̸= 0 with respect to the horizontal plane (Fig. 1b). The inclination angle is assumed to be notably small: 
θ ≪ 1. The soil layer of thickness d is delimited at the top by the water-soil interface located at z = 0, where the 
positive axis points toward the sea surface, and at the bottom by a rigid and impermeable substrate located at 
z = −d. The particular case of a horizontal seabed where θ = 0 is also sketched in Fig. 1a.

In the absence of seismic inertial forces developed in the rock mass by the passage of seismic waves, the 
loading mode of the material system (the seabed) is the result of two types of forces: the body forces which apply 
in the soil mass and the surface forces acting along the upper boundary of the seabed. The body forces acting in 
the bed are the gravity forces γev = ρgev  in which g is the gravity acceleration, ρ = ρs(1 − φ) + ρwφ is the 
average mass density of the porous medium, φ denotes the porosity which represents the fraction of the volume 
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occupied by the fluid; ρw  and ρs denote the mass densities of the water and the solid, respectively, and ev  stands 
for the downward unit vector:

	 ev = − sin θex − cos θez � (1)

In the context of the general description of plane wave loading, the surface forces T d acting on the boundary 
z = 0 are defined by the hydrostatic pressure and the wave overpressure:

	 T d = T d
s ez = − (pwave(x, t) + γwh(x)) ez along z = 0� (2)

where γw = ρw g is the water unit weight and h = h(x) denotes the local water depth calculated from the 
horizontal still sea water level. It is observed that the value of h is constant for the horizontal plane seabed (Fig. 
1a) whereas h(x) = h0 − x sin θ decreases linearly with coordinate x in the case of sloping seabed (Fig. 1b), 
h0 being the water depth at the origin of x−axis. In the above expression, the term pwave(x, t) refers to the 
overpressure induced by the wave at t. It should be emphasized that for usual seabed soils and wave velocity, the 
water wave velocity is generally small when compared to the soil shear wave velocity, thus suggesting that inertia 
effects associated with the water wave can be neglected28,32. It can therefore be considered that the wave loading 
acting on the seabed reduces to the overpressure pwave(x, t).

Regarding marine waves, water wave theories formulated in the context of hydrodynamics are generally 
classified into two major categories: small amplitude wave theories and long wave theories. The small amplitude 
wave theories embrace the linearized theory for infinitesimal amplitude waves and the first categories of power 
series, i.e., the power series in terms of H/L for finite amplitude waves. Long wave theories encompass numerical 
solution methods primarily used for nonlinear long wave Eq33. The linearized solution is obtained by finding a 
velocity potential function that satisfies the boundary conditions of the medium. This approach has proven to be 
extremely successful, even for the movement of waves with significant magnitude in shallow waters.

The wave loading is modeled by means of an overpressure pwave(x, t) acting on the planar sea floor 
z = 0, with maximum amplitude p0. In the context of first order (linear) Stokes theory, which is usually used in 
engineering practice, the expression of cyclic overpressure is given as34,35:

Fig. 1.   Geometry of the seabed subjected to wave loading and gravity force in static condition.
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	 pwave(x, t) = p0 sin ψ with ψ = λx − ωt� (3)

where

	
p0=

γwH/2
cosh λh

with λ = 2π

L
and ω = 2π

T
� (4)

where λ and ω denote respectively the wave number and wave frequency, T is the wave period, H is the crest 
to trough height of the wave and L is the wave length. It should be recalled that expression of overpressure 
pwave(x, t) is based on the assumption of irrotational flow of non-viscous and incompressible fluid over 
horizontal and impermeable seabed.

Waves originated in deep water (h > L/2) travel towards the coast, occurring variation of its length, speed 
and height. It is assumed that the wave period is unchanged, regardless of the water depth. Referring to the wave 
parameters in deep water H0 and L0, the values of the wave length L = L(h) and the wave crest to trough 
height wave H = H(h) at depth h are computed from the following expressions34:

	
L = L0 tanh 2π

h

L
� (5)

with

	
L0 = gT 2

2π
� (6)

	
H = H0

{[
1 + 4πh/L

sinh(4πh/L)

]
tanh 2π

h

L

}−1/2

� (7)

Expression (5) of L is obtained from the linear wave dispersion equation, whereas expression (7) of H is derived 
from energy conservation considerations.

The solution to the linearized Stokes wave problem is based on the free surface kinematic condition. In 
that respect, a further condition should be imposed on the wave characteristics for shallow water. Due to the 
phenomenon of wave-breaking, the set H of the triples (H, L, h) which are physically allowable is bounded. 
More precisely, the wave steepness H/L cannot increase beyond a certain critical value at which the wave 
breaks16,36:

	
H =

{
(H, L, h), H

L
⩽ 1

7 tanh
(2πh

L

)}
� (8)

It should be kept in mind that above modeling of wave pressure assumes a horizontal sea floor, so that expressions 
(3) and (4) of wave overpressure represent a first approximation for the case of seabed with small inclination (i.e., 
θ ≪ 1). Moreover, although the linear wave theory assumes that the seabed is impermeable, it can be shown 
that the use of this theory is appropriate for granular beds, since the usual permeabilities of sediment do not 
significantly affect the overpressure induced by such a wave18. In addition, this theory can also be applied as a 
first approximation in the case of slightly inclined seabed28.

Framework of pseudo-static method
The simplified framework that shall be used to account for earthquake-induced forces in the seabed stability 
analysis is briefly summarized in this section.

Stability analyses of earth slopes during earthquake shaking were first explored in the early twentieth century, 
employing what is now recognized as the pseudo-static method. The initial documented instance of pseudo-
static method in technical literature was presented by Terzaghi in 1950. The pseudo-static method conceptualizes 
seismic shaking as a permanent body force integrated into the force-body diagram of a conventional static limit-
equilibrium analysis23,37.

In most conventional engineering stability analyses, the concept of pseudo-static inertial forces, presumed to 
be generated by soil motion during seismic events, is classically adopted to assess the stability of soil masses using 
the Limit Analysis theory. Despite its limitations, the pseudo-static method is still widely used in geotechnical 
engineering because it has been proven effective and yields satisfactory results24. This analysis approach has 
been discussed in various works, such as those by Seed22, Saada et al.24, Belghali et al.25 and Saada et al.26. 
The stability analysis developed in this paper relies upon the pseudo-static method, and dynamic effects of 
earthquake motions on the variations of the soil strength properties are disregarded.

The geometry of the problem is the same as that presented in the previous section, where the seabed is 
assumed to be a semi-infinite space with upper surface defined by the plan z = 0 and inclined at an angle θ with 
the horizontal. Under the assumption of plane strain conditions parallel to the plane xz, the configurations of 
horizontal plane seabed (Fig. 2a) and sloping seabed (Fig. 2b) are addressed in the analysis.

As regards the loading mode, the material system under consideration is basically submitted to the action 
of surface forces acting along the upper boundary of the seabed associated with the plane wave loading, as well 
as to gravity (soil unit weight γ) and inertial forces developed in the soil layer by the passage of seismic waves. 
In the context of pseudo-static method, it useful to first introduce horizontal unit vector ehdefined as (Fig. 2):
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	 eh = − cos θex + sin θez � (9)

the vertical unit vector ev  being defined in Eq. (1). The first components of the loading are defined by the gravity 
forces γev  and their horizontal khγeh and vertical kvγev  seismic acceleration counterparts, where kh and 
kv  respectively denote the average horizontal and vertical seismic coefficients that stands in an approximate 
manner for the intensity of the distributed earthquake-induced inertia forces. These coefficients are generally 
correlated with the peak accelerations in typical seismic records. Referring, for instance, to the horizontal seismic 
coefficient, the value of kh is evaluated in most international standards as a fraction, generally ranging from 0.3 
to 0.5, of the ratio āmax/g38, where āmaxis the average of peak horizontal acceleration values recorded over 
the characteristic time duration of the earthquake.

From a theoretical viewpoint, the surface forces acting along the upper boundary at z = 0 would consist of two 
components: surface forces due to wave overpressure and hydrostatic pressure under static condition T d

s = T d
s ez  

defined in Eq. (2) as well as pseudo-static counterpart surface forces T d
a = kh

(
T d

s · eh

)
eh + kv

(
T d

s · ev

)
ev  

evaluated from the static component and the seismic coefficients kh and kv . However, application of such pseudo-
static surface load will induce shear stresses along the ground surface, which is not commonly considered in the 
pseudo-static stability analyses involving external water pressure forces. In that respect, the following simplified 
framework will be adopted throughout the subsequent stability analysis for the loading model:

•	 The forces acting on the seabed surface z = 0 reduce to the static distribution T d
s ez , thus disregarding the 

contribution of pseudo-static load component T d
a :

	 T d ≈ T d
s ez along z = 0� (10)

in which T d
s = −p(x, t). It is observed that the above assumption amounts to underestimating the surface 

loading, thus leading to unconservative approach from an engineering design viewpoint.
The value of fluid pressure at the sea floor p(x, t) = pwave(x, t) + γw h(x) acting along the seabed boundary 

z = 0 is not affected by the passage of earthquake waves. In particular, expression of pwave is still defined by 
Eqs. (3) and (4). It should be however pointed out that ground seismic shaking during earthquake sequences 

Fig. 2.   Geometry and loading mode of the seabed within the framework of pseudo-static analysis.
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can affect the hydrodynamic wave-induced pressure (e.g39–43.). Nevertheless, a recent study by Yu et al.44 
indicated that the combined wave and earthquake effects do not lead to a significant amplification of the near-
bed hydrodynamic pressure, thus suggesting that its fluctuations may reasonably be neglected in the stability 
analysis. A comprehensive modeling of the wave-earthquake interaction and its impact on seabed stability 
would require a dynamic response analysis that incorporate the whole acceleration time history and associated 
wave-induced pressure fluctuations, which falls beyond the scope of the present pseudo-static analysis.

The formulation of stability analysis problem within the framework of limit analysis theory requires to 
previously define introducing the strength capacity of the saturated porous material. The latter is expressed 
under a general yield condition form f(σ , p) ⩽ 0, where σ and p denote respectively the stress and pore 
pressure fields in the porous seabed medium. For a given time t within the time interval considered for the study, 
the stability condition of the seabed structure under applied loading mode stems from compatibility between the 
equilibrium of the considered seabed structure and the resistance of its constituent porous material:

	
Stabiliy ⇔ ∃ σ such that

{ divσ + γev + γea = 0 in Ω
T = T d along z = 0

f(σ , p) ⩽ 0 in Ω
� (11)

in which vector ea is given by:

	 ea = kheh + kvev � (12)

and T = σ . ez  is the stress vector acting upon the upper surface of the seabed, while the prescribed surface load 
T d is given by Eq. (10).

The case of stability analysis under static condition is retrieved by setting kv = kh = 0 in the above stability 
condition (12), leading to ea = 0 and T d = T d

s ez :

	
Stabiliy ⇔ ∃ σ such that

{ divσ + γev = 0 in Ω
T = T d along z = 0

f(σ , p) ⩽ 0 in Ω
� (13)

The stability problem (11) may be conveniently addressed by introducing the set K of safe loads 
Q =

(
γ (ev + ea) , T d

)
, as introduced in the limit analysis theory21. The convex domain K, also referred to as 

the stability domain, is defined by the loads Q equilibrated by stress distributions that comply at any point of the 
seabed with the strength condition:

	 K =
{

Q ; ∃ σ statically admissible with Q and ∀x ∈ Ω f(σ , p) ⩽ 0
}

� (14)

Before further developments, it should be emphasized that the dynamic effects of earthquake sequences on the 
porous medium strength properties, such as cyclic shear strength degradation, cannot be accounted for in the 
context of the present simplified pseudo-static analysis.

Stability analysis of a purely cohesive seabed soil – total stress analysis
In the context of total stress stability analysis, the strength capacities of the porous soil mass are classically 
described by a purely cohesive Tresca-like failure condition. In such an approach, the pore pressure distribution 
is assumed not to explicitly control the yield failure of the material, i.e., f(σ , p) = f(σ ). In the present analysis, 
the material strength criterion is defined by a non-homogeneous Tresca criterion in which the cohesion C(z) 
increases linearly with the distance to the boundary z = 0:

	 f(σ , z) = sup(σi − σj) − 2C(z) ⩽ 0 with C(z) = η|z|� (15)

where σi, with i ∈ {1, 2, 3} stand for the principal stresses of total stress tensor σ. The scalar η, referred to as 
the cohesion gradient, is the single constitutive parameter required in this analysis. From a practical standpoint, 
the cohesion gradient of marine soil can be estimated from field tests such as Cone Penetration Testing (CPT), 
with reference values typically close to η = 1.4kP a/m45. Convention of positive stress in tensile is adopted 
throughout the paper. It should be emphasized that such a failure condition is suitable for modeling the strength 
capacities of clayey or low permeability silty soils under undrained loading conditions, for which a total stress 
analysis proves relevant. The above purely cohesive yield criterion is notably well adapted to the case of normally 
consolidated sedimentary clays, which constitute a substantial part of the ocean floor. The reasoning developed 
for seabed stability is carried out in the context of total stress analysis according to the formulation defined in 
Eq. (11) together with failure condition (15). The stability problem has been originally handled in Dormieux and 
Coussy28 considering static loading condition (kv = kh = 0) and infinite seabed layer thickness (d → +∞). In 
that respect, the present stability analysis extends the previous results obtained in Dormieux and Coussy28 to the 
configuration of a seabed of finite thickness with consideration of seismic loading.

It should be observed that the stress fields investigated in the stability analysis comply with the assumption 
of plane strains parallel to xz-axes, that is,

	 σ(x, z) = σxx ex ⊗ ex + σzz ey ⊗ ey + σxz ( ex ⊗ ez + ez ⊗ ex) + σyy ey ⊗ ey � (16)
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where the dependence of σ with respect to time has been omitted for the sake of simplicity. In the framework of 
plane strain stability analysis problem (11), the ´plane strain´ strength criterion of the constitutive material can 
be equivalently written as follows:

	 f(σ, z) =
√

(σxx − σzz)2 + 4σxz
2 − 2 C(z) ⩽ 0� (17)

which depends only on the in-plane stress components (σxx, σzz, σxz). A rigorous formulation of the yield 
design theory in the context of plane strain condition may be found in Salençon19. In particular, the yield 
condition (17) expressing the strength capacities under plane strain condition is deduced from the three-
dimensional Tresca yield criterion (15) by minimization with respect to the value of principal stress along the y
-axis. In this framework, the stability problem handled in the subsequent analysis will therefore be developed in 
the two-dimensional matrix formalism in which a generic stress field is represented by its in-plane components:

	
σ =

[
σxx σxz

σzx σzz

]
with σzx = σxz � (18)

One can notice that there are no restrictions on the soil layer thickness in the formulation employed.

Lower bound static approach
In this section, the seabed stability problem is investigated by means of the yield design static approach, which 
consists of the direct implementation of stability definition (11) through the exhibition of a stress field that is 
statically admissible in the loading mode and complying with the strength condition (17). For this purpose, the 
basic idea is to split the loading applied to seabed into four elementary components and then to formulate for 
each loading component an associated statically admissible stress field. More precisely,

•	 The two first components of the loading are the gravity forces γev  and the hydrostatic pressureγwh(x) acting 
along the seabed surface (It is recalled that the local water depth is h(x) = h0 − x sin θ). The stress fields 
associated by the equilibrium conditions are respectively defined as:

	
σg = γz

[ cos θ sin θ
sin θ cos θ

]
σhyd = −γw

[
h(x) z sin θ

z sin θ h(x)
]

� (19)

It is readily seen that divσg + γev = 0 and divσhyd = 0, whereas the corresponding stress vectors acting upon 
the boundary z = 0 comply with σg . ez = 0 and σhyd . ez = −γwh(x) ez .

 

•	   The third loading component is the wave overpressure pwave(x, t) = p0 sin ψ defined by (3) in the context 
of linear theory. It is first observed that for two different times t and t′, pwave(x, t) and pwave(x, t′) are 
simply deduced from each other by translation parallel to x-axis. Since the strength criterion defined in (15) 
or (17) is independent of coordinate x, the stability problem under overpressure pwave(x, t) is therefore of 
time independent of t. Accordingly, the stability analysis can be developed considering t = 0 without loss of 
generality. Reference to time t will therefore be omitted and the corresponding overpressure is then defined by 
pwave(x) = p0 sin λx. In order to obtain a stress field statically admissible with applied wave overpressure, 
the idea consists in considering the stress field prevailing in an elastic half space submitted to an arbitrary 
pressure distribution. The latter stress solution, denoted by σpwave , has been formulated in Dormieux and 
Delage14 and Dormieux and Coussy28. It takes the following form: 

 

	
σpwave

xx = −u − z
∂u

∂z
; σpwave

zz = −u + z
∂u

∂z
; σpwave

xz = σpwave
zx = z

∂u

∂x
� (20)

 

 
where function (x, z) ∈ R × R− → u(x, z) satisfy the following conditions:

	

{
∆ u = 0 ∀(x, z) ∈ R × R−

u (x, z = 0) = pwave(x) ∀x ∈ R
� (21)

in which ∆ stands for the Laplacian operator. The static admissibility of σpwave  with the wave overpressure 
loading can be readily verified, that is, divσpwave = 0 and σpwave . ez = −pwave(x) ez  along the boundary 
z = 0.

Based on the property that the wave overpressure x → pwave(x) is a continuous and bounded function, 
Dormieux and Coussy28 showed that the following integral defines a particular solution to problem (21):

	

u(x, z) = p0

π

+∞ˆ

−∞

sin λ(x + ϑz) dϑ

1 + ϑ2 = p0eλz sin λx� (22)
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The stress field considered for the lower static approach can therefore be defined as

	
σpwave = p0eλz

[ −(1 + λz) sin λx λz cos λx
λz cos λx −(1 − λz) sin λx

]
� (23)

•	 The final component of the stress field, statically consistent with the loading due to the pseudo-static body 
forces γea, is given by:

	
σg

a
= γz

[ −k1 k2
k2 k1

]
� (24)

where parameters k1 and k2 are defined from the seismic coefficients by:

	 k1 = −kh sin θ + kv cos θ , k2 = kh cos θ + kv sin θ� (25)

The above stress fields are statically admissible with the corresponding seismic loading since they comply with 
the following conditions:

	 divσg

a
+ γea = 0 and σg

a
· n = 0 along z = 0� (26)

Combining the above four elementary stress fields, the static approach is then formulated considering the 
following stress field:

	 σ = σg + σhyd + σpwave + σg

a
� (27)

which is statically admissible in the loading mode. In order to be compatible with soil strength capacities, the 
stress field thus defined by Eq. (27) must satisfy the yield condition (17) at any point (x, z) ∈ R × R−, that is

	
max
R×R−

√
(σxx − σzz)2 + 4σxz

2 − 2 C(z) ⩽ 0� (28)

Thus, by substituting Eqs. (19), (23) and (24) into (27), and then replacing (17) and (27) into condition (28), one 
can write:

	

{(
λp0eλz sin λx + γk1

)2 +
(
γ′ sin θ + λp0eλz cos λx + γk2

)2
}1/2

⩽ η ∀x ∈ R, ∀z ⩽ 0� (29)

in which γ′ = γ − γw .
The most restrictive condition is obtained by means of maximization of the left-hand side of above sufficient 

stability condition (29). From a strictly mathematical viewpoint, two situations should be distinguished for this 
purpose:

•	 γ′ sin θ + γk2 = 0

In that particular case, which implies θ = 0 and k2 = 0, it can be readily established from the maximization 
procedure that the most restrictive condition reads

	 λp0 + γk1 ⩽ η� (30)

•	 γ′ sin θ + γk2 ̸= 0

 
It stems from the analysis of maximization problem that the most restrictive condition is achieved for x = x∗ 

and z = 0, with

	
tan λx∗ = γk1

γ′ sin θ + γk2
� (31)

yielding the following sufficient stability condition:

	 λp0 +
√

(γ′ sin θ + γk2)2 + (γk1)2 ⩽ η� (32)

It is observed that condition (30) is actually retrieved from (32) as a particular case by simply setting 
γ′ sin θ + γk2 = 0, so that inequality (32) represents a general sufficient stability condition. In other words, 
it defines the set of loading parameters for which the seabed stability is ensured. It is also emphasized that the 
static approach will effectively provide non-trivial lower bound solution for the seabed stability as soon as the 
following condition is fulfilled:
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	 ηs =
√

(γ′ sin θ + γk2)2 + (γk1)2 ⩽ η� (33)

which can be interpreted as a sufficient condition for the stability of the seabed in the absence of wave overpressure 
(i.e. p0 = 0), that is, under the combined action of gravitational forces, hydrostatic pressure, and pseudo-static 
forces (γk1, γk2). However, a simple comparison analysis shows that (32) is a more restrictive condition than 
condition (33).

The stability criterion (32) obtained from the static limit analysis provides a lower bound approach to the 
convex domain K of allowable loads introduced in (14):

	
Ks =

{
Q ; λp0 − η +

√
(γ′ sin θ + γk2)2 + (γk1)2 ⩽ 0

}
⊆ K � (34)

It is worth noting that the proposed static approach to domain K leads to a sufficient condition for seabed 
stability that is independent of the soil layer thickness d.

Upper bound kinematic approach
The upper bound approach to stability convex K is based on the implementation of two piecewise translational 
failure mechanisms. For a given point M located on the seabed surface z = 0, two virtual velocity fields depicted 
in Fig. 3a (θ = 0) and in Fig. 3b (θ ̸= 0) are examined. The two triangular blocks MM ′A and MM ′B are 
endowed with translational motions respectively parallel to the directions of M ′A and M ′B:

	 U(MM ′A) = −εU(cos αex + sin αez)U(MM ′B) = εU(− cos αex + sin αez)� (35)

where U > 0 is a translation velocity magnitude positive scalar and ε = ±1. The remaining part of seabed 
ground is kept motionless. The geometry of the considered failure mechanisms is defined by the abscissa a of 
point M along the boundary surface z = 0, the length l of segments MA and MB (i.e., l = MA = MB ) and 
the angle U .

Fig. 3.   Piecewise translational velocity fields U .
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The considered failure mechanisms involve velocity discontinuity along the lines M ′A and M ′B. Reflecting 
the normality rule for the Tresca soil failure condition (15), the velocity jump W  between the blocks MM ′A 
and MM ′B is oriented parallel to the line MM ′:

	 W = 2ε U sin α ez � (36)

The kinematic theorem of limit analysis states the following necessary stability condition of the seabed material 
system under applied loading:

	 Pext(U) ⩽ Pmr(U)� (37)

which simply expresses in dual form the compatibility between the structure equilibrium equations and the soil 
strength requirement expressed by the yield condition. In the above inequality, Pext(U) refers to the rate of 
work performed by the external loads, whereas the term Pmr(U) stands for the maximum rate of resisting work 
developed in the considered velocity field U . The necessary stability condition (37) should be satisfied for any 
values of the geometrical parameters α ∈]0, π/2[, l ⩾ 0 and ε = ±1 defining the failure mechanisms.

The rate of external work Pext(U) includes the contributions of gravity forces Pγ , the hydrostatic pressure 
Phyd, the wave overpressure Pwave  and the seismic components associated with gravity forces Pγ

s:

	 Pext(U) = Pγ + Phyd + Pwave + Pγ
s� (38)

The contribution Pγ  of the gravity forces to the rate of external work is computed as:

	
Pγ =

ˆ

Ω
γ ev · U dΩ = εUγ l2 sin α sin θ� (39)

where Ω refers to blocks MM ′A and MM ′B. The contributions of hydrostatic pressure and wave overpressure 
to the rate of external work respectively read

	
Pwave =

ˆ

AB

−pwaveez · U(x, 0) dx = 2εUp0

λ
sin α cos λa (1 − cos λl)� (40)

and

	
Phyd =

ˆ

AB

−γw h(x) ez · U(x, 0) dx = −εUγw l2 sin θ sin α� (41)

The rate of work Pγ
s developed by the pseudo-static forces expresses as

	
Pγ

s =
ˆ

Ω
γea · U dΩ = εU k2γl2 sin α� (42)

Introducing Expressions (39)-(42) into (38) yields

	
Pext(U) = ε U

{
γl2 sin α(sin θ + k2) − γwl2 sin θ sin α + 2p0

λ
sin α cos λa(1 − cos λl)

}
� (43)

Denoting by [U ] the velocity jump along the velocity discontinuity lines Σ = M ′A ∪ M ′B ∪ M ′M , the 
maximum rate of resisting work Pmr(U) developed in the considered failure mechanisms is computed from the 
support function Π ([U ]) related to velocity jump and associated with the Tresca yield condition (15)21:

	
Π ([U ]) = C(z) |[U ]| =

{
C(z) U along M ′A and M ′B

C(z) |W | = 2C(z) U sin α along MM ′ � (44)

Hence,

	
Pmr(U) =

ˆ

Σ
Π ([U ]) ds = U

{ˆ
M′A

C(z) ds +
ˆ

M′B

C(z) ds + 2 sin α

ˆ

M′M

C(z) ds

}
� (45)

Recalling that the soil cohesion is defined by the linear function C(z) = η |z|, one obtains:

	
Pmr(U) = η l2 U sin α

1 + sin2α

cos2α
� (46)

Applying the kinematic inequality (37) with expressions (44) and (46) to compute Pext(U) and Pmr(U) yields 
the following condition:

	
ε

{
γ′ sin θ + γk2 + 2p0

λl2 [cos λa(1 − cos λl)]
}

⩽ η
1 + sin2α

cos2α
∀l ⩾ 0), ∀α ∈]0, π/2[� (47)
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Minimization with respect to angular parameter α shows that the most restrictive condition corresponds to 
α → 0:

	

∣∣∣γ′ sin θ + γk2 + 2p0

λl2 [cos λa(1 − cos λl)]
∣∣∣ ⩽ η ∀l ⩾ 0� (48)

The best upper bound approach derived from considered failure mechanisms is obtained by maximizing the left-
hand side of the inequality (48) with respect to geometrical parameters l and a. It is readily found that the optimal 
values of these parameters are given by l → 0 and a → 0, which define a vanishing critical failure mechanism. 
As previously observed in Dormieux17, this particular characteristic of the optimal failure mechanism is mainly 
attributed to vanishing soil cohesion at the seabed surface C(0) = 0. Accordingly, the necessary condition for 
seabed stability is expressed by the following inequality:

	 λp0 + γ′ sin θ + γk2 ⩽ η� (49)

In the absence of wave overpressure, i.e. p0 = 0, the above condition reduces to

	 ηc = γ′ sin θ + γk2 ⩽ η� (50)

which can be interpreted as a necessary condition for the seabed stability of the seabed under combined action 
of gravity forces, hydrostatic pressure and pseudo-static forces.

The stability condition (49) derived from the implementation of kinematic approach provides an upper 
bound estimate for the stability convex K:

	 Kc =
{

Q ; λp0 − η + γ′ sin θ + γk2 ⩽ 0
}

⊇ K � (51)

Conjunction of lower and upper bound approaches
The limit analysis reasoning based on static lower bound (32) and kinematic upper bound (49) conditions allows 
bracketing the domain of allowable loads applied to the seabed. For a fixed set of seismic coefficients kh and 
kv , it may be convenient for the graphical representation to characterize the loading mode by means of two 
components Q = (Q1 = λp0 , Q2 = γ′). In this context, three situations should be distinguished according to 
sufficient and necessary stability conditions (33) and (50) obtained in the absence of wave overpressure:

•	 If η ⩽ ηc, the necessary condition (50) indicates that the seabed is unconditionally instable.
•	 For ηc ⩽ η < ηs, the sufficient condition (32) together with (50) indicate that the proposed static approach 

does not provide an effective lower bound estimate for allowable loads. The approaches to convex K devel-
oped in the preceding sections actually reduce to the upper bound estimate K ⊆ Kc. Referring to the plane 
(Q1 , Q2), the triangular domain Kc is depicted Fig. 4a:

	 Kc = {(Q1, Q2) ; Q1 + Q2(sin θ + k2) ⩽ η − γwk2}� (52)

It is observed that condition ηc ⩽ η implies the limit values Q+
1 = η − γwk2 and Q+

2 = η−γwk2
sin θ+k2

 are always 
positive.

•	 If ηs ⩽ η, both static and kinematic approaches lead to non-trivial estimates of convex K. As illustrated in 
Fig. 4b, the latter is bounded in the plane (Q1 , Q2) from inside by the triangular domain Ks and from out-
side by the triangular domain Kc. Domain Kc is still defined by (52), whereas domain Ks is described by:

Fig. 4.   Schematic representation of domains Ks ⊆ K ⊆ Kc in the plane (Q1 , Q2).
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Ks =

{
(Q1, Q2) ; Q1 +

√
(Q2(sin θ + k2) + γwk2)2 + ((Q2 + γw)k1)2 ⩾ η

}
� (53)

Referring to the notations of Fig. 4b, the limit loads Q−
1 ⩾ 0 and Q−

2 ⩾ 0 are defined as

	
Q−

1 = η − γw

√
k2

2 + k1
2 , Q2

− = −γw[k2(sin θ + k2) + k1
2] +

√
∆

(sin θ + k2)2 + k1
2 � (54)

with ∆ = γ2
w

(
k2(sin θ + k2) + k1

2)
+

(
η2 − γ2

w(k1
2 + k2

2)
) (

(sin θ + k2)2 + k1
2)

. It can readily be 
verified that condition ηs ⩽ η implies that scalar ∆ is always positive.

Keeping in mind the assumption θ ≪ 1 for the seabed inclination and observing that the effect of vertical 
seismic coefficient is neglected in most practical applications, it appears that the value of coefficient k1 will 
generally be very small when compared to k2, thus leading to approximation Q+

1 ≈ Q−
1 = η − γwk2.

For the sake of conciseness, condition ηs ⩽ η will be assumed throughout the subsequent developments.
When the loading components (γ, γw) and seismic coefficients(kh, kv) are viewed as prescribed parameters, 

the seabed stability can alternatively be characterized by evaluating the limit value p0
lim of wave overpressure. 

The lower and upper bounds of the latter are straightforwardly deduced from inequalities (32) and (49):

	
η −

√
(γ′ sin θ + γk2)2 + (γk1)2

λ
⩽ p0

lim ⩽ η − γ′ sin θ − γk2

λ
� (55)

Most design standards recommend the use of value kv = 0 in stability analyses, which amounts to considering 
only the horizontal seismic coefficient kh

23,46. Within this framework, the above inequalities thus simplify to:

	
η −

√
(γ′ sin θ + γkh cos θ)2 + (−γkh sin θ)2

λ
⩽ p0

lim ⩽ η − γ′ sin θ − γkh cos θ

λ
� (56)

which lead to coincident lower and upper bounds in the case of horizonal seabed (i.e. θ = 0):

	
p0

lim = η − γkh

λ
� (57)

Under the static conditions defined by kv = kh = k1 = k2 = 0, the lower and upper bound domains 
respectively defined by (34) and (51) are coincident. The convex K of allowable loads is therefore determined as

	 K =
{

Q =
(
Q1 = λp0, Q2 = γ′) ; Q1 ⩽ η − Q2 sin θ

}
� (58)

Fig. 5 provides a geometrical representation (hatched area) of domain k in the plane (Q1 , Q2).
As regards the limit value p0

lim of wave overpressure, it follows from (56) that

	
p0

lim = η − γ′ sin θ

λ
� (59)

which is identical to the result presented in Dormieux and Coussy28 and Madalozzo47. The above result indicates 
that the effect of seabed inclination θ ̸= 0 is formally equivalent to a reduction in the soil cohesion gradient by 
an amount equal to γ′ sin θ.

Prior to further developments, it is important to emphasize that the stability conditions derived from the 
present static and kinematic approaches revealed independent of the soil layer thickness d.

Fig. 5.  Figure 5Geometrical representation of stability domain K obtained under static conditions.
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Stability conditions in term of the linear wave parameters
Instead of expressing the seabed stability in terms of conditions on the wave overpressure regarded as loading 
parameter, it is convenient for practical applications to characterize the set K of wave parameters (H, L, h) for 
which stability is ensured. It follows from expressions (4) defining the wave overpressure amplitude together 
with static and kinematic approaches (34) and (52):

	
K− ⊆ K ⊆ K+ with

K− =
{

(H, L, h) , H
L

⩽ η−ηs
πγw

cosh 2π h
L

}
K+ =

{
(H, L, h) , H

L
⩽ η−ηc

πγw
cosh 2π h

L

} � (60)

Clearly enough, the above definition considers that the remaining loading components (γ, γw) and seismic 
coefficients (kh, kv) are fixed parameters, since ηs and ηc depend of these parameters.

Referring to the plane (h/L, H/L), the lower and upper bound estimates of the set K are plotted in Fig. 6. 
In this reference plane, the domain boundaries ∂K− and ∂K+ intercept ordinate axis at k− = η−ηs

πγw
 and 

k− = η−ηc
πγw

, respectively.
The phenomenon of wave-breaking should also be taken into account by restricting to triples (H, L, h) 

belonging to the set H defined in (8). Referring to Fig. 6, the intersection K− ∩ H  represents the set of triples 
(H, L, h) complying with the sufficient condition for seabed stability and that are physically allowable with 
respect to wave-breaking. Denoting by K+ the complement of K+, the set K+ ∩ H  stands therefore for the 
triples (H, L, h) that are allowable with respect to wave-breaking but causing seabed instability.

The strength capacities of the purely cohesive soil, defined by Tresca yield condition (15), is governed by 
the cohesion gradient. According to definition (60) of and recalling that is independent of the later parameter, 
domains and respectively increase and decrease as increases. In the general case, represents the critical value 
of for which the convex boundary and the concave boundary of are tangent, whereas reduces to the empty set 
(see Fig. 7). Consequently, condition may be viewed as a seabed stability criterion against the most severe wave 
loading.

In the static conditions kv = kh = k1 = k2 = 0, the sets K− and K+ defined in (60) are coincident. Hence,

	
K =

{
(H, L, h) ,

H

L
⩽ η − γ′ sin θ

πγw
cosh 2π

h

L

}
� (61)

Fig. 7.  Stability conditions in terms of the critical cohesion gradient η∗.

 

Fig. 6.  Domain defining allowable linear waves in the plane (H/L, h/L).
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Referring to Fig. 8, intersection K ∩ H  represents the set of triples (H, L, h) that are physically allowable with 
respect to wave-breaking and for which seabed stability is ensured. On the other hand, set K+ ∩ H  is the set 
of wave parameters (H, L, h) that are allowable with respect to wave-breaking but causing seabed instability.

Finally, it can be observed that the critical value of η reads in the static case as η∗ ≃ 0.225γw .

Illustrative numerical application
For illustrative purposes, the configuration of horizontal seabed (i.e., θ = 0) with purely cohesive soil is addressed 
in this section. Emphasis is particularly devoted in the application to underline the destabilizing effect of seismic 
loading. The considered model data is summarized as follows45: soil cohesion gradient η = 1.4kP a/m, soil 
specific weight γ = 15.5kP a, water specific weight γw = 10kP a.

Neglecting the effect of vertical seismic coefficient on the seabed stability conditions (i.e., kv = 0), it can be 
therefore shown that domain K of wave parameters (H, L, h) for which stability is ensured while complying 
with the wave-breaking criterion is defined by

	
K ∩ H =

{
(H, L, h) ,

H

L
⩽ min

(
η − γkh

πγw
cosh 2π

h

L
,

1
7 tanh 2π

h

L

)}
� (62)

It appears that the seabed stability is closely related to the numerical value of η − γkh. More precisely,

•	 If kh ⩽ η
γ

≈ 0.09, which implies η − γkh ⩾ 0, the above domain is not empty and there will exist wave 
loading that do not cause seabed instability. This is notably the case of stability problem under static loading 
conditions kh = 0 as depicted in Fig. 9.

•	 In contrast, when kh > η
γ

≈ 0.09 implying η − γkh < 0, domain K ∩ H  reduces to the empty set:

	 K ∩ H = ∅� (63)

meaning that any allowable wave will lead to seabed instability.

Stability analysis of a granular seabed – effective stress analysis
In granular seabed soil masses, the effect of pore pressure is expected to reveal fundamental in the stability 
analysis. In particular, pore pressure generated in the porous medium by wave cyclic loading and associated 
seepage forces may significantly reduce the seabed stability. The latter cannot therefore be relevantly addressed in 
the context of total stress analysis, and pore pressure shall be explicitly referred to in the limit analysis problem.

In complement to the stress boundary condition (2), the subsequent analysis assumes that the fluid pressure 
p(x, z, t) prevailing in the porous medium is continuous through the sea-seabed interface z = 0. The 

Fig. 9.  Domain of allowable linear waves for horizontal seabed under static loading conditions.

 

Fig. 8.  Domain of allowable linear waves in the static conditions.
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distribution of excess pore pressure u in the porous medium, defined as the difference in pore pressure with 
respect to the hydrostatic value:

	 u(x, z, t) = p(x, z, t) − γw [h(x) − z cos θ]� (64)

should therefore comply with the following boundary condition:

	 u(x, z = 0, t) = pwave(x, t) = p0 sin ψ� (65)

with ψ = λx − ωt.

Formulation of the limit analysis stability problem
The purpose of this section is to describe the formulation of limit analysis problem within the context of effective 
stress concept validity. Such a framework of analysis explicitly emphasizes the role of water pore pressure as 
well as seepage forces developing during wave propagation on the seabed stability conditions. The formulation 
relies upon the fundamental assumption that the strength properties of the saturated soil mass are controlled by 
Terzaghi effective stress tensor σ′ = σ + p 1:

	 f
(
σ , p

)
= f

(
σ′ = σ + p 1

)
⩽ 0� (66)

A theoretical discussion on the validity of effective stress concept for the strength of saturated porous media is 
provided in de Buhan and Dormieux48. Under this assumption, the stability condition (11) of the seabed under 
applied loading mode is reformulated in terms of effective stresses as

	
Stabiliy ⇔ ∃ σ′ such that

{ divσ′ + γev − grad p + γea = 0 in Ω
T ′ = T d + pez along z = 0

f(σ′ ) ⩽ 0 in Ω
� (67)

In the above stability condition, the surface forces T d acting along the boundary z = 0 are given by (2), whereas 
the pore pressure distribution expresses p(x, z = 0, t) = pwave(x, t) + γw h(x). It follows that the stress-
boundary condition can be written in terms of effective stress vector as

	 T ′ = σ · n = 0 along z = 0� (68)

On the other hand, the pore pressure gradient appearing in the local equilibrium equation can be calculated 
from the gradient of excess pore pressure distribution:

	 grad p = grad u + γw ev � (69)

The stability condition (67) is therefore reformulated in the following equivalent form:

	
Stabiliy ⇔ ∃ σ′ such that

{
divσ′ + γ′ev + γea + γw i = 0 in Ω

T ′ = 0 along z = 0
f(σ′ ) ⩽ 0 in Ω

� (70)

where γ′ = γ − γw  is the buoyant unit weight and vector i refers to the hydraulic gradient field:

	
i = − 1

γw
grad u� (71)

The above formulation of the stability condition in the context of effective stresses indicates that the seepage 
forces can be regarded as external body forces equal to γw i. These driving forces of the hydraulic flow network 
are derived from the gradient of excess pore pressure distribution − grad u and are related to filtration velocity 
through Darcy´s law:

	
v = k · i = − k · grad

u

γw
� (72)

where k is the soil permeability tensor (having the dimension of a velocity). In the framework of effective stress 
formulation, the loading mode can thus be symbolically represented by vector Q = (γ′ev , γea, γw i), the 
effective surface forces acting upon the seabed upper boundary being null T ′d = 0. It is recalled that the loading 
component γea associated with pseudo-static forces is defined by (12).

 Once the strength capacities of the soil mass are prescribed by means of the yield condition f
(
σ′ )

⩽ 0, 
the limit analysis problem (70) emphasizes that evaluation of the seepage forces γw i = − grad u is crucial for 
assessing the seabed stability condition. From a rigorous poromechanics viewpoint, the evaluation of fluid flow 
through the porous medium and associated seepage forces requires solving a fully coupled problem involving 
mutual interaction between pore pressure and skeleton strains49,50. However, the seepage forces associated with 
water fluid flow are evaluated in most rock and soil stability analyses from the solution to uncoupled hydraulic 
problem. The seepage forces that are computed independently of the skeleton deformation are then incorporated 

Scientific Reports |         (2026) 16:1816 15| https://doi.org/10.1038/s41598-025-31593-y

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


as prescribed external body forces in the effective stability analysis (e.g30,31,51,52.). Unfortunately, such a decoupled 
procedure cannot be used in the present seabed stability analysis to evaluate the seepage forces induced by the 
wave cyclic loading. As emphasized in Dormieux et al.18 and Pecker et al.53, the pore pressure generated in the 
granular porous medium by the wave cycles as well as associated seepage forces are fully coupled to the skeleton 
irreversible strains. The progressive pore pressure build-up is closely related to irreversible volume changes of 
the porous material reflecting the granular soil densification. In that respect, the formulation of a simplified 
framework specifically devised for evaluating the seepage forces involved in the seabed stability problem will be 
addressed in next Sect. 4.2.

As regards the strength properties of the granular seabed soil modeled as a homogeneous and isotropic 
material, a cohesionless Mohr-Coulomb yield criterion will be adopted throughout the subsequent effective 
stress analysis:

	 f
(
σ′ )

= sup
{

σ′
i (1 + sin ϕ) − σ′

j (1 − sin ϕ) | i, j = 1, 2, 3
}

⩽ 0� (73)

where σ′
i with i ∈ {1, 2, 3} are the effective principal stresses. The strength parameter ϕ is the internal friction 

angle.

Theoretical uncoupled framework for assessing pore pressure generation (Dormieux et al., 
1993)
In the effective stress formulation, the seepage forces γw i = − grad u act as external force that should be 
previously evaluated. For this purpose, we resort in the present analysis to the theoretical framework originally 
formulated by Dormieux17 and Dormieux et al.18. The basic idea of this modeling consists in splitting the time 
scale into two well separated scales respectively associated with the wave cyclic loading of period T = 2π

ω  (fast 
time scale) and the characteristic time of fluid time diffusion in the porous medium Tc (slow time scale).

The fundamental assumptions of the modeling can be summarized as follows:

•	 The solid and fluid particles of the porous medium are incompressible. The seabed porous medium is consid-
ered as a homogeneous and isotropic material undergoing infinitesimal transformations.

•	 The reference state of the seabed soil mass is defined by an “initial” stress state σ
0

 equilibrating the grav-
ity forces γev  and associated pseudo-static componentγea, together with the hydrostatic pressure forces 
T d

0 = γw h(x) ez  acting along the upper seabed boundary z = 0. The “initial” pore pressure is hydrostatic, 
that is p0 = γw [h(x) − z cos θ].

•	 Pore pressure generation is equal to the excess pore pressure u induced by wave cyclic loading. In particular, 
pore pressure build-up resulting from earthquake sequences is disregarded in the analysis (e, g., Pecker et 
al.53).

•	 Under the assumption of infinitesimal skeleton transformation, the behavior of the seabed constitu-
ent relates the variation of effective stress δσ + u 1 with respect to initial state to the skeleton strain 
ε = 1/2

(
∇ξ + t∇ξ

)
 associated with displacement ξ:

	
δσ + u 1 = C :

(
ε − 1

3εir
v 1

)
� (74)

where εir
v  denotes irreversible volumetric strain and the fourth-order tensor C refers to the drained elastic 

stiffness moduli. The introduction of inelastic volumetric strains reflects the difference from a purely poroelastic 
behavior and represents a fundamental feature of the pore pressure build-up model. In addition, the volumetric 
behavior is assumed to be exclusively contractive:

	 ε̇ir
v ⩽ 0� (75)

Such a contractancy condition is associated in saturated granular materials with the increase of pore pressures.
In order to evaluate the excess pore pressure distribution u as well as the variations in stress field δσ resulting 

from the wave overpressure pwave(x, t), the starting point of the model proposed in Dormieux et al.18 is the 
time scale separation commonly satisfied for typical waves and marine sediments:

	 T/Tc ≪ 1� (76)

where the characteristic time of fluid mass diffusion is evaluated as Tc = L2/cm. The fluid diffusivity coefficient 
cm is related to soil permeability and oedometric elastic modulus by

	
cm = Eoed

k

γw
with Eoed = K + 4

3G� (77)

where K and G are respectively the drained elastic bulk and shear moduli. Parameter k stands for the soil 
permeability coefficient.

During the periodic wave loading, the excess pore pressure u is expected to be a quasi-periodic function of 
time, oscillating with the wave period T around a mean value, which varies only at the scale of the characteristic 
time of consolidation Tc (Fig.  10). Relying upon the scale separation (74) and a two-time scale expansion 
technique, Dormieux et al.18 established that the excess pore pressure u can be split into two uncoupled 
contributions:
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	 u = uel + U � (78)

where uel is the periodic poroelastic fluctuation with average equal to zero over the wave period T and U is the 
drift term corresponding to the mean value of u over one cycle of period T. The component uel is a function of 
the fast time variable, whereas the component U representing the progressive pore pressure build-up depends 
only on the slow time variable. It is convenient to introduce the elastic and irreversible parts of the hydraulic 
gradient i = iel + iir :

	
iel = − 1

γw
grad uel and iir = − 1

γw
grad U � (79)

The homologous decomposition of strain and stress variations reads

	




δσ = δσel + δ
∑

δε = δεel + ∈
� (80)

Evaluation of uel and U as well as associated hydraulic gradient fields iel and iir , together with that of stress 
variation fields δσel and δ

∑
, will be discussed in the next section.

Formulation of the wave-induced poroelastic response
The periodic pore pressure fluctuation uel and stress variation δσel are solutions to a poroelastic problem 
stated on the seabed subjected to wave cyclic loading pwave(x, t). The state Eq. (74) relating the effective stress 
variation δσel + uel 1 to the skeleton strain δεel reduces to the poroelastic relationship:

	 δσel + uel 1 = C : εel� (81)

The poroelastic boundary value problem is defined by the following governing equation:

	(i)	 The constitutive state Eq. (81).
	(ii)	 The quasi-static momentum balance equation for the porous continuum:

	 div δσel = 0� (82)

(iii) The diffusion equation relating skeleton volumetric strains and pore pressure:

	
∂

∂t
tr εel = k

γw
∇2uel� (83)

where ∇2 denotes the Laplacian operator.
(iv) The boundary conditions along the seabed surface and impervious substrate:

Fig. 10.  Schematic representation of excess pore pressure variations viewed as quasi-periodic function of time.
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


δσel · ez = −pwave ez , uel = pwave at z = 0

ξ = 0 ,
∂uel

∂z
= 0 at z = −d

� (84)

For a seabed layer with infinite thickness, the boundary conditions at z = −d should be replaced by conditions 
ξ = 0 and uel = 0 at |z| → ∞.

Based on the two-scale expansion technique, Dormieux et al.15 and Pecker et al.42 have shown that the 
skeleton volumetric strain is subjected to no fluctuation during a time scale of wave period T ≪ Tc, that is 
∂
∂t

tr εel = 0. Consideration of the latter property in the diffusion Eq.  (83) implies that the periodically 
fluctuating pore pressure is harmonic.

The construction of closed-form solution to the above poroelastic problem has been addressed by Quiuqui et 
al.35 in the case of horizontal seabed (i.e., θ = 0). These authors extended the work developed in Hsu and Jeng54 
to account for inertial effects and fluid compressibility. Resorting to the complex variable method, the obtained 
expressions for pore pressure and stress fields are summarized below:

	
uel = − 1

1 − 2ν
Re

{ [
(1 − 2ν) (C1eλz − C2e−λz) + (1 − ν) (λ′2 − λ2) (C3eλ′z + C4e−λ′z)

]
i p̄

}
� (85)

and

	
δσel = −uel 1 + z

∂uel

∂z
(ez ⊗ ez − ex ⊗ ex) + z

∂uel

∂x
(ex ⊗ ez + ez ⊗ ex)� (86)

where ‘Re’ stands for the real part, ν is the soil Poisson ratio and p̄ = p0 ei(λx−ωt) is the complex representation 
of wave overpressure pwave. Complex parameter λ′ is related to the wave number and soil properties through 
the following relationship

	
λ

′2 = λ2 − i
ω γw

k

1 − 2ν

2G (1 − ν) � (87)

Expressions of the four complex coefficients (Ci) 1⩽i⩽4 depending on soil properties, wave parameters and 
seabed geometry are provided in Appendix A.

As regards the hydraulic gradient iel = −grad uel/γw  associated with the poroelastic fluctuation, which 
represents the periodic component of seepage forces in the seabed stability analysis, its expression is given by

	
iel = − p0

γw (1 − 2ν)
[
λ (− Hu(z) cos ψ + Ju(z) sin ψ) ex −

(
Hu

′(z) sin ψ + Ju
′(z) cos ψ

)
ez

]
� (88)

where expressions of the non-dimensional functions Hu(z) and Ju(z) are also provided in Appendix A. Functions 
Hu

′(z) and Ju
′(z) refer to the derivatives of Hu(z) and Ju(z), that is Hu

′ = ∂Hu/∂z and Ju
′ = ∂Ju/∂z.

In the case of seabed with infinite thickness, the above pore pressure solution simplifies to

	 uel
∞ = p0 eλz sin (λx − ωt)� (89)

while the stress variation δσel

∞
 is still computed from uel

∞ by relationship (84). The elastic hydraulic gradient 
simply reads:

	
iel = −λp0

γw
eλz (cos ψex + sin ψez)� (90)

Full details on the construction of such poroelastic solution may be found in Quiuqui et al.35.
For illustrative purposes, the above poroelastic pore pressure fluctuation and associated hydraulic gradient 

are depicted in Figs. 11 and 12 considering several values for the normalized thickness d/L of seabed layer. The 
set of parameters used for numerical illustrations is listed in Table 1. The values of the wave crest to trough height 
H and the wave length L are computed by means of expressions (5)–(7).

Figure 11 displays the profiles of excess pore pressure fluctuation uel in the soil mass for the different soil 
layer thicknesses: d/L ∈ {0.25, 0.5, 1, ∞}. The configuration d/L → ∞ corresponds to the seabed with 
infinite thickness analyzed in Dormieux and Coussy28. For the sake of clarity, the distribution of uel obtained 
in the latter configuration is plotted using bullet symbols. The distributions shown in this figure refer to the 
maximum excess pore pressure value obtained under the wave crest (i.e., ψ = π/2). It is first observed that the 
predictions of pore pressure fluctuation are quite similar to the finite element solutions obtained by Gatmiri55. 
As it could be expected, the vertical profile of uel is significantly affected by the value of seabed normalized 
thickness as long as d/L ⩽ 1. For higher values of seabed thickness, say typically d/L > 1, the excess pore 
pressure distribution closely approximates the infinite depth solution. In those cases, the solution (89) can be 
accurately used to approximate the profile of uel in the soil mass (i.e., uel ≈ uel

∞). Regardless of considered ratio 
d/L, the distribution of excess pore pressure in the seabed layer monotonically decreases with depth from the 
upper surface z = 0 with a change in the vertical profile curvature near the impervious base z = −d.
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Soil properties Wave characteristics Geometry

k = 10−4 m/s T = 10 s h = 15 m

G = 10 MPa H0/L0 = 0.06 d/L = 0.25, 0.5, 1, ∞

ν = 1/3γ′ = γw = 10 kN/m3
p0 = 31.3 kPa

Table 1.  Model parameters for the numerical illustrations of wave-induced poroelastic response.

 

Fig. 12.  Normalized seepage forces γwiel/p0 in the soil mass for different values of normalized soil layer 
thickness.

 

Fig. 11.  Profiles of normalized wave-induced pore pressure in the soil mass.
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Figure  12 presents the plots of normalized seepage forces −grad uel/p0 = γwiel/p0 obtained for the 
different soil layer thicknesses. In all of d/L cases, the magnitude of the seepage force vector is maximum at the 
upper surface z = 0 and decreases with depth, the direction of this vector being vertical downward under the 
wave crest and vertical upward under the wave troughs. It is also observed that the change in curvature of the 
pore pressure profile near the impervious base z = −d is reflected by a change in the seepage force direction.

Granular soil densification and associated pore pressure build-up take place under cyclic shear loadings. 
In that respect, let denote by δsel = δσel − 1/3 tr σel the periodically fluctuation of deviatoric stress and by 

Jel
2 =

√
1
2 δsel : δsel the corresponding second invariant that characterizes the amplitude of shear stresses. 

Based on the two-time scale expansion reasoning, Dormieux et al.18 showed that the magnitude of cyclic shear 
loading governing soil contractancy in the seabed can be measured by

	 πel = maxψ

√
Jel

2 � (91) 

Figure 13 displays the profiles of normalized cyclic shear loading τel/p0 induced in the seabed soil mass by wave 
overpressure considering the set parameters provided in Table 1. For finite layer thickness (i.e., d/L < ∞) the 
maximum shear loading τel is obtained under a wave node of wave (i.e., ψ = π/2). For infinite thickness seabed 
d/L = ∞, Jel

2  is independent of the ψ variable.
The analysis of the results shown in Fig. 7 indicates that for small d/L ratios, such as d/L = 0.25, the shear 

stress τel reaches its maximum at the seabed interface with impervious base z∗ = d with τel(z∗) ≈ 0.45p0. In 
contrast, for higher values of ratio d/L, typically d/L ⩾ 0.75, the maximum value is achieved close to seabed 
upper surface at a depth around z∗ ≈ 0.16 L with τel(z∗) ≈ 0.36p0. It is also observed that the shear stress τel 
vanishes at the seabed-base interface as soon as d/L ⩾ 1 and the prediction reveals very close to that obtained 
for infinite layer thickness.

Although the poroelastic solution 
(
uel, δσel

)
 has been derived in the case of horizontal seabed (i.e., θ = 0), 

it will however be used in the stability analysis as a first approximation for inclined seabed with small angle 
θ ≪ 1.

Evaluation of inelastic hydraulic gradient
Evaluation of the seepage forces γw iir = −grad U  associated with the drift component U of excess pore 
pressure introduced in (78) stems theoretically from the solution to a poromechanical boundary value problem 
stated on the seabed material system in terms of the mean quantities U and δ

∑
 over one cycle loading. By 

definition, the fields involved in such a poromechanical problem depend only on the slow time variable ̄t = t/Tc.
In consistency with the state Eq.  (74) formulated for the behavior of the soil material constituent, the 

relationship between the mean stress δ
∑

 and strain ∈ tensors reads

	
Σ + U 1 = C :

(
∈ − 1

3εir
v 1

)
� (92)

As previously stated, the introduction of contractive irreversible volumetric strain εir
v = εir

v ( t̄ ) reflecting 
material densification at the slow time scale (controlled by Tc) is an essential feature in the model formulated by 
Dormieux et al.18 for predicting pore pressure build-up under wave cyclic loading.

The slow scale diffusion equation of the pore pressure U takes the following form:

Fig. 13.  Profiles of the normalized shear stress τel/p0 in the soil mass for different values of normalized soil 
layer thickness.
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∂U

∂t̄
= cm Tc ∇2U − K

∂εir
v

∂t̄
� (93)

in which the source term −K
∂εir

v
∂t̄

 represents the rate of generated pore pressure associated with the irreversible 

volumetric strain rate ∂εir
v

∂t̄
. A simple reasoning based on the analysis of the variations of εir

v  with respect to the 
slow time variable indicates that the increment ∆εir

v  over a loading cycle (i.e. drift value during a wave period) 
can be approximated as

	
∆εir

v ≈ T

T c

∂εir
v

∂t̄
� (94)

Accordingly, the diffusion equation governing the time and space variations of the excess pore pressure U may 
then be rearranged in the form

	
1
Tc

∂U

∂t̄
= cm ∇2U − K ∆εir

v /T � (95)

In addition, the pore pressure U is subjected to the following boundary conditions:

	

{
U = 0 at z = 0
∂U

∂z
= 0 at z = −d

∀ t̄ � (96)

together with zero initial condition

	 U = 0 for t̄ = 0 � (97)

The remaining equations defining the boundary value problem consist of the field momentum balance law:

	 div Σ = 0� (98)

and mechanical boundary conditions:

	

{Σ · ez = 0 at z = 0
ξ = 0 at z = −d

� (99)

Being the displacement associated with the strain tensor field ∈.
In the above poromechanical boundary value problem, the irreversible volumetric strain εir

v  appears as the 
characteristic of the loading in the boundary value problem formulated in terms of mean-quantities. In that 
respect, let us consider for a while that field εir

v  is known. In that case, the problem under consideration can be 
viewed as a poroelastic problem with a prescribed strain source term. Provided that field εir

v  is independent of 
the spatial coordinate x, the structure of the mean-quantities problem indicates that the solution 

(
U, Σ

)
 will 

be itself independent of x. Once the distribution of excess pore pressure U is computed from Eqs. (95), (96) and 
(97), the stress solution Σ is then given by

	
Σ = Σ

(
ex ⊗ ex + ey ⊗ ey

)
with Σ = − 1 − 2 ν

1 − ν

(
K εir

v + U
)

� (100)

In anticipation of further developments that will be provided in this section, it is useful to calculate the expression 
of mean effective stress:

	
1
3 tr

(
Σ + U 1

)
= −2

3
1 − 2 ν

1 − ν
K εir

v + 1
3

1 + ν

1 − ν
U � (101)

The solution 
(
U, Σ

)
 of the above poroelastic problem as well as the irreversible hydraulic gradient 

iir = − 1
γw

grad U  are therefore determined as a functional of εir
v , which should be evaluated beforehand 

based on the numerous experimental works that have been developed to provide a quantitative description of 
soil contractancy under cyclic loading. A review of relevant literature on this topic may be found for instance 
in Pecker56, Dormieux17 or in the recent contribution by Wichtmann et al.57, to cite a few. The idea consists 
basically of evaluating the increment ∆εir

v  of irreversible volumetric strain caused by the Nth loading cycle as a 
function of the cyclic shear amplitude τel given by (91), of the mean effective stress σ′

m during the cycle number 
N and the contractancy εir

v , N-1  accumulated along the previous N-1 cycles. In this context, the following 
experimental-based model proposed by Dormieux17 and extended later in Dormieux et al.18 is adopted in this 
analysis:
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∆εin

v = F
(
S′ εir

v , N-1
)

= − κ̄

ᾱ
Sβ̄ exp

(
β̄ − 1

κ̄
εir

v , N-1

)
� (102)

where ᾱ, β̄ and κ̄ are material parameters. The stress ratio S′ is defined from the shear stress amplitude and 
effective mean stress by

	
S′ = τel

|σ′
m| with σ′

m = 1
3 tr σ

0
′ + 1

3 tr
(
Σ + U 1

)
� (103)

The first term in the expression of σ′
m refers to the initial effective mean stress, whereas the second term is given 

by Eq. (101) and represents the contribution of the effective stress solution to the inelastic problem. Neglecting 
the contribution of the pseudo-static component γea of the gravity forces and considering the lagged value of 
σ′

m yields

	
S′ ≈ τel

|σ′
m , N-1| with σ′

m , N-1 = 1 + 2K̄0

3 γ′ zv − 2
3

1 − 2 ν

1 − ν
K εir

v , N-1 + 1
3

1 + ν

1 − ν
UN-1�(104)

in which the value of term 1
3 tr

(
Σ + U 1

)
 in Eq. (101) is computed at cycle and zv = x sin θ + z cos θ is the 

vertical depth. Parameter K̄0 refers to the coefficient of earth pressure at rest, classically introduced to define the 
geostatic initial stress state S′.

Owing to the assumption of slight inclination of the seabed θ ≪ 1, the approximation zv ≈ z allows to 
consider as a first approximation that εir

v  as well as the solution 
(
U, Σ

)
 to inelastic problem are independent of 

coordinate x, i.e. εir
v = εir

v

(
z , t̄

)
, U = U

(
z , t̄

)
 and Σ = Σ

(
z , t̄

)
, so that the hydraulic gradient is parallel 

takes the expression iir = iir
(
z , t̄

)
ez  with iir = − 1

γw

∂U
∂z .

The preceding analysis that has been developed to address the problem governing the mean stress and 
effective pore pressure distributions is based on the assumption of homogeneous soil properties, which might 
reveal restrictive since stiffness and permeability generally vary with depth. The predictions derived from the 
modeling should therefore be interpreted in the context of such limiting assumption.

Numerical results – excess pore pressure generation
 This section provides some numerical results that illustrates the model predictions for excess pore pressure 
generation U in the seabed soil mass as well as associated hydraulic gradient that defines the seepage forces 
in the effective stress stability problem. The set of governing Eqs. (95)–(97) together with experimental-based 
expression (102) of irreversible volumetric strain increment ∆εir

v  are numerically solved resorting to an explicit 
finite difference procedure implemented in MATLAB software. The numerical simulations consider the model 
parameters given in Table 218. The initial state of stresses is assumed to be isotropic, i.e. K̄0 = 1. It is important to 
emphasize that the primary objective herein is not to provide quantitative numerical results, but only to illustrate 
the trends of U and iir  profiles within the seabed soil mass. The spatial discretization along the seabed depth 
(vertical direction) consists of regularly distributed nodes with constant spacing ∆h = min (d/100 , 0.25 m). 
A time step increment ∆t = min (T num

c /2 , T/1000) is adopted in the time stepping algorithm, the numerical 
characteristic time of fluid mass diffusion being computed as T num

c = ∆h2/cm. For each selected model data, 
the numerical simulations are carried out over progressively increasing time spans until the hydraulic gradient 
iir(0) reaches a quasi-stationary value.

Figure  14 displays the distribution of irreversible excess pore pressure along the seabed depth. For each 
thickness ratio d/L, the distributions of U are shown for wave cycles ranging from N = 200 to N = 100000. It 
is pointed out that the number of cycles represents a measure of the slow time variable t̄. Prior to results analysis, 
two preliminary observations should first be stated:

 

•	   Regarding the effects of bed thickness, the model predictions of pore pressure generated in a seabed with 
infinite thickness reveal very close to those computed in the case d/L = 1.

•	   In comparison with the results provided in Dormieux17 and Dormieux et al.18, the pore pressure profiles 
obtained from the numerical simulations exhibit similar shapes with, however, lower values in terms of pre-
dicted pressure accumulation. This discrepancy is mainly attributed to the fact the present model operates 
with homogeneous soil modulus, whereas the above-mentioned studies considered a soil bulk modulus that 
increases with depth. 

Soil properties Wave characteristics Geometry

cm = 10−3 m2 s−1
T = 10 s h = 15 m

K = 27 MPaν = 1/3 H0/L0 = 0.06 d/L = 0.25, 0.5, 1, ∞

ᾱ = 0.0023β̄ = 6.644κ̄ = 0.005γ′ = γw = 10 kN/m3
p0 = 31.3 kPa

Table 2.  Model parameters for the numerical illustrations of inelastic response.
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The results of Fig. 14 indicate a gradual pore pressure build-up as the loading cycles proceed. For a given 

loading cycle, the excess pore pressure increases with depth |z| within a crust lying near the upper seabed 
boundary. More precisely, it increases from U = 0 at the surface z = 0 and reaches its maximum value at a point 
defined by coordinate z = z ∗ located near the seabed boundary. For higher depths z ⩽ z ∗, the distribution 
of pore pressure exhibits a decreasing profile with depth. In terms of seepage forces, it follows from the above 
observation that γw iirez = − ∂U

∂z
ez  is oriented upward (toward the upper seabed surface) within region 

z ∗ ⩽ z ⩽ 0 and downward (toward the seabed base) in the region −d ⩽ z ⩽ z ∗. Accordingly, the seepage 
forces would act acts as destabilizing (resp, stabilizing) loading component in the upper region z ∗ ⩽ z ⩽ 0 (resp. 
in region −d ⩽ z ⩽ z ∗). Referring to the stability analysis that will be carried out in Sect. 4.6, a risk of surface 
instability may be associated with excess pore pressure accumulation in the region close to upper surface. In that 
respect, it seems therefore relevant to evaluate the variations of irreversible hydraulic gradient iir(z = 0) along 
the loading cycles. Figure 15 displays the results computed for each value of the ratio d/L. After an increasing 
phase with the cycle number N, the magnitude of hydraulic gradient iir(0) reaches a plateau followed by a phase 
of gradual decrease. The latter phase is likely a consequence of experimental-based model (102) expressing a 
decrease of ∆εir

v  with densification.
To conclude with and in anticipation of the effective stress stability problem handled in Sect. 4.6, the following 

property deduced from the general form of pore pressure profiles:

	
∀z ∈ [0 , z ∗] iir(z, t̄) = − 1

γw

∂U

∂z
⩾ 0 and

ˆ 0

z

iir(z, t̄) dz = 1
γw

U(z = 0, t̄) ⩾ 0� (105)

will be used to compute the rate of work performed by seepage forces in the context of kinematic approach 
implementation. The above property stems from the condition U = 0 at the surface z = 0 and the fact the 
derivative ∂U

∂z  is a negative and decreasing function for z ∗ ⩽ z ⩽ 0.

Effective stress-based upper bound kinematic approach
The stability problem (70) formulated in the context of effective stresses may be addressed either by the lower 
static approach or by the upper bound kinematic approach. The conjunction of the two approaches allows for 

Fig. 14.  Distributions of Profiles of normalized wave-induced pore pressure in the soil mass.
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bracketing the convex domain K of safe loads. In the case of a granular soil mass, the lower static approach would 
require the formulation of effective stress and excess pore pressure distributions complying in the seabed layer 
with the equilibrium and strength conditions, which is not an easy task. Unlike the case of purely cohesive seabed 
soil analyzed in Sect. 3, the stability analysis developed for the granular soil mass will actually be restricted to 
the formulation of an upper bound estimate for convex K based on the implementation of a class of failure 
mechanisms. The basic idea of the present kinematic approach is to seek for a virtual failure mechanism that 
reproduces the surface instability induced by seepage forces in the region close to bed upper surface.

The class of failure mechanism considered in the study consists of a triangular wedge MAB in uniform 
translation motion U , whereas the remaining part of the seabed ground is kept motionless. Referring to Fig. 16, 
such a failure mechanism is defined by the geometrical parameters ϖ, l = AB and the inclinationχ of U  with 
respect to sides MA. Regarding the geometry definition of wedge MAB, the previous angular parameters are 
subjected to the following constraints:

	
−π

2 + θ < ϖ < θ� (106)

The vertex M of the triangular block in translation is chosen close to the upper surface so that its coordinate zM  
lies in the region z ∗ ⩽ zM ⩽ 0. Such a failure mechanism involves velocity discontinuities [U ] = U  inclined at 
angle χ with respect to lines MA and MB. The translation velocity of the triangular wedge is given by

	 U = U [− cos(χ + θ − ϖ) ex + sin(χ + θ − ϖ) ez]� (107)

Fig. 16.  Geometry of the translational failure mechanism.

 

Fig. 15.  Evolution of irreversible hydraulic gradient at the seabed surface z = 0 with increasing number of 
lading cycles.
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The necessary stability condition of the seabed under applied loading is derived by applying the fundamental 
kinematic inequality (37) to the above failure mechanism. For this purpose, it is necessary to compute the 
expressions of maximum resisting work rate Pmr(U) and external work rate Pext(U) developed in the failure 
mechanism. The rate of maximum resisting work comprises two contributions associated with the velocity jump 
along lines MA and MB:

	
Pmr(U) =

ˆ

MA

Π (n, [U ]) ds +
ˆ

MB

Π (n, [U ]) ds� (108)

where [U ] = U  and n refers in both above integrals to a unit normal vector to the lines MA andMB, respectively. 
The support function associated with the cohesionless Mohr-coulomb strength criterion f

(
σ′ )

⩽ 0 defined 
in (73) are computed as20,21:

	
Π (n, U) = sup

{
U · σ′ · n− | f

(
σ′ )

⩽ 0
}

=
{ Π (n, U) = +∞ if U · n < U sin ϕ

Π (n, U) = 0 if U · n ⩾ U sin ϕ � (109)

It is therefore necessary to satisfy condition U · n ⩾ U sin ϕ along both the discontinuity lines MA andMB 
for the considered kinematic approach to provide non-trivial upper bound solutions. It is readily that such a 
condition is achieved by imposing the following restriction:

	

{
ϕ ⩽ χ ⩽ π − ϕ

| χ + θ − ϖ | ⩽ π

2 − ϕ
� (110)

which should be fulfilled in conjunction with the geometry restrictions (106) to achieve an effective kinematic 
approach. In that case, the rate of maximum resisting work reduces to Pmr(U) = 0 and the kinematic theorem 
(37) yields the following necessary condition for stability:

	 Pext(U) ⩽ Pmr(U) = 0� (111)

that should be satisfied for any set of parameters (ϖ, l, χ) complying with conditions (106) and (110). It is 
noted that conditions (110) reduce to the following restriction regarding the velocity jump inclination:

	
ϕ ⩽ χ ⩽ π

2 − ϕ + ϖ − θ� (112)

In the framework of effective stress stability formulation (67), the rate of external work Pext(U) includes the 
contributions of gravity forces γ′ev  (gravity minus buoyancy), seismic components associated with the gravity 
forces γea and seepage forces γw i = γw iel + γw iir :

	
Pext(U) =

ˆ

MAB

γ′ ev · U dS +
ˆ

MAB

γ ea · U dS +
ˆ

MAB

γw iel · U dS +
ˆ

MAB

γw iir · U dS�(113)

The two first integral terms of the right-hand side are easily computed as

	




ˆ

MAB

γ′ ev · U dS = − U S γ′ sin (χ − ϖ)
ˆ

MAB

γ ea · U dS = U S γ [kh cos (χ − ϖ) − kv sin (χ − ϖ)]
� (114)

where S = l2

2 tan(θ − ϖ) stands for the area of triangle MAB. Recalling that the irreversible part of the 
hydraulic gradient takes the form iir = iir(z, t̄) ez , the corresponding contribution to the rate of external 
work reads

	

ˆ

MAB

γw iir · U dS = U γw sin(χ + θ − ϖ)
ˆ

MAB

iirdS� (115)

As regards the contribution of the elastic part iel, it follows from (88) that

	

ˆ

MAB

γw iie · U dS = − U
p0

1 − 2ν

{
cos(χ + θ − ϖ)

ˆ

MAB

Au dS + sin(χ + θ − ϖ)
ˆ

MAB

Bu dS

}
�(116)

where functions Au and Bu are defined as Au = Hu(z) cos ψ − Ju(z) sin ψ and 
Bu = −Hu

′(z) sin ψ − Ju
′(z) cos ψ. Similarly to iel, these functions are functions of the two space coordinates 

(x, z) and of the time t (or fast time variable t/T ).
Before further developments, it should be recalled that spatial distributions of iel and iir  depend on the value 

of seabed thickness.
Substituting the above expressions into (113), inequality (111) reads

Scientific Reports |         (2026) 16:1816 25| https://doi.org/10.1038/s41598-025-31593-y

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


	

−γ′ sin (χ − ϖ) + γ [kh cos (χ − ϖ) − kv sin (χ − ϖ)] + γw sin(χ + θ − ϖ) ⟨ iir ⟩

− p0

1 − 2ν
{cos(χ + θ − ϖ) ⟨ Au ⟩ + sin(χ + θ − ϖ) ⟨ Bu ⟩} ⩽ 0

� (117)

in which symbol ⟨ . ⟩ denotes the average value over the area MAB:

	
⟨ . ⟩ = 1

S

ˆ

MAB

. dS� (118)

The most critical stability condition derived from considered class of failure mechanisms is obtained by 
maximizing the left-hand side in the above inequality with respect to the set of parameters (ϖ, l, χ) complying 
with conditions (106) and (112) and to ψ ∈ [0, 2π].

It is first observed from Eq. (105) that ⟨ iir ⟩ is a positive number and that number sin(χ + θ − ϖ) takes 
only positive values within the considered range of angular parameters. Taking into account the properties of 
function iir(z, t̄) expressed at the end of the preceding section, it can be readily shown, by invoking for instance 
the mean value theorem, that close the upper seabed surface ⟨ iir ⟩ is, for a fixed value of ϖ, a decreasing 
function of length l. More precisely,

	
max

l
⟨ iir ⟩ = lim

l→0
⟨ iir ⟩ = iir(0)� (119)

Regarding the two terms of inequality (117) that are related to the contribution of elastic hydraulic gradient, 
a reasoning analogous to that followed by Dormieux et al.18 is adopted in the present analysis, admitting the 
following property:

	
∀l ⩾ 0 U = − p0

1 − 2ν
{cos(χ + θ − ϖ) ⟨ Au ⟩ + sin(χ + θ − ϖ) ⟨ Bu ⟩} ⩽ lim

l→0
U � (120)

After some algebraic developments, the analytical expression of lim
l→0

U  is derived as:

	
lim
l→0

U = −p0 {cos(χ + θ − ϖ) λ [Υ1 cos ψ − Υ2 sin ψ] − sin(χ + θ − ϖ) [Υ3 sin ψ + Υ4 cos ψ]}� (121)

where parameters (Υi) 1⩽i⩽4 are defined in Appendix B. The value ψ∗ of ψ that achieves the maximum of above 
expression is equal to

	
ψ∗ = arctan

λΥ2 + Υ3 tan(χ + θ − ϖ)
−λΥ1 + Υ4 tan(χ + θ − ϖ) � (122)

Substituting (122) into (121) and taking into account (119), the necessary stability condition (117) can be 
reformulated as follows

	

γw sin(χ + θ − ϖ) iir(0) ⩽ γ′ sin (χ − ϖ) + γ [−kh cos (χ − ϖ) + kv sin (χ − ϖ)]

−p0 cos(χ + θ − ϖ)
√

{−λΥ1 + Υ4 tan(χ + θ − ϖ)}2 + {λΥ2 + Υ3 tan(χ + θ − ϖ)}2
� (123)

which should be satisfied for any values of the angular parameters ϖ and χ complying with conditions (106) and 
(112). In particular, adopting ϖ → θ and χ = ϕ yields:

	
γw iir(0) ⩽ 1

sin ϕ

(
γ′ sin (ϕ − θ) − Λ λ p0 − γ k∗ )

� (124)

where coefficients Λ and k∗ are defined as

	
Λ =

√ (
−Υ1 cos ϕ + Υ4

λ
sin ϕ

)2
+

(
Υ2 cos ϕ + Υ3

λ
sin ϕ

)2
� (125)

	 k∗ = kh cos (ϕ − θ) − kv sin (ϕ − θ)� (126)

Inequality (124) represents the necessary stability condition for the seabed under applied loading that can be 
derived from investigate class of failure mechanisms. It extends the results obtained by Dormieux et al.18 for a 
seabed with infinite thickness (i.e. d → ∞) under static conditions (i.e. kv = kh = 0). In that case, it can be 
shown that lim

d→∞
(Υ1, Υ2, Υ3, Υ4) = (1, 0, λ, 0) and the stability condition (124) reduces to

	
γw iir(0) ⩽ γ′ sin (ϕ − θ) − λ p0

sin ϕ
� (127)
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Geometrical interpretation of the stability condition
The necessary stability condition (124) derived in the context of the limit analysis kinematic approach allows to 
formulate an upper bound approximation Kc of the stability domain K defined in Eq. (14). For a fixed set of seismic 
coefficients (kh, kv) and soil to water unit weight ratio γ/γ′, it is convenient for the graphical representation to 
characterize the loading mode by means of two dimensionless components Q =

(
Q1 = λp0

γ′ , Q2 = γw
γ′ iir(0)

)
, 

so that inequality (124) is rewritten as

	
Λ

sin(ϕ − θ) Q1 + sin ϕ

sin(ϕ − θ) Q2 ⩽ 1 − γ/γ′

sin(ϕ − θ)k∗� (128)

and associated upper bound domain Kc is

	
K ⊆ Kc =

{
Q ; Λ

sin(ϕ − θ) Q1 + sin ϕ

sin(ϕ − θ) Q2 ⩽ 1 − γ/γ′

sin(ϕ − θ)k∗ ⩽ 0
}

� (129)

It is pointed out that the components of the loading Q can be interpreted as follows. Parameter Q1 = λp0
γ′  directly 

reflects the wave loading intensity, whereas Q2 = γw
γ′ iir(0) represents the action of seepage forces associated 

with the irreversible volumetric strains caused by the cyclic loading. The geometrical domain describing the 
set Kc in the plane (Q1 , Q2) is sketched in Fig. 17. The bounds Q+

1  and Q+
2  appearing in the latter figure are 

defined as

	
Q+

1 = sin(ϕ − θ) − γ/γ′k∗

Λ , Q2
+ = sin(ϕ − θ) − γ/γ′k∗

sin ϕ
� (130)

Referring to the plane (Q1, Q2), Kc represents the set of loads that are potentially withstand by the seabed, in 
the sense any loading lying outside this domain will certainly cause seabed instability.

In order to briefly illustrate de destabilizing effect induced by seismic loading, we consider the configuration 
of a horizontal seabed (i.e., θ = 0) with layer thickness d ∈ {0.25 L, 0.5 L, L, ∞} and soil friction angle 
fixed to ϕ = 30◦. The additional parameters required for computing coefficient Λ defined in (124) are given 
in Table 2. Neglecting the effect of vertical seismic coefficient on the seabed stability conditions (i.e., kv = 0), 
Fig. 18 emphasizes the reduction of domain Kc for increasing values of horizonal seismic coefficient kh. In 
particular, a loading that is potentially sustained by the bed under static conditions kh = 0, such as the loading 
represented be vector Q∗ in Fig. 18, will certainly cause seabed instability as soon as kh ⩾ 0.1 whatever the value 
of considered ratio d/L. The results of Fig. 18 also corroborates the fact that the Kc prediction strongly depends 
on the seabed thickness for d/L ⩽ 1, whereas it coincides with the prediction obtained for infinite depth layer 
as soon as d/L ⩾ 1.

Following a reasoning similar to that developed in Sect. 3 for purely cohesive soil mass, it is convenient for 
practical applications to characterize the set K of wave parameters (H, L, h) for which the seabed stability is 
ensured. It follows from expressions (4) defining the wave overpressure amplitude together with the kinematic 
approach (124) that

	
K ⊆ K+ =

{
(H, L, h) ,

H

L
⩽ k+ cosh 2π

h

L

}
� (131)

with

Fig. 17.  Schematic representation of the upper bound kinematic approximation Kc of stability domain in the 
plane (Q1, Q2).
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k+ = γ′ sin(ϕ − θ) − γwiin(0) sin ϕ − γk∗

Λ π γw

� (132)

The above definition of set K+ implicitly assumes that all quantities necessary for computing the dimensionless 
parameter k+ are prescribed. Additionally, the phenomenon of wave-breaking should also be considered by 
restricting to triples (H, L, h) belonging to the set H defined in (8). Referring to the plane (h/L, H/L), the 
upper bound estimate K+ of K as well as the set H are plotted in Fig. 19.

The intersection H ∩ K  represents the set of triples (H, L, h) complying with the necessary stability 
condition and that are physically allowable with respect to wave-breaking. As far as the seabed stability is 
concerned, the triples of (H, L, h) cannot be rigorously referred to as safe waves. Introducing the complement 
set K+ of K+, the set K+ ∩ H  represents therefore the triples (H, L, h) that are allowable with respect to 
wave-breaking but causing seabed instability.

Fig. 19.  Domain defining allowable linear waves in the plane (H/L, h/L) for granular soil.

 

Fig. 18.  Effect of the horizontal seismic coefficient on the upper bound estimate Kc in plane (Q1, Q2).
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Conclusion
The limit analysis reasoning has been implemented to investigate the stability of a seabed subjected to the 
combined action of water waves and seismic loading. The effects of water wave on submerged bed are addressed 
in the context of first-order Stokes theory by means of a periodic overpressure propagating along the sea floor 
surface. Following the standard approach adopted in engineering stability analyses, the concept of pseudo-static 
inertia forces is used to account for the inertial forces developed in the soil mass, presumably generated by the 
earthquake ground motion. The limit analysis problem governing seabed stability is handled within the context 
of total stress analysis, appropriate for clayey or low permeability silty soils, as well as in the framework of 
effective stress, which is relevant for granular materials.

In the case of a purely cohesive seabed whose strength capacities are described by a Tresca failure condition 
with depth-varying cohesion, total stress stability analysis is carried out by implementing static and kinematic 
approaches. The seabed stability conditions have been expressed in terms of loading parameters and alternatively 
in terms of allowable wave parameters.

For granular seabed soil masses, the stability analysis relies upon the formulation of limit analysis in the 
context of effective stresses, which requires to be able to properly evaluating the seepage forces associated with 
the gradient of excess pore pressure distribution generated in the soil mass by the cyclic wave action. Extending 
the simplified framework originally set up in Dormieux et al.18, the hydraulic gradient, which represents a 
fundamental loading component for the stability analysis, can be evaluated as the sum of a poroelastic fluctuation 
over the wave period and a drift term associated with irreversible soil densification under the shear cyclic wave 
loading. The numerical illustration showed that both the poroelastic and irreversible parts of seepage forces can 
significantly depend on the layer thickness d as long as the latter remains smaller than the wavelength L.

Once the simplified framework for evaluating the seepage forces is set up, the limit analysis kinematic 
approach has then been implemented by means of a class of virtual failure. The upper bound prediction based 
on the approach is clearly interpreted as a necessary condition for the seabed stability under applied loading. It 
appears from the formulation that the relevant loading parameter reflecting the effects of seepage forces is the 
value of irreversible hydraulic gradient along the seabed surface. The kinematic predictions implicitly depend 
on the seabed thickness since the distributions of poroelastic and irreversible hydraulic gradients are affected by 
this parameter.

A natural extension of the analysis to be foreseen in the future refers to the formulation of a static approach 
to obtain lower bound solutions for the stability of granular seabed soil mass. Such formulation is currently the 
object of ongoing research. Further developments should also account for the contribution of pseudo-static 
surface loading T d

a in the stability analysis. In the context of pseudo-static method, this can be by computing 
the corresponding rate of work 

´
Ω T d

a · U dΩ, which should be included in the expression of the rate of work 
Pext(U) performed by the external loads.

The deterministic pseudo-static analysis developed in the paper should be viewed as a preliminary approach 
to the seismic seabed stability. Among the limitations of such a simplified framework of analysis one may quote:

 

•	   Unlike dynamic response analyses that consider the whole acceleration time history (e.g58,59.), the pseud-stat-
ic approach cannot account for cyclic shear strength degradation, as well as the pore pressure generation/
dissipation induced by earthquake sequences.

•	   The deterministic seabed stability assessment disregards the inherent spatial variability of soil mass strength 
and permeability properties. It is recommended that such an approach be complemented by probabilistic and 
reliability-based stability analyses. In that respect, stochastic and probabilistic formulations that account for 
uncertainties in soil parameters appear suitable for more realistic and improved seabed stability analyses. In 
that respect, representative works on the topic include references58,60–65.

•	   The kinematic approach implemented in the seabed stability analysis relies, in both purely cohesive and 
granular soil mass, upon failure mechanisms defined by translational triangular wedges. Despite their sim-
plicity, such failure mechanisms have proven accurate for assessing seabed stability under static conditions, 
as they provide upper bound solutions that are close to the lower bound estimates47. However, seabed fail-
ure modes associated with earthquake loading, prescribed via acceleration time history, would likely involve 
more complex failure mechanisms than the translational triangular failure mechanisms. The idea to address 
this issue would consists in seeking the form of failure surface through minimization procedure of the sta-
bility condition, analogous to that developed in Ceron et al.69 for the stochastic stability analysis of slopes 
subjected to seepage forces. 

 

Data availability
The data that support the findings of this study are available from the corresponding author upon reasonable 
request.
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