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OPEN A novel univariate legendre

polynomial method for
probabilistic failure load prediction
In composite open-hole laminate

Mingxuan Li, Ben Yuan, Fugui Li, Yuan Fang & Xiaolei Zhu™*

A novel univariate Legendre polynomial method is proposed for probabilistic failure load prediction in
composite open-hole laminate based on the dimension-reduction method and Legendre polynomial.
The effectiveness of the method was verified by comparison with experimental results. The mean
prediction error was less than 3%, and the coefficient of variation of the prediction error was less than
15%, indicating that the new method can effectively predict the probabilistic failure load of composite
open-hole laminate. In addition, ULAM was compared with RSM and Kriging model to verify its
superiority. Given the same number of sample points, ULAM achieved higher prediction accuracy than
the other two models. Finally, the effect of the polynomial order on the prediction accuracy of ULAM
was investigated. If the order is too low, underfitting will occur. While increasing the order can improve
the prediction accuracy, an excessively high order leads to overfitting, which in turn degrades the
model’s performance.

Keywords Composite open-hole laminate, Legendre polynomial, Dimension reduction method,
Probabilistic, Prediction

The fiber-reinforced composite is widely used in aerospace, transportation and other fields owing to the
advantages of light weight, high specific strength, high specific stiffness, fatigue resistance and designability! .
In the actual application process, the composite structure is often necessary to open holes for the requirement of
structural function and connection between components. However, due to the uncertainty of the manufacturing
processes and material parameters, the mechanical properties of composite open-hole laminate are dispersed
moderately, which endangers the safety and reliability of the composite structure®. However, the traditional
safety factor method cannot quantify the probability of failure risk and is also difficult to fully tap the potential
of material performance. Probability analysis methods can directly quantify the failure probability of structures
under uncertainty, thereby providing a theoretical basis for reliability optimization design and achieving a
balance between safety and economy?®. Therefore, the probabilistic analysis method should be used to predict the
strength of the composite open-hole plate to guarantee its safety in actual application process”®.

Monte Carlo Simulation (MCS) is a well-established and frequently used technique for probabilistic analysis.
Wan et al.® predicted the damage progression and strength probability distribution of composite laminates
based on MCS. Lubritz et al.!® utilized MCS to investigate the influence of microscopic mechanical property
parameters on the tensile properties of composite laminated plates. The calculation results show that this
method is applicable to calculating the average and standard deviation of most linear material parameters of the
studied carbon fiber-reinforced polymer (CFRP). Tang et al.!! conducted a detailed probability analysis based on
multi-scale uncertainty propagation to quantify the failure probability of the design criterion relative to the static
damage initiation and the prestressed vibration resonance margin. The failure probability of the damage initiation
of the composite laminate was predicted using MCS. Mukherjee et al.!? studied the effect of material parameter
uncertainty on the design of laminated composite using MCS. However, MCS suffers from high computational
cost. To improve efficiency, scholars have adopted moment methods to solve uncertainty problems. Lin et al."3
studied the probabilistic failure of laminate composite plates based on the first-order second moment method.
However, even a small error in the probability density function will lead to poor accuracy. Surrogate models
were introduced for probabilistic analysis of composites to improve the calculation accuracy'®. Zhou and Haeri
et al.!>16 carried out the reliability and sensitivity of composite structures using the adaptive Kriging surrogate
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Fig. 1. The configuration of composite open-hole laminate.

Parameter Mean | Standard deviation | Distribution
Elastic modulus Ey 125 6.25 Normal
(GPa) E,,=E,, |8193 |0.40965 Normal
=V 0.3 - -

Poisson’s ratio 21

Vo3 0.4 - -
Shear modulus G,,=G,, | 3.307 | 0.16535 Normal
(GPa) G,, 3.151 | 0.15755 Normal
Tensile strength Xr 1600 | 80 Normal
(MPa) Y. =Z, 25 1.25 Normal

X, 592 |- -
Comprehensive strength (MPa)

Y=Z. |98 |- -
Shear strength $,=S; |53 2.65 Normal
(MPa) S5 38 |19 Normal

Table 1. Statistical characteristics of random variables.

model. Soares et al.!”!8 adopted response surface method to study the failure probability of composite plates

under low-velocity impact account for the uncertainties of material properties and initial impact velocity.
Carrere et al.!® studied the effect of the uncertainty parameter on the composite structure using response surface
method. When the surrogate models are used to deal with hig F' = G () = G (1, x2, - - - , Zr) h-dimensional
nonlinear problems, a large number of sample points are required to obtain higher prediction accuracy. Li and
Qiu et al.?*?! used a novel uncertainty analysis method based on the polynomial to assess the reliability of
composite materials, which lacked experimental validation.

In conclusion, the calculation accuracy of the existing probability analysis methods when dealing with high-
dimensional nonlinear problems is closely related to the number of sample points. Although the prediction
accuracy can meet the engineering requirements, the calculation cost is huge. Therefore, it is highly necessary
to establish a prediction model that requires only a small number of sample points without reducing accuracy.
In this paper, a probabilistic failure load prediction method for composite open-hole laminate was proposed
combining the dimension reduction method (DRM) and Legendre polynomial (LP). Considering the uncertainty
of material parameters, a univariate Legendre approximation model (ULAM) is established. To verify the
correctness of the model, static tensile experiments were carried out on composite open-hole laminates, and
the ultimate loads were obtained. The predicted results were compared with the experimental results to verify
the effectiveness of the method. In addition, a comparative analysis was conducted with the existing prediction
models, which proved that the proposed prediction model has certain superiority.

Probabilistic model of composite open-hole
The composite open-hole laminate is manufactured with carbon-fiber-reinforced composite material. The
overall size of the composite open-hole laminate is 200 mmx36 mmx3.6 mm. A perforation with a diameter of
6 mm is located at the center of the plate, as shown in Fig. 1. The fiber layer order is [45/0/-45/90]2s.

Due to the complexity of the preparation process, the mechanical properties of the composite open-hole
laminates have a certain dispersion. If the factors affecting the ultimate load are taken as random variables, and
the ultimate load is taken as the response value, the structural response function can be expressed as:

F=G(x)=G (z1,22, - ,Tn) (1)

whereFistheultimateloadofGo = G(u)x = (z1, z2, - - , n)open-holelaminateundertp= (p1, p2, - -+ , tin)
ensile, x,is the random variable.

In this paper, the fiber parameters are taken as random variables, with the statistical characteristics shown
in Table 1. All random variables are first assumed to follow normal distributions with setting the coeflicients of
variation equal to 0.0522,
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Dimension reduction method
The structural response function G(x) consists of n-dimensional random variable, as a continuously differentiable

real-valued function, which can be expressed as a sum of lower-order functions in an increasing hierarchy?*-2°.

w):G0+ZGi(CEi)+ Z Gij(xs, ;) + -+
i=1

1<i<jsn (2)

Z Gzlzz (m7,17I7,27"' ,Iik)+"'+G124.4n(l’1,1’2,"' wrn)

1<i1 < <ip<n

where G is the zeroth-order effect, which is a constant, and the first-order component function G(x)gives the
independent contribution to F by the i-th random variable acting alone, the second order component function
G, (%, x) gives the pair correlated contribution to F by the random variables x; and x, etc. The last term G,
(x X,-.+» X,) contains any residual n-th order correlated contribution of all random variables.

Based on the theoretical method of center point dimensionality reduction?, each sub-function of Eq. (2) is
expanded at a specified point, and each sub-item expression after expansion is:

Go = G(p) 3)
Gl(il):G(:u’h s Mi—1, Tiy i1, 7””)_G0 (4)
Gij($i,$j) = G(/‘le Ct y Hi—1, Tiy Hi 1yttt =15, Ty H 410t Hu”) - (5)
Gi(z:) — Gj(x;) — Go
Giji(wi, x5, 0k) = G (p1, pa, -+ Tiy Tjy They -+ i) — Glij (@i, x5)—

Gir(wi, zr) — Gjk(@), T)— (6)

Gi(z:) — Gj(z;) — Gr(zr) — Go

G124.4n(a:1,x2,~~ ,xn):G(m)fGof Z Gl(xl)f Z Gij(.%i,wj)*

1<i<n 1<i<j<n (7)

T § Gijigeip_y (‘rhaxizv"'win—l)

1<i1 < <ip 1<

Where G(u) = G (p1, pi2, - - -, fin) is a constant calculated at the mean value of each random variable.

For a continuously differentiable function, the calculated value of the higher-order terms of Eq. (2) is much
smaller than the lower-order terms and can be ignored. Therefore, the function in Eq. (2) is only reserved for
the first-order item. The univariate dimensionality reduction expression of the structural response function is
obtained as:

F =G (z1,22,  ,Zn ZGZEZ (n —1)Go (8)

By transforming the n-dimensional function into the sum of one-dimensional functions, the computational cost
of the structural response function is effectively reduced.

Univariate legendre approximate model
The first-order function G(x,) of Eq. (8) can be represented by LP. Since LP is included in [-1,1], the value of
random variable xi are first determined according to the three-sigma (30) rule”: x€la,b], a,= y~30, b, = . +
30, (i = 1,2,...,n), where y, is the mean value of x,, and ¢; is the standard deviation of X, "The variable x. E[a b, ] is
converted to [-1,1], by the following expression:

2x; — (CLi + bl)

=" T i —=1,2,-,n )
bi—ai

For univariate function G(x)), x,€[a,b ], Using LP to approximate G(x,), the ULAM can be obtained as?8:
G (z:) ~ ZC”L (t:) (10)

where C denotes LP coefficients, L]( )is LP.
IfL (t) is used to represent the 71- dlmensmnal LP, L (t) can be defined as:

nl d*(—1)"
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The recurrence relation of LP can be written as:

Li(t)=1 (12)
Ly(t) =t
(13)
. 2n +1 n
Lnyi(t) = 1 (t) anfl (t) (14)
C,jcan be calculated by the Gauss-Legendre integration formula?®:
2n41 [! 2 + 1
Gy =250 [ Lo s @ =2y Ak ) £ () (15)
-t =1
! L (1) 2
Al:/ = dt = A=1,2,---,m 16
N L R T & 1o

where m is the number of interpolation points (m=n+1), t, is interpolation point, and f(t)) is the ultimate load
value at the interpolation point. The interpolation points are the zeros of the LP of degree n+ 1. The structural
response of the interpolation points is obtained through finite element calculation.

The ULAM of the response function can be obtained as:

n k
F=G(araz o) =) Y CyLs (k) — (n—1)Go (17)

i=1 j=0
The computational algorithm for the ULAM is show as Fig. 2.

Finite element analysis
Composite open-hole laminates are modeled with 3D solids, and each layer is individually given material
orientation according to the layer order. The finite element model of composite open-hole laminate is shown as
Fig. 3. The mesh is refined for the open-hole part to improve the accuracy of the calculation results, and the mesh
type is a 3D solid linear reduction integration unit (C3D8R). One end of the laminate is fixed, and the other end
is loaded with displacement load, and the loading displacement is 10 mm.

It is analyzed for progressive damage by ABAQUS/Explicit. Based on 3D Hashin damage initiation
criterion®*¥ and Chang-Chang damage extension criterion®’, a user subroutine for ABAQUS is written to
calculate the tension strength of composite open-hole laminate.

Structure response function DRM

i G("‘I [ T X”) G, =G(u) Fach sub-function expands at the mean point
“The sum of lower-order [unctions
G (x)= G(iul"“’luﬂ =xn/l:+1""~:“n)_ G,
F=G(x)=G, +ZG (x)+ Z Gy (%, X))+ +
I<isjen ' Gy (55%)) = G 10+ s Tys My Byys X s P+ ) =
Z s (i XX ) He e 1 G (300X, X,) G (x)-G,(x)-G,

T

Only retain up to the first-order sub-
items

The solution can be obtaincd Calculate the univariate dimensionality reduction expression of
without resorting 1o multiple
integrals structure response function

v F=G(x,% %)= Y G(x)-(1-1)G,

Legendre polynomial fitting

& ‘ Calculate the first-order function G(x;)

(x)~ £(1) Z‘u i

2’]+IZA1L,,

F=G(x.%,,,x,)=Y > C,L(1)-(n-1)G,
i=1 j=0

C,

2n+1
21 (1) £ (e =

Al (r—fm (I)d’:(l—ff)[lf,(t,)]z’

Fig. 2. Computational algorithm.
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Fig. 5. Experimental device.

Specimens and experiments
Sample Preparation
In order to conduct experimental research on the probabilistic strength of composite open-hole laminate and
further verify the correctness of the proposed probabilistic model. 22 samples were made with reference to
ASTM D 5766/D 5766 M-11.

The composite laminate is made of T300 carbon fiber unidirectional cloth and epoxy vinyl resin. The
preparation process is vacuum assistant resin infusion process (VARI), as shown in Fig. 4 (a)-(c). The prepared
composite laminates were subjected to hole-opening, and the final samples obtained are shown in Fig. 4 (d).

Experimental method

The composite open-hole panels were subjected to tensile tests using an MTS 311.32 testing machine (MTS
System Corp, Eden Prairie, MN, USA) to obtain the tensile strength. The loading method is displacement
loading, and the loading speed is 1 mm/min. The sample is clamped as shown in Fig. 5.

Results and discussion
Model validation
Static tension experiments were conducted on twenty-two composite open-hole laminates, and the ultimate
loads value are shown in Fig. 6; Table 2. The mean value and standard deviation of the ultimate loads are
46.349kN and 2.764kN, respectively.

Figure 7 shows the comparisons of predicted and experimental CDEF. The results show that the experimental
test results are all quite near to the expected curves. Among these, the prediction curves derived using ULAM
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Fig. 6. Static tension experimental results. (a) Load-displacement curves of composite open-hole laminate, (b)
The ultimate loads distribution of composite open-hole laminate.

no. | Ultimate load/kN | no. | Ultimate load/kN | no. | Ultimate load/kN | no. | Ultimate load/kN
1 48.642 7 | 46.329 13 | 45.871 19 |50.282

2 47.871 8 |46.963 14 | 49.176 20 | 39.514

3 45.014 9 | 46.807 15 | 45.446 21 (47771

4 48.776 10 | 46.963 16 | 48.694 22 | 48.687

5 43.925 11 | 40.595 17 | 46.098

6 45.383 12 | 48.472 18 | 42.404

Table 2. Experimental results for the composite open-hole laminate.
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Fig. 7. Comparisons of predicted and experimental CDE.

are more similar to the experimental data. Table 3 compares the mean and standard deviation forecast findings
with experimental data. The mean prediction errors for all three models are less than 3%, with the Kriging model
having the least prediction error and ULAM having the greatest prediction error. In terms of the coefficient
of variation (CV), the ULAM model achieves the lowest prediction error at 14.88%, while both the RSM
and Kriging models exhibit errors exceeding 40%. Furthermore, the order selected by ULAM is 6. There are
77 sample points required. With the same amount of sample points, a full comparison of the three models’
prediction errors reveals that ULAM has a greater prediction accuracy than the other two models. As a result,
the approach presented in this study may be used to reliably forecast the mean and CV of the ultimate load of

composite open-hole laminates.
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ULAM RSM Kriging model
Experiment | Predict | Error/% | Predict | Error/% | Predict | Error/%
pr/kN 46.349 47.350 |2.16 46.708 | 0.77 46.485 | 0.29
CV (%) 5.963 5.076 14.88 3.490 41.47 3.488 41.52
Sample point |/ 77 77 77

Table 3. Errors of the mean values and standard deviations for the prediction results. Whereyi ris mean, CV is
coefficient of variation.

[~y

48.0 Prediction error
: — — Experiment

The mean values of ultimate loads/kN

5 6
Order

Fig. 8. Comparison of mean value prediction accuracy for different orders.
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Fig. 9. Comparison of standard deviation prediction accuracy for different orders.

Influence of order on the accuracy of ULAM
Since the order of ULAM will affect the fitting accuracy, the effect of different orders (3th-8th) on the prediction
accuracy was explored.

Figures 8 and 9 show the comparison of the prediction results of ULAM with different orders for mean and
variance, respectively. According to Figs. 8 and 9, it can be seen that the order of ULAM has a non-monotonic
effect on the prediction accuracy, and the prediction errors of the mean and variance show an overall trend of
decreasing and then increasing as the order increases. When the order is low (3th-4th), the prediction effect of
the ULAM is poor, indicating that too low order will lead to underfitting. When the order of ULAM is greater
than 4, the prediction accuracy of ULAM increases with increasing order. That is, the increase in the number
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Order

3 4 5 6 7 8
P Experiment | P E/% | P E/% | P E/% | P E/% |P E/% | P E/%
pr/kN 46.349 45571 | 1.68 | 48.214 |4.02 |46.842 | 1.06 |47.350 | 2.16 |44.961 |0.25 | 30.942 |2.99
or/kN 2.764 1.5617 | 43.50 | 2.1621 | 21.78 | 1.8268 | 33.91 | 2.4036 | 13.04 | 3.2221 | 17.49 | 3.8876 | 15.57
Sample point | / 45 55 67 77 89 99

Table 4. The prediction accuracy comparison of different orders. Where P is Predict, E is Error.

of sample points can improve the prediction accuracy of ULAM. If the order is too high (8th), overfitting will
occur, resulting in a decline in the prediction accuracy of the ULAM. That is, high order polynomials can lead to
overfitting, resulting in poorer generalization of the predictive model.

Table 4 presents a comparison of the prediction accuracy of different orders. According to Table 4, the
increase of order for ULAM will improve the prediction accuracy of the model. However, the increase in order
leads to an increase in the number of computational sample points, which results in a huge computational cost.
For example, when the order of ULAM is increased from 6th to 7th, the prediction accuracy of the model has
some improvement, but the improvement is limited, on the contrary, the computational cost increases by 16%.
Therefore, it is essential to select an appropriate order to solve the uncertainty problem of composite open-hole
laminate.

Conclusions

A probabilistic failure load prediction method for composite open-hole laminate was proposed combining
the dimension reduction method and Legendre polynomial. The predicted results were compared with the
experimental results to verify the effectiveness of the method. And it is compared with two commonly used
agent models to verify the superiority of the model. The errors of the results are all less than 15%, indicating the
new method can effectively predict the ultimate load value of composite open-hole laminate with probability.
The fitting accuracy of ULAM is related to the order. If the order is too low, underfitting will occur. Increasing
the order can improve the prediction accuracy of ULAM. If the order is too high, overfitting will occur, resulting
in a decline in the prediction accuracy of the model. In the process of practical application of engineering, it is
necessary to take into account the calculation accuracy and calculation cost and reasonably select the order of
ULAM.
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