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An analytical study for predicting
incipient motion velocity of
sediments under ice cover

Hongchun Luo*?2, Honglan Ji%*?*“, Zijian Chen?, Bin Liu%, Zhongshu Xue? & Zhijun Li3

This study investigates the critical impact of incipient sediment motion on sediment transport
estimation and riverbed evolution prediction. In this research, we examine the effects of ice cover on
the vertical distribution of flow velocity, establishing a mathematical relationship between the vertical
average flow velocities in open channel and ice-covered flows. This leads to the derivation of a formula
for incipient motion velocity under ice cover. Additionally, the study analyzes the riverbed evolution
process under ice jam conditions. The proposed formula is applicable to both open channel and ice-
covered flows, effectively capturing the characteristics of incipient sediment motion for non-cohesive
and cohesive sediments. The calculated incipient motion velocities closely align with the empirical
data from existing literature. The study reveals that the roughness of ice cover significantly influences
the incipient motion velocity of sediment, with higher ratios of ice cover roughness to riverbed
roughness promoting sediment initiation under more favorable hydraulic conditions. Furthermore,
the riverbed beneath ice jams experiences significant scouring. Field observations indicate that when
ice jams form in localized sections of the river, the displacement of the main flow can substantially
increase flow velocity in areas away from the ice jam, leading to scouring in non-ice-jammed areas

and sedimentation in ice-jammed areas. The uneven distribution of ice jam is likely a critical factor
contributing to discrepancies between theoretical predictions and observed outcomes. The complexity
and limited data associated with the initiation of cohesive sediments pose challenges in validating the
proposed formula for these sediment types.
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List of symbols

Fp The drag force of flow

Fr, The lift force of flow

17,74 The gravitational force of the sediment

N The cohesive force

Cp The coefficients of drag force

Cr The coefficients of lifting

d Sediment size, it typically represents the median grain size
di A reference particle diameter selected for comparison with the sediment particle diameter
p The sediment density

Ps The sediment density

5 The specific weight of water

s The specific weight of sediment

a1 The area coeflicients of the sediment in the flow direction

as The area coeflicients of the sediment in the vertical direction
as The volume fraction coefficient of the sediment

N A coeflicient

g The gravitational acceleration

h The water depth in ice covered channel

H The water depth in open channel
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H, The height of the water column corresponding to atmospheric pressure
s An exponent
Kid The force arms of the forces Fip
Kod The force arms of the forces F,
Ksd The force arms of the forces W
Kad The force arms of the forces NV
Y Characteristic height
Ye The critical height at which the flow acts on the sediment
Ue The incipient sediment motion in ice-covered flow
Uc,meseared The measured incipient motion velocity in ice-covered flow
Ue,calculated The calculated incipient motion velocity in ice-covered flow
U. The incipient sediment motion in open channel flow
Um The max vertical velocity in ice-covered flow
hy The height from the riverbed in bed zone
U The vertical flow velocity at any water depth in open channel flow
u; The vertical flow velocity at any water depth in ice zone
up The vertical flow velocity at any water depth in bed zone
U The vertical average flow velocity in open channel
u; The vertical average flow velocity in ice zone
Uy The vertical average flow velocity in bed zone
m The velocity distribution exponent in open channel flow
my The velocity distribution exponent of the ice zone
mp The velocity distribution exponent of the bed zone
The hydraulic radius in open channel flow
R; The hydraulic radius of the ice zone
Ry The hydraulic radius of the bed zone
J The energy slope in open channel flow
Ji The energy slope of the ice zone
Ty The energy slope of the bed zone
n; The ice cover roughness
ny The riverbed roughness
Ne The comprehensive roughness
AZ The water level difference between upstream and downstream
Az The distance between upstream and downstream
A The flow cross-sectional area
Q The discharge
B The average width in ice covered flow
h The average water depth in ice covered flow

In the higher latitudes of the Northern Hemisphere, over 60% of river systems experience seasonal ice cover
during the winter months'. The presence of ice significantly alters the flow dynamics, which in turn modifies
the processes of sediment transport and riverbed morphodynamics®>. Despite the substantial influence of
river ice on sediment transport and channel evolution during winter, this impact is often underappreciated.
This oversight stems from the typically diminished discharge rates during the freezing period, coupled with the
reduced flow velocity and diminished bed shear stress beneath ice cover, which collectively result in a significant
decrease in sediment transport rates. Experimental data derived from flume studies reveal that, under ice
cover, the transport rates of both suspended sediment and bedload can be reduced by up to 95% relative to
comparable conditions in open channels®~°. Consequently, research has predominantly focused on the breakup
period, during which the movement of river ice exerts the most dramatic effects on sediment transport and
channel changes!®!!. Nonetheless, even during periods of low discharge, specific ice regimes, such as ice jams,
can still induce high rates of sediment transport'2. Additionally, phenomena such as anchor ice formation and
its subsequent release can mobilize substantial amounts of sediment, including larger particles such as cobbles
that may remain stationary under open channel flow conditions'*~'°. The incipient sediment motion under these
ice regimes can result in substantial scouring of the riverbed and bridge piers, with significant implications for
both aquatic ecosystems and the structural integrity of hydraulic infrastructure. These effects are particularly
pronounced in areas affected by ice jams!'®13. Therefore, it is crucial to quantitatively evaluate the onset of
sediment motion under ice cover to enhance predictions of riverbed evolution during the freezing period.

The processes governing sediment transport under ice cover and their impacts on riverbed erosion and
deposition remain poorly understood, primarily due to the challenges posed by harsh winter conditions,
limitations in monitoring technologies, and gaps in theoretical frameworks. Existing research has predominantly
focused on the dynamics of suspended sediment transport beneath ice cover. It is generally accepted that
sediment concentrations are significantly lower during the freezing period compared to ice-free conditions.
Conversely, during the breakup period, suspended sediment concentrations can increase markedly, potentially
exceeding levels observed during peak flood events!®!21%20, Therefore, during the stable freeze-up period,
riverbed evolution is predominantly driven by bedload transport. Two fundamental methods for quantifying
incipient sediment motion are critical shear stress and critical velocity, both analyzed through the lens of
sediment stability mechanics. Critical velocity is often preferred in field applications due to its practicality and

ease of measurement, as it is based on the vertical average flow velocity®"?%
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While extensive research has been conducted on the incipient motion velocity of sediment in open channel
flow, covering a range of sediment types and conditions—including uniform and non-uniform sediments,
cohesive and non-cohesive sediments, and the influence of vegetation?*%%. Similar advances have not been
made in understanding incipient sediment motion under ice cover. The complexity of incipient sediment
motion processes necessitates laboratory-based experiments to determine the hydraulic conditions required for
sediment transport. Through model testing?’, derived a formula for incipient motion velocity of sediment under
ice cover using dimensional analysis, concluding that the presence of ice lowers the location of the maximum flow
velocity, thereby making incipient sediment motion more likely. Mathematical models that simulate bedload and
suspended sediment transport, as well as riverbed deformation under the influence of river ice, underscore the
importance of accounting for ice effects in studies of sediment transport and riverbed morphological changes in
alluvial rivers?®??. Under specific ice regimes, such as ice jams, the formation and release of the jam can induce
significant scouring of the riverbed, indicating that ice jam facilitate the incipient sediment motion!”-**-3%, While
these studies have enhanced our understanding of sediment transport and riverbed evolution under ice cover,
they have not provided a comprehensive quantitative expression for incipient motion velocity of sediment under
ice cover, nor have they fully elucidated the dynamic mechanisms by which incipient sediment motion during
freezing period influences riverbed evolution.

From a mechanical perspective, analyzing the forces acting on sediment particles to derive conditions for
incipient sediment motion is a widely employed approach in sediment transport studies®>. Whether in open
channel or ice-covered flows, the distribution of forces acting on bedload sediment remains fundamentally
unchanged. Thus, as long as the flow velocity reaches the critical threshold, incipient sediment motion will occur.
For identical sediment particles, the critical velocity required for initiation remains consistent, with the presence
of ice primarily altering the vertical distribution of flow velocity, thereby affecting the vertical average velocity
and the velocity directly influencing bedload sediment*®. In quantifying the threshold for incipient motion
velocity, the near-bed flow velocity acting on the sediment is challenging in practical applications. Substituting
vertical average flow velocity is advantageous as it enhances experimental operability and facilitates data
acquisition. Building on this logical framework, we conduct a force analysis of bedload sediment and establish
a mathematical relationship between flow velocities in open channel and ice-covered flows. This relationship
is used to derive a formula for incipient motion velocity of sediment under ice cover, which is subsequently
validated using experimental data from existing literature. Additionally, the study provides an explanation for
the riverbed evolution process in ice-jammed area, aiming to reveal the dynamic mechanisms through which
sediment transport during the freezing period influences riverbed evolution.

Theory
Forces and incipient motion velocity of sediment
Under ice-free and ice-covered conditions, the vertical distribution of flow velocity exhibits distinct patterns,
which significantly influence the incipient motion of sediment. Assuming a uniform sediment distribution
on the riverbed and a rolling initiation mechanism, a force analysis of the bedload sediment particles can be
conducted, as illustrated in Fig. 1.

The forces driving incipient sediment motion include the drag force of flow (Fp) and the lift force (FT,), while
the force resisting incipient sediment motion is the gravitational force of the sediment (7). The corresponding
expressions are as follows?%:

ice cover

river bed

ice zone
h
bed zone |;

F_D, r,
N/TlW = N/TlW
F, F,

Fig. 1. An analysis of vertical flow velocity and sediment forces in a river.
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where Cp and C'r, are the coefficients of drag force and lifting, respectively; d is the sediment size; v and s are
the specific weight of water and sediment, respectively; a1 and a2 are the area coeflicients of the sediment in the
flow direction and the vertical direction, respectively; as is the volume fraction coeflicient of the sediment, when
the sediment particles are approximated as spheres, az = 7/ 6; g is the gravitational acceleration; and U is the
vertical flow velocity at any water depth in open channel flow, when the velocity acts on sediment particles, it
represents the instantaneous flow velocity acting on the sediment.

When dealing with cohesive sediments, it is essential to consider the cohesive force (V) between sediment
particles, which is one of the primary forces resisting incipient sediment motion. Due to the complexity of the
origins and mechanisms of cohesive forces, there is no consensus on a single approach to quantifying these
forces, leading to the development of various theoretical formulations®>. Here, we refer to the approach of?2,
which posits that the cohesive force is related to the thickness of the voids between sediment particles, the
horizontal projection area of the particles, and the vertical pressure exerted on the particles. The expression for
the cohesive force is given as follows:

N:a47d2(%)5(HG+H) (4)

where a4 is a coefficient, d; is a reference particle diameter selected for comparison with the sediment particle
diameter, H is the water depth in open channel flow, H, is the height of the water column corresponding to
atmospheric pressure, and s is an exponent.

Considering that after the formation of ice cover, the atmosphere no longer directly contacts the water
surface, making it challenging to directly determine the vertical pressure on the sediment particles, the vertical
pressure is still calculated based on a water column height of 10 m, similar to the conditions in open channel,
ie., Hy, =10 m.

Based on the above results, the moment equilibrium equation for the critical conditions of incipient sediment
motion can be established as follows:

Ki1dFp + KodF, = KsdW + K4dN (5)

where K1d, K2d, K3d and K4d represent the force arms of the forces Fp, F, W and N, respectively.
Substituting Egs. (1)-(4) into Eq. (5) and simplifying, we can obtain:

2K3as Ps —p Kjay (d1)s
Ue = - d+ —) 9g(Ha+H (6)
KiCpai + K2Craz \/{ p g Ksasz \ d 9( )

where the subscript ¢ denotes the critical initiation condition.
The vertical distribution of flow velocity in open channel flow is expressed as follows:

where Us, is the vertical maximum flow velocity in open channel flow, y is the height form the riverbed, m is
the exponent of velocity distribution.
According to the principle of equal areas, we derive the following:

HU:/OHUm<;/I>mdy (8)

where U is the vertical average flow velocity in open channel flow.
Then, it can be obtained that:

T(+m)=0Un 9)

By substituting Eq. (9) into Eq. (7), the vertical flow velocity distribution in open channel flow can be expressed
as follows:

U:Um<%)m:ﬁ(1+m) (%)m (10)
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Substituting the vertical average flow velocity for the incipient motion velocity of sediment, and assuming an
exponential distribution for the flow velocity profile, as indicated in Eq. (10), and taking the characteristic height
y = ad, and then integrating into Eq. (6):

UC—C’1<Z>m-\/[psppgd—FCz(CS)sg(ha—FH)] (11)

_ 1 / 2K3a3 _ Kasay - e .
where C1 = TFmyam \/ FiCpar1 tkaCras’ Ch = Royag> Tis the velocity distribution exponent in open

channel flow.

Calibrated using the empirical data from previous study22, Cy = 1.34, C2 = 0.00000496, s = 0.72,
m = 1/7, with sediment density taken as ps = 2650kg/m?, water density as p = 1000 kg/m?, and the
gravitational acceleration g = 9.8 m/s?, the parameter values are substituted into Eq. (11) and simplified.
Consequently, the formula for incipient motion velocity of sediment is derived as follows:

(12)

10+H>1/2

HA\YT
U, — (7) (29.04d+0.000()00605 o7

d

The relationship between the vertical average velocities in open channel and ice-covered
flows

According to Einstein’s hypothesis, the entire flow cross-section is partitioned into an upper ice zone and a
lower bed zone, with the plane of maximum velocity demarcating the boundary between these two zones*®. The
vertical flow velocity distribution is assumed to satisfy three key conditions: (1) the velocity distribution within
both the ice zone and the bed zone adheres to an exponential profile; (2) the vertical average flow velocities in the
ice zone and the bed zone are equivalent, w; = Uy; and (3) the energy slope in both the ice zone and the bed zone
is also equal, J; = Jp38. The vertical flow velocity distribution under ice cover is illustrated in Fig. 1.

Based on the partitioning results (where subscripts i and b represent the parameters corresponding to the
ice zone and the bed zone, respectively), the vertical flow velocity in both zones adheres to an exponential
distribution. Therefore, the vertical distribution of flow velocity in the ice zone and the bed zone is expressed as
follows:

_ h—y\™
“““’”(hfhb) (13)
_ Y\
Up = Um, (h—b) (14)

where ., is the vertical maximum flow velocity in ice-covered flow, hs is the water depth in bed zone.
According to the principle of equal areas, similarly, the vertical flow velocity distributions for both the ice
zone and the bed zone can be obtained:

wi = T (1 + me) (:_‘gb) (15)
wp =T (14 ma) (h%)m (16)

Assuming that the sediment begins to move when the near-bed flow velocity reaches a certain threshold, the flow
velocities in ice-covered and open channel flows are considered equal. Equating Eq. (16) to Eq. (10):

te (1 4 mp) (z—i)mb:w(um) (yﬁ)m (17)

where u. = up, U, = U, u. and U, represent the critical vertical average velocities for incipient sediment
motion in ice-covered and open channel flows, respectively, both equivalent to the incipient motion velocity;
Ye is the critical height at which the flow acts on the sediment, typically taken as 2d/ 33>; the value of m for
open channel flow is given as 1/7?2, for ice-covered flow, exponents with two-power law distributions have been
partially studied®**°, but for exponential distributions, due to the scarcity of relevant studies, the value of m; has
not been clearly established. For simplicity, it is assumed that m = my. Therefore, we have:

v (B)" o (@)”L(@)l” (18)
U. \H) “\h) \h
This establishes the mathematical relationship between the incipient motion velocity in ice-covered and open
channel flows. The value of hy or the location of the point of vertical maximum flow velocity is affected by the
ice cover roughness.
According to the Manning formula:
1

m:;RiQ/sJil/Q (19)
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where R; and R} are the hydraulic radius of the ice zone and the bed zone, respectively; n; and n; are the
roughness coefficients of the ice cover and the riverbed, respectively.
According to the previous assumption, equating Egs. (19) to (20):

R; (E)S/Q (21)

Ry np

For wide and shallow rivers, the hydraulic radius can be considered equal to the water depth, thus R; = h — hy,
Ry, = hy, leading to the following relationship:

p- )]

Substituting Eq. (22) into Eq. (18), the relationship between the incipient motion velocity in ice-covered and
open channel flows is obtained as follows:

\3/2]"V7
=)
c b

By combining Egs. (8) and (23), h =~ H, the formula for incipient motion velocity in ice-covered flow can be
obtained:

1/7 1/2 \3/2] V7
Ue = h 29.04d + 0.000000605 10+4 (2 (24)
d d0.72 np

when the ice cover roughness (n;) is zero, the formula reduces to the incipient motion velocity for open channel
flow.

In this study, the calculation of n; and n, can be performed according to the following steps.

The comprehensive roughness n. is first calculated using the one-dimensional difference equation for steady
flow?”:

212 2
neQ Q™1

AZ = A$E2E10/3 + E Az (25)
where AZ and Ax represent the water level difference and distance between upstream and downstream,
respectively; A is the flow cross-sectional area; @) is the discharge; B is the average width; h is the average water
depth.

Then, n;, can be obtained based on the values determined for comparable open water conditions. According
to the Manning formula and the Darcy-Weisbach formula, we can obtain:

2p2/3 71/2
np = AR (26)
Q2
where R and J represent the hydraulic radius energy slope in open channel flow, respectively.
Finally, according to Belokon-Sabeneev’s comprehensive roughness formula, n; can be calculated*!:
n; = (2nc3/2 — nb3/2)2/3 (27)

According to Eq. (24), the larger the ratio of ice cover roughness to riverbed roughness (n;/ns), the smaller
the incipient motion velocity (u.). This observation is consistent with practical conditions: as the location of
maximum vertical flow velocity shifts toward the smoother side, an increase in ice cover roughness moves the
location of maximum vertical flow velocity closer to the riverbed, thereby increasing the near-bed velocity
and facilitating incipient sediment motion. This finding is aligns with the study by previous study?’. Ice jams,
characterized by high roughness, causes the location of maximum vertical flow velocity to shift toward the
riverbed.

Equation (24) further indicates that under the same conditions, the incipient motion velocity of sediment in
open channel flow is greater than that in ice-covered flow, and as the roughness of the ice cover increases, the
incipient motion velocity gradually decreases. Therefore, in ice-covered flow, the larger the ice cover roughness,
the lower the incipient motion velocity. This implies that in areas affected by ice jams, the hydraulic conditions
necessary for incipient sediment motion are more easily satisfied, rendering the riverbed more susceptible to
scouring and deformation.
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Validation of the Formula

The formula was validated using the experimental data from previous study®”. The experiments were conducted
in a recirculating flume with dimensions of 18.0 m in length, 0.50 m in width, and 0.60 m in depth, featuring
glass walls and a concrete bottom. The sheet ice cover was simulated using a floating foam panel, the foam
panels were modified by adding small wood pieces to create rough underside surfaces. The experiments were
conducted under prismatic, steady, and uniform flow conditions. Three types of non-cohesive sediment with
median grain sizes of 0.32 mm, 0.85 mm, and 1.32 mm were used. The ice cover roughness n; values were 0.0212
and 0.0347, and the riverbed roughness n;, values were 0.0109, 0.0128, and 0.0139. The estimation of n; and np
is determined according to the steps outlined in Egs. (25) to (27).

There were six Runs in total, each corresponding to a different roughness ratios between the ice cover and the
riverbed. The main data in this experiment are summarized in Table 1.

Using Eq. (24), the incipient motion velocity of sediment under ice cover was calculated for each Run. The
calculated values of incipient motion velocity were then compared with the measured values, as shown in Fig. 2.
Except for the Case4, where the calculated incipient motion velocity was slightly overestimate, the remaining
calculated values generally align with the measured values along the 45° line. Overall, the calculated incipient
motion velocities under ice cover agree well with the experimental results, validating the effectiveness of the
proposed formula.

To quantify the accuracy of the predicted incipient motion velocity of sediment under ice cover as determined
by the proposed model, error statistics for the six Runs are carried out and shown in Table 2.

The mean absolute error (MAE) is defined as the average value of the difference between the calculated and
measured incipient motion velocity under ice cover:

n
1 Z
MAE = E ‘uc,meseaﬂ‘ed,i — Uc,calculated,i

(27)
i=1
where n is the sampling number of the measured incipient motion velocity for each Run.
The mean relative error (MRE) is expressed as:
n
MRE = l Z Ue,meseared,i — Ue,calculated,i (28)
n Uc,meseared,i

i=1

Table 2. Error statistics of the incipient motion velocity of sediment for all Runs.

Based on the calculation results, the average MAE for all Runs of the incipient motion velocity of sediment
is 5.60%, and the average MRE is 0.013 m/s, indicating that the formula proposed in this study demonstrates a
high level of accuracy.

Discussion

The impact of the roughness ratio n,n, and water depth hon the incipient motion velocity of
sediment

According to Eq. (24), the relationship between the incipient motion velocity and sediment size was calculated,
and the results are shown in Fig. 3. Regardless of the roughness ratio (n;/ns), the incipient motion velocity
curve exhibits a pattern of first decreasing and then increasing as the sediment size increases. This indicates that
there is a minimum incipient motion velocity corresponding to the most easily initiated sediment size. When
h = 0.15 m, the most easily initiated sediment size (d.) is approximately 0.16 mm, when h = 3 m, d. increases
to about 0.20 mm. This indicates that as the water depth increases, the critical initiation size also increases. When
d < d., cohesive forces dominate, and the smaller the sediment size, the higher the incipient motion velocity.
Conversely, when d > d., gravity dominates, and the larger the sediment size, the higher the incipient motion
velocity, which is consistent with the principles of incipient sediment motion?>%.

Taking n;/ny = 1 as an example, when the water depth A = 0.15 m and the sediment size d = 0.16 mm,
the incipient motion velocity u. is 21.11 cm/s. When the water depth increases to h = 3 m, u. increases to
37.43 cm/s. This means that as the water depth increases 20 times, the incipient motion velocity increases by
approximately 1.8 times, indicating that under the same ice cover and riverbed conditions, the incipient motion
velocity rises with increasing water depth. Similarly, when the water depth and sediment size remain constant,
the incipient motion velocity also varies with changes in the roughness ratio. For a water depth of h = 0.15 m

Run |d(mm) | n n n/n,

i

Casel | 0.32 0.0109 | 0.0212 | 1.94

Case2 | 0.32 0.0109 | 0.0347 | 3.18
Case3 | 0.85 0.0128 | 0.0212 | 1.66
Case4 | 0.85 0.0128 | 0.0347 | 2.71

Case5 | 1.32 0.0139 |0.0212 | 1.53
Case6 | 1.32 0.0139 | 0.0347 | 2.50

Table 1. Experimental parameters for incipient motion velocity of sediment in ice-covered flow.
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Fig. 2. Comparison of the calculated and measured incipient motion velocities of sediment.

Run | Casel Case2 Case3 Case4 Case5 Case6 Average
MAE | 0.014m/s | 0.018 m/s | 0.014 m/s | 0.024 m/s | 0.003 m/s | 0.007 m/s | 0.013 m/s
MRE | 6.02% 8.46% 5.27% 10.39% 0.90% 2.56% 5.60%

Table 2. Shows that the proposed analytical model simulates the incipient motion velocity of sediment under
ice cover within 0.020 m/s accuracy as far as the MAE is concerned, whereas the MAE values for Run Case4
exceed 0.024 m/s. The MRE ranges from 0.90-8.46% except for Run Case4, whose MRE values reach up to
10.39%.

and a sediment size of d = 0.16 mm, when n;/n, = 1 increases to n;/ ny = 2 and n;/ny = 3, the incipient
motion velocity u. decreases from 21.11 cm/s to 19.28 cm/s and 18.02 cm/s, respectively, representing decreases
of 8.67% and 14.64%. This indicates that greater ice cover roughness results in a lower incipient motion velocity

The formula derived in this study is based on the incipient motion velocity formula by previous study®2 The
parameters of that formula were calibrated under shallow water depth conditions (A = 0.15 m). Given that the
water depth in natural rivers is significantly greater than that in model flumes, applying these parameters to
assess incipient sediment motion in rivers may impact practical applications. However, the physical principles
embodied in the formula remain valid; the greater the ice cover roughness, the more easily sediment is initiated,
consistent with the findings of previous study?’. Additionally, the formula indicates that even during the stable
freeze-up period with very low flow rates, significant bed sediment transport may still occur under specific ice
regime (e.g., ice jams), as noted by previous study'?. The rougher the morphology of the ice cover bottom, the

more pronounced the bed deformation, which is of great significance for predicting riverbed evolution in ice-
covered rivers.
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Fig. 3. Relationship between incipient motion velocity and sediment size: (a) Incipient motion velocity under
different roughness ratios at A = 0.15 m (b) Incipient motion velocity under different roughness ratios at
h=3m

Riverbed erosion in ice-jammed river

When n; is large, such as in the case of an ice jam, the hydraulic conditions for incipient sediment motion
become more favorable, leading to significant riverbed erosion. Observational data from the Inner Mongolia
section of the Yellow River indicate a strong correlation between the presence of ice jam and riverbed evolution.
Figure 4 shows the observed ice jam and riverbed topography at the Toudaoguai Hydrological Station cross-
section during the winter of 2013-2014. On January 1, 2014 (Fig. 4(a)), after a stable ice cover had formed, a
localized ice jam with a maximum thickness of approximately 2.2 m developed on the right side of the main
channel. The cross-sectional area of the ice jam accounted for about 3/7 of the flow area. The cross-sectional
shape of the main channel was roughly symmetrical on both sides, with the main flow of the river centered (from
station distance 500 m to 580 m). The maximum water depth was approximately 4.1 m, with the water depth
beneath the ice jam ranged from 0.3 m to 3.4 m.

From January 18 (Fig. 4(b)) to February 3 (Fig. 4(c)), the ice cover thickened, and the position of the ice
jam remained unchanged, but the cross-sectional area of the ice jam decreased, and the ice jam on the right
side disappeared. The main flow shifted to the left side, causing intense erosion on the left riverbed, with the
maximum erosion depth reaching 3.1 m at station distance 440 m. By February 22 (Fig. 4(d)), the ice cover had
continued to thicken, and the ice jam further shrank and deformed. The main flow remained on the left side,
causing significant downcutting in the channel between stations distance 380 m and 520 m, with an erosion
depth of 1.1 m at station distance 460 m. The original main channel (form station distance 540 m to 580 m)
experienced sediment deposition, with a maximum deposition thickness of 0.8 m. The area where the riverbed
elevation increased was also the main area where the ice jam accumulated. Erosion occurred in the right channel
of the ice jam, with an erosion depth of 1.3 m at station distance 720 m.

During the breakup period, on March 11 (Fig. 4(e)), as the temperature rose, the ice cover in the left channel
melted significantly, and the ice jam on both sides shrank simultaneously. During this phase, the main flow of the
river remained on the left side, with the maximum water depth still located at station distance 440 m, remaining
largely unchanged. The riverbed began to accumulate sediment overall, with a maximum elevation increase of
about 0.5 m on the left side and about 0.3 m of sediment deposition under the ice jam. By March 19 (Fig. 4(f)),
the ice cover on the left side completely melted, the ice jam continued to shrink, and the main flow remained
on the left side of the channel, although it showed a tendency to shift to the right. Some ice cover and an ice jam
about 1 m thick persisted on the right side of the channel. The riverbed saw significant sediment deposition, with
the maximum thickness of 1.6 m occurring beneath the ice jam.

The observed data at the Toudaoguai hydrological station cross-section reveals that after the river freezes,
irregularly shaped ice jams form under the ice cover. These ice jams gradually diminish over time, ultimately
disappear as the river thaws. The presence of ice jams forces the main flow towards areas free of them, resulting
in significant erosion and deposition adjustments within the cross-section. Slight deposition occurs beneath the
ice jams, while the main flow progressively shifts away from these areas, leading to erosion in the regions without
ice jam. As the ice jams gradually shrinks, the riverbed begins to silt up again, albeit at a slower rate. This process
is driven by the ice jams’ alteration of flow velocity distribution, which affects the incipient sediment motion.
The resulting bed deformation further redistributes flow velocity, influencing the erosion of the ice jams. As
the ice jams shrinks, there influence gradually weakens. The changes in riverbed topography within the ice jam
cross-section indirectly illustrate the pattern of increased ice jam leading to riverbed erosion; decreased ice jam
leading to riverbed deposition.

In the river cross-section where the ice jam is present, the riverbed generally exhibits erosion, aligning with
existing research findings**. However, due to the uneven distribution of ice jams in natural rivers, the high
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Fig. 4. The process of ice jam and riverbed topography evolution at the Toudaoguai hydrological station cross-
section during the winter of 2013 to 2014.

roughness generates substantial resistance, causing the main flow to shift. In areas without ice jams, the vertical
average flow velocity increases significantly, surpassing the threshold velocity required to incipient sediment
motion, thereby leading to erosion in these non-ice-jam areas. This phenomenon deviates slightly from the
conclusions derived from theoretical Eq. (24). If the entire river cross-section were covered by an ice jam,
meaning the cross-section was completely occupied by the ice jam, the roughness of the ice jam would directly
influence incipient sediment motion, reducing the required velocity and energy for sediment mobilization, and
resulting in overall riverbed erosion. This reflects the dynamic mechanism through which incipient sediment
motion under ice cover influences the evolution of riverbed.

Limitations of the formula

In deriving the formula of incipient motion velocity in this study, certain assumptions were made regarding
the flow velocity in both the ice-covered region and riverbed region. These assumptions are idealized and may
not fully represent actual conditions. The derived formula takes into account the effect of cohesive forces and
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assumes that the sediment initiate movement primarily through rolling. However, the experiments used to
validate involved non-cohesive sediment, and there is currently a lack of experimental data on the incipient
motion velocity of cohesive sediment under ice cover. Therefore, the applicability of the formula to the initiation
of cohesive sediment requires further consideration and verification in the future.

Additionally, the cohesive forces can significantly alter the mode of incipient sediment motion. While
non-cohesive sediment typically initiates movement through rolling or sliding as granular materials, cohesive
sediment may begin to move in a sheet or clump form under the influence of flow erosion?2. Currently, most
studies still treat the initiation of sediment under cohesive forces as the initiation of individual particles, which
often leads results that often deviate considerably from actual conditions. Meanwhile, the proposed formula in
this paper is specifically designed for prismatic, steady, and uniform flow conditions. It has not yet been validated
using sediment incipient velocity data from natural river channels. Therefore, its applicability remains limited
to prismatic, steady, and uniform flow conditions as well as physical model experiments. Future research should
further investigate the impact of changes in the mode of initiation on the movement of cohesive sediment,
strengthen the observation and validation of sediment incipient velocity under ice in natural river channels, and
enhance our understanding and ability to predict these dynamics.

Conclusions

Quantitatively expressing incipient sediment motion under ice cover holds great importance for predicting
riverbed evolution during winter. This study established a mathematical relationship between the vertical
average flow velocities for open channel and ice-covered flows, derived a formula for incipient motion velocity
of sediment under ice cover, and validated it with measured data. The formula is structurally simple, requires few
physical parameters, and the calculated results align well with the measured data, demonstrating its effectiveness.

The findings highlight the significant impact of ice cover roughness on incipient motion velocity, suggesting
that the hydraulic conditions for incipient sediment motion under ice cover become more favorable, particularly
during special ice regime such as ice jams, where sediment is more prone to initiate and lead to riverbed erosion.
The theoretical formula was further tested against observed riverbed evolution under ice jam conditions,
revealing that in natural rivers, ice jam tend to accumulate or distribute within localized areas of the channel.
The ice jam considerably increases flow resistance, causing the main flow to shift away from the ice jam, leading
to erosion in non-ice-jam areas, while slight deposition occurs in the ice jam area. The difference from the
theoretical formula is attributed to the uneven distribution of ice jams in natural rivers.

In conclusion, the riverbed cross-section affected by ice jams experiences increased roughness and altered
flow velocity, making incipient sediment motion and subsequent riverbed erosion more likely. Due to the lack of
experimental data on the incipient motion velocity of cohesive sediment, this study did not validate such cases.
Moreover, cohesive sediment affects the initiation mode, and the influencing factors for cohesive sediment are
more complex than for non-cohesive sediment, necessitating further consideration in future research.

Data availability
The datasets used and/or analyzed during the current study are available from the corresponding author on
request.
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