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To investigate the dynamic characteristics and safe operation speed threshold of metro train passing 
through curved bridge (CB) considering resilient wheels, the mechanical connection characteristics 
of rim and web are discussed firstly. Based on the train–track–bridge interaction theory, the coupled 
dynamic model of metro train-CB considering resilient wheels is established. Then, the vehicle–
bridge coupled dynamic characteristics under the excitation of long-short wave track irregularity are 
researched. Finally, from the perspective of dynamics, the safe operating speed threshold of metro 
trains passing through curved bridge considering resilient wheels (RW) is discussed. Results show that 
the vertical wheel–rail force of RW is reduced, but the lateral wheel–rail force is amplified compared 
with the solid wheels (SW). The vertical vibration acceleration of the wheel is reduced, but the lateral 
vibration acceleration is increased. It is recommended that the speed of metro trains running on curved 
bridge is not more than 60 km/h. The vehicle–bridge coupling dynamic response is aggravated with 
the speed and load of metro train. The vibration of the inner side of the curved bridge is greater than 
that of the outer side, and the vibration reduction effect of the RW on the inner side is more significant 
than that on the outer side. The RW has a vibration absorption effect on the wheel–rail vertical and the 
vibration of the curved bridge force within 40–140 Hz.

Keywords  Metro train, Resilient wheel, Curved bridge, Safe operation speed threshold, Vehicle–track–
bridge coupled vibration

Metro train is an economical and fast mode of transportation, which accounts for the highest proportion in 
urban rail transit. However, with the expansion of metro train lines, the proportion of viaducts is also increasing 
sharply, the vehicle–bridge coupled vibration problem can have a negative impact on passenger comfort and the 
living environment of residents along the line1. In order to improve the utilization rate of urban space, curve 
bridges have been widely used in urban rail transit because of their strong terrain adaptability2. The vibration 
of bridge structure is induced when the metro train running the elevated curved bridge, and the vibration of 
the curved bridge is transmitted to the metro train through the track system, the vibration of the metro train is 
intensified, the vehicle–bridge coupled vibration is formed3. The train–bridge interaction of metro train running 
on curved bridge is more complex than that on straight bridges. For instance, greater wheel–rail contact stress, 
wheel–rail dynamic response, rail corrugation and curve squeal are generated4–7. Residents near the metro 
train line will be disturbed by whole-body vibration and low-frequency noise, and the performance of precision 
instruments and the stability of ancient buildings may also be affected8. Moreover, because the characteristics of 
high mass center, strong inertia and long car body of the metro train, the vibration of the curved bridge is further 
aggravated at the action of centrifugal force when the metro train running on the curved bridge9. The safety, 
stability and comfort of metro train passing through the bridge are reduced through severe vibration, the service 
state and durability of the curved bridge are also affected, and even the risk of train derailment is induced10. 
Thus, the metro train-CB coupled vibration is particularly necessary to be discussed and suppressed.

In the process of studying the traditional vehicle–bridge coupled vibration problem, the influence of bridge 
curvature is usually ignored and the mechanical model of the curved bridge is simplified into a straight bridge, 
which may lead to significant deviation in the study of the dynamic response of the train–bridge coupled 
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system. Therefore, a reasonable and accurate mechanical model of curved bridge is urgently established. For the 
mechanical model of curved bridge, numerical analysis method and finite element method are generally used. 
Such as, Zhai11 improved semi-analytical approach for the vibrations of a Timoshenko curved beam is newly 
proposed based on the Chebyshev-tau method. The train–track–curve bridge coupled dynamics is established, 
and the accuracy and reliability of the scheme are verified, which shows that the coupled vibration response of 
the train is significantly different from that of the curved bridge and the traditional linear bridge, respectively. 
Virajan and Zeng et al.2,9 used the thin-walled box girder finite element method to numerically simulate a 
curved box girder bridge, which considers the degrees of freedom such as torsional warpage, deformation, and 
distortion warpage, and studies the response of different bridge lengths, speeds, and track irregularities to the 
bridge. Elias1 proposed the interaction in the radial and torsional directions of curved bridge, indicating that the 
lateral dynamic response of the vehicle–bridge coupled system is controlled by the centrifugal force generated 
by the curved bridge track when the curvature or speed is large. To ensure the simulation accuracy and improve 
the computational efficiency. In this paper, the finite element method is used to establish the mechanical model 
of the curved bridge, and the dynamic characteristics of metro train-CB coupled system are investigated.

As one of the vibration reduction measures of rail transit, the RW is embedded with rubber between the 
rim and the web. Relying on the characteristics of vibration reduction and vibration isolation of rubber, the 
wheel–rail interaction force is reduced. At present, it is widely used in rail transit systems such as trams with 
small and medium traffic volume, low speed, and small axle load at home and abroad12,13. Since the history of 
metro trains development in other countries is longer than that in China, other countries pay more attention to 
the environment and comfort, and have used RW on metro trains for a long time. At present, RW are basically 
used on pure ground lines or underground and ground mixed urban rail lines, there are also quite a few RW 
used on completely underground urban rail lines, such as the Madrid Metro in Spain and the Monterrey Metro 
in Mexico14,15. When metro train passes through curved bridge, the lateral wheel–rail force is intensified by 
the centrifugal force. The metro train with RW may induce the threat of wheelset derailment. Furthermore, the 
structure of RW is more complex than that of traditional SW, and the dynamic characteristics are aggravated. The 
development of RW is limited by metro trains with high speed and large traffic volume. The coupled dynamic 
characteristics of metro train-CB with RW under the action of inertial force are not distinct. and the safety of 
metro train passing through curve bridge considering RW should be paid more attention. Therefore, it is urgent 
to carry out research on the coupled vibration characteristics and operational safety speed thresholds of metro 
train-CB with RW.

The RW has three structural forms, such as shear type, compression type, and compression–shear composite 
type16. Thompson17 found that when the compression elastic wheel bears a large lateral force during driving, 
the compression RW dissatisfies the mechanical requirements of the wheel. Therefore, an improved Bochum54 
RW is proposed. Remington18 studied the mechanical properties of the rubber layer of the shear RW under the 
action of wheel–rail force. Since the compression–shear composite RW is mainly subjected to vertical pressure 
and shear bidirectional load, its rubber shape is V-shaped or W-shaped, and the radial stiffness and axial stiffness 
of the RW are controlled by the angle between the V-shaped or W-shaped. Therefore, the compression–shear 
composite RW is the mainstream development trend in small and medium-sized urban rail transit19.

To study the compatibility of RW in rail vehicles, multi-rigid-body dynamics is used to establish a metro 
train with RW. It is the current research trend to explore the dynamic characteristics and performance of RW 
in rail vehicles. Such as, Wen20 used the multi-body dynamics software SIMPACK to establish two models of 
the traditional model of the RW and the composite model of the RW, and studied the basic dynamic indexes 
such as the stability, stability and curve passing performance of the rail vehicle considering the RW. Hu XT21 
simulated the rubber of RW through one, four, and 20 uniform circumferential distribution force element. Tram 
dynamics models with RW are established, and the performance indexes of trams are studied. The tram with 
20 uniformly distributed force units simulating RW rubber has better running stability. Zhou22 regarded the 
rubber of the RW as spatial stiffness-damping element, so that the rim and the web have relative motion. Results 
show that compared with the traditional rigid wheel, the vibration of the web is significantly reduced in the 
medium and high frequency, the radial stiffness and axial stiffness of the RW are also proposed. On this basis, 
Xiao23 studied the dynamic response of the RW installed on the intercity train at the rail weld, and introduced 
the mass factor to analyze the influence of the rubber position on the rim acceleration and wheel–rail impact 
force. Tian24 found that compared with the rigid wheel, the RW can effectively suppress the vibration of the 
rim, tread, and web under the vertical excitation of the wheel–rail, and the vibration acceleration of the web 
is the most significant. Tian25 studied the influence of resilient wheelset wheel polygon effect on the stability 
and safety of vehicle operation. Results show that the resilient wheelset can effectively reduce the wheel–rail 
vertical force and restrain the wheel polygon. After 30 Hz, the inhibition effect of resilient wheelset polygon is 
more and more significant. Chen26,27 established a coupled dynamic model of the metro train-LSCSB (long span 
cable-stayed bridge) system with RW, studied the influence of RW on the dynamic characteristics of the metro 
train-LSCSB system, and optimized the stiffness and damping of the RW. The results show that the elastic wheel 
can reduce the lateral vibration of LSCSB in the range of 2 ~ 20 Hz. Holger28 studied the influence of the stiffness 
and damping of the RW on the vibration characteristics and stability of the subway. Kouroussis29 established a 
vehicle–track–soil composite model to study the mitigation effect of RW on railway ground vibration, indicating 
that vehicle dynamics has a certain influence on the occurrence of soil vibration waves. Therefore, the rubber 
of RW is usually regarded as spatial stiffness-damping to study the dynamic characteristics of the rail vehicle is 
the current trend.

However, few scholars have considered RW in metro train. The vibration reduction effect and compatibility 
of the subway train considering the RW on the curved bridge are studied. In addition, to further ensure the safety 
of metro trains with RW passing through small curve radius bridges, it is particularly important to limit the 
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running speed of metro trains. Therefore, it is necessary to carry out research on the coupled behavior of metro 
trains–curve bridges with RW and the threshold of safe running speed.

Based on the theoretical research of the existing RW, the mechanical connection characteristics between the 
rim and the web of the RW are first discussed, and the mechanical model of the RW is established. Then, based on 
the train–track–bridge interaction theory, a metro train–track–curve bridge coupled dynamic model with RW 
is established. Finally, the coupled vibration characteristics of metro train–track–curve bridge with RW under 
long-short wave combined excitation are studied. The vibration suppression characteristics and compatibility of 
RW on curved bridge are discussed. The safe operation speed threshold of metro train passing through curved 
bridge considering RW is explored, which provides theoretical suggestions for the mechanical design of RW and 
the operation of metro trains, as shown in Fig. 1.

Metro train-CB coupled dynamic model with resilient wheel
The metro train–curve bridge coupled dynamic model considering RW includes RW model, metro train model, 
track model and curve bridge model. At the same time, considering the wheel–rail relationship and the bridge–
rail relationship, the interaction between the metro train, the track and the long-span bridge is realized. For 
example, Fig.  2 is the metro train–curve bridge coupled dynamic model considering the RW, in which the 
resilient rubber is simulated by spatial spring-damping connection.

Resilient wheel sub-model
The RW is composed of rim, rubber, and web via inlaying rubber layer inside the SW. The vibration isolation 
characteristics of rubber are utilized, the wheel–rail interaction is reduced. The RW rubber layer between the 
rim and the web is achieved by stiffness and damping, as shown in Figs. 3, 4. Since the deflection rim relative to 
web are only set to prevent the rim from falling off when the metro trains start and brakes, it has no effect on the 
vibration dynamics30. Therefore, the behavior of metro trains through curved bridge is considered, the rubber 
layer stiffness and damping of rim and web only consider axial and radial directions, as shown in Fig. 4.

Mechanical equation of rubber layer of RW

Fig. 2.  Metro train-CB coupled dynamic model with RW. Image created using SolidWorks (Version: 2022), 
software provided by Dassault Systèmes (https://www.solidworks.com/).

 

Fig. 1.  Research method of coupled dynamic characteristics and safe operation speed threshold of metro 
train-track-CB with RW.
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where, FL/FR and NL/NR are creep force and normal force on the left/right wheel rims, respectively. FhL/FhR are 
left/right RW rubber suspension force. FfL/FfR are left/right primary suspension force. ML and MR are left/right 
wheel creep torque. lt is half of the fixed distance of bogie wheelset. Htw is the vertical distance between the center 
of mass of the f bogie and the center line of the wheelset. Krw and Crw are rubber of RW stiffness and damping 
respectively. Rt represents the radius of curvature corresponding to the center of gravity of the wheel on the 
curved track. x, y, z represent longitudinal, lateral, and vertical respectively.

According to the force analysis of RW and Newton’s second law, the vibration differential equations of rim and 
web are obtained.

(1) Rim vibration equation:

Fig. 4.  Force analysis diagram of RW.

 

Fig. 3.  Wheel structure characteristics: (a) Resilient wheel structure, (b) Sectional of solid wheel (SW) and 
resilient wheel (RW). Image (a) created using SolidWorks (Version: 2022), software provided by Dassault 
Systèmes (https://www.solidworks.com/). Image (b) created using Microsoft Visio (Version: Professional 2019), 
software provided by Microsoft Corporation ​(​​​h​t​t​p​​s​:​/​/​w​w​​w​.​m​i​c​r​​o​s​o​f​t​.​​c​o​m​/​e​n​-​u​s​/​m​i​c​r​o​s​o​f​t​-​3​6​5​/​v​i​s​i​o​/​f​l​o​w​c​h​a​r​
t​-​s​o​f​t​w​a​r​e​​​​​)​.​​​​
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(2) Web vibration equation:
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where mass, moment of inertia, stiffness and damping are expressed by M, I, K, C respectively, and the subscript 
markers r, w, b and c represent the rim, web, bogie and car body respectively. The parameters dw and d0 are 
half of the lateral distance of the primary suspension and RW rubber suspension is half of the lateral distance, 
respectively. The parameters rr and rw are radius of rim and web, respectively. a0 is half of the distance between 
the left and right wheel–rail contact points.

Metro train sub-model
Based on the vehicle–track coupled dynamic theory31, the dynamic model of metro trains with RW are 
established. The model includes a car body, two bogies, four resilient wheelsets, a wheelset to contain two rims, 
and two webs (web and axle as a whole), there are 11 rigid bodies in total. Each rigid body considers 6 degrees 
of freedom (DOF), including lateral movement, heaving movement, rolling, yawing, and rotation. Therefore, the 
metro vehicle sub-model has 66 DOF are shown in Table 1.

The primary suspension between the wheel and the bogie, and the secondary suspension between the 
bogie and the car body are connected by spring-damper. Figure 5 shows the dynamic model of the metro train 
considering the RW. Table 2 shows the symbols for various parameters of metro trains. Therefore, its dynamic 
equation can be expressed as:

	 MvẌv + CvẊv + KvXv = F v� (7)

where Ẍv, Ẋv, Xv are the metro train acceleration vector, velocity vector, and displacement vector, 
Mv, Cv, Kv are the mass matrix, damping matrix, and stiffness matrix of the metro train system, respectively. 
ø, β, Ψ represent longitudinal, lateral, and vertical angular displacements respectively. g, w, b, and c are subscript 

DOF Longitudinal movement Lateral movement Heaving movement Rolling Yawing Rotation

Carbody Xc Y c Zc ϕc ψc βc

Bogie (i = 1,2) Xbi Y bi Zbi ϕbi ψbi βb

Rim (j = 1–4) Xrj Y rj Zrj ϕrj ψrj βrj

Web (k = 1–4) Xwk Y wk Zwk ϕwk ψwk βwk

Table 1.  DOF analysis of the dynamic model of metro trains with RW.
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of rim, web, bogie, and car body. M and I are mass and moment of inertia. Kp, Ks and Cp, Cs are primary and 
secondary suspension stiffness and damping respectively.

Track sub-model
Rail is regarded as an infinite Euler beam supported by elastic discrete32. Therefore, the vibration equation of 
rail is expressed by

	
ErIr

∂4Zr(x, t)
∂x4 + mr

∂2Zr(x, t)
∂t2 = −

Nf∑
i=1

F fi(t)δ(x − xi) +
4∑

j=1

pjδ(x − xwj)� (8)

	 F fi = kp[Zr(xi, t) − Zb(xi, t)] + cp[
.

Z r(xi, t) −
.

Z b(xi, t)]� (9)

where ErIr is rail stiffness, Zr(x,t) is the dynamic displacement of rail, Zb(x,t) is the bridge displacement, Ffi is the 
i th fastener force, Nf is the number of fasteners, pj is the j th wheel/rail force, x is the i th fastener coordinate, kp 
and cp are the stiffness and damping of each group of fasteners.

curved bridge sub-model
The finite element method is used to simulate the curved bridge substructure model, and the vibration differential 
equation is

	 MbẌb + CbẊb + KbXb = Fb� (10)

Parameter Value Unit

Length between truck centers 15.7 m

Wheelbase 2.5 m

Diameter of rolling circle 0.42 m

Wheelset and axle box mass 1.86 t

Frame mass 4.28 t

Car body mass of empty-load, fully-load and over-loaded 21.64, 35.44, 41.20 t

Wheelset moment of inertia 1.036 t·m2

Frame moment of inertia 2.486 t·m2

Car body moment of inertia 1708.23 t·m2

Primary suspension stiffness 1.07 M·N/m

Secondary suspension stiffness 0.155 M·N/m

Stiffness of rubber layer 30 M·N/m

Damping of rubber layer 400 kN·s/m

Table 2.  Dynamic parameters of B- type metro train.

 

Fig. 5.  Dynamic model of metro train considering RW. (a) End view of the metro train, (b) Side view of the 
metro train.
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where Mb, Cb, and Kb are the mass matrix, damping matrix, and stiffness matrix of the bridge system, 
respectively.Ẍb, Ẋb, Xb are the acceleration vector, velocity vector and displacement vector, respectively. The 
load vector of the Fb bridge is respectively. The mass matrix Mb and Mb and the stiffness matrix Kb of the bridge 
sub-model can be obtained by the bridge finite element model. Because it is difficult to accurately determine 
the damping matrix Cb in the actual analysis process, it is usually simplified as a linear combination of the mass 
matrix Mb and the stiffness matrix Kb of the bridge sub-model33,34, that is,

	 Cb = αMb+βKb� (11)

For the commonly used Rayleigh damping, α and β are respectively

	




α=2ω1ω2
ξ2ω1−ξ1ω2

ω2
1−ω2

2

β=2ξ1ω1−ξ2ω2

ω2
1−ω2

2
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where ω1, ω2, ξ1 and ξ2 are the first-order and second-order natural frequencies of the structure and the 
corresponding damping ratio, respectively. For concrete bridges, ξ1 and ξ2 generally take 2%–5%; for steel 
bridges, ξ1 and ξ2 generally take 2%–3%. So α = 0.06749, β = 0.005681 are calculated.

Numerical integration method
This work adopts the explicit–implicit mixed integration method to calculate the system. A new fast explicit 
integration method (Zhai method35) proposed by Academician Zhai WM is adopted to solve the metro train 
sub-model. Newmark-β implicit integration method is adopted to solve the curved bridge sub-model. The 
detailed iteration process is shown in the work35,36.

In addition, the time step of the two integral methods is 5 × 10−5  s to ensure the convergence and 
synchronization of the calculation.

Research conditions
Taking actual rail transit in Chongqing as the research object, the influence of RW on the dynamic characteristics 
of the metro train are studied. Table 2 shows the dynamic parameters of B-type metro trains, 3 cases of empty-
load, full-load and over-load are considered. In the RW dynamics model, the rubber layer between the rim and 
the web is simulated via spatial spring-damping element simulation, whose stiffness and damping values are 
shown in Table 226,27.

The track irregularity excitation is excited by the American fifth-order spectral, which is a long-wave track 
irregularity excitation30. In the study of the high-frequency vibration of a wheel, based on predecessors, Sato 
obtained the fitting formula of short-wave spectral irregularity37. Therefore, to further research the high-
frequency vibration characteristics of the RW, the long-short wave combined track excitation is obtained by 
considering Sato short-wave spectral irregularity basic on the American fifth-order spectral.

	
S(k) = A

k3 � (13)

where A is the roughness coefficient, A = 4.15 × 10−8–5.0 × 10−7, and k is the spatial frequency.

To investigate the vibration suppression characteristics of the RW on the curved bridge and the threshold for 
safe operation, the curve line is set on the track38, as shown in Fig. 6. The straight segment is L1 = 100 m, the start 
transition curve is P11 = 60 m, the circular curve segment is S1 = 200, the circular curve radius is R1 = 350 m, the 
end transition curve is P12 = 60 m, and the track super-elevation is set to 0.12 m. The curved bridge is located in 
the middle of the circular curve section.

Fig. 6.  Curve section track route setting.
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Based on the finite element theory and ANSYS 19.2, the mechanical model of a 30 m simply supported box-
shaped curved bridge with a curve radius of 350 m is established, as shown in Fig. 7. The Soild185 element is 
adopted for simulation, and the mesh size is 0.15 m. The elastic modulus is 3.55 × 1010 Pa, the density is 2600 kg/
m3, and the Poisson 's ratio is 0.2. Table 3 shows the first 10 natural frequencies and vibration modes of the 
curved bridge.

Dynamic characteristics
The dynamic model of metro train–curve bridge considering SW and RW respectively is adopted, the dynamic 
characteristics of the metro train passing through the curved bridge at 60 km/h are calculated.

Because the significant difference in wheel–rail force and wheel dynamic characteristics between the inner 
and outer rails of metro trains passing through curved bridge under centrifugal force, to study the vibration 
suppression characteristics of the RW on the curved bridge in more detail, the vibration suppression characteristics 
of the RW on the curved bridge are studied in detail, the wheel–rail characteristics of the inner and outer rails 
and the dynamic characteristics of the inner and outer sides of the bridge are investigated respectively.

Metro train with resilient wheel
Figures 8 and 9 show the wheel–rail vertical forces of the inner and outer rails of the metro train (full-load) 
passing through the curved bridge with the SW and the RW, respectively. Figures 8a and 9a are the wheel–rail 
vertical force of the outer rail and the inner rail of the metro train passing through the whole curve track, 
respectively. It shows that the wheel–rail force under the action of the RW is smaller than that of the SW, and 
the wheel–rail vertical force of the RW on the curve track is reduced. The time range of the metro train running 
on the curved bridge is 17 s–19 s. The wheel–rail vertical forces of the outer rail under the action of the SW and 
the RW are 109.6 kN and 103.5 kN, respectively, the RW is 5.6% lower than the SW, see Fig. 8b. The wheel–rail 
vertical forces of the inner rail under the action of the SW and the RW are 92.3 kN and 89.6 kN, respectively, the 
RW is 5.6% lower than the SW, see Fig. 9b. The main frequency of the wheel–rail vertical force of the inner and 
outer rails under the action of the SW and the RW are 3.9 Hz, because the resonance caused by the first-order 
symmetrical vertical bending mode of the curved bridge, the wheel–rail vertical force of the RW at 40–140 Hz is 
smaller than that of the SW, as shown in Figs. 8c and 9c.

The wheel–rail lateral forces of the inner and outer rails of the metro train (full-load) passing through the 
curved bridge with the SW and the RW are shown, respectively, as shown in Figs. 10 and 11. Figures 10a and 11a 
are the wheel–rail lateral force of the outer rail and the inner rail of the metro train passing through the whole 
curve track, respectively. It shows that the wheel–rail lateral force of the RW is larger than that of the SW. The 
time range of the metro train running on the curved bridge is 17 s–19 s. The wheel–rail lateral forces of the outer 
rail under the action of the SW and the RW are 35.2 kN and 35.4 kN, respectively, see Fig. 10b. The wheel–rail 
lateral forces of the inner rail under the action of the SW and the RW are 22.9 kN and 28 kN, respectively, the 

Order Frequency (Hz) Vibration mode Description

1 4.0 First-order symmetrical vertical bending mode

2 7.7 First-order torsion mode

3 13.0 Second-order antisymmetric vertical bending mode

4 14.1 First-order lateral transverse bending mode

Table 3.  Natural frequency and mode of vibration of curved bridge.

 

Fig. 7.  Mechanical model of curved bridge. Image created using ANSYS (Version: 19.2), software provided by 
ANSYS Inc (https:​​​//w​ww.an​sys​.com/pro​ducts/r​elease-hig​​hligh​ts​/ansys-19-2).
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wheel–rail lateral force of the inner rail of the RW is 18% higher than that of the SW, see Fig. 11b. The main 
frequency of the wheel–rail vertical force of the inner and outer rails under the action of the SW and the RW are 
3.9 Hz and 7.5 Hz, because the resonance caused by the first-order symmetrical vertical bending mode and first-
order torsion mode of the curved bridge, the wheel–rail lateral force of the inner rail of the RW at 40–140 Hz is 
smaller than that of the SW, as shown in Figs. 10c and 11c. Furthermore, the wheel–rail lateral force of the RW 
on the outer rail of 23H and 75 Hz has large peaks, as shown in Fig. 10c.

The time domain and time–frequency domain characteristics of the vertical acceleration of the inner and 
outer wheels are shown in Figs. 12 and 13. The difference in vertical acceleration between the inner and outer 
rails of the wheels is not significant, the effect of curve on wheel vertical acceleration is not significant, and the 
vertical acceleration of the rim is the highest, followed by the SW, and the smallest is the web, the damping 
characteristics of RW rubber are reflected, see Fig. 12a,b. The dominant frequencies of the vertical acceleration 
vibration of the SW, the rim and the web of the metro train passing through the curved track are about 25 Hz, 
75 Hz and 25 Hz respectively. The vertical acceleration of the rim is the highest, followed by the SW, and the 
smallest is the web at the time–frequency domain. Within 10 s to 28 s, the vertical acceleration of the outer rail 
rim is more significant than the vibration of the inner rail rim at the main frequency of about 75 Hz. Then, this 
is the time when the metro train passing through the circular curve, as shown in Fig. 13.

Fig. 9.  Vertical wheel rail force (inner rail).

 

Fig. 8.  Vertical wheel rail force (outer rail).
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The time domain and time–frequency domain characteristics of the lateral acceleration of the inner and 
outer wheels are shown in Figs. 14 and 15. The difference in lateral acceleration between the inner and outer 
rails of the wheels is significant, the lateral vibration of the wheel is exacerbated on the curved track, so the 
effect of curve on wheel lateral acceleration is significant, and the lateral acceleration of the rim is the highest, 
followed by the web, and the smallest is the SW, as shown in Fig. 14a,b. The dominant frequencies of the lateral 
acceleration vibration of the SW, the rim and the web of the metro train passing through the curved track are 
about 25 Hz, 75 Hz and 75 Hz respectively. The lateral acceleration of the rim is the highest, followed by the SW, 
and the smallest is the web at the time–frequency domain. In 10 s–28 s, the lateral acceleration of SW, rim and 
web is significantly higher than that in other time periods. Then, this is the time when the metro train passing 
through the circular curve track, and the lateral vibration of the wheel on the curved track is exacerbated as 
shown in Fig. 15. Moreover, the lateral vibration acceleration of the web is smaller than that of the SW at more 
than 100 Hz.

Fig. 11.  Lateral wheel rail force (inner rail).

 

Fig. 10.  Lateral wheel rail force (outer rail).
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Fig. 14.  Wheel lateral acceleration: (a) outer rail (b) inner rail.

 

Fig. 13.  Wheel vertical acceleration: (a) outer rail (b) inner rail.

 

Fig. 12.  Wheel vertical acceleration: (a) outer rail (b) inner rail. Image created using Origin (Version: 2021), 
software provided by OriginLab Corporation (https://www.originlab.com/2021).
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Curved bridge
Metro train–curve bridge coupled dynamic model with RW is adopted. The dynamic response of the metro train 
passing through the mid-span of the curved bridge at a speed of 60 km/h is calculated, including the outer side 
of the flange slab (OFS), the roof (R), the inner side of outer side of the flange slab (IFS), the outer side of the web 
(OW), the floor (F) and the inner side of the web (IW).

The time-domain characteristics of vertical vibration acceleration of metro trains passing through the 
midspan of curved bridge with both SW and RW is described in Fig. 16. The vertical acceleration of RW acting 
on curved bridge is smaller than that of SW, and the vertical vibration acceleration of various parts of curved 
bridge is reduced by RW. The vertical vibration acceleration of the IFS and the IW of a curved bridge is greater 
than that of the OFS and the OW, and the vertical vibration acceleration of the R is greater than that of the F. The 
R, F, IFS, OFS, IW, and OW of the curved bridge under the action of RW has been reduced by 20%, 19.5%, 18%, 
21%, 32%, and 3% respectively.

Figure 17 shows the frequency domain results of vertical vibration acceleration at various positions in the 
midspan of curved bridge. The vertical vibration acceleration of curved bridge under the action of SW and 
RW has significant peaks at 3.9 Hz, 7.5 Hz, and 28 Hz, respectively, this is caused by first-order symmetrical 
vertical bending mode, first-order torsion mode and third -order symmetric vertical bending mode. The vertical 
vibration of the R and F are reduced by the RW at 60–140 Hz, the vertical vibration of the IFS, OFS, and IW are 
reduced by the RW at 38–140 Hz, and 40–200 Hz, and the effect of RW on the vertical vibration of OW is not 
significant.

Fig. 16.  Time-domain results of vertical acceleration at different positions of curved bridges: (a) R, (b) F, (c) 
IFS, (d) OFS, (e) IW, (f) OW.

 

Fig. 15.  Wheel lateral acceleration: (a) outer rail (b) inner rail.
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The time-domain characteristics of lateral vibration acceleration of metro trains passing through the midspan 
of curved bridge with both SW and RW is described in Fig. 18. The lateral acceleration of IFS, OFS, IW, and 
OW acting on curved bridge by the RW are smaller than that of the SW. The lateral vibration acceleration of the 
IFS and the IW of a curved bridge are greater than that of the OFS and the OW. The R, IFS, IW, and OW of the 
curved bridge under the action of RW has been are increased by about 15%.

Figure 19 shows the frequency domain results of lateral vibration acceleration at various positions in the 
midspan of curved bridge. The lateral vibration acceleration of curved bridge under the action of SW and 
RW has significant peaks at 7.5 Hz and 12.5 Hz, respectively, this is caused by first-order symmetrical vertical 
bending mode and first-order lateral transverse bending mode. The lateral vibration of the R is reduced by the 
RW at 40–100 Hz, the vertical vibration of the F, IFS, OFS, IW and OW are reduced by the RW at 40–140 Hz.

Safe operation speed threshold
To study the safe operation of metro trains with RW through curved bridge, three train load cases of empty-load, 
full-load and over-load are calculated. From the perspective of the derailment coefficient and wheel unloading 
rate of the metro train running on the curved bridge, the safe speed threshold of the metro train passing through 
the curved bridge considering the RW are studied. The vehicle–bridge coupled dynamic characteristics of 
three cases at different speeds (40–80 km/h, with an interval of 5 km/h) are also discussed, and the vibration 
suppression characteristics and compatibility of the RW in the metro train–curve bridge are further studied.

The vertical wheel–rail forces, including those on both the inner and outer rails, exerted by metro trains 
equipped with SW and RW passing through curved bridges at various speeds (40 km/h to 80 km/h) under the 
conditions of empty-load, full-load, and over-load are considered, as illustrated in Fig. 20. The color mapping 
in the Fig. 20 indicates that the vertical wheel–rail force increases with the increase of load and speed, with the 
outer rail’s vertical wheel–rail force being greater than that of the inner rail. Under the three load conditions of 
empty-load, full-load, and over-load, the vertical wheel–rail force of the RW is less than that of the SW, further 
demonstrating that elastic wheels reduce the vertical wheel–rail force.

The lateral wheel–rail forces applied by metro trains with SW and RW through curved bridges at different 
speeds (40 km/h to 80 km/h) under empty-load, full-load, and over-load are considered, including the lateral 
wheel–rail forces on the inner and outer rails, as shown in Fig. 21. The results indicate that the wheel–rail lateral 
force increases with the increase of load and speed, and the trend of change in the wheel–rail lateral force on the 
outer rail is more significant than that on the inner rail. The wheel–rail lateral force on the outer rail is greater 
than that on the inner rail. Under the three load conditions of empty, full, and overloaded, the wheel–rail lateral 
force of the RW is greater than that of the SW.

Fig. 17.  Frequency-domain results of vertical acceleration at different positions of curved bridges: (a) R, (b) F, 
(c) IFS, (d) OFS, (e) IW, (f) OW.
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The derailment coefficient of metro trains running on curved bridge considering SW and RW is described 
in Fig.  22. The derailment coefficient decreases with the increase of load and increases with the increase of 
speed. The derailment coefficient of the inner and outer wheels of the RW is smaller than that of the SW. The 
derailment coefficient of the outer rail wheel is higher than that of the inner rail wheel, metro train derailment 
accidents are more likely to be induced. However, the limit value of derailment coefficient for safe operation of 
metro train is 0.831, the derailment coefficients of the outer rail SW and the outer rail RW of the empty-load case 
are both exceeded the limit at speed exceeding 75 km/h. The derailment coefficient of the inner rail SW of the 
empty-load case is exceeded by the limit at speed exceeding 75 km/h, the derailment coefficient of the inner rail 
RW of the empty-load case is exceeded by the limit at speed exceeding 80 km/h. Therefore, to ensure the safe 
operation of metro trains with RW through curved bridge, it is recommended that the running speed does not 
exceed 75 km/h.

The wheel unloading rate and wheelset lateral force of metro trains running on curved bridge considering 
SW and RW is described in Fig.  23. The wheel unloading rate and wheelset lateral force decreases with the 
increase of load and increases with the increase of speed. However, the limit value of wheel unloading rate for 
safe operation of trains is 0.631, the wheel unloading rate of the RW of the empty-load case and full-load are both 
exceeded the limit at speed exceeding 70 km/h and 75 km/h. The wheel unloading rate of the SW of the empty-
load case and full-load are both exceeded the limit at speed exceeding 75 km/h. Therefore, to ensure the safe 
operation of metro trains with RW through curved bridge, it is recommended that the speed does not exceed 
70 km/h.

Therefore, the safety index of the metro train passing through the curved bridge are considered 
comprehensively. To further ensure the safety of metro train with RW passing through curved bridge, a certain 
safe operating speed margin is considered, and a safe operating speed threshold of 60 km/h is recommended.

The vertical and lateral acceleration of the outer SW, the inner SW, the outer rim, the inner rim and the 
web at different speeds and loads, respectively, as shown in Figs. 24 and 25. The vertical and lateral vibration 
accelerations of the wheels are aggravated with increasing speed and load. The vertical and lateral vibrations of 
the outer wheel are more intensity than those of the inner wheel under different loads and speeds, this is because 
the wheel–rail force of the outer rail is larger than that of the inner rail under the action of centrifugal force 
when the train passes through the curved bridge, and the interaction between the outer rail and the wheel is 
intensified. At different loads and speeds, the vertical acceleration of the rim is the largest, followed by the SW, 
and the smallest is the web, as shown in Fig. 24. However, the lateral acceleration of the wheel is shown to be the 
largest in the rim, followed by the web, and the smallest is the SW, as shown in Fig. 25.

Fig. 18.  Time-domain results of lateral acceleration at different positions of curved bridges: (a) R, (b) F, (c) 
IFS, (d) OFS, (e) IW, (f) OW.
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Therefore, the vertical vibration acceleration of the wheel of the metro train considering the RW passing 
through the curved bridge is reduced, and the lateral vibration of the RW is amplified under the action of the 
wheel–rail lateral force at the action of the curved track.

Figure  26 shows the vertical acceleration of curved bridge caused by metro trains with SW and RW at 
different loads and speeds. The vertical acceleration of each position of the bridge is aggravated by large speed 
and load. The vertical acceleration of curved bridge at the action of RW is smaller than that of SW. The vertical 
acceleration of OW and F of curved bridge under the excitation of metro train with SW and RW is relatively 
small. The vertical acceleration of the curved bridge under the excitation of the SW and the RW at lower speed 
is close to that of the curved bridge under the excitation of the SW and the RW at lower speed, when the speed 
is higher, the vertical acceleration of the curved bridge is significantly reduced by the RW.

Figure 27 shows the lateral acceleration of curved bridge caused by metro trains with SW and RW at different 
loads and speeds. The lateral acceleration of each position of the bridge is aggravated by large speed and load. 
The lateral acceleration of OFS at the action of RW is smaller than that of SW, as shown in Fig. 27c. The lateral 
acceleration of the IFS, and F under the excitation of the SW and the RW at lower speed is close to that of the 

Fig. 20.  Wheel–rail vertical force at different loads and speeds.

 

Fig. 19.  Frequency-domain results of lateral acceleration at different positions of curved bridges: (a) R, (b) F, 
(c) IFS, (d) OFS, (e) IW, (f) OW.
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curved bridge under the excitation of the SW and the RW at lower speed, when the speed is higher, the lateral 
acceleration of the IFS, and F is significantly reduced by the RW, as shown in Fig. 27b,f. The effects of RW on R, 
IW, and OW lateral acceleration of curved bridge is not significant, as shown in Fig. 27a, d,e.

Conclusions and expectations
Conclusions
The mechanical relationship between the rim and the web in the RW is discussed. The metro train-CB coupled 
dynamic models with RW is established. The coupled dynamic characteristics and safe operation speed threshold 
of metro train-CB with RW are studied. The following conclusions are drawn from the research:

	1.	� When metro train with RW passing curved bridge is considered, the vertical wheel–rail force of RW is re-
duced, but the lateral wheel–rail force is amplified compared with the SW. The vertical vibration acceleration 
of the wheel is reduced, but the lateral vibration acceleration is increased. The vertical vibration acceleration 

Fig. 23.  Wheel unloading rate and wheelset lateral force under different loads and speeds: (a) wheel unloading 
rate, (b) wheelset lateral force.

 

Fig. 22.  Derailment coefficient at different loads and speeds: (a) outer rail, (b) inner rail.

 

Fig. 21.  Wheel–rail lateral force at different loads and speeds.
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of the rim is the largest, followed by the SW, and the smallest is the web; the lateral vibration acceleration of 
the rim is the largest, followed by the web, and the smallest is the SW.

	2.	� Based on the safety index of the train passing through the bridge, the derailment accident of the metro train 
with RW (under empty-load and full-load cases) passing through the curved bridge at a speed of more than 
70 km/h is induced. In order to ensure that the metro train with RW safely passes through the curved bridge, 
the safety margin is retained. It is recommended that the speed of metro trains running on curved bridge 
does not more than 60 km/h.

	3.	� The vehicle–bridge coupled dynamic response is aggravated with the speed and load of metro train. Under 
the action of centrifugal force, the wheel–rail interaction force of the outer wheel is larger than that of the 
inner wheel, and the vibration acceleration of the outer wheel of the SW and the RW is also larger than that 
of the inner wheel. The vibration of the inner side of the curved bridge is greater than that of the outer side, 
and the vibration reduction effect of the RW on the inner side is more significant than that on the outer side. 
The vertical displacement of curved bridge is reduced via RW.

	4.	� The RW has a vibration absorption effect on the wheel–rail vertical force within 40–140 Hz, and has no sig-
nificant effect on the wheel–rail lateral force. The main frequencies of vertical vibration acceleration of SW, 
rim, and web are 25 Hz, 75 Hz, and 25 Hz respectively. At a frequency of 40–140 Hz, the RW has a damping 
effect on the vibration of the curved bridge, especially on the outer side of the flange slab of curved bridge.

Expectations
Due to page limitation, the influence of different curve radius bridges (such as track super-elevation, etc.) on the 
coupled dynamic characteristics and safe operation speed threshold of metro train-CB considering RW is also 
considered. In further research, more radius curved bridge will be concerned to expand the application of RW 
in metro train systems.

Fig. 25.  Wheel lateral acceleration at different loads and speeds: (a) Empty-Load (b) Full-Load (c) Over-Load. 
Image created using Origin (Version: 2021), software provided by OriginLab Corporation ​(​​​h​t​t​p​s​:​/​/​w​w​w​.​o​r​i​g​i​n​
l​a​b​.​c​o​m​/​2​0​2​1​​​​​)​.​​​​

 

Fig. 24.  Wheel vertical acceleration at different loads and speeds: (a) Empty-Load (b) Full-Load (c) Over-
Load. Image created using Origin (Version: 2021), software provided by OriginLab Corporation ​(​​​h​t​t​p​s​:​/​/​w​w​w​.​
o​r​i​g​i​n​l​a​b​.​c​o​m​/​2​0​2​1​​​​​)​.​​​​
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Fig. 26.  Vertical acceleration of bridges at different loads and speeds (Black, red, and blue curves represent the 
three load conditions of empty, full, and overloaded, respectively. The solid lines and dashed lines indicate SW 
and RW): (a) R, (b) F, (c) IFS, (d) OFS, (e) IW, (f) OW.
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