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Approximation-based adaptive
fixed-time tracking control for
uncertain high-order nonlinear
systems subject to time-varying
parameters and unknown input
nonlinearity

Xiyu Zhang'?, Zhi Yang?, Youjun Zhou'* & Xiongfeng Deng?

In this paper, the fixed-time tracking control (FTTC) problem is discussed for a type of uncertain high-
order nonlinear systems. Compared with the existing works, the studied system is affected by time-
varying parameters and unknown input nonlinearity. By applying neural network (NN) approximation
method together with the adaptive control method, the fixed-time control theory, the backstepping
control method, and the Nussbaum gain function (NGF) technique, an adaptive NN-based FTTC
scheme is presented to achieve fixed time tracking. Especially, the NGF is utilized to handle the
unknown control gain caused by unknown input nonlinearity. Furthermore, some adaptive control laws
are formulated to estimate unknown parameters. Under the influence of different input nonlinearity,
it can be inferred that the designed control strategy guarantees that the tracking error converges to a
small neighborhood of zero within a fixed time, while also maintaining the boundedness of all signals
of the closed-loop system. Finally, three simulation cases are presented to validate the availability of
the theoretical results.

Keywords High-order nonlinear systems, Fixed-time tracking control, Time-varying parameter, Input
nonlinearity

In recent decades, the control problems of various nonlinear systems have received widespread attention, and
many meaningful achievements have also been made. For instance, Shahvali et al.? proposed adaptive NN
dynamic surface tracking control strategy and output-feedback event-triggered control law for the control
problems of stochastic nonlinear systems and uncertain nonlinear systems. Deng et al., Pan et al. and Cheng et
al.>-> discussed the control problems of uncertain nonlinear systems with the strict-feedback form, in which the
studied systems were further affected by unknown control coefficients, unknown actuator fault and time-varying
delays. Wang et al. and Cai et al.*” addressed the non-strict feedback nonlinear systems, where the control issues
of the predefined time tracking control and the finite-time tracking control were solved, respectively. Moreover,
Zhang et al. and Jia®® investigated the control problems of pure-feedback nonlinear systems, and the designed
control schemes can ensure that the given system achieved zero tracking error within a predefined time and no-
overshooting control, respectively. Furthermore, the tracking control problems of non-affine nonlinear systems
with actuator constraints, input quantization and DoS attack, and dead-zone inputs were further studied!*-13.
Additionally, Bali et al.'*!> developed the control schemes with hybrid neural network for uncertain switched
nonlinear systems to abtain the desired tracking control. Some control problems of other nonlinear systems,
such as the stochastic interconnected nonlinear systems and the fully actuated systems!®!’, have also received
attention. From the above results, it can be seen that the research on the control problems of nonlinear systems
is still a hot topic. However, it is worth noting that these nonlinear systems mentioned above have one thing in
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common, that is, their order is one. When the order of the system is no longer one, how to design the control
strategy will be a topic worth studying.

For nonlinear systems with orders no longer equal to one, known as HONSs, many existing control methods
cannot be directly applied!*”. To address the control challenges associated with such HONSs, several effective
control strategies have been suggested. For instance, Zhou et al. and Liu et al.!®!° studied HONSs with unknown
control gains and unknown powers, in which the fuzzy-based approximate control methods were proposed
to achieve tracking control. Moreover, the prescribed performance asymptotic tracking control problems of
HONSs with odd rational power were explored?*?!, in which the considered systems can achieved asymptotic
tracking under the prescribed performance. Furthermore, the finite-time optimal stabilization problem for a
type of switched HONSs was investigated??, wherein the orders of the system can take various odd rational
values under the designated switched signal. Meanwhile, the global finite-time stability can be achieved by using
the nested saturation homogeneous control strategy. Additionally, the prescribed-time control issue for a class of
HONSs with actuator faults was developed?’, while Wang?* studied the high-order nonlinear switched systems
from the perspective of adaptive fixed time tracking control.

From the above mentioned results and references therein , it can be seen that many works have been
done on the control problem of HONSs, there are still some shortcomings. For example, the nonlinear dynamics
considered were required to satisfy the Lipschitz condition!®!. In the works of Gao et al. and Wang et al.>*?%, the
unknown control gain caused by unknown actuator faults, input saturation and dead-zone fault was assumed to
be a bounded constant, which is obviously somewhat conservative. Moreover, although the control problem of
HONSs with unknown control gains discussed by Zhou et al., Lv et al. and Li et al.'®2%22, they did not conduct in-
depth research on the problem of system input nonlinearity, and only Lv et al.?* considered the existence of input
quantization. However, due to the actual system may be affected by various factors, the system model may have
unknown time-varying parameters and may also experience different input nonlinearities. Fully considering
these constraints has great practical significance for the control of HONSs.

On the other hand, it is clearly meaningless to demand that the control problem of the actual system be
implemented in an infinite time. However, the implementation of many control problems mentioned above is
based on the infinite time!®-2!, which is obviously not very reasonable. Therefore, some scholars have explored
the control problems of the system from the perspectives of the finite-time control, the prescribed-time control,
and the fixed-time control. Bali et al. and Xi et al.>>? studied the finite-time tracking control issue, where the
designed controllers ensured that the tracking error converges to a small neighborhood of the origin within
a finite time. Moreover, the prescribed-time stability problems of nonlinear systems with different constraint
conditions were addressed”’~%°, in which the given systems can achieve pre-specified tracking performances
within a prescribed time. Furthermore, for the fixed-time tracking problem of nonlinear systems, adaptive
FTTC strategies to guarantee achieve fixed-time output tracking were proposed®*-32. Additionally, the finite-
time control, the prescribed-time control, and the fixed-time control problems of practical systems were
addressed*-*°, and good control effects were achieved under the designed control strategies.

Upon reviewing the aforementioned works, it becomes evident that there is a scarcity of discourse surrounding
the fixed-time control problem for HONSs, which further motivates our investigation into this matter. Therefore,
the FTTC problem for a class of uncertain HONSs is studied in this paper. The system under consideration is
affected by unknown time-varying parameters and unknown input nonlinearity. Based on the adaptive control
method, the approximation-based method, the fixed-time control theory, the backstepping control technique
and the NGF method, an adaptive NN-based FTTC scheme is proposed to achieve the fixed time tracking. The
main highlights of this paper are as follows.

18-24

i. Different from some discussed systems'®-23, the HONSs considered in this paper subjects to odd integer
powers and uncertain nonlinear dynamics, and the unknown time-varying parameters and the unknown
input nonlinearity are further considered. Obviously, the proposed model exhibits greater complexity and
generality.

ii. Unlike the actor-critic reinforcement learning method®>*, the radial basis function (RBF) NN-based ap-
proximation method is applied to approximate the uncertain dynamics of the system and unknown nonlin-
earities generated during the analysis process, which effectively simplifies the difficulty of designing control
laws. At the same time, the unknown time-varying parameters of the system and the derivative of virtu-
al control laws generated during the application of backstepping control process are effectively handled
through the adaptive control method.

iii. To solve the issue of unknown control gain caused by unknown input nonlinearity, the NGF technique is
introduced in this paper. Then, an adaptive NN-based FTTC strategy is developed by combining fixed-time
control theory and NN control method to achieve the fixed time tracking. Compared to the infinite time
tracking control problem!-'?, this paper solves the FTTC problem. Obviously, the problem discussed in this
paper has more practical significance.

iv. The application of the proposed control method can effectively ensure that the tracking error converges
to a small neighborhood of zero within a fixed time under different unknown input nonlinearities, and all
signals in the closed-loop system can remain bounded.

The rest of this paper is arranged as follows. In Section “Problem formulation and preliminaries”, the system
description and preliminaries are given, including a brief introduction to the RBENN. In Section “Control law
design and stability analysis”, the design of adaptive NN-based FTTC law is presented, and the stability analysis
is also provided. Finally, the simulation analysis and main conclusions are included in Sections “Simulation
analysis” and “Conclusion’, respectively.
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Problem formulation and preliminaries
System description
Consider the following uncertain HONSs with time-varying parameters

dn = (D(W)™ + 05 ()on(Tn) + fn(Tn) W
Yy=x

where T; = [21,...,2]T € R\, i=1,...,n, and y € R are the system’s states and output, ¥;(t) € R?,
i=1,...,n,j =1,...,n0, represent unknown time-varying parameter vectors, ¢;(Z;) € R’,i=1,...,n
, j=1,...,n0, represent known smooth nonlinear function vectors, fi(Z;) € R, i =1,...,n, represent
uncertain nonlinear dynamics, p; > 1,7 = 1,...,n, represent positive odd integers, D(u) € R represents the

system input subjects to unknown nonlinearity. Here, the unknown nonlinearity model is defined as
D(u) = ra(t)u(t) + ra(t) 2)

where u(t) represents the actual control signal, 0 < K1, min < [k1(t)] < K1,max and 0 < |k2(t)| < K2 max with
K1,min > 0, K1,max > 0 and K2 max > 0 are unknown constants.

Remark 1 The input nonlinearity model described by Eq. (2) is more general. Some input nonlinearities, such
as the actuator fault>?3, the dead-zone fault”!>!>3%, and the input quantization?>2, can all be unified in the form
of (2).

The objective of this paper is to develop an effective NN-based adaptive FTTC strategy for system (1),
ensuring that the system’s output tracks the desired trajectory yq within a fixed time, while also guaranteeing the
boundedness of all signals in the closed-loop system.

Assumption 1 The desired trajectory yq and its first time derivative g4 are continuous, known and bounded.

Assumption 2 Time-varying parameter vectors 9;(¢) and nonlinear function vectors ¢;(Z;), ¢ = 1,...,n, are
bounded.

RBFNN
An RBENN w”' (X)) is utilized to approximate any unknown nonlinear function Y (X )34, which is described

by

Y(X) = w"¢(X) )
where X € Qx C R™ and w = [wi,...,w;]" € R' represent input vector and weight vector,
P(X) = [ih (X)) ahi( X7 denntes the hasic function vector with 1;(X) being selected as the Gaussian

functions ¥;(X) = exp[—(X — Bi)T (X - B,-)/za,»z], i=1,...,1, where B; = [Bi1,...,Bin]|" represents
the center vector and a, stands for the width.

Then, for a unknown nonlinear function G(X) over the compact set Qx C R", there is an RBFNN
(w*)T4(X) such that for (X) > 0, one has

G(X) = ()" Y(X) +e(X) (4)

where £(X) represents the approximation error and satisfies [¢(X)| < Zwith Z > 0 being a unknown constant,
and w” represents the ideal weight vector, which is defined as

’U)* = arg min { Sup |g(X) — wT’(b(X)|} (5)

weR! | XeQyx

Definitions and lemmas
Definition 1 *A smooth function N (x), if satisfies the following properties.

S§—00

lim sup 1 / N(x)dx = +o0
$Jo
1 [ (6)
lim inf = / N(x)dx = —o0
0

5—>00 S

then it is called as Nussbaum-type function. Here, the Nussbaum-type function A (x) = exp(x?) cos(mx/2)
is considered in this paper.

Lemma 1 3Let x(¢) on [0,ts) be smooth function, V (t) be a positive definite function, and N(x) be Nuss-
baum-type function. If the following inequality holds
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t
V(1) < ag + =19 / 7 (GTIN () +1) X %

0

where ao and a1 are positive constants, G(T) is non-zero but bounded time-varying parameter, then V (t), x(t)
and f; e (G(T)N (x)+1) xdT are bounded on [0, t 7).

Lemma 2 %A nonlinear system is described by & = T (x), where x € R" is the state and T (x) satisfies T (0) =
. If there is a positive definite function V () satisfies
V(Q)‘) < -—-m Vq(x) — msa vP (.13) + mo (8)

where mo, m1 and ma are positive constants, 0 < g < 1 and p > 1, then the system (8) is practically fixed-time
stable and V' (x) is able to stabilize to the minor region around zero, that is

. mo Ha mo e
V(z)t—7, < min { (m1(1—0)> ’ ("12(1—0)) } ¥

1 1
T, S Thax = + 10
mio(i—q) | man(p—1) 1o

where 0 < ) < 1.
Lemma 3 ®Forallg, € Rand g2 € R, there is an odd integer p > 1 such that
o7 — 05| < plor — o2l (8" +057") (11)

Lemma 4 3¥Consider a separable function W(x) = (u1 + uz)”, whereu; € R, us € ]iand p is a positive odd
integer. It holds that W(x) = h(u1, u2)(u1)” + £(u1, u2)(u2)”, where fi(ui, uz) € [h h} with h =1 — ¢o and
h =1+ co, where co =Y v_, (p!/k!(p—k))(p— k/ p)w P/ P=R) s an arbztmry constant and its value is
within (0, 1) for an approprzately small constant @, [€(u1,u2)| < €(co) =Y v_, (p!/ k!(p — k) (k/ p)w (p/ )
with £(co) being a positive constant.

Lemma 5 'SFor hy € R and hs € R, and any positive constants by, by and bs, there is

b1
b1

bo

halPt hol?t <
[R1]”* [ha] b+b

b |ha ‘b1+b2 + bz |ha |b1+b2 (12)

Lemma 6 2'For any positive constants o and 1), there is

0_2

—= <7 13
/0-2+772 ( )

Lemma7 *For0o;, >0,i=1,...,n,0<p < landq > 1, there is
(S0) <X (S0) <Xow w
=1 =1 =1 =1

Control law design and stability analysis
Adaptive NN FTTC law design
Define the following error transformation as

0< ol -

Zi = Tj — Ui (15)
where v1 = yq, and 2, represents the tracking error, v, ¢ = 2, ..., n, represent virtual control laws that need to
be designed. For the convenience of analysis, ¥;(t), ¢:(T:), and fi(T;), % = 1, ..., n, are abbreviated as ¥;, ¢;,

and f; without causing confusion.
Step 1: Noting the subsystem 1 = x5 + 97 ¢ + f1 and z1 = =1 — ya, then the derivative of z; as

fo= (2 — V8 ) + B + 01 1+ fL — a (16)

Let Vi1 = zf / 2, the derivative of Vi1 is
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Vir = z1(28 —05Y) + 2108t + 2 (191T¢1+f1 —yd) (17)
For the unknown nonlinear function f; in (17), an RBFNN is introduced into approximate it, then one has
fr = (@) 1 (X0) + 21(X0), [e1(X1)] < E (18)

where £1(X1) is approximation error, =1 > 0 represents an unknown positive constant. For the ease of future
analysis, these variables X, ¢ = 1, ldots, n, will be 1gnored

Let©, = [191 (w7, ]T and ®; = [¢1 T — ] , and substituting (18) into (17) gets
Vip = z1(zh' —vht) + z1v8t + 2101 &1 4 2161 (19)
Applying Lemmas 3, 5 and 6, we have

_ _ 1 _ 2
aa(ag = o8] < pulaal zal (870 40 70) < et 2ot (o 40 Y) )

‘2’191 ‘I)1| < Z1T1F1+ 2611 (21)

= .2
=121

\/277 + = =1m (22)

where T1 = (91)T@1 and 'y = (@1)T<I)1, a1 > 0and 11 > 0 represent design parameters.
Substituting (20)-(22) into (19), we have

|Z161‘ <Ei |Z1‘ <

1 1 - Ei2f 1
Vi1 < 2108t + =25 + Zpias ( R G 1>) + —Qzl“f D+ ——2 4 —ad +Em (23)
2772 2 Zrp 2
Construct the following Lyapunov function
1 <o 1 =2
i=W — T+ E
1 11+ 5 11 + Ty (24)

where 71 > 0 and A1 > O represent design parameters, T,=":1—7T,and Z, =5, —5;, T} and &,
represent the estimations of Y1 and E1, respgctively.
Design the adaptive control laws T; and =1, and the virtual control law vz as

T, = N 21F1 0171 — 912f§2p71> (25)
2a?
2 A127 (210 1)

1=

— — gﬁnul — 122 (26)
V 21 + 0}

i

_ 1 1
Vg = — |ﬁn%2q RS C12Z§2p Y4 54 + 2Tl + L (27)

22 \/21"'77%

where 0 < g < 1,p > 1,011 > 0,012 > 0,11 > 0,12 > 0,c11 > 0and c12 > 0 are design parameters.
Taking the derivative of V1 and considering (23) and (25)-(27), we get

. 1~ 2
V1:V11——T Tl—)\—::
1
< —en2? — i 4 Q—T T4 20z g 2y peeen | o2z sy (28)

A1 Y1 A1
L 2o ple1=1) (m—l) Lo =
+ §p1z2 Ty +v —|— 50,1 +=im

Step i(i = 2,...,n — 1): Noting the subsystem @; = /! Lt 9T ¢; + fiand z; = x5 — vy, then the derivative
of z; as

Zi = (xﬁ-l — i)+ UH—I + 07 i+ Ji— Ui (29)
Let Vi1 = \/1;1—1—21'2/ 2, the derivative of V;1 is

Vit = Vie1 + zi(2? oy — ol +zvliy + 2 (19?@' + fi — I'Ji) (30)
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According to the (i — 1)th step, it is easy to obtain V;_1 as

ie1 i—1 i—1
. Or1 Pr1 = A Or2 = <(2p—1)
Vien < — Z cr1zp? *chzzk +ZkaTk ZTkaHkJFZTTkT’“
k=1 k=1 k=1
i—1 i—1 G
RPN 1 112 1 -
" L’f:kzﬁ n 2”1 22 (z“’ S1mD e 1)) " (§ai+:knk>
k=1 k=1

2
Let F; = fi + p7 12 (azipl’l_l) + Uﬁp“l_l)) , thus, an RBFNN is introduced to approximate F}, then
one has

Fy = (w}) i +ei, |es] <5 (32)

where €; is approximation error, Z; > 0 represents an unknown positive constant.
1T T . .
Let©; = [19?, (wH)T, vi} and &; = [gbiT, T, 71] , and applying Lemmas 3, 5 and 6, we obtain

1o loo (-1, (D)
zi(xfiy — ’Uz+1)‘ < 5% + §P¢2i+1 Ty v (33)
207, 27T + Ll (34)
i 2 2¢
EZZZQ —_
|ziei| < + Zins (35)

Va0t

where T; = (@i)TG)i andI'; = (<I>i)T<I>¢, a; > 0and n; > 0 represent design parameters.
Substituting (31)-(35) into (30), one has

il i-1 i-1 i—1 i—1
y Or1 +. < Pkl = 2 Or2 ~(2p—1)
Vi < =Y ezt — crazl?l + — T, Ts + TR + =TT,
LY - Y Y A Y A Y e
k=1 k=1 k=1 k=1 k=1
i—1 1 1 2
Pr2 = A(2p-1) 2 (pi—1) ( y —-1) i
+Z—k_k_k” +oE 2pl L+1( LR ) + zivfi, (36)
k=1
+ le"Jr Eizf +Xi:(1a2+ﬁn>
2a2 VT 50k T 2Kk
2a ZzQ _;'_77? P 2
Construct the following Lyapunov function
1 <o 1 =
Vi=Va+ —T1; =i

where v; > 0and \; > 0 represent design parameters, Ti="T;—T;andZ; =5, — 2, T, and &, represent
the estimations of Y'; and =;, respecnvely
Design the adaptive control laws T'; and £ =, and the virtual control law v;11 as

Yig—gg% R S ) (38)
A iz} 2 2
Si= - - i Zi — =Y (39)
Zi nz

1

_ _ 1 1 Sz |7
Vig1 = — Ci12’§2q R +Ci22§2p by -z + 2ZzT I + e (40)

2 2 22+ 07

where 0;1 > 0,62 > 0, i1 > 0, iz > 0, ci1 > 0and ¢i2 > 0 are design parameters.
Taking the derivative of V; and considering (36) and (38)-(40), we have
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(7 (7
Vi < - E ezt — E chazit + E leka-l- E L ~k~k+ E kQT TPy
<,0k2~ ~(2p—1 15 9 i—1 i—1
E Ek (p ot §Pizi+1< Eil ot z(il )) + E ( ak+~k77k)

Step n: In this step, the adaptive NN-based FTTC law is proposed. Noting the subsystem
in = (D)™ + 9L by + fr, D(u) = k1 (t)u(t) + r2(t), 2 = Tn — Uy, and Lemma 4, then the derivative
of z, as

2o < G(E) (u(t)?" + £ (K2(t)™ + 9% bn + fr — On (42)

where G(t) = h (k1(t))”™ are unknown but bounded constant.
Let V1 = Vn,1+z,21 / 2, the derivative of V,,1 is

Vot < Va1 + G()zn (u(t)" + 20 (95 dn + fr + £ (K2(t))" — 0p) (43)

Similarly, according to the (n — 1)th step, it is easy to obtain V;,_; as

y — Or1 4,0 = A Ok2 2 < 2p—1
Vie1 < — kgﬁ k12’k — E CkQZk + E —TkaJr )\—: k= +,§7 TT’@TI(CP )
o o (44)
2
P2 = 2(2p-1) (pn—1-1) (pn—1—1) Lo -
+ g e Sk + an 1Zn (fcn + Un ) + 2 (zak + *—'knk)
=1 =1

2
Let Fpy = fn + £ (rk2(t)"" + 2p5_12n (mﬁf”‘l’” + Ur({o"_lil)) , similarly, an RBENN is introduced to

approximate F},, then one gets
F” = (wZ)T¢n + 8"7 |5n| S En (45)

where €, is approximation error, Z,, > 0 represents an unknown positive constant.
. 1T T .
Let ©,, = [795, (w7, vn] and ®,, = [(;55, T —1] , and applying Lemmas 5 and 6, we have

1
a2 (46)

1

— 2

SnZn

2 2
\V Zn + M

where T,, = (@n)T@n and T, = (fl)n)T<1>n, an > 0and n, > O represent design parameters.
Substituting (44)-(47) into (43) yields

— Or1 <. < Pkl = 2 Or2 <. 4 (2p—1)
Vil < — ezt — p =YY T 5L = 2P
1 < ka chzzk +Z kLK + . k2K + N
k=1 k=1 k=1 k=1 k=1
n—1 fe 22
+ @EkEgp_l) + inrnrn + H; & 5 + G(t)zn (u(t))™ (48)
k=1 k " Zn + 1
+ Z (5% +~—'k7]k)
k=1

Construct the following Lyapunov function

1 <o 1 =
Vi =Va — =,
1+ 2 + T

(49)

where v, > 0 and A,, > 0 are design parameters, T" =7, — Y’n and én ==, — én, T, and én are the
estimations of Y, and E,,, respectively.

SinceG (t)isanunknownbutboundedparameter,theNussbaum-typefunctionV( xn) = exp(x3) cos(mxn/2)
is introduced in the actual control law design. Thus, the adaptive control laws Y, =, and x», and the actual
adaptive NN-based FTTC law u(t) are designed as
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’i\n = ;Tn%'zrzlrn - enITn - 077,2’2\5’1,2}771> (50)
.i Anzi ~ =~
En = — e — o1 — 2PV (51)
Zn + NMn
Xn = 2nfn(t) (52)
1
u(t) = (N(Xn)ﬁn (t)) pn (53)
_ _ 1 . Znz
_ (2¢—1) (2p—-1) , _+ n<n
Bn (t) = Cnl1Zn + Cn2zy, + 242 zn Tl + /72:72L n T)TQL (54)
where 0,1 > 0, 0n2 > 0, 9n1 > 0, on2 > 0, cn1 > 0and cn2 > 0 are design parameters.
Taking the derivative of V,, and considering (49) and (50)-(54), we have
0 . 0
V, < — chlzk 7201422,6 +Z MT TkJrZSD—k:: +Z sz T(Qp b
k=1 (55)

n

+3 EEEEPTY 4 (GON () + 1) X + Z ( aj + —Jcﬁk)
k=1 k

Stability analysis
Based on the preceding discussion, the primary results can be encapsulated in the following Theorem 1.

Theorem 1 Consider the uncertain HONSs (1) with the desired trajectory y4 under Assumptions 1 and 2. By
designing adaptive control laws (25), (26), (38), (39), (50), (51) and (52), virtual control laws (27) and (40), and
the adaptive NN-based FTTC law (53), it can be ensured that.

i. All the signals of the closed-loop system remain bounded.
ii. The tracking error 2 satisfies that |z1| < Ag within the fixed time T, where A and T’s are given as

o 204, " [ w4, \V*
A() = min { <O¢(1—§)> 5 <ﬁ(1—§)> } (56)

1 1

1o = o= as(—q) | Belp—1) 57)
where a, 3, ¢ and Ao are positive design parameters.
Proof Noting (55) and using Lemma 5, we get
%T;{f;@ < —iﬂTk + iﬂTk (58)

In view of the result of Sun et al.?®, if the initial states satisfy that Ykgo >0 and fk( 0) > 0, then Tk( t) >0
and Ex(t) > 0for Ve > 0,k =1,. T According to T, = Ty — T, and = = E — Ey, then it is further
obtained that Y, > T and = > Ek. Thereby, we have

0 2 16 -
R YD < PR (y2e_ p2) (60)
Vi P 2w
Ph2 = .—(Qp H 20— 1k m2p  z2p
)\k — P 2)\k ( “—k ) (61)
Substituting (58)-(61) into (55) yields
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"~ O < - ao 2 ) -1 ez
— CrozP — Tkl 2 Priz2 2P~ k2 {4 P2 z2p

- Ok1 ~n2 Pkl =2
n 1 n — —_— —_—
+ (GHN(xn) + 1) x +§ ( ak+ knk)+k 127k1k+ 2)\k~k (62)

21N~ b2z 22— 1N™ P2 oy

+ =
2 k 2 k
p k=1 Tk p k=1 /\k

Considering Lemma 7, we have
n 2 4q n a n 1 q
y 2k 2 =2
n < — = —T —=
k=1 k=1 k=1
STE) (D) (D E
2 27k 2k
k=1 k=1 k=1

-V
1o Ok1 ~n2 Pr1 2
+ (GON () + 1) on + ; (g0t +=um) + > gyt > e
20— 1~ Ohz op | 20— 1 N k2 2y
A 2%T * 22/\ka
where
a:min{2qci1,9i1,ap“,i:1,“.,n}
v =min {2°(n""Ve;5),p  (2p — (0" V0,2),p (2p — 1) V0p0),5 = 1,...,n}
Further, applying Lemma 5, we have
q n
1 - _a_
Z—Tk <Y o Ti+(1—g)ga (64)
2k 2k
k=1
1 - =2 4
V= < ——E 1- = 65
<k12)"c k) 20 e+ (- e (65)

Substituting (64) and (65) into (63), and considering Lemma 7, one has

) (b b e
A () ()

< —aVl = BV + (GN (xn) + 1) xn + Co

+ (GHN (xn) +1) xn + Co

where
5:<2H’>u
0 k S 2)\ka P 2’yk p 2N,k

k=1 k=1

+2a(1 - q)g™7

According to the definition of V;,, we have V;, > 0, then it can be got that V,, < V,J + V;? for ¢ € (0,1) and
p € (1, 400). Therefore, the inequality (66) can be rewritten as

Vi < =CiVi + (G(N (xn) + 1) Xn + Co (67)

where C1 = min {«a, 5}.
Multiplying e“1* on both sides of (67), and integrating [0, ), we get
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t
Va(t) < elm Y / e (G(TIN (xn) + 1) XndT + %‘; + V2 (0) (68)
0

Considering Lemma 1, it can be obtained that V;,(t), x»(t) and f(f el (G(T)N (xn) + 1) XndT are

bounded in [0, ¢). Recalling the definition of V/,, then the boundedr}esspf Zis Ti and éi, i=1,...,n,can be
guaranteed. Since z; and ., are bounded, it can be guaranteed that T;, =; and u(t) are also bounded. Thus, all
signals in the closed-loop systems are bounded.

In view of the boundedness of fot e(€17) (G(T)N(xn) + 1) Xndr, it is further obtained that
(G(E)N (xn) + 1) Xn is bounded. Without losing generality, let |(G ()N (xn) + 1) Xn| < Do with Do being a
positive constant. Hence, the inequality (66) can be further described as

Vo < —aVil — BVP + Ao (69)

where Ag = Cy + Do.
Further, considering Lemma 2, it can be easily observed that the system (1) is practically fixed-time stable
under the designed control law, and the fixed time is

1 1

Ts Tmax =
: as(l—q)  Blp—1) 70

and for t > T, the tracking error 2 satisfies that

1/2q 1/2p
. 29 A0 2P Ag
< -
Z1|_mm{(a(1—c)> 7(5(1—@) } (71)
where 0 < ¢ < 1.

Observing (71), it can be concluded that by selecting suitable design parameters, the tracking error can
converge to a small neighborhood of zero. The proof is completed.[]

Remark 2 Noting (71), as the values of o and /3 increase or the value of Ag decreases, the tracking error z; will
gradually decrease. Meanwhile, it can also be seen that «, 8 and Ag can be changed by adjusting the values of ¢;1
, Ci2, 031, 052, i1, pi2, Vi, Ai and ai, @ = 1,...,n. Based on (50)-(54), it is evident that the modification of the
aforementioned parameters influences the control signal. Consequently, when determining the parameters, it is
essential to make appropriate trade-off between the tracking performance and the control signal.

Simulation analysis
To demonstrate the efficacy of the proposed control law, a type of uncertain HONSs with time-varying parameters
is presented as

i1 = 25 + 91 (£)p1(T1) + f1(T1)
do = a5 + U5 (t)$2(T2) + f2(F2) (72)
i3 = (D(u))’ + U3 (t)$3(T3) + f3(Ts)

where 9, (t) = 2cos(0.5t), ¥2(t) = [sin(0.5t),1.2]", 93(t) = [1.5,sin(t),0.5} . $1(T1) = cos(z1),
¢2(fz) = [wl,Sin(l‘z)}T, ¢3(f3) = [131I2,1’3,Sin(132l‘3)]T, fl (fl) = 2.58(_0‘2‘%1 S fz(fz) = 31‘1%% and
f3(x3) = 0. 5e 2572 cos(z123). . .

During the simulation process, the initial conditions of z; (0), T;(0), Z; (0 ,3,a
1’1(0) _02 1’2(0)705 I3(0)703 Tl(O) TQ(O) T3(0) 00 E
and x3(0) = 0.0. The desired trajectory is selected as yq = 1.5 sin(1.5¢) + )s
setast = 20(s).

The RBENN for fi contains 9 nodes with the center Bi evenly spaced in [—8, 8] and the width a =2.0,
the RBFNN for F> contains 9 nodes with the center By evenly spaced in [—8,8] x [—8,8] x [—8,§]
and the width a,=2.0, and the RBFNN for F3 contains 9 nodes with the center B3 evenly spaced in
[—8,8] x [8,8] x [~8, 8] x [~8, 8] and the width a,=2.0. Other design parameters are given as y1 = 2.0,
Y2 = 1,5, Y3 = 0.25, )\1 = 2.5, )\2 = 0,5, )\3 = 1.5, 011 = 5.5, 921 = 2.5, 031 = 0,05, 012 = 7.5, 922 =6.5
N 932 = 0.15, Y11 = 2.0, Y21 = 5.0, $31 = 0.05, P12 = 1.0, Y22 = 4.5, P32 = 0.15, C11 = C12 = 130,
C21 = C22 = 85, C31 = C32 = 3.5, q = 0.9,p = 1.8, ay = a2 = a3z = 1.0, and m =12 =103 = 1.0.

The unknown input nonlinearity D(u) is selected for the following three cases.

Case 1

D(u) is selected as a type of unknown actuator fault®, which is described as

D(u) = Cu(t) + bo(t) (73)

)i =1,2,3,and x3(0) are given as
, 21 O) =
+ 1.5sin(2.5¢

(0) = Z5(0) = 0.01
and the simulation is

where ¢ € (0, 1), bo(t) is a bounded time-varying bias signal that occurs after to, that is, there is |bo (¢)| < bg for
Yt > to with by being a positive constant.
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Fig. 1. Tracking performance for Case 1.

AL appl L
5 | ti ; = o J

Time(s)

Fig. 2. Control laws u(t) and D(u) for Case 1.

Compared with (2), we have k1 () = £ and k2(t) = bo(t). In this case, let k1 (¢) = 0.8, k2(t) = 0.25sin(t)
and to = 4(s). The simulation results are provided in Figs. 1, 2, 3 and 4.

Case 2

D(u) is selected as a type of unknown dead-zone input'?, which is described as

5,w®H-Q)  un>Q,
D)= 0 -Q, <u(t)<Q, (74)
Sw®+Q)  u(=<-Q
where §; and 6, are the left and right slope of dead-zone input, Q; and Q, are the left and right breakpoints,

6, > 0,0, >0,Q; > 0and Q, > 0 are design parameters.
Compared with (2), we have k1 () = § and k2(t) = do(u), where ¢ and do(t) satisfy that

& u(t) <0
5:{ 5 3850 (75)
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Fig. 3. Adaptive control laws Y’l, Tg and Yg for Case 1.
0.015 T T "
0.01 =1
0.005 A
0 I e ————— 1 T —— B i, T
0 5 10 15 20
0.06 T T T "
........... =
0.04 ; 1
0.02}; 1
0 “"~ Nl ¥ i L Fa, L F O Y
0 5 10 15 20
02 T T T N
......... o
0.1 = ==emmnn. PR -
0 1 1 1
0 5 10 15 20
Time(s)
Fig. 4. Adaptive control laws =1, 22 and =3 for Case 1.
-6Q. u(r)=2Q,
dy)=4-0u(t) -Q <u()<Q,
_5101

u(t) <-Q,
given in Figs. 5, 6, 7 and 8.
Case 3

(76)

and do(u) is bounded. In this case, let §; = 1.2, 6, = 2.5, Q, = 0.5 and Q,. = 1.0. The simulation results are

D(u) is selected as a type of unknown quantization input®?, which is described as
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Fig. 5. Tracking performance for Case 2.
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Fig. 6. Control laws u(t) and D(u) for Case 2.
umsign(u(t)) e < |u(®)] < um, 4(t) <0orum < |u(t)] < 72, 4(t) >0
Dluy = { Um(L+0sign(u(t)) um <|u(t)] < {2, a(t) <Oor 2 < |u(®)] < wmE) g (t) > 0 77)
0 0 < fu(t)] < 1, w(t) <0or % < |u(t)] < wo, u(t) >0
D(u(t™)) otherwise

where u, =w™™ug, m=1,2,...,, w € (0,1) and + = (1 —w)/ (1 + w) with w being called as the
quantization density and uo > 0 being a design parameter.

Compared with (2), we have x1(t) = N(u) and k2(t) = H(t), where N(u) and H(t) satisfy that
0<1—¢<N(u) <14 and |[H(¢)| < uo. In this case, let up = 0.05, m = 100, w = 0.2 and ¢ = 2/ 3. The
simulation results are displayed in Figs. 9, 10, 11 and 12.

By applying the designed control law, tracking performance curves under three different input nonlinearities
are shown in Figs. 1, 5, and 9, respectively. It is evident that the system’s output can effectively follow the specified
desired trajectory. While the initial tracking error is comparatively significant at the onset of the simulation, it is
observed that, as the simulation advances, the tracking error tends to converge to a small neighborhood of zero
within a fixed time. Control laws u(¢) and D(u) under three different input nonlinearities are shown in Fig. 2,
6, and 10, respectively. Although these control signals are not smooth, they are all bounded. As stated in Remark
2, we tend to focus more on tracking performance in the selection of control performance and control signals.
Additionally, under three differeng input nonljnearities, the curves of adaptive control laws Y1, Y2 and T3 are
depicted in Figs. 3, 7 and 11, and =1, =2 and =3 are displayed in Figs. 4, 8 and 12, respectively. Obviously, these
adaptive control laws are bounded.
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Fig. 7. Adaptive control laws Y’l, Tg and Yg for Case 2.
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Fig. 8. Adaptive control laws =1, 22 and =3 for Case 2.

The simulation results clearly indicate that all signals in the closed-loop system remain bounded, and the

tracking error can converge to a small neighborhood of zero within a fixed time. The efficacy of the control law
presented in this paper is thoroughly substantiated.

Conclusion

In this paper, The FTTC issue of uncertain HONSs with time-varying parameters and unknown input
nonlinearity is addressed. The NN approximation method is used to deal with unknown nonlinear dynamics,
and the adaptive parameter estimation approach is considered to estimate unknown parameters. Meantime,
the NGF technique is utilized to handle the unknown control gain caused by unknown input nonlinearity.
Furthermore, an adaptive NN-based FTTC strategy is proposed under the backstepping control framework. By

introducing three different types of input nonlinearity, the simulation results can effectively validate the efficacy
of the developed control method.
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Fig. 9. Tracking performance for Case 3.
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Fig. 10. Control laws u(t) and D(u) for Case 3.

This paper considered the uncertain HONSs and the FTTC problem is achieved by combining the NN
approximation technique and the NGF technique. However, this paper neither considers the case of HONSs with
unknown time-varying coefficients nor explores the issue of prescribed performance. This will be our future

work.
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Fig. 12. Adaptive control laws =1, =5 and =3 for Case 3.
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