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In this study, Large Eddy Simulation (LES) has been employed to examine the influence of the Froude 
number (Fr) on the linearly stratified wake and internal waves behind a sphere at a subcritical Reynolds 
number of Re = 3700. Six distinct sets of models with varying Fr (Fr = 0.05, 0.25, 0.5, 1, 2, ∞) have been 
chosen to establish density linear stratification through the use of a User Defined Function (UDF). 
The analysis focuses on the impact of stratification on wake characteristics, velocity distribution, and 
the structure of internal waves within stratified flow. It is evident that density stratification plays a 
pivotal role in shaping wake structure. Notably, in stratified flows, wakes exhibit unique characteristics 
including the generation of internal waves, suppression of vertical velocity, and the emergence of 
oscillating wake patterns. The study reveals that a decrease in the Froude number leads to heightened 
vertical suppression of the wake and increased anisotropy of the velocity distribution. Furthermore, 
as the Froude number ascends from 0.05 to 2, the wake undergoes a transition from quasi-two-
dimensional vortex shedding to three-dimensional turbulence.
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The study of the flow past a sphere has attracted widespread attention due to the intricate and fascinating 
characteristics of turbulent wake, unsteady vortex shedding, and the transition from laminar to turbulent 
flow. Kim and Durbin1, as well as Sakamoto and Haniu2, delved into the wake flow behind a sphere using 
flow visualization techniques to gain a deeper understanding of the complex phenomena involved. Their 
investigations encompassed a wide range of Reynolds numbers, shedding light on the significant impact of the 
Reynolds number (Re) on the wake flow behind the sphere. Kim and Durbin1 specifically focused on the flow 
past a sphere within a Reynolds number range of 500 to 60,000, uncovering two distinct unstable frequency 
modes within this range: a low-frequency mode attributed to large-scale vortex shedding and a high-frequency 
mode arising from the Kelvin-Helmholtz instability in the separating shear layer. Meanwhile, Sakamoto and 
Haniu2 conducted a comprehensive classification of the flow within the range 300 < Re < 370,000, identifying 
four distinct regions based on the vortex shedding modes. Their detailed observations revealed that within the 
range 300 < Re < 800, hairpin vortices begin to shed periodically with regular intensity and frequency, giving 
rise to laminar vortices. As the Reynolds number increases to 800 < Re < 370,000, the hairpin vortices undergo a 
transition from laminar to turbulent vortices, characterized by alternating fluctuations.

The development and widespread use of computational fluid dynamics have significantly advanced the 
analysis of subcritical turbulent wake flows through numerical simulation methods. Researchers such as Siedl 
et al.3, Tomboulides and Orszag4, Constantinescu5, Yun6, and Rodriguez7 have employed direct numerical 
simulation (DNS) and large eddy simulation (LES) to meticulously study wake flow, vortex shedding, and drag 
characteristics on a sphere at subcritical Reynolds numbers. Constantinescu5 specifically utilized LES to explore 
the flow around spheres at both subcritical and supercritical Reynolds numbers, identifying a strong correlation 
between the Reynolds number and the orientation and frequency of vortex shedding. Furthermore, Yun6 
conducted LES to delve into the shear layer and wake instability, contributing to a comprehensive understanding 
of these complex phenomena.

The studies mentioned are based on simulations of homogeneous flow, which do not fully capture the 
complexities of real bodies of water such as the ocean8, rivers, and atmospheric conditions9. These natural 
environments are influenced by various factors including temperature, pressure, and salinity, leading to the 
development of density stratification in the vertical direction. In stratified flow, the formation of vortical 
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structures and wake flow characteristics is not only dependent on the Reynolds number but is also impacted by 
the Froude number. Early studies on stratified flow by Lin10, Chomaz11, and Boyer et al.12 utilized towed spheres 
or circular cylinders to explore the near wake flow patterns across a wide range of Froude (Fr) and Reynolds 
numbers. These studies concluded that both Fr and Re play significant roles in governing wake characteristics 
in stratified flow.

In recent research, numerical simulations have been utilized to explore the impact of stratified turbulent 
wake. Various methods such as DNS, LES, and others have been employed by researchers13–16 to investigate 
how stratification affects the wake structure. They discovered that stratification changes the far wake structure 
and extends the wake lifetime at Froude numbers greater than the critical Fr. Specifically, Gourlay13, Pasquetti14, 
Diamessis15, Ortiz-Tarin16, and Pal17 conducted simulations to study submerged bodies at subcritical Reynolds 
numbers for different Froude numbers. Pal17 particularly advocated for further investigation of the vortical 
structure in stratified flow at high Re and low Fr. Chongsiripinyo18 and Cao19 used DNS and IDDES (Improved 
Delayed Detached Eddy Simulation) at Re = 3700 to examine the impact of stratification on the wake, finding 
that it influences the vortical structure behind the sphere, leading to changes in the shape of the vortex tube and 
anisotropic distribution of vorticity.

It is essential to recognize that only a few studies have examined the flow characteristics in strongly stratified 
wakes at moderate to high Reynolds numbers. To enhance our understanding of the near-wake properties of 
strongly stratified flow around a sphere at a moderate Reynolds number of Re = 3700, this study uses Large 
Eddy Simulation to numerically model the wake. The study aims to comprehensively explain the effects of 
stratification on the wake structure, covering the velocity field behind the sphere, vortical structures, internal 
wave, and wake instability.

Numerical methods
Computational domains and grids
A cubic computational domain has been established with dimensions of length L = 80D, width W = 20D, and 
height H = 20D (D is the diameter of the sphere), as illustrated in Fig.  1. A Cartesian coordinate system is 
employed, with the origin positioned at the center of the sphere. In this system, the x, y, and z coordinates 
correspond to the horizontal, lateral, and vertical directions. The sphere is strategically located 20D from the 
inlet, 10D from the upper and lower walls, and 10D from each side wall. Additionally, the mesh configuration 
of the computational domain, shown in Fig. 2, features refined mesh elements in proximity to the sphere to 
enhance computational accuracy.

For validation purposes, a grid sensitivity analysis was performed using five grid resolutions, ranging from 
coarse (1.2 million cells) to fine (2.5 million cells). As shown in Fig. 3, the Strouhal number (St) obtained from 
simulations of the flow around a sphere in non-stratified conditions demonstrated negligible sensitivity to 
further refinement beyond 2.2 million cells. Therefore, a grid resolution of 2.2 million was selected to balance 
accuracy and computational efficiency.

Simulation settings
The Large Eddy Simulation20–22 is used with the Coupled algorithm to solve the discretized equations. The 
dynamic Smagorinsky-Lilly23 model was employed, which dynamically evaluates the Smagorinsky coefficient 
based on flow characteristics. The inlet is designated as a velocity inlet with a constant fluid velocity representing 
the sphere’s uniform motion relative to the surrounding fluid. The outlet is configured as a pressure outlet. 
The side walls are defined as symmetry planes, while the upper and lower walls are sliding walls moving at the 
inlet velocity. The corresponding temperatures are specified at the upper and lower walls. The unstratified flow 
over a sphere at a Reynolds number of Re = 3700 is verified against the previous experimental and numerical 

Fig. 1.  Computational domain of the stratified flow past a sphere.
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data1,2,6,7,24 (see Table 1), the time-averaged drag coefficient Cd, the base pressure coefficient Cpb, the Strouhal 
number St, and the separation angle Φs(deg)shows good agreements among the present and previous results.

Six sets of simulations for sphere wakes with different Fr values (0.05, 0.2, 0.25, 0.5, 1, and ∞) have been 
selected for comparative study.

Fig. 3.  Grid sensitivity study.

 

Fig. 2.  Mesh (a) in the vertical central plane, and (b) in the vicinity of the sphere.
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Results and discussion
Instantaneous flow fields
Figures 4(a) and (b) depict the near wake structures of the flowfields behind a sphere at a Froude number of 
Fr = 0.05. In the horizontal center planes (Fig. 4a), large-scale vortex shedding is evident. In the vertical center 
planes, the wake structure reveals a three-layer distribution: the upper boundary layer, the lower boundary layer, 
and the central layer of quasi-two-dimensional flow, as shown in Fig. 4(b). Within the central layer, the vertical 
flow velocity is nearly zero, and the flow field exhibits quasi-two-dimensional flow. This behavior is primarily 
attributed to buoyancy, which dominates inertial forces in flowfields at lower Froude numbers. Under the 
influence of buoyancy, the fluid’s inertial force is unable to overcome the buoyancy exerted by the surrounding 
fluid, preventing it from ascending over the sphere from a vertical direction. Consequently, the liquid can only 
flow horizontally around the two sides of the sphere, forming the central layer.

As the Froude number Fr increases from 0.05 to 0.25, a significant change in the wake structure is observed, as 
depicted in Fig. 4(c) and (d). The thickness of the central layer behind the sphere decreases, and simultaneously, 
oscillations occur in the upper and lower boundaries behind the sphere, resulting in lee waves. Unlike the 
behavior at Fr = 0.05, some fluids can ascend over the sphere in the vertical direction at Fr = 0.25. Subsequent 
to crossing the sphere, the fluid is influenced by gravity, resulting in oscillatory wakes that disrupt the initially 
stable density stratification and trigger the generation of internal waves.

In order to delve deeper into the characteristics of the vortical structure behind the sphere, we employed 
the Q criterion to identify the vortex formations in the wake behind the sphere, as illustrated in Figs. 5 and 6. 

Cd Cpb Stw Φs(deg)
Present 0.392 -0.201 0.21 90

Yun[6] 0.355 -0.194 0.21 90

Kim and Durbin[1] - -0.224 0.255 -

Sakamoto and Haniu[2] - - 0.204 -

Schlichting[24] 0.39 - - -

Rodriguez[25] 0.394 -0.207 0.215 89.4

Table 1.  Results from other studies for validation.

 

Fig. 4.  Contours of velocity and streamlines in the (a): horizontal and (b): vertical central planes at Fr = 0.05, 
and (c): horizontal and (d): vertical central planes at Fr = 0.25.
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Figure 5 reveals that at Fr = 0.05, the vortex sheet displays a three-layer structure, shedding periodically along 
the flow direction. The upper and lower boundary layers detach in an inclined manner, while the central layer 
detaches horizontally. The interconnected three-layer vortex structures form a V-shaped11 vortical pattern due 
to the vertical coherence of the flow. Additionally, fine-scale structures near the sphere were identified, indicated 
by the red dashed box in Fig. 5(b). These structures are believed to be caused by “turbulence regeneration” due 
to an increase in horizontal shear stress25. At Fr = 0.05, minimal fluid passing over the sphere resulted in less 
disturbance of density stratification in the vertical direction, and consequently, no significant internal waves 
were observed.

Fig. 6.  Iso-surfaces of Q = 0.0001 colored with non-dimensional streamwise velocity at Fr = 0.25, (a): top view 
and (b): side view.

 

Fig. 5.  Iso-surfaces of Q = 0.0001 colored with non-dimensional streamwise velocity at Fr = 0.05, (a): top view 
and (b): side view.
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As depicted in Fig. 6, the vortex structures behind the sphere did not exhibit significant large-scale vortex 
shedding at Fr = 0.25. Vortex structures within the hump of the internal wave were observed in Fig. 6(a), indicated 
by the black dashed box. Additionally, slender vortices on both sides of the sphere in Fig. 6(a) are related to the 
shear layers covering the recirculation zone behind the sphere. Furthermore, Fig. 6(b) illustrates the generation 
and excitation of internal waves due to the wake oscillation formed by the fluid crossing the sphere, as shown by 
the black dashed line.

At a Froude number of Fr = 0.5 (as depicted in Fig. 7a–b), the wake behind the sphere is characterized by 
the prevalence of saturated Lee waves11. At this juncture, the amplitude of the Lee waves reaches its peak, giving 
rise to a stable and symmetrical wake structure under the influence of the Lee waves. This phenomenon is 
accompanied by an increased flow of fluid over the sphere from a vertical direction, leading to the disappearance 
of the central layer. In comparison to Fr = 0.25 (Fig. 4d), the amplitude and the wavelength of the internal wave 
are heightened at Fr = 0.5. In the horizontal center plane, the fluid traverses horizontally through both sides 
of the sphere and converges at a dimensionless streamwise location of X/D = 2.5, creating a hollow region at 

Fig. 8.  Contours of velocity and streamlines in the (a): horizontal and (b): vertical central planes at Fr = 2.

 

Fig. 7.  Contours of velocity and streamlines in the (a): horizontal and (b): vertical central planes at Fr = 0.5, 
and (c): horizontal and (d): vertical central planes at Fr = 1.
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1 ⩽ X/D ⩽ 2.5. Notably, unlike the wake structures formed at Fr = 0.05 and 0.25, no shedding vortices were 
observed at Fr = 0.5. According to Chomaz11, saturated Lee waves are believed to suppress the generation of 
vortex shedding.

As the Froude number increases to Fr = 1 (as illustrated in Fig. 7c–d), the wake enters a transitional phase 
from a saturated Lee waves-dominated regime to a turbulent wake regime unaffected by density stratification. 
During this transition, the influence of buoyancy gradually diminishes, while the impact of inertial force 
intensifies. The wake continues to oscillate in the vertical direction (Fig. 7d), and a recirculation zone emerges 
behind the sphere in comparison to Fr = 0.5.

At Fr = 2, the wake behind the sphere shows only a slight impact from stratification effects, with inertial 
forces prevailing over buoyancy. As a result, the turbulent structure in the wake becomes more pronounced, 
resembling an unstratified state similar to the near wake structure observed at Fr=∞. This phenomenon is visually 
represented in Fig. 8, wherein a discernible recirculation zone forms behind the sphere, encircled by asymmetric 
vortex structures. Despite the minimal impact of stratification on the wake behind the sphere, it still contributes 
to the generation and propagation of internal waves. Notably, researchers such as Chomaz25, Hopfinger27, Lin28, 

Fig. 10.  Iso-surfaces of Q = 0.001 colored with non-dimensional streamwise velocity in the (a): horizontal and 
(b): vertical central planes at Fr=∞.

 

Fig. 9.  Contours of velocity and streamlines in the (a): horizontal and (b): vertical central planes at Fr=∞.
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and Robey29 have documented through towed-sphere experiments that internal waves generated at Fr = 2 are 
predominantly influenced by the wake effect.

Figure 9 illustrates the wake structure in a uniform flow at Fr=∞. A recirculation zone is observed to develop 
behind the sphere, resulting in an asymmetric vortex structure. Vortex shedding occurs at the streamwise 
position of X/D = 1.5. For improved insight into the changes in the wake structure, Q-criterion visualization 
was conducted at Fr=∞, as depicted in Fig. 10. Vortex rings are generated on the sphere’s surface, subsequently 
expanding and, influenced by the shear layer, transforming into detached hairpin vortices.

Time-averaged flow fields
The time-averaged flow fields in the horizontal and vertical center planes are depicted in Figs.  11 and 12, 
respectively. Comparison of Fig. 11(a) and Fig. 12(a) reveals that at Fr=∞, the wake flow field exhibits isotropy, 
leading to nearly identical wake patterns in both the vertical and horizontal planes. As the Froude number 
(Fr) decreases to Fr = 2, the wake is progressively influenced by the fluid stratification effect. In the vertical 
direction (Fig. 12b), the vertical height of the recirculation zone diminishes gradually, while the wake width in 
the horizontal direction marginally increases in comparison to Fr=∞, owing to density stratification. The wake 
distribution in both horizontal and vertical planes displays anisotropy due to the density stratification, with the 
vertical flow being suppressed and some fluids tending to flow around the sphere from the horizontal direction. 
Consequently, the size of the horizontal recirculation zone increases. At Fr = 1, the impact of stratification 

Fig. 11.  Contours of the time-averaged velocity in the horizontal central plane at Fr=(a): ∞, (b):2, (c):1, 
(d):0.5, (e):0.25, (f):0.05.
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intensifies, further decreasing the vertical size of the recirculation zone. The time-averaged flow field at Fr = 1 in 
the vertical direction is characterized by vertically oscillating Lee wave structures.

At Fr = 0.5, the time-averaged wake structure resembles the transient wake structure (as shown in Fig. 7), 
with saturated Lee waves dominating the wake structure, resulting in a stable wake. Comparing with the scale 
of Lee waves formed at Fr = 1, it is observed that at Fr = 0.5, the wavelength of Lee waves decreases and the 
amplitude increases.

At Fr = 0.05, owing to the significant effect of stratification, the size and amplitude of the Lee wave are 
significantly reduced, with only weak Lee waves observed within a 2D range behind the sphere. Simultaneously, 
the time-averaged flow fields of Fig. 11(e) and (f) reveal conspicuous acceleration zones on both sides of the 
sphere (indicated by black dashed boxes), where the flow exhibits significantly higher time-averaged velocity 
than the background fluid. This suggests that at small Froude numbers, the flow is more inclined towards 
horizontal flow around the sphere.

Vortical structures
Figures 13 and 14 illustrate the contours of vorticity in the horizontal and vertical central planes at varying Fr 
numbers. In Figs. 13 (a) and 14 (a), it is evident that at Fr=∞, the vortex rings are formed behind the sphere 
and subsequently shed into the wake in a spiral mode. Kim and Durbin1 noted that in uniform flow, the wake 
instability is highly related to the Reynolds number. When the Reynolds number exceeds 800, the wake experiences 

Fig. 12.  Contours of the time-averaged velocity in the vertical central plane at Fr=(a): ∞, (b):2, (c):1, (d):0.5, 
(e):0.25, (f):0.05.
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simultaneous effects from Kelvin-Helmholtz instability and helical instability. Chomaz11 conducted an analysis 
of the spatiotemporal characteristics of the uniform flow wake in a Reynolds range of 150 ⩽ Re ⩽ 30, 000 
using flow visualization techniques, further affirming Kim and Durbin’s1 findings by identifying three distinct 
unstable modes within this Reynolds number range. At the present Reynolds number Re = 3700, the wake is 
subject to both Kelvin-Helmholtz instability and spiral instability. At Fr = 2, the vortex structure in the wake 
mirrors that of Fr=∞, which is shed in a spiral mode after its formation, as depicted in Figs. 13 (b) and 14 (b).

At Fr = 1, the wake undergoes a transition from a saturated Lee wave regime to a 3D turbulent wake. This 
transition is characterized by the presence of turbulent structures in the wake and the disappearance of spiral 
shedding. Additionally, the decrease in the Froude number results in an enhanced anisotropy of the vortex 
structure behind the sphere, accompanied by the generation of weak waves in the vertical direction due to the 
Lee wave (Fig. 14c).

As the Froude number decreases to Fr = 0.5, it is observed that the shedding of vortex structures is suppressed 
by saturated Lee waves, leading to the distribution of slender shear layers horizontally on both sides of the sphere 
(Fig. 12d). Under the influence of buoyancy, the separated shear layer contracts towards the center in the vertical 
direction, followed by the formation of steady waves. Lee waves are prominently visible in the contour (Fig. 14d).

Further scrutiny at Fr = 0.25 reveals that the wake tends to flow horizontally due to the suppression 
by stratification in the vertical direction. This is accompanied by an increase in the streamwise size of the 

Fig. 13.  Contours of vorticity ωD/U∞in the horizontal central plane, Fr= (a): ∞, (b): 2, (c): 1, (d): 0.5, (e): 
0.25, (f): 0.05.
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recirculation zone (Fig. 13e). In the vertical direction (Fig. 14e), the wake is observed to be divided into three 
layers, with distinct Lee waves at 0.5 ⩽ X/D ⩽ 3.

As the Froude number decreases to 0.05, the wake undergoes significant changes. The sphere becomes 
surrounded by fine-scale turbulent structures at 0.5 ⩽ X/D ⩽ 1, and weak Lee wave traces can be observed 
in Fig. 14(f). At X/D > 1, the vortex structure behind the sphere transforms into a two-dimensional vortex 
that alternately sheds into the wake. In the vertical direction, it is suppressed by the stratification effect and still 
maintains a three-layer structure. The separation of the upper and lower boundary layers causes the shedding 
speed to increase, pulling the vortex structure of the central layer and forming a “V” shaped structure in the 
vertical central plane (Fig. 14f).

Velocity fluctuation
In Fig. 15, the diagram illustrates the distribution of lateral and vertical fluctuating velocities in the direction 
of flow. At Fr = 0.05, depicted in Fig. 15(a), the amplitude of lateral fluctuating velocity v′/U∞ is notably larger 
than that at other Fr values, gradually diminishing along the flow direction. With the increase of the Froude 
number, the amplitude of the velocity fluctuation decreases rapidly. At Fr = 0.05 and 0.25, the periodic shedding 
of the vortices induces significant lateral fluctuations. At Fr = 0.5, the wake is dominated by Lee waves, resulting 
in near-zero lateral fluctuation. As Fr further increases to 1, 2, and ∞, the lateral fluctuation gradually recovers 
due to the transition of the flow field to turbulent flow.

Fig. 14.  Contours of vorticity ωD/U∞in the vertical central plane, Fr= (a): ∞, (b): 2, (c): 1, (d): 0.5, (e): 0.25, 
(f): 0.05.
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Figure 15(b) reveals the streamwise distribution of the vertical fluctuating velocity w′/U∞. The amplitude 
of vertical fluctuating velocity at Fr = ∞ surpasses that of other Fr values and resembles the amplitude of lateral 
fluctuating velocity. The distribution of the vertical fluctuating velocity at other Fr values is considerably smaller, 
especially at Fr values of 0.05, 0.25, and 0.5, indicating the suppression of vertical motion by stratification.

Conclusions
In this study, an in-depth numerical investigation into the wake characteristics of the stratified flow past a sphere 
has been undertaken, analyzing six distinct sets of internal Froude numbers (Fr = 0.05, 0.25, 0.5, 1, 2, and ∞) at a 
moderate Reynolds number of Re = 3700. The study provides a comparative analysis of the impact of Fr numbers 
on the characteristics of the wake flowfield.

The density stratification plays a crucial role in shaping the characteristics of wake structure. As the Froude 
number (Fr) increases from 0.05 to 2, the wake undergoes a transition from quasi-two-dimensional vortex 
shedding to three-dimensional turbulence. In stratified flows, the wakes display unique features such as the 
generation of internal waves, suppression of vertical velocity, and the emergence of oscillating wake patterns. 
These distinctive characteristics are primarily influenced by the balance between inertial and buoyancy forces. 
When buoyancy dominates (observed at Fr = 0.05, 0.25), the vertical movement of the fluid is suppressed, 
resulting in quasi-two-dimensional flow. As the influence of inertial force grows (notably at Fr = 0.25, 0.5, 1), 
the vertical fluid overflow intensifies, leading to the development of oscillating wakes and the excitation of 
internal waves. When inertial force becomes dominant, the wake becomes less affected by stratification and 
more susceptible to Reynolds effects. In the context of this study, with Re = 3700, the wake structure transitions 
to a hairpin vortex helix shedding pattern, resembling that of unstratified wakes at Fr = 2. The findings of this 
study can enhance our understanding of wakes around underwater vehicles such as submarines. This research 
supports the development of flow control technologies aimed at reducing drag and minimizing wake visibility.

Data availability
Data will be made available on request. If someone wants to request the data from this study, they can contact 
corresponding author (Liuliu Shi).
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