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This paper presents a comprehensive analysis of the indirect control of inertial properties of a

rigid bodies system by semi-actively modifying the viscosity of tunable dampers. Linear Quadratic
Regulator (LQR) optimal control logic and Hilbert-Huang Transform (HHT) analysis are employed to
investigate its impact on the system response. The study utilizes a simple 2-d.o.f. architecture, referred
to as the Toy Model, to demonstrate how proper selection of the damping coefficient allows for
manipulation of the equivalent mass and variation of the natural frequency within a specific resonant
band. Chirp excitations are applied to the Toy Model, and an iterative LQR scheme is implemented to
optimally control the damping coefficient, thereby preventing resonance. Given that the adoption of
the semi-active controller significantly alters the primary mass response, it is crucial to establish the
cause-and-effect relationship between the control law and system response, which is achieved through
the HHT. Notably, the proposed model is the first known example of a physical system that exhibits
both intra- and inter-wave modulations of the instantaneous frequency of the main mass response,
leading to a meta-phenomenon here defined as meta-frequency modulation. This meta-frequency
modulation nonlinearly distorts the response of the optimally controlled system compared to passive
optimization.
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Abbreviations

EMD Empirical mode decomposition
FDCM  Frazer-duncan-collar’s method

FRF Frequency response function

FT Fourier transform

HHT Hilbert-huang transform

HT Hilbert transform

IF Instantaneous frequency

IMF Intrinsic (or Implicit) mode function
LQR Linear quadratic regulator

LT Laplace transform

STFT Short-time fourier transform

TF Transfer function

TMD Tuned mass damper

WT Wavelet transform

Vibration isolation systems are widely investigated in research in many different fields. Vibration control systems
can be passive, active, and semi-active. Semi-active control strategies are the most appealing due to their best
compromise between performances and energy consumption required to modify the system parameters. Sound
as the argument is, it should be noticed that the adoption of the semi-active controller strongly modifies the
system response. Nevertheless, the cause-and-effect relationship between the control law and the induced
response is often obscure. In this field, a special kind of time-frequency analysis is here implemented to unveil
the hidden features of the control logic buried into the system response.
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Damping and stiffness are the key objects of semi-active control algorithms and the main control solutions,
which can be found in literature, are based on the use of smart TMD systems. In their basic form, TMD
devices are sensitive to frequency deviation. Thus, they do not provide good performances over a wide range
of frequency excitation, being generally tuned to the natural frequency of the primary system, which may be
different due to the presence of disturbances, uncertainties, damages and so on. For this reason, the use of
control strategies, mostly semi-active! ', has been largely explored. Depending on the nature of the excitation
and resonant conditions of a system, the parameters of smart TMDs can be semi-actively varied to mitigate
the system amplitude response. The great majority of research works propose either purely variable-damping
TMDs!'' 13, or solely variable-stiffness TMDs!4~1¢ systems, or architectures where the semi-active controllability
of both parameters is achieved!”-%’.

The other parameter, i.e. the inertia, is something rarely explored. In fact, its active or semi-active modification
is particularly challenging, since its value is normally prescribed on a design level. Notwithstanding, semi-active
controllers seem to be preferred to indirectly change the system inertia, and their applications can be especially
found in civil engineering. Shi et al.>! proposed a Self-Adjustable Variable Mass TMD (SAVM-TMD), capable of
varying its mass and retuning its frequency based on the acceleration ratio between the primary system and the
TMD. The application of such a device is considered for controlling human-induced vibrations of footbridges,
where it showed excellent performances. Similarly, Wang et al.?? proposed a Semi-Active Independent Variable
Mass TMD (SAIVM-TMD) to control pedestrian induced vibrations of pedestrian bridges. The mass of SAIVM-
TMD is adjusted according to the structural IF by using the WT. A comparison with a passive TMD optimized
for a pedestrian bridge under moving load is considered. The results show the best performance of the SAIVM-
TMD being able to efficiently track the structural vibrational frequency changes.

A commonly employed strategy in structural vibration control is to address the identification of the IF of
the system response as an additional input provided to the controller. This would guarantee the resetting of the
stiffness and damping characteristics of the absorbers, enhancing their effectiveness in mitigating vibrations.
Nagarajaiah?® analysed systems equipped with Smart TMDs (STMD) subjected to stationary and nonstationary
excitations, where the tuning process of such smart absorbers was obtained through the identification of the
structure IF, based on time-frequency methods, such as EMD, HT and STFT. Hemmati et al.l? developed a
model for offshore wind turbine systems equipped with a semi-active time variant TMD, whose frequency could
be retuned by applying the STFT to catch the changes in the IF of the system, due to soil and tower damages
caused by earthquake strokes. Wang et al.!® proposed in their study a novel TMD system defined Semi-Active
Eddy Current Pendulum TMD (SAEC-PTMD) able to retune its frequency and damping to the IF of the primary
structure, identified through the HHT.

This paper investigates a novel approach for controlling the vibrational response of a rigid body system by
indirectly modifying its equivalent mass, building upon the intriguing insights from previous studies. Indeed,
this work aims to show how the inertial characteristics of a system can be effectively varied by adopting a
semi-active control strategy capable of adjusting the damping coefficients of specific tunable dampers within
a structure. This approach introduces a novel concept, where inertia control is achieved through variations in
damping characteristics, eliminating the need for direct inertia modifications. To investigate the cause-and-
effect relationship between control law and induced response, this paper utilizes the HHT. The main findings of
the study are twofold: firstly, the proposed semi-active control optimizes the system response, and secondly, the
time-frequency analysis sheds light on the underlying mechanisms by which the system response is influenced
through the applied control strategy.

A simplified architecture, referred to as the Toy Model, is introduced. This model comprises a main mass
connected to the frame through a spring and incorporates an auxiliary small mass-damper device. The damping
coefficient of this device is optimized depending on the load conditions experienced by the system. The Toy
Model architecture shows two degrees of freedom, but it exhibits a single natural frequency, which depends
upon its equivalent mass. The equivalent mass, in turn, relies on the damping coefficient adjustment. By varying
this parameter across a spectrum, the current natural frequency of the system can be effectively modified within
a specified range to prevent resonance. Moreover, by employing the FDCM?! or the TF of the system, the
determination of the resonant frequency dependence on damping is achieved.

An iterative LQR algorithm?>2° is derived to dynamically control the damping coefficient under various
load scenarios, and a comparison is made with an optimized passive solution. The current resonant frequency
of the system is determined based on the current optimal damping coefficient. However, due to the significant
impact of the semi-active controller on the system response, the cause-and-effect relationship between control
law and induced response remains unclear. To unravel the concealed features of the control logic embedded in
the system response, the HHT?”? is applied. This analysis reveals three noteworthy effects resulting from the
optimal control scheme: (i) inter-wave frequency modulation of the main mass displacement, primarily induced
by the external chirp load, irrespective of the control law; (ii) intra-wave frequency modulation, which arises
from the optimal damping control law that effectively counterbalances the external force, causing substantial
waveform distortion within each oscillation cycle; (iii) an intriguing meta-frequency modulation emerges from
the blending of the aforementioned effects, where two distinct time scales coexist simultaneously.

The paper is structured as follows: in Section "Control of inertial properties and natural frequencies of a rigid
bodies system by semi-active dampers", the authors describe a method for indirectly controlling the inertial
properties and natural frequencies of rigid body systems through the semi-active control of viscous damping in
tunable dampers. Initially, the Toy Model architecture is introduced to convey the fundamental idea, followed by
an outline of a more general theory. Section "LQR control for a chirp external force" focuses on the application
of LQR semi-active control of the damping coefficient of the Toy Model system under a chirp external force.
The results of the optimal control are then compared to those of an optimized passive setting when the system
is in resonant conditions. In Section "Time-frequency analysis", a time-frequency interpretation of the results
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obtained in Section "LQR control for a chirp external force" is performed to investigate the cause-and-effect
relationship between control laws and induced system response. Section "Future experimental validation"
describes the necessary experimental setup and flowchart to test and validate the theoretical predictions
and simulation results of the study. Finally, Section "Conclusions" offers perspectives on the work and draws
conclusions based on the findings.

Control of inertial properties and natural frequencies of a rigid bodies system by
semi-active dampers

In this work the inertial properties and natural frequencies modification of a rigid bodies system through the
semi-active control of the damping coefficients that characterize the tunable dampers is explored.

The Toy Model architecture
The possibility to indirectly control the equivalent mass of a rigid bodies system by the semi-active damping
control is tackled by the usage of an elemental architecture, defined as the Toy Model, which is represented in
the figure below:

It consists of a primary mass M restrained to the frame through a spring with stiffness k£ and a small auxiliary
mass m attached to M through a tunable damper of damping coefficient c (t).

This system represents probably the simplest structure to show how the indirect control of the damping
coefficient affects the equivalent mass meq of a system. Due to the its inertial characteristics variation, the natural
frequency fr changes as a consequence. In fact, by making c (¢) vary between two extreme values [0, +-00], it

holds:
1 k
c—0: mer:MandfnU:%Umeqo (1)
1 k
c— 400 : Meqe, =M+ mand fr,, = — 2)
27\ Megoo

which means the natural frequency of the system moves within a specific interval:

fnoo S fn S fno (3)

In the second case (¢ — +00), the damper becomes so stiff that the system behaves as the two masses were
rigidly attached to each other, causing the system to possess a unique total mass that is the sum of the two.

General theory
To outline the general theory that demonstrates how damping modifies the equivalent mass, or inertia, of a
system, let’s start by reconsidering the Toy Model architecture (see Fig. 1).

The associated equations of motion are:

M;i1+c(i1—i2)+k‘$1:F (4)
mi’z-ﬁ-c(i’z —i’l) =0

By differentiating with respect to time the second equation in Eq. (4), one obtains:

mx o+ ¢t + clo — ¢t1 —ct1 =0 (5)

Fig. 1. Toy Model architecture with a single small auxiliary mass-damper device.
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Now, by substituting into Eq. (5) the expression of &2 derived from the second equation in Eq. (4), and then, by
isolating 41, one obtains:

ci1 — (%—!—0) To —mMTo

T1 = o (6)
T Cc
By substituting Eq. (6) into the first equation of system in Eq. (4), it becomes:
ct1 — (% +é) T2 — M2
Mj1 +c 2 X —C.’sz—Fk‘.’El =F (7)
= —¢
that can be read as:
2 ~
<M+m2_ é>fi1+kw1—f (8)
with:
2 . . e
- (C; +e) T2 +ma
f=F+c|t2+ P — 9
= —¢
The Eq. (7) can be seen as the equation of an equivalent system which has an equivalent mass equal to:
2
Meq = M + m—=— (10)
¢z —mé

which consists of two terms: a constant contribution, represented by M, and an additional inertial term that
considers the small auxiliary mass value m multiplied by a second coefficient, which mainly depends on damping
and is here defined as mass amplification coefficient.

Moreover, Eq. (10) describes the change in the equivalent mass of the system for a generic setting of the
damping coefficient. In the two extreme cases, i.e. for ¢ — 0 and ¢ — +00, it is straightforward to prove that it
provides, respectively, meq, = M and meq,, = M + m, confirming so what previously discussed in Eq. (1)-
(2). In addition, the current natural frequency change within the band f._ < fn < fn, is achieved, as already
observed in Eq. (3).

Furthermore, an interesting aspect emerges. Due to the presence of the damping coefficient time derivative,
the mass amplification coefficient could become negative in certain circumstances. This means that, depending
on the working conditions, a negative mass effect would be provided for the vibrational system?>*.

In general, if more small auxiliary mass-damper devices are attached to the main mass, as represented in
Fig. 2, the procedure would be similar and proceeds as follows.

If ma,...,mn are the small auxiliary masses attached to the primary mass M, the system dynamics is
written as:

Fig. 2. Toy Model architecture with several small auxiliary mass-damper devices.
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N
Miqi + ZCj(i1—ij)+k$1 =F
=2
maZa + C2 (i‘z—i‘l) =0 (11)

mnEN +en (En —21) =0

By following the same reasoning done for the single-small auxiliary mass-damper case, one can say:

mzx;+¢tj+cky —ét1 —ci1=07=2,...,N (12)

By adding together the equations in Eq. (12) and by isolating again &1 in the resulting expression, it holds:

2
N . N <5 A
Siaest =X (5 + e ) a - myi]

T1 = 3 (13)

which, if substituted into the first equation of Eq. (11), it leads to:

2
N
N (Zj:Q cj) -
M—|—Hmj i‘1+l€1‘1:f (14)
N 5 TN . N
j=2 ijz (Cj Hh:Q,h;éj Mp — Cj szz mﬂ')
with:
c?
- N (mijj—i_c.j)i‘J—"_mJ‘T]
F=F+) ¢ |ij+~—— (15)
=2 e G

The term within the square brackets in Eq. (14), which multiplies &1, represents the equivalent mass of the
equivalent system whose dynamics is described by the same equation. The additional inertia term here appears
in a more complicated form. Despite that, it is possible to define a mass amplification coefficient, identified
with the second contribution in square brackets of Eq. (14). Thus, as before, damping plays the key role in the
modification of the inertia of the system.

As an effect, it could be proven that the current natural frequency of the system changes too, in an analogous
way to that discussed for the previous 2-d.o.f. system in Eq. (4).

Eigenfrequency dependence on damping
In the case of interest, the Toy Model 2-d.o.f. system is modelled as: M = 2kg, m = 1kg, k = 600 N m™'. When

the damping coeflicient is tuned to the extremes of the range {O, 10* (—|—oo)} N-s-m’l, its natural frequency

behaves as:
c—0: fn, ~2.75Hz (16)
c— +oo: fn ~2.25Hz (17)

so that the resonant frequency band is roughly 0.5 Hz.

The change of f, within the predefined interval as function of the damping coefficient can be derived by
considering Eq. (8), or, in the general case, by Eq. (14). However, this is not an easy task since this dependence is
nonlinear and suffers the time variation of the damping coefficients.

An approximated behaviour can be obtained by passing through the eigenvalue problem. This can be solved
by applying the so-called FDCM (see Appendix A) or, equivalently, through the TF of the system dynamics by
performing the LT (for null initial conditions), simply as:

$>MX (s) +sCX (s) + KX (s) = F (s) (18)

H(s)= [s*MX +sC+ K| ' (19)

with H (s) be the TF matrix. Therefore, the variation of the poles of H (s) as functions of the damping coefficient
matrix will provide the eigenfrequencies behavior in terms of different damping settings.

By following the procedure described in Appendix A and, in particular, by observing Fig. A.1, Fig. A.2, Fig.
A.3 and Fig. A4, it can be said that, in a free solution condition, the system response is a damped oscillatory
motion for all the intermediate damping coefficient values between 0 and +o0o. On the other hand, at the
extremes of the damping coeflicient range the solutions coincide with undamped oscillatory motions.

The discussion can be detailed by observing Fig. 3. On top, it shows the solutions computed for different
damping coefficient values, where a velocity initial condition equal to 1 m s™" has been imposed for the primary
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Fig. 3. In (a) the response of the Toy model excited by an impulse of velocity for different damping coefficient
values and in (b) the corresponding IFs.
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Fig. 4. FRF of the Toy Model system.

mass M. The subplot on bottom shows the corresponding IFs, obtained by performing the HHT (see Appendix
B) of the system displacements over a period £ = 5 s. For each solution, the corresponding IF stays within the
resonant frequency band and oscillates around a constant mean value that changes accordingly to the selected
damping value. Furthermore, as previously stated, the solutions corresponding to the damping range extremes,
i.e. for c = 0 and ¢ = 400, represent undamped motions, while for all the intermediate settings the solutions
are damped. This means there exists a specific damping coefficient value which provides the most damped
oscillatory solution obtainable, i.e. the solution that would expire in the shortest amount of time.

For the system of interest, it can be demonstrated that this value belongs to the interval {12,13} N s m™'.
The exact value, defined as cop¢, can be obtained by studying the FRE, or the TE, of the system: it is the value that
minimizes the FRF amplitude 13l as represented in Fig. 4, where:

2
~|X| = 4€%0° + o*
" 3 - {46202 (02 (1 4+ ) — 1)* + [0 (0> — 1)} (20)
- % 21)
C
$= Gy, (22)
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e = % (23)

with X the amplitude response of the main mass M, F' the amplitude of the external excitation, fn, the resonant
frequency for ¢ = 0, o the ratio between the exciting frequency f and fr,, £ the damping factor and ¢ the ratio
between the two masses.

By observing Fig. 4, copt corresponds to a specific curve which exactly crosses the Node, i.e. the intersection
between the curves 110, ftoo. These are obtained from Eq. (20), respectively, for ¢ = 0 and ¢ = 400, and have
the following expressions:

0_4
SRNCEICEE >

. 1
B = g2 (14 e) - 12 25)

By intersecting the two curves in Eq. (24)-(25) the coordinates of the Node can be found to be

{O'Node7.U'Nod6} = {\/Z’ (21_1)2}
2+4e

To successively determine the damping coefficient value that minimizes the FREF, one has to guarantee that
the first derivative of 1 with respect to o is null at the Node, i.e.:
0
ol =0 (26)

do Node
It can be shown that solving Eq. (26) provides copt ~ 12.65 N sm™".
This damping value would produce an optimal passive solution. For this reason, the system response in case
of damping coeflicient cop¢ will be considered as a reference to be compared with the optimal controlled solution
provided by the application of the iterative LQR scheme (see Appendix C).

LQR control for a chirp external force
To assess the effectiveness of the proposed method, a chirp signal is applied on the Toy Model system as driving
force. A chirp signal is a type of waveform characterized by a frequency that linearly increases or decreases with
time. This unique feature allows for a continuous and smooth variation in frequency over a specific range. By
utilizing a chirp signal, it becomes possible to examine the system response to a changing frequency stimulus,
effectively testing the capabilities of the proposed method in handling dynamic and evolving load conditions.
That frequency crosses the range defined by the two extreme resonant frequencies of the system, fr, and fn.
. Thus, it is interesting to confront the IF of the system response in respect of the IF of the chirp, to better
understand how the control affects the IF of the system to reduce the amplitude response of the main mass M.
The chirp excitation chosen for the analysis has the form F' (t) = 5cos (27T fot + A ft2) with fo = 0.95fn

be the starting frequency att = 0s, Af = f%fo the frequency slope and fy = 1.05 f5, the ending frequency

at £ = 10 s, which is the observation time.
For the assigned chirp, its phase is: ¢ (t) = (27 fo + mAft) t. Since the chirp is already an IMF, namely it
has a “well behaved” HT (see Appendix B), its instantaneous frequency can be evaluated from its analytic signal,

whichis z () = 5e¥*), by taking the time derivative of its phase: w () = dﬁ—it) =2nfo + 2rAft = wo + Awt

The state vector of the system in Eq. (4) is & = [z122@122] " , while 2, = [02202]" is the target state vector.
The set of admissible values for the optimal damping coefficient is established to be [0, 103] N-s-m™!. In addition,

two different controlled solutions will be considered depending on the weights imposed for the cost matrix Q
(see Appendix C). In case the diagonal terms of @ are set as [109, 1,10°, 1] the solution will be labelled as

LQR,,; in case they are set as [10187 1,108, 1] the solution will be labelled as LQRhigh.
Simulation results
Figure 5 illustrates the displacements and velocities of the main mass M (on the left) and the auxiliary mass m
(on the right) caused by the chirp load application. A comparison between the controlled LQR, and LQR,
strategies, the optimized passive damper (copt) response and a non-optimized passive setting solution (¢ = 5
sm™') is depicted. It reveals that the main mass exhibits smaller displacements in both controlled cases. Notably,
the key distinction lies in the initial transient phase, where the LQR,, , displacement manifests the shortest rise
time. Conversely, LQR,  exhibits a longer rise time with the highest amplitude during the transient phase but
later settles to lower values during the stationary phase. In contrast, while the optimized passive system displays
alonger rise time with displacement amplitude values falling between the previous two cases, the non-optimized
solution manifests a resonant behavior. By using an optimization algorithm it would be possible to find out the
best compromise between the LQR,_  and LQR,,,;, settings, however this goes beyond the scope of the paper.
To further investigate the comparison between the semi-active and passive systems in terms of displacement
amplitudes, the analysis in Fig. 6 is focused specifically on the resonant band of the system.

igh
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Fig. 5. Comparison between LQR controlled solutions (blue and red lines) and the optimized (green line) and
non-optimized (black dotted line) passive solutions for the main mass in (a)-(c), and for the auxiliary mass in

(b)-(d).
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Fig. 6. Comparison between the displacements amplitudes of the LQR controlled responses and the optimized
and non-optimized passive responses of the main mass with respect to the resonant band (magenta dotted
lines) of the Toy Model system.

By observing the Figs. 5 and 6, it is clear that, without any control action, the system exhibits significantly
higher displacement amplitudes within the resonant band, indicating a stronger susceptibility to resonance.

On the other hand, the optimized passive control, while reducing the amplitude compared to the unoptimized
system, it is less effective than the LQR controller in attenuating vibrations. Here, the LQR,, control results
in a moderate reduction in displacement amplitudes, being particularly effective during the stationary phase,
although it produces a higher amplitude during the transient phase; the LQR, strategy demonstrates the most
significant reduction in displacement amplitudes, particularly effective in minimizing the rise time during the
initial transient phase.

By comparing these responses, both LQR control strategies (LQR, - and LQR,, ) outperform the optimized
passive control, particularly in reducing the amplitude of vibrations within the resonant band. The inclusion of
the uncontrolled response further underscores the necessity and effectiveness of the proposed control methods.

Figure 7 depicts the temporal dynamics of the optimal damping coefficient for the LQR,  and LQRhigh
control laws. In both scenarios exhibit rapid on-off variations between the extremes of the predefined saturation
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m

(@) =

interval. Although they share similar characteristics, the damping coefficient behavior associated with the high
setting demonstrates a smoother trend. While the LQR,  control exhibits a more intricate pattern, the LQR
solution corresponds to a pure bang-bang control strategy.

Further analysis of the TF of the system uncovers the relationship between the current resonant frequency
and the corresponding damping coefficient. Leveraging the LT (under null initial conditions), the following
relationship is observed:

high

s2M X1 (s) +sc(X1(s) — Xa(s)) + kX1 (s) = F(s) 27)
s?mXz (s) + sc(Xa(s) — X1 (s)) =0
| S M+sc+k —sc
H = [ —sc s>m + sc (28)
and the TF matrix is:
- 1 s*m + sc sc
H=H‘'=_— — _
det (H™ (3)) [ sc sM+sctk ] 29)
The system resonant frequency comes out by imposing det (H™ (s)) = 0, which leads to:
2
3 sc(M+m) k ke 30
S V7 VAL V7 (0

The solution of the Eq. (30) provides the 3 poles of the TE. To understand their behaviour, it is sufficient to
estimate their values for the optimal damping laws found by the LQR controllers, as shown in Fig. 8, neglecting
the symbolic relationship between the poles and the damping coefficient itself.

Being the I pole real, it does not contribute to the computation of the system resonant frequency. II and
III poles, on the other hand, result to be conjugate complexes, and possess an imaginary part which contains
information about the current resonant frequency. As it can be seen in Fig. 9, this value continuously jumps
between fn . and fr, because of the almost bang-bang control of ¢ (¢) (see Fig. 7).

The change in the equivalent mass meq of the system could be computed through Eq. (10), or, in a simpler
form, as:

1 k

Meg = ——= —=
U An2 f2

31

This means mcq suddenly fluctuate between meq, = M and meq., = M + m, as one could expect.

Looking at the periodic patterns of the control damping coefficient, seen in Fig. 7, they appear to be marked
by a specific characteristic frequency: the control frequency (. In particular, inspecting the periodicity of the
square waves reported in Fig. 7 and comparing it with the IF_ , of the chirp and the current resonant frequency

1000 1000
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600 | T 600!
500 (b) = 500
400 <3 400 |
300 | : 300 |
200 200 ||
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0 02 04 06 08 I 0 02 04 06 08 1
t [s] —LQRow t [s]
— LQRuign

Fig. 7. Optimal damping coefficient control laws for the LQR, in (a) and LQRhigh settings in (b) (focus over
1 s-window).
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Fig. 8. In (a) I pole, in (b) II pole and in (c) III pole of the TF of the Toy Model system computed by
substituting the optimal damping coefficient control law produced by the LQR, _ setting.
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Fig. 9. Current resonant frequency of the Toy Model system corresponding to the LQR
settings in (b) (focus over 1 s-window).

in (a) and LQR

low high

of the Toy Model, it can be noticed how ¢ follows the slope of IFext‘th and almost doubles it (see Fig. 10). In fact,
by defining r as:

¢

r=—
IFezt,th

(32)

it emerges how this ratio is maintained around the value of 2, as shown in Fig. 11.
To sum up, the controller periodically changes the current system resonant frequency with a frequency ¢ that
doubles the current chirp exciting frequency. This phenomenon belongs to the so-called parametric resonance

phenomena’2.

Time-frequency analysis

The effectiveness of the optimal control in attenuating the system response has been demonstrated. However,
the cause-and-effect relationship between control laws and induced responses remains unclear at this stage. To
address this point, a specific type of Time-Frequency analysis called the HHT is employed. This analysis aims
to reveal the concealed features of the control logic embedded within the system response, providing a deeper
understanding of the underlying dynamics. The HHT technique is particularly suited for this research as it excels
at unveiling the hidden features of complex and non-stationary signals. By decomposing the system response into
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low

individual IMFs using EMD, the HHT method enables the identification and analysis of underlying processes
operating at different timescales. Through this analysis, the HHT provides valuable insights into the distinct
temporal and frequency characteristics of the system response influenced by the control logic.

Control damping coefficient
EMD (see Appendix B for details) is performed on the control damping coefficient laws of Fig. 7 to characterize
their time frequency features.

Figure 12 shows the first three and most energetic IMFs and the corresponding IFs obtained applying the
HHT to the optimal damping coefficient obtained with the LQR__setting. By comparing the IFs with the IF__ ,,
it emerges that the third IMF exhibits an IF that is twice the IF_ ,, confirming what afore discussed about
the parameter 7 (see Fig. 11). The second and first IMFs, instead, manifest a high frequency content, being
characterized by multiples of the IF__ .

Considering then the optimal damping coefficient obtained through the LQRhigh setting (see Fig. 13), it can
be observed that the third IMF exhibits an IF that doubles the IFexmh, as before. Again, the second and first IMFs
show a higher frequency content characterized by multiples of the IF_, ,, even if values are different with respect
to the previous case.

Damping force

The time-frequency behaviour of the damping force is here examined. For this purpose, the Toy Model 2-d.o.f.
system introduced in Subsect. "The Toy Model architecture” is considered again (see Fig. 1). It is important to
note that the auxiliary mass-damper and stiffness are intentionally selected to ensure that the elastic force exerted
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Fig. 12. In (a)-(c)-(e) main IMFs and in (b)-(d)-(f) corresponding IFs obtained from the application of
the HHT to the optimal damping coefficient coming from the LQR, _ setting (i, u and j-ext in the legend of
subfigures (b)-(d)-(f) stand for I, , and j-IF and so on).
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Fig. 13. In (a)-(c)-(e) main IMFs and in (b)-(d)-(f) corresponding IFs obtained from the application of

the HHT to the optimal damping coefficient coming from the LQR,, setting (i, u and j-ext in the legend of
subfigures (b)-(d)-(f) stand for IF, and j TFin and so on).

by the absorber on the primary mass precisely counteracts the external harmonic force. With this consideration
in mind, it is expected that both the passive and semi-active damping forces acting on the main mass will strive
to effectively balance the external force and minimize the overall displacement.

The damping force coming from the optimized passive setting is Fq = Copt (1 — &2), while for the
controlled cases it is Fy = u (t) (&1 — @2). The corresponding trends are portrayed in Fig. 14.

Figure 15 showcases the fundamental IMF and the corresponding IF of the damping force for the optimized
passive setting, obtained through the application of the HHT. The optimized passive setting reveals a damped
harmonic motion in the damping force, with an instantaneous frequency matching that of the external force.
This observation confirms that the passive setting functions akin to a dynamic vibration absorber, effectively
minimizing the displacement of the main mass.

The time behaviours of the semi-active damping forces can be quite intricate. To elucidate their main
characteristics, we will now concentrate on the LQR,  type. In Fig. 16, we observe the IMFs and their
corresponding IFs for the corresponding damping force. The figure displays several IMFs, with the first four
being the most significant ones. Particularly, IMF, ., stands out as the most energetic component. Interestingly,
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Fig. 14. Comparison between: (a) the damping force corresponding to the optimized passive setting (green)
and the control damping forces coming from LQR, _ (blue) in (b) and LQRhigh (red) settings (c).
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Fig. 15. In (a) main IMF and in (b) corresponding IF associated with the damping force coming from the
optimized passive setting.

its IF closely aligns with IF_ ,, showing similar features to the signal in Fig. 15 derived from the passive setting.
Notably, this IMF is responsible for the damped harmonic trend, which gives rise to the extrema of the force
in the second subplot of Fig. 14: the force and IMF, p, have the same envelopes. The other three IMFs cause
deformation in the main waveform of the force and are characterized by considerably higher frequencies. This
reflects the high-frequency content present in the optimal damping coefficient.

Figure 17 displays the IMFs and their corresponding IFs for the control damping force obtained using
the LQR,, oh scheme. As anticipated in Fig. 7, the LQR,, oh acts like a bang-bang controller, resulting in a force
consisting *of a train of pulses that are challenging to decompose using the EMD algorithm (see Appendix B).
This difficulty arises due to the EMD’s sifting process, which generates intrinsic oscillatory modes based on
characteristic time scales identified empirically in the data, enabling its decomposition.

However, the signal from the LQRhigh scheme presents a specific issue. The alternating local maxima, zero
crossings, and minima are extremely sharp, lacking any sensible undulation between them. This sharpness is
evident in the third subplot of Fig. 14.
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Fig. 17. In (a)-(c)-(e)-(g) main IMFs and in (b)-(d)-(f)-(h) corresponding IFs associated with the control
damping force coming from the LQR,, oh setting (i, u and j-ext in the legend of subfigures (b)-(d)-(f) stand for

IF,  andjIF . and so on).

As a result, there is no characteristic scale in the data that can be effectively sifted out by the EMD algorithm.
When applying EMD to this signal, several IMFs are generated, but they lack physical meaning. Each IMF
exhibits spurious undulations coinciding with the extrema of the signal, arising during the decomposition
process. The method utilizes envelopes defined by the local maxima and minima separately: cubic spline
lines connect all the local maxima to form the upper envelope and similarly for the local minima to create the
lower envelope. The mean envelope is then computed and subtracted from the original signal, and this process
continues. However, being the envelopes much smoother than the original signal, spurious undulations emerge,
inaccurately extracted from the original signal.

A different, still not entirely physically meaningful, time-frequency representation of the signal is obtained
with the Morlet WT, as shown in Fig. 18. The spectrogram is characterized by V-shaped highly correlated regions
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around the extrema of the signal, giving the misleading impression that, during those time intervals, a wide
range of frequencies is involved. This occurs because the signal is composed of a train of pulses that suddenly
vanish outside the location of the extrema within a certain time interval.

The nullity of its values is correctly but artificially obtained by the wavelet transformation, which is based on
Fourier analysis. This nullity results from an infinite superposition of virtual waves that interfere to annihilate
each other. In the time domain, where the signal vanishes, it is artificially perceived as dynamic due to the
existence of interfering waves. This perception contrasts with a proper understanding of the physical situation
where the signal does not exist.

To summarize, when the external force is a chirp of mean frequency equal to the natural frequency of the
main mass, the passive and semi-active settings act like dynamic vibration absorbers. However, the semi-active
settings are more effective at minimizing the displacement of the main mass because the control laws produce
more extended time-frequency forces that can better counterbalance the unsteady one externally applied.

Main mass response

Figure 19 shows the IMF and the related IF obtained through the HHT (see Appendix B) for the displacement of
the main mass in the optimized passive setting case. Since the original signal is already an IMEF, the application
of the EMD produces only one IME, that is very close to the signal itself. Its IF linearly increases with time and,
almost, coincides with the one of the driving force w (t) = wo + Awt.

Figure 20 displays the IMF and the corresponding IF resulting from the application of the HHT to the
displacement of the main mass when the LQR,_ . control is implemented. Upon initial observation, the IMF
may appear like the one shown in Fig. 19. However, it is noteworthy that the semi-active controller significantly
modifies the response of the main mass, leading to the emergence of nonlinear features. Specifically, this wave
exhibits harmonic distortion akin to the Stokes wave?’, characterized by sharpened crests and rounded-off
troughs due to intra-wave frequency modulations. Additionally, inter-wave frequency modulations, which were
already evident in Fig. 19 for the passive setting, are also present.

To provide a more comprehensive understanding of these concepts, we present a coarse, yet meaningful
approximation of the signal represented by the analytical model wave, given by the following equation:

x(t) = Acos (w (t)t +esin (w(t)1t)) (33)

where w (t) = wo + Awt is the instantaneous frequency of the chirp excitation defined in Sect.
"LQR control for a chirp external force", A and e are suitable amplitudes parameters with &
small, ie.<<1 (note that this function is related to the solution of the nonlinear wave equation:

digét) + (@ + e@cos (@t))? x (t) — ex?sin (@t) /1 — 22 (t) = 0, with & constant).

The function x (t) is clearly a frequency modulated wave, since x (¢) is already an IMF (see Fig. 21 for the
comparison in case A = 0.05,¢ = 0.1), the nonlinear phase ¢ (¢) and the instantaneous frequency €2 (¢) are
readily obtained from its analytic signal in Eq. (33):

p(t)=(w(t)t+esin (w(t)t)) (34)
Q) = dfd—t(t) - (d‘“(’lf)t +w(t) + ecos (w(1)1) (d“;f) ttw (t))) (35)

Then, by substituting w () = wo + Awt in Eq. (35), it holds:
Q(t) = (wo + 2Awt + ecos (w () t) (wo + 2Awt)) (36)

Ca,b Coefficients - Coloration mode: init + by scale + abs

i

Fig. 18. Morlet WT of the control damping force coming from the LQR,, setting.
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Fig. 19. In (a) main IMF and in (b) corresponding IF associated with the displacement response of the main
mass obtained for the optimized passive setting.

Fig. 20. In (a) main IMF and in (b) corresponding IF associated with the displacement response of the main
mass obtained for the LQR,_ setting.

In particular, by defining with ws (t) = wo + 2Awt = 2w (t) — wo (note that wo (t) has twice the slope of w (t)
) and by substituting it into Eq. (36), it finally holds:

Q(t) = w2 (t) (1 +ecos (w(t) 1)) (37)
With reference to the Fig. 22,  (¢) is a nonlinear function of the time, which has the following features:

i. The function wy () is the amplitude modulating function, that slowly increases with time. If w2 were con-
stant, the mean value of 2 (¢) would be wo;

ii. Since wy (t) becomes higher and higher, the waveform undergoes gradual modifications, resulting in what
is referred to as inter-wave frequency modulation. This modulation occurs cycle after cycle, characterized
by a gentle variation. In our example the time scale of the inter-wave frequency modulation is given by
2w/ (d%pdt) ~ 21/ Aw;
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Fig. 22. In (a)-(b) the main features of 2 and in (c) their resulting contribute.

ili. The function (1 4 ecos (w (t)t)) is a nonlinear function of the time, in first approximation can be thought
as an “almost” periodic function with pseudo-period 2 7/w (t);

iv. Due to iii., the waveform z (t) is almost periodic and experiences strong modulation within each period 2
7 /w (t). This characteristic is referred to as intra-wave frequency modulation, highlighting the significant
variation within each cycle;

v. It is important to emphasize that, to the authors’ knowledge?”?$, this is the first example of a physical sys-
tem simultaneously exhibiting intra- and inter-wave frequency modulations. In the existing literature,
these two effects were introduced separately for different signals. For instance, the Stokes wave displays
intra-wave modulation characterized by an instantaneous frequency @ (1 + ecos (&t)), with & constant,
and chirp-function for inter-wave modulation, characterized by an instantaneous frequency that linearly
increases with time. The coexistence of intra- and inter-wave frequency modulations gives rise to a me-
ta-phenomenon, here named meta-frequency modulation, arising from the blending of the previous fea-
tures. With reference to the point iii, the intra-wave frequency modulation is characterised by the pseu-
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do-period 27 /w (t) , which becomes progressively shorter due to the linear variability of w (¢). This same
variability causes the inter-wave frequency modulation discussed in point ii. Therefore, two different time
scales, 27 /w (t) and 27/ Aw, are simultaneously present, significantly modifying the waveform through
this meta-frequency modulation.

When the LQRy. control is applied, Fig. 23 illustrates the IMF and IF of the main mass displacement obtained
for this control setting. The signal qualitative features resemble those observed in Fig. 20. However, when
compared to the IMF obtained for the LQR,_  scheme, the intra-wave frequency modulation becomes more
pronounced, resulting in significantly distorted waves within each period of oscillation.

In summary, the application of the optimal control scheme reveals three notable effects. Firstly, there is inter-
wave frequency modulation of the main mass displacement, which is primarily induced by the external chirp
regardless of the control law. Secondly, an intra-wave frequency modulation arises due to the optimal damping
control law for the semi-active setting, which, while counterbalancing the external force, causes substantial
waveform distortion within each oscillation cycle. Most notably, an undiscovered meta-frequency modulation
emerges, resulting from the blending of the aforementioned features. This meta-frequency modulation involves
the coexistence of two distinct time scales, 27 /w () and 27/ Aw, simultaneously shaping the signal.

Future experimental validation

This section outlines the experimental plan for validating the proposed control methodology. A scaled-down
physical model will be constructed to replicate the 2-degree-of-freedom system described in the study, comprising
a primary mass connected to a base by a spring and a small auxiliary mass attached to the primary mass via a
tunable damper. The tunable dampers will be implemented using magnetorheological (MR) or piezoelectric
dampers, whose damping coeflicients can be adjusted in real time through an external control system.

To enable real-time control, an LQR controller will be designed and implemented on a digital signal processor
(DSP) or a real-time control platform such as dSPACE. This widely used system supports the development and
real-time execution of control algorithms, making it ideal for the experimental setup, as shown in Fig. 24.

The controller will regulate the damping coefficients based on sensor feedback while a chirp signal generator
applies a variable-frequency excitation force. This excitation will span a range of frequencies that includes the
system’s natural frequencies, as predicted by the theoretical model.

Measurement instruments (e.g., accelerometers and laser displacement sensors) will capture the response of
both the primary and auxiliary masses. The collected data will then be analysed to determine the instantaneous
frequency and amplitude of the system’s response. The experimental procedure, described in Fig. 25, begins
with baseline measurements of the natural frequency and damping characteristics in the absence of active
control, serving as a reference point. Subsequently, the LQR control system will be activated, and the damping
coeflicients will be adjusted in real time to minimize the primary mass response. System performance under
different control settings, such as LQRlow and LQRhigh, will be recorded.

Data analysis will employ the HHT to investigate intra- and inter-wave frequency modulations and the
resulting meta-frequency modulation in the system’s response. These findings will be compared with theoretical
predictions, thereby validating the proposed model.

The expected outcomes include demonstrating the effectiveness of the LQR control strategy in reducing
the primary mass response and experimentally confirming the existence of intra- and inter-wave frequency
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Fig. 23. In (a) main IMF and in (b) corresponding IF associated with the displacement response of the main
mass obtained for the LQR,,, setting.
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modulations—thereby validating the phenomenon of meta-frequency modulation. This physical evidence will
underscore the potential practical applications of the control method in various engineering fields.

Additionally, systematic testing under diverse loading scenarios (e.g., harmonic and random excitations)
is planned to further assess the robustness of the control methodology. Comparative evaluations of MR versus
piezoelectric dampers will be conducted, focusing on response time, power consumption, and overall control
accuracy. These investigations will refine the real-time control algorithm, ensuring that the proposed approach
remains both effective and adaptable across a wide range of engineering applications.

By conducting this comprehensive experimental validation, the authors aim to substantiate the theoretical
advancements presented in this study and demonstrate the practical feasibility of the proposed methodology—
thereby paving the way for future research and applications in fields such as civil engineering, renewable energy,
aerospace, robotics, and medical devices.

Finally, the semi-active control strategy leverages current state-of-the-art technologies: integrating
MR or piezoelectric dampers with modern real-time control platforms offers a robust and viable route for
implementation. These devices are already well-established in engineering sectors—including civil, aerospace,
robotics, and renewable energy—highlighting the practical relevance of this approach. Coupled with an LQR-
based control algorithm, the system can adapt its damping characteristics in real time, directly influencing
inertial properties and improving the overall vibrational performance of the structure.
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Conclusions

This paper demonstrates how tunable dampers, managed through a Linear Quadratic Regulator (LQR), can
indirectly control the inertial properties of a rigid body system and mitigate resonance under chirp excitation.
The adoption of a simple 2-degree-of-freedom (2-d.o.f.) model shows that proper adjustment of the damping
coefficient enables manipulation of the equivalent mass and natural frequency, effectively minimizing the
response of the master mass.

The key contributions are twofold: (i) the introduction of a novel semi-active control strategy that adjusts
inertial properties via LQR-driven tunable dampers; and (ii) the physical interpretation of the induced system
response through the Hilbert-Huang Transform (HHT), clarifying the cause-and-effect link between the control
law and observed dynamics. Notably, the system exhibits a previously unreported meta-frequency modulation,
arising from simultaneous intra- and inter-wave frequency shifts.

These findings have broad potential applications in Civil Engineering (seismic and traffic load responses),
Renewable Energy (offshore wind turbines), Aerospace (vibration control in flight), Robotics (precision and
stability), and Medical Devices (prosthetics and biomechanical implants). By enabling real-time tuning of inertial
characteristics, the proposed approach offers a versatile means to enhance safety, efficiency, and resilience in
diverse engineering systems.

Data availability
Data will be made available on request. Please contact Simone Mesbahi, Ph.D., Sapienza University of Rome, via
email at mesbahisimone94@gmail.com for access to the data.
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