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Accurate identification of significant features in high-dimensional data is indispensable in high-
throughput genomic analysis and association studies. Least Absolute Shrinkage and Selection 
Operator (LASSO) and its derivatives have been widely adapted to discover potential biomarkers as 
a feature selection scheme in various biological systems. Recently, bootstrap-based LASSO models, 
such as Random LASSO and Hi-LASSO, have been effective solutions for extremely high-dimensional 
but low sample size (EHDLSS) genomic data. However, the bootstrap-based LASSO models still have 
several drawbacks, such as multicollinearity within bootstrap samples, missing predictors in draw, 
and randomness in predictor sampling. To tackle the limitations, we propose a new bootstrap-based 
LASSO, named Stochastic LASSO, that effectively reduces multicollinearity in bootstrap samples and 
mitigates randomness in predictor sampling, resulting in remarkably outperforming benchmarks in 
feature selection and coefficient estimation. Furthermore, Stochastic LASSO provides a two-stage 
t-test strategy for selecting statistically significant features. The performance of Stochastic LASSO 
was assessed by comparing the existing benchmark models in extensive simulation experiments. 
In the simulation experiments, Stochastic LASSO consistently showed significant improvements 
in performance compared to the state-of-the-art LASSO models for feature selection, coefficient 
estimation, and robustness. We also applied Stochastic LASSO for the gene expression data of publicly 
available TCGA cancer datasets and identified statistically significant genes associated with survival 
month prediction. The source code is publicly available at: ​h​t​t​p​s​:​/​/​g​i​t​h​u​b​.​c​o​m​/​d​a​t​a​x​-​l​a​b​/​S​t​o​c​h​a​s​t​i​c​L​A​
S​S​O​.​​​​​​

Keywords  Stochastic LASSO, LASSO, High-dimensional data, Variable selection

Identification of a subset of significant predictors is indispensable in understanding biological mechanisms 
and enhancing predictive performance in high-throughput and high-dimensional genomic data1–3. Least 
Absolute Shrinkage and Selection Operator (LASSO)4 and its derivatives have powered to identify a subset of 
relevant predictors in several biological applications, such as survival analysis5, metabolomics6, discovering 
protein–protein interactions7, and Cox proportional hazard modeling8. However, conventional LASSO models, 
including Adaptive LASSO9, Relaxed LASSO10, and Precision LASSO11, have following limitations when applied 
to extremely high-dimensional and low sample size (EHDLSS) data: (1) LASSO selects predictors only up to the 
sample size, and (2) LASSO does not identify all the predictors that are highly correlated with each other. These 
limitations primarily stem from the sparsity-inducing nature of the L1 regularization. Although Elastic-Net12 
mitigates these issues by incorporating an L2 regularization, the L2 component introduces its own challenge 
in EHDLSS settings, as it forces highly correlated predictors that have opposite coefficient signs to be estimated 
with the same sign, thereby reducing feature interpretability. Thus, the conventional LASSOs are challenged to 
apply for omics datasets that include hundreds of patent samples of more than 20,000 genes or 80,000 SNPs with 
highly multicollinearity.

Bootstrap-based LASSOs, such as Random LASSO13, Recursive Random LASSO14, and Hi-LASSO15, 
addressed the EHDLSS issues by drawing multiple bootstrap samples of lower-dimensionality and then 
aggregating the results for the final feature selection. Most bootstrap-based LASSOs consist of two procedures: (1) 
calculating importance scores of predictors for the oracle property16 and (2) estimating coefficients of predictors 
by prioritizing predictors of high importance scores. The bootstrap-based LASSOs have the advantages of 
accurate feature selection, precise coefficient estimation, and enhanced predictive performance with EHDLSS 
data.

However, the bootstrap-based LASSOs also have several drawbacks, such as a multicollinearity issue within 
bootstrap samples, missing predictors in draw, and randomness in predictor sampling. First, multicollinearity 
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within bootstrap samples often causes underestimated importance scores of non-zero predictors. Although 
bootstrap-based LASSOs reduce multicollinearity in the entire set of predictors through bootstrap sampling, 
the bootstrap samples still have local multicollinearity. For instance, non-zero predictors are often estimated 
as zero, when highly correlated non-zero predictors are drawn in a bootstrap sample. Moreover, if highly 
correlated predictors are with opposite coefficient signs, only the predictors with dominant sign are identified. 
The predictors of a non-dominant sign are estimated as zero or incorrectly identified as the dominant sign. 
Second, bootstrap-based LASSOs have a potential risk of missing predictors during the bootstrap process. 
Let the model construct B numbers of bootstrap samples by drawing q predictors from a total of p predictors 
(q < p). The number of times that each predictor is drawn follows the binomial distribution. Then, when 500 
bootstrap samples are generated by drawing 200 predictors from 20,000 predictors (e.g., B = 500, q = 200, 
and p = 20, 000), the expected number of predictors that are never selected is 131.4, and the expected number 
of predictors selected less than three times is 2,467.7. Thus, a number of the predictors’ coefficients would be 
missing or underestimated, since the majority of predictors are seldom drawn. Lastly, missing predictors or 
imbalanced predictor inclusion in the bootstrap, caused by randomness in predictor sampling, make coefficient 
estimations ineffective. Bootstrap-based LASSOs construct bootstrap samples by drawing q predictors with 
probabilities proportional to the importance scores. However, the randomness in draw still makes chances of 
several non-zero predictors missing or seldom consideration from the regression model in a bootstrap.

In this paper, we propose an enhanced bootstrap-based LASSO model, named Stochastic LASSO, which 
remarkably improves the current LASSO solutions. The main contributions of Stochastic LASSO are as follows:

•	 Stochastic LASSO significantly enhances the feature selection performance, as well as accurately estimating 
true coefficients, comparing to the state-of-the-art LASSO models,

•	 Stochastic LASSO proposes a parametric statistical test for selecting significant feature in high-dimensional 
data, and

•	 Stochastic LASSO produces robust feature selection results.

The rest of the paper is organized as follows: Section Methods describes the proposed Stochastic LASSO in 
detail, and in Section Experimental results, we conducted the assessment of Stochastic LASSO by comparing it 
with existing state-of-the-art LASSO models.

Methods
Overview
Stochastic LASSO follows the procedures: (1) constructing lower-dimensional, linearly independent bootstrap 
samples by a Correlation Based Bootstrapping (CBB) strategy, (2) estimating coefficients of each bootstrap 
sample, (3) calculating local scores for feature selection, (4) estimating the final coefficients (i.e., global scores) by 
forward selection, and (5) determining statistical significance by a two-stage t-test in a one-time bootstrapping 
procedure. Stochastic LASSO improves the LASSO solution by proposing (1) an enhanced bootstrapping 
algorithm for reducing multicollinearity (§2.2), (2) a forward selection strategy for robust feature selection and 
coefficient estimation (§2.3), and (3) a statistical strategy for identifying statistically significant features in high 
dimensional data (§2.4).

Reducing multicollinearity in bootstrap samples
Stochastic LASSO effectively reduces multicollinearity in bootstrap samples by the proposed Correlation Based 
Bootstrapping (CBB) algorithm. CBB penalizes predictors highly correlated with others in the bootstrapping so 
that the predictors of bootstrap samples become independent. CBB sets a selection probability of each predictor 
by the correlation with other predictors in the bootstrap sample, when Stochastic LASSO draws a predictor 
during bootstrap sampling. Let S and Q be the sets of the predictor indices, where S includes predictor indices 
that have not been drawn and Q is with indices already included in the bootstrap sample. Initially, S = {1, ..., p} 
and Q = ∅. Then, CBB computes the selection probabilities of S based on correlation with Q. We refine the 
probability P r(pi) (where i ∈ S) that the i-th predictor is selected, as follows:

	
P r(pi) = 1∑

q∈Q
(rq,i)2 /

∑
s∈S

1∑
q∈Q

(rq,s)2 ,� (1)

where ri,j  denotes the Pearson correlation coefficient between i-th and j-th predictors. Once an i-th predictor is 
randomly selected with P r(pi), CBB updates S and Q as S = S\{i} and Q = Q ∪ i until the bootstrap sample 
is constructed with q predictors (i.e., |Q| = q), where S\{i} is the vector S excluding the element i. When 
Stochastic LASSO draws the first predictor of the bootstrap sample (i.e., Q = ∅), CBB sets P r(pi) to 1/ |S|. 
Therefore, CBB prioritizes predictors that are likely independent to the other predictors in the bootstrapping.

In addition, Stochastic LASSO guarantees that all predictors are drawn equal times by sampling predictors 
without replacement. CBB algorithm constructs ⌈p/q⌉ bootstrap samples until S = ∅, ensuring that each 
predictor is drawn once. To guarantee that each predictor is drawn exactly same times, Stochastic LASSO repeats 
the CBB algorithm r times. Consequently, Stochastic LASSO estimates r coefficients for each of the p predictors 
by applying penalized linear regression to each bootstrap samples. The CBB algorithm was implemented using 
Numpy’s corrcoef() function in Python, which leverages an accelerated matrix multiplication routine based on 
the Basic Linear Algebra Subprograms (BLAS). We assessed the scalability of CBB with high-dimensional data 
for computational feasibility. The detailed complexity analysis of CBB is provided in Supplementary Note S1 and 
Table S1.
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Improving coefficient estimation
Stochastic LASSO determines the optimal subset of features and estimates their coefficients using forward 
selection based on local scores. While traditional forward selection methods require evaluating all 
possible feature subsets, Stochastic LASSO defines a fixed subset based on the rank of local scores. Let 
B = {b̂ij | i = 1, . . . , r, j = 1, . . . , p} be a r × p matrix that includes r coefficient estimates of p numbers of 
variables obtained from bootstrapping procedure. We define the local score of the j-th predictor (Lj) as follows:

	
Lj =

r∑
i=1

∣∣b̂ij

∣∣ /r,� (2)

Let S0 = ∅ be an initial feature subset, and the subsequent subsets (Sk) are defined by prioritizing features with 
high local scores:

	 Sk = S0 ∪ {x1, . . . , xk},� (3)

where xj  denotes the predictor with the j-th highest local score. Then, Stochastic LASSO estimates the coefficients 
of the feature subsets (Sk) by applying penalized linear regression (e.g., Elastic-Net), and determines the optimal 
subset S∗ as follows:

	 S∗ = argminSk SSEval(Sk),� (4)

where SSEval(Sk) denotes the sum of squared error of validation data calculated by the estimated coefficients 
of Sk . Thus, Stochastic LASSO systematically constructs a subset consisting of non-zero predictors and precisely 
estimates their partial correlations, without additional bootstrapping procedures that most bootstrap-based 
LASSOs require.

Tests of significance for statistically significant feature
Stochastic LASSO proposes a statistical test, two-stage t-test (TSTT), for evaluating statistical significance of 
features. TSTT sequentially conducts one-sample t-test and two-sample t-test. The one-sample t-test identifies 
potential significant features whose coefficient means are non-zeros, and the two-sample t-test selects significant 
features with relatively large coefficient magnitudes among the potential significant features. Let βj  be a 
regression coefficient of the j-th feature. The coefficient estimate of the j-th feature, β̂j , is defined as 

∑r

i=1 β̂ij/r, 
where β̂ij  denotes the i-th coefficient estimate of the j-th feature. The one-sample t-test identifies the potential 
significant features under the following hypotheses:

	 H0 : βj = 0, H1 : βj ̸= 0.� (5)

Let K be the set of indices of the m potential significant features selected by the previous one-sample t-test. The 
coefficient magnitudes of the j-th feature (j ∈ K) and all potential significant features (i.e.,K), denoted as |βj | 
and |βK |, are estimated as 

∑r

i=1

∣∣β̂ij

∣∣ /r and 
∑

j∈K

∑r

i=1
|β̂ij |
m×r , respectively. Then significant features were 

determined using the two-sample t-test under the following hypotheses:

	 H0 : |βj | ≤ |βK | , H1 : |βj | > |βK | ,� (6)

The details of TSTT including test statistics and rejection regions are elucidated in Supplementary Note S2.
The proposed TSTT allows Stochastic LASSO to identify more features than the sample size, by individually 

assessing the statistical significance of each feature based on the bootstrap-derived coefficient estimates. 
Therefore, Stochastic LASSO not only reliably evaluates the statistical significance of features but also 
fundamentally addresses the inherent limitations of conventional LASSO models by applying TSTT in extremely 
high-dimensional settings. The detail procedures of Stochastic LASSO are described in Algorithm 1.
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Algorithm 1.  Stochastic LASSO.

Experimental results
We assessed the performance of Stochastic LASSO with the various experimental settings, compared to state-
of-the-art LASSO models on the following criteria: (1) feature selection, (2) coefficient estimation, (3) test of 
significance, and (4) model robustness. First, we evaluated how accurately Stochastic LASSO identifies non-
zero variables with various scales of data dimensionalities. Second, we assessed the performance of coefficient 
estimation by computing the residual sum between the estimations and ground truth. Third, we examined 
whether Stochastic LASSO can identify statistical significance of non-zero variables. Lastly, we evaluated the 
consistency and robustness of feature selection.

Feature selection
For the assessment of feature selection, we conducted simulation studies where ground truth of non-zero 
variables are known. The simulation study mainly considered high-dimensional, but low-sample-size data with 
high multicollinearity, which is a common setting in genomic data. We followed the simulation settings that have 
been commonly used in most bootstrap-based LASSO studies13–15. We generated four synthetic datasets (i.e., 
Dataset I-IV) with the following linear regression model:

	 y = β1x1 + β2x2 + . . . + βpxp + ϵ,� (7)

where ϵ∼N(0, σ2), xi ∼N(0, 1), and various types of multicollinearity were introduced by predefined 
covariance matrices. The four dataset consisted of varying numbers of variables and samples, defined in Table 1. 
Dataset I included 50 samples of 100 variables, where the first ten coefficients were set to non-zeros. The 
regression coefficients of ground truth were defined as:

	 β = (3, 3, −3, 2, 2, −2, 1.5, 1.5, 1.5, −1.5) ,� (8)

and the multicollinearity was introduced by predefined covariance matrix:

Sample sizes
Numbers of 
features

βTraining Validation* Total Non-zeros

Dataset I 50 10 100 10 (3, 3, −3, 2, 2, −2, 1.5, 1.5, 1.5, −1.5, 0, . . . , 0)

Dataset II 100 20 1,000 50 β1, . . . , β50 ∼ N(0, 4), others zero

Dataset III 200 40 10,000 50 β1, . . . , β50 ∼ N(0, 4), others zero

Dataset IV 400 80 10,000 50 β1, . . . , β50 ∼ N(0, 4), others zero

Table 1.  Description of the simulation data. *The validation data is further generated with the size equivalent 
to 20% of the training data.
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


Σ3
0.9 0 0 0
0 Σ3

0.9 0 0
0 0 Σ4

0.9 0
0 0 0 I90


 ,� (9)

where Σk
v  is a k × k matrix with unit diagonal elements and off-diagonal elements of value v, and Ik  is an 

identity matrix of size k. Dataset II consists of 100 samples of 1,000 variables, where the first 50 non-zero 
coefficients were drawn from N(0, 4). The multicollinearity with high and low degrees was designed using the 
following covariance matrix:

	




Σ15
0.9 0 0 0
0 Σ15

0.9 J0.3 0
0 JT

0.3 Σ20
0.9 0

0 0 0 I950


 ,� (10)

where Jv  is a matrix with all unit elements of a value v. Dataset III includes 200 samples of 10,000 variables, 
where the first 50 coefficients of non-zero were drawn from N(0, 4). The covariance matrix of Dataset III is as 
follows:

	




Σ15
0.9 0 0 0
0 Σ15

0.9 J0.3 0
0 JT

0.3 Σ20
0.9 0

0 0 0 I9950


 ,� (11)

In Dataset IV, we considered double samples in the same model of Dataset III. To tune the hyper-parameters of 
the LASSO models, we further generated validation data for each dataset, with a size equivalent to 20% of the 
training samples. Note that test data was not considered, as we evaluated only feature selection performance 
without assessing predictive errors.

The benchmark models include LASSO4, Elastic-Net12, Adaptive LASSO9, Relaxed LASSO10, Precision 
LASSO11, Random LASSO13, Recursive Random LASSO14, and Hi-LASSO15. For the non-bootstrap-based 
LASSO models (i.e., LASSO, Elastic-Net, Adaptive LASSO, Relaxed LASSO, and Precision LASSO), hyper-
parameters (e.g., regularization parameter) were tuned by minimizing prediction error on the validation data. 
For the bootstrap-based LASSO models of Random LASSO, Recursive Random LASSO, and Hi-LASSO, the 
number of variables (q1 and q2) were set to the sample number (i.e., n), and the number of bootstrap samples 
(B) was set to p/q × 30 to ensure that each variable is included in the bootstrap samples 30 times on average. In 
Stochastic LASSO, we also set q = n and r = 30 for the fair comparison. This configuration was applied as the 
default setting for all bootstrap-based LASSO models, and its rationale is supported by the sensitivity analysis of 
the Stochastic LASSO hyperparameters presented in Supplementary Note S3.

We computed F1-scores and Area Under the Precision-Recall Curve (AUCPR) for the evaluation. We defined 
non-zero variables as positive, and zero variables as negative. Then, the confusion matrices were computed as 
follows: True Positive (TP) if a model correctly identifies non-zero variables as non-zeros; False Positive (FP) if 
a model incorrectly identifies zero variables as non-zeros; False Negative (FN) if a model incorrectly identifies 
non-zero variables as zeros; and True Negative (TN) if a model correctly identifies zero variables as zeros. F1-
score was calculated by 2(P recision × Recall)/(P recision + Recall), where Precision and Recall are defined 
as T P/(T P + F P ) and T P/(T P + F N), respectively. The AUCPR was calculated from the Precision-Recall 
curve, which is generated by evaluating the model across varying thresholds. We repeated the experiments ten 
times on randomly generated synthetic data for the reproducibility of the model performance.

Stochastic LASSO outperformed all other benchmarks across the synthetic datasets (Fig. 1A, Supplementary 
Table S2), showing the highest F1-scores of 0.7093±0.0197, 0.6650±0.0139, 0.5251±0.0170, and 0.7777±0.0046 
with Dataset I-IV, respectively, which showed 8%, 77%, 65%, and 42% improvements against the second-best 
models. The outperformance of Stochastic LASSO to the second-best benchmark was statistically validated by the 
Wilcoxon rank-sum test (p-values<0.05) with all synthetic datasets (Supplementary Table S2). Furthermore, we 
verified the feature selection performance using AUCPR without thresholding. Stochastic LASSO also achieved 
the highest AUCPR of 0.8284±0.0095, 0.6992±0.0021, 0.5772±0.0089, and 0.6985±   0.0018 with Dataset I-IV, 
respectively, representing statistically significant (p-values<0.05) improvements of 15%, 37%, 31%, and 8% 
over the second-best models (Fig. 1B, Supplementary Table S2). We observed the remarkable performance of 
bootstrap-based LASSO models, including Random LASSO and Hi-LASSO, in the high dimensional data (e.g., 
Dataset II-IV), which implies that bootstrap-based LASSO is more suitable for extremely high-dimensional data 
analysis than non-bootstrap-based LASSO. However, Recursive Random LASSO showed the lowest F1-scores, 
despite being a bootstrap-based model, due to introducing initial biases when handling high-dimensional data.

Coefficient estimation
In this experiment, we verified how precisely the models estimate the ground truth coefficient values. The 
performance of coefficient estimation was evaluated by computing Root Mean Squared Errors (RMSE) between 
estimated coefficients and the ground truth in the synthetic datasets that we used in the previous experiment 
(Dataset I-IV). We computed RMSEALL and RMSENonzeros, where RMSEALL was computed with all 
coefficients, and RMSENonzeros was computed with only non-zero coefficients. Stochastic LASSO showed 
the least errors to estimate coefficient values among the benchmark models (Fig. 2, Supplementary Table S3), 
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achieving the lowest RMSEALL of 0.5022±0.0091, 0.3596±0.0041, 0.1099±0.0006, and 0.0777±0.0002 with 
Dataset I-IV, respectively, which represented 9%, 5%, 9% and 8% improvements over the second-best models. 
Stochastic LASSO also exhibited the lowest RMSENonzeros of 1.5286±0.0294, 1.5931±0.0179, 1.5464±0.0098, 
and 1.0945±0.0025 with Dataset I-IV, respectively, showing 12%, 6%, 9%, and 8% improvements against the 
second-best models. Stochastic LASSO’s improvements for coefficient estimation were statistically validated 
compared to the second-best models (p-values<0.05). The second-best models were Hi-LASSO in Dataset I&II 
and Random LASSO in Dataset III&IV.

Furthermore, we explored the signs of Stochastic LASSO’s coefficients compared to the second-best models 
of Hi-LASSO and Random LASSO. Fig. 3 depicts the results of the coefficient estimations of the models. In 
Fig. 3, the circle marker in black presents the ground truth of non-zero coefficients, while colored shape markers 
indicate the estimations of the models on average (i.e., Stochastic LASSO with pentagon in red, Hi-LASSO with 
square in green, and Random LASSO with triangle in orange). The figure shows that Stochastic LASSO more 
accurately estimated the signs of the coefficients than the others. In Dataset I, Random LASSO and Hi-LASSO 

Fig. 2.  Coefficient estimation performance with simulation data. (A) Comparison of RMSEALL, (B) 
Comparison of RMSENonzeros. On the x-axis of the figure, we labeled the sample size (n) and dimension (p) 
for each dataset.

 

Fig. 1.  Feature selection performance with simulation data. (A) Comparison of F1-score, (B) Comparison of 
AUCPR. On the x-axis of the figure, we labeled the sample size (n) and dimension (p) for each dataset.
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failed to estimate the negative signs on β3, β6, and β10, whereas Stochastic LASSO successfully estimated them 
(Fig. 3A). Note that the non-zero variables in Dataset I are designed with predominantly positive coefficients 
and high multicollinearity (Eqs.  8 &  9). Consequently, the benchmark LASSO models barely identified the 
negative coefficients (i.e., β3, β6, and β10) in 10 repeated experiments: Random LASSO estimated β3, β6, and 
β10 as negative coefficients 1, 0, and 0 times, respectively, and Hi-LASSO estimated them 2, 0, and 0 times, 
respectively. However, Stochastic LASSO demonstrated its notable coefficient estimation capability by accurately 
estimating β3, β6, and β10 as negative coefficients 4, 2, and 5 times, respectively. We also observed that Random 
LASSO and Hi-LASSO tend to estimate the same signs in highly collinearity. For instance, In Dataset II, Random 
LASSO and Hi-LASSO identified only the positive coefficients on β16 − β30, and only the negative coefficients 
on β31 − β50, while Stochastic LASSO correctly estimated the signs (Fig. 3B). In Datasets III-IV, only Stochastic 
LASSO precisely identified β16 − β30, while Random LASSO and Hi-LASSO underestimated β16 − β30 close 
to zero (Fig. 3C-D).

Tests of significance
We performed a semi-simulation study to assess whether the proposed tests of significance can identify the 
statistical significance of non-zero variables in EHDLSS data. In this study, we generated semi-simulation data, 
adapting gene expressions of 18 types of cancer in the TCGA databases. The gene expression data (i.e., RNA-
seq) were directly used as the independent variables, but the dependent variable (e.g., survival month) was 
synthetically generated as follows: (1) We conducted a correlation analysis between gene expression and the 
survival months; (2) We selected 100 genes with the highest Pearson correlation coefficient with survival months; 
(3) The regression coefficients (β) of the 100 genes were randomly generated from the normal distribution, 
N(0, 4); (4) The coefficients of the other genes were set to 0; (5) The dependent variables were generated from 
the linear combination of the gene expression (X), the coefficients (β), and the errors (ϵ) from the normal 
distribution with a mean of zero and the standard deviation of the logarithmic survival months (i.e., y = X + ϵ). 
The semi-synthetic cancer datasets are briefly summarized in Table 2. In this experiment, we considered only 
Recursive Random LASSO and Hi-LASSO, which proposed tests of significance scheme for feature selection, as 

Fig. 3.  Coefficient estimation with simulation data.
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a benchmark. In Stochastic LASSO, the hyperparameter q was set to the sample size of each cancer type, and r 
was set to 30 to ensure the normality of coefficient estimates. For a fair comparison, the hyperparameters q1 and 
q2 were set to the sample size, and B was set to p/q × 30 in Recursive Random LASSO and Hi-LASSO. Although 
the tests of significance were applied to identify statistically significant variables rather than to estimate their 
coefficients, the experimental results with RMSE of coefficient estimations are also provided in Supplementary 
Tables S4–S5. Since a p-value indicates the statistical significance of individual predictors rather than a ranking 
among predictors, the feature selection performance was assessed solely based on the F1-score at a significance 
level of α = 0.05.

Stochastic LASSO precisely identified statistically significant non-zero variables, achieving the highest F1-
scores across the 18 datasets (Fig. 4, Supplementary Table S6). Stochastic LASSO produced F1-scores of above 
0.8 for Breast Invasive Carcinoma (BRCA), Colorectal Adenocarcinoma (COAD), Uterine Corpus Endometrial 
Carcinoma (UCEC), and Brain Lower Grade Glioma (LGG) datasets, each of which consists of more than 500 
samples. Stochastic LASSO also maintained F1-scores of over 0.5 for Glioblastoma Multiforme (GBM) datasets, 
where the number of samples (n : 159) is extremely small compared to the number of features (p : 19,787). In 
contrast, the second-best Hi-LASSO’s performance distinctly declined as the sample sizes decreased. Hi-LASSO 
showed F1-scores of over 0.5 in the largest sample size datasets only (i.e, BRCA and COAD). These experimental 
results demonstrate that Stochastic LASSO can provide a reliable feature selection even in extremely high 
dimensional settings.

Furthermore, we conducted an additional experiment using the GBM dataset, which had the smallest sample 
size among the semi-simulation data, to evaluate whether Stochastic LASSO can select more variables than the 
sample size. The overall experimental settings were consistent with the previous semi-simulation study, but 500 
genes were assigned non-zero coefficients, which exceeded the sample size (n = 159). As a result, Stochastic 
LASSO selected an average of 307.6 variables across 10 repetitions (Fig. 5A), demonstrating that it overcomes a 

Fig. 4.  F1-score of the semi-simulation study. The cancer type and sample size (n) for each dataset are 
described on the x-axis of the figure. The number of features (p) of each dataset are around 20,000.

 

Cancer type Description n p

BRCA Breast Invasive Carcinoma 1,082 20,192

COAD Colorectal Adenocarcinoma 588 17,496

UCEC Uterine Corpus Endometrial Carcinoma 526 17,496

LGG Brain Lower Grade Glioma 513 20,145

KIRC Kidney Renal Clear Cell Carcinoma 510 20,193

LUAD Lung Adenocarcinoma 501 20,090

THCA Thyroid Carcinoma 498 20,031

PRAD Prostate Adenocarcinoma 493 19,072

LUSC Lung Squamous Cell Carcinoma 478 20,167

SKCM Skin Cutaneous Melanoma 428 20,160

STAD Stomach Adenocarcinoma 407 16,755

BLCA Bladder Urothelial Carcinoma 406 20,164

LIHC Liver Hepatocellular Carcinoma 365 20,018

OV Ovarian Serous Cystadenocarcinoma 299 19,045

CESC Cervical Squamous Cell Carcinoma 294 20,002

KIRP Kidney Renal Papillary Cell Carcinoma 282 20,103

LAML Acute Myeloid Leukemia 161 16,754

GBM Glioblastoma Multiforme 159 19,787

Table 2.  Description of the semi-simulation data.
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key limitation of conventional LASSO models. Specifically, Stochastic LASSO identified 206.8 non-zero (True 
Positive) and 100.8 zero variables (False Positive) on average, while Recursive Random LASSO selected 2.2 
non-zero and 36.7 zero variables, and Hi-LASSO did not detect any significant genes. Furthermore, Stochastic 
LASSO achieved the highest F1-score of 0.5120±0.006 (Fig. 5B), which is consistent with the previous feature 
selection results on the GBM dataset, indicating that the proposed two-stage t-test (TSTT) performs reliably 
across various high-dimensional settings.

Robustness of feature selection
We finally assessed whether our bootstrap-based LASSO can produce consistent feature selection performance 
by computing a pair-wise Kuncheva Index (KI) on the previous semi-synthetic cancer datasets. KI computes 
a robustness score in the range of [-1, 1], where zero indicates that each selection was made independently, a 
positive value indicates the feature selection model produces a stable selection, and a negative value indicates the 
model is unstable17. The equation of KI is:

	
KI(si, sj) =

|si ∩ sj | − |si|×|sj |
p

min (|si| , |sj |) − max (0, |si| + |sj | − p) ,� (12)

where si and sj  are two sets of feature selected by the model, and p is the dimensionality of the dataset.
Stochastic LASSO produced the most consistent feature selection with the highest average KI of 0.7590 with 

smallest variances across 18 cancer types, whereas Hi-LASSO and Recursive Random LASSO showed 0.2158 
and 0.0058, respectively (Fig.  6, Supplementary Table S7). Note that Stochastic LASSO achieved the highest 
F1-scores on the same datasets. The highest F1-scores and KI demonstrate Stochastic LASSO’s reliable feature 
selection capability for extremely high-dimensional genomic data.

Glioblastoma & Glioma gene expression data analysis
We applied Stochastic LASSO for Glioblastoma Multiforme (GBM) & Brain Lower Grade Glioma (LGG) to 
assess it with real-world biological data, where ground truths are not known. GBM is the most aggressive and 
common primary brain tumor in adults, while LGG is a slower-growing, less aggressive brain tumor type with a 
generally better prognosis18. We downloaded genomic data of GBM and LGG from The Cancer Genome Atlas 
Program (TCGA) and combined them. In the experiment, we used the gene expressions (i.e., RNA-seq) of GBM 
& LGG patients as independent variables and their survival time as the dependent variable. The gene expression 
data consist of 266 patients and 19,785 genes, including only deceased patients for the regression problem rather 

Fig. 6.  Kuncheva Index (KI) of the semi-simulation study. The cancer type and sample size (n) for each dataset 
are described on the x-axis of the figure. The number of features (p) of each dataset is around 20,000.

 

Fig. 5.  Feature selection results on the TCGA GBM dataset. (A) Average number of selected genes across 10 
repetitions. The dashed line indicates the sample size of the GBM dataset (n = 159). (B) Comparison of F1-
score.
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than cox-regression. The average survival time was 28.1 months. We identified genes related to the survival 
time using Stochastic LASSO, where q was set to 266 (i.e., number of sample) and r was set to 30 to ensure the 
normality of coefficient estimates. For feature selection, a significance level of 0.05 was used for the statistical 
tests in Stochastic LASSO.

Stochastic LASSO identified 490 statistically significant genes out of 19,785 genes, and we examined the 
genes in the biological literature. Consequently, a number of genes are shown as associated with biomarkers 
in GBM & LGG (Table 3). For instance, ONECUT3 was reported to suppress glioblastoma cell proliferation 
and promote a glial-to-neuronal identity switch, implicating it in GBM reprogramming19. HILS1 was identified 
as a strong prognostic biomarker for LGG. It was significantly upregulated in glioma tissues and associated 
with higher tumor grade and worse survival outcomes20,21. HILS1 was also a part of the five-pseudogene 
prognostic signatures for lower-grade gliomas, with higher expression levels associated with advanced tumor 
grade and poorer patient survival22. Our analysis showed a negative coefficient, aligning with the report. 
UCN3 was found to be upregulated upon serum stimulation in glioma cells and transiently increased following 
proliferative stimuli, suggesting a role in glioma adaptation to environmental stress23,24. COL22A1 was 
overexpressed in GBM and identified as a key angiogenesis-related gene in grade 4 diffuse gliomas. Elevated 
COL22A1 expression was consistently associated with poor overall survival and endothelial remodeling in the 
GBM microenvironment25–27. LINC00114 was implicated in temozolomide resistance in GBM through ceRNA 
network regulation28. VN1R4 exhibited recurrent genomic alterations in glioma, particularly in LGG, suggesting 
its association with gliomagenesis and structural genome instability29.

Furthermore, we conducted gene set enrichment analysis (GSEA) using 490 genes identified by Stochastic 
LASSO, based on 844 curated pathways retrieved from the Kyoto Encyclopedia of Genes and Genomes (KEGG) 
database30. The statistical significance of enrichment was assessed using the hypergeometric test. Consequently, 
13 significantly enriched pathways (p-value<0.05) were identified, of which seven pathways have been previously 
reported to be closely associated with the prognosis of GBM and LGG (Table 4). The olfactory transduction 
pathway was identified as the most prominently enriched in long-term glioblastoma survivors, as revealed by 
transcriptomic and epigenetic analyses31. Translation initiation was found to be overrepresented in glioblastoma, 
indicating its relevance to tumor progression and patient outcomes32. The ribosome pathway was reported to be 
significantly downregulated in glioblastoma cells with acquired temozolomide resistance33. Retinol metabolism 
was also downregulated in glioma, suggesting that dysregulation in retinoid processing may contribute to 
remodeling of the tumor immune microenvironment34. The drug metabolism – cytochrome P450 pathway 
showed notable enrichment in glioma-associated hub genes, indicating a potential link to altered drug response 
and resistance mechanisms35. The metabolism of xenobiotics by cytochrome P450 pathway was enriched in 
glioblastoma, implicating detoxification processes in therapeutic resistance36. The JAK/STAT signaling pathway 
was reported to play a central role in glioma pathobiology by regulating tumor growth, invasion, immune 
evasion, and stemness, and thus represented a potential therapeutic target37.

Gene Coefficient Correlation Reference

ONECUT3 3.7334 0.4760 19

HILS1 -3.6233 -0.2751 20–22

GSC2 3.4914 0.4509 -

AMTN 3.4667 0.4520 -

KRTAP24-1 -3.4309 -0.4247 -

TEX37 3.4101 0.4272 -

DEFB120 3.3903 0.5019 -

UCN3 3.3361 0.4519 23,24

BHLHE23 3.1976 0.4389 -

LINC00442 3.1052 0.4495 -

SNAR-F 3.0399 0.3547 -

COL22A1 -3.0373 -0.3024 25–27

LINC00114 -3.0349 -0.4191 28

OR51I2 -3.0318 -0.4248 -

OR51Q1 3.0154 0.3538 -

UGT1A10 2.9891 0.3797 -

VN1R4 2.9794 0.4220 29

LOC642929 2.9704 0.4202 -

HELT 2.9660 0.3857 -

TEX13A 2.9124 0.4181 -

Table 3.  Top-20 ranked genes by Stochastic LASSO in GBM & LGG. Note: The 20 top-ranked genes, sorted in 
descending order of the absolute value of their estimated coefficients, along with the Pearson correlations with 
survival time, are presented.
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Conclusions
In this study, we have proposed Stochastic LASSO, an enhanced LASSO model for feature selection with 
high-throughput data. Stochastic LASSO improves the bootstrap-based LASSO models by: (1) reducing 
multicollinearity within bootstrap samples while ensuring that each predictor is included an equal number of 
times, (2) mitigating randomness in predictor sampling by forward selection without additional bootstrapping 
procedures, and (3) improving statistical significance tests with the proposed two-stage t-test. The performance of 
Stochastic LASSO was compared to the state-of-the-art LASSO models in extensive simulation settings and with 
real genomic data. Stochastic LASSO outperformed the benchmarks for feature selection, coefficient estimation, 
tests of significance, and robustness in the experiments. Stochastic LASSO was applied to gene expression data 
from TCGA GBM and LGG, identifying both statistically significant genes and enriched pathways associated 
with survival outcome. As a general framework applicable to any linear regression–based model, Stochastic 
LASSO can be extended to survival analysis models such as the Cox proportional hazards model, as well as 
to other applications including protein–protein interaction analysis and association studies. Furthermore, 
Stochastic LASSO can be applied to classification analysis using penalized logistic regression.

Data availability
The datasets analyzed during the current study are all publicly available online from The Cancer Genome Atlas 
(TCGA). The open-source is available at: https://github.com/datax-lab/StochasticLASSO.
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