
Entanglement swapping through 
the amplitude damping noise 
channel
Jianbo Xing1 & Fan Zhang2,3,4

This paper investigates the degradation mechanism of the photon-number-encoded entanglement 
swapping protocol under the amplitude damping noise channel. By establishing a beam splitter 
physical model to simulate the energy dissipation process, the evolution density matrix of the input 
states |ψ⟩AB = α|00⟩ + β|11⟩ and |ψ⟩CD = m|00⟩ + n|11⟩ under independent noise channels 
is analytically derived, and the density matrix, fidelity, and concurrence of the target particle pair 
after entanglement swapping are presented. Furthermore, for the case where the initial states are 
maximally entangled states, this paper numerically simulates the variation curves of the fidelity and 
concurrence of the system after entanglement swapping with the noise parameter. The results show 
that as the noise intensity increases, both the fidelity and concurrence of the target system exhibit a 
decreasing trend. Simultaneously, due to the presence of noise, even if the input states are maximally 
entangled, the entanglement of the target system after swapping may be destroyed. Based on this, 
the study further deduces the constraint conditions required to maintain system entanglement in this 
scenario. Given the restrictive effect of these constraints on entanglement maintenance, this paper 
also specifically examines the fidelity and concurrence of the target state output from entanglement 
swapping in the case of 50 : 50 beam splitters when the input states are both maximally entangled. 
The research finds that in this case, since the constraints are not satisfied, even if the input states are 
maximally entangled, the entanglement of the output state completely disappears.
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Recently, the concept of quantum entanglement1has garnered widespread attention for its central role in quantum 
cryptography2, quantum teleportation3, quantum dense coding4, quantum metrology5, quantum telecloning6, 
and other domains. To date, a variety of platforms,including trapped ions7, atomic ensembles8, photon pairs9, 
and superconducting qubits10, have been utilized to generate entangled states. Beyond these approaches, 
interactions between atoms and cavity fields have also proven to be an effective mechanism for entanglement 
generation11. Such interactions are typically modeled by the Jaynes-Cummings model (JCM)12, which, under 
the rotating wave approximation, describes the coupling between a two-level atom and a single-mode quantized 
field. Conventionally, it is believed that entanglement generation between particles requires direct interaction. 
However, entanglement swapping13 provides a method that circumvents this requirement. This mechanism 
employs two (or more) pre-entangled quantum subsystems as mediators to generate entanglement between 
spatially separated particles without direct interaction. Initially proposed for swapping entanglement between 
particle pairs, the concept was later extended to multipartite systems14. Studies have shown that entanglement 
swapping is also applicable to continuous-variable systems15, and its unconditional experimental realization 
has been reported in Ref16.. Protocols for optimizing entanglement purification via entanglement swapping 
are presented in Ref17.. Moreover, entanglement swapping between subsystems in two independent Jaynes–
Cummings models is analyzed in Ref18.. Today, entanglement swapping has become a cornerstone of quantum 
information science, underpinning key applications such as quantum repeaters, quantum networks, and 
distributed quantum computing19–25. However, real-world quantum systems are open quantum systems26 and 
inevitably interact with their environment, leading to decoherence27. The phenomenon of decoherence poses a 
threat to meticulously prepared and preserved entangled states, ultimately undoing their quantum coherence or 
resulting in a complete reduction to classical states. Therefore, a thorough understanding of how environmental 
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noise—particularly when modeled via noise channels—affects the evolution of quantum states, and specifically 
its impact on key performance metrics in entanglement swapping (such as fidelity and concurrence), is essential 
for improving the robustness and longevity of entanglement in noisy settings. This constitutes the central focus 
of the present study. This work aims to analyze specifically the influence of a typical environmental noise—
amplitude damping nosie—on the entanglement swapping process. We examine the evolution of entangled states 
encoded in photon-number-states when subjected to an amplitude damping channel, which models energy 
dissipation or particle loss. The primary objective is to quantitatively characterize, through rigorous theoretical 
modeling and calculation, how amplitude damping noise acts on photon-number-encoded entanglement, and 
to analyze the resulting degradation in key output measures—such as the fidelity and concurrence of the final 
entangled state—over the course of the swapping protocol. This investigation into the relationship between noise 
and the evolution of quantum properties (e.g., entanglement) during swapping provides a theoretical basis for 
optimizing entanglement swapping protocols and enhancing their robustness under amplitude damping.

The structure of this paper is as follows: In “Entanglement Swapping”, we briefly review the basic concepts 
and principles of entanglement swapping. In “Entanglement Swapping via the Amplitude Damping Noise 
Channel”, we focus on the effect of the amplitude damping channel on entanglement swapping for photon-
number-encoded entangled states, and present the post-swapping density matrix after the action of the amplitude 
damping channel. In Section “Results and Discussion”, we analyze the fidelity and concurrence of the system 
after swapping. Numerical simulations are performed for the case of maximally entangled states, showing the 
fidelity and concurrence of the target system AC, and based on these, the conditions for preserving entanglement 
in the target system are proposed. In “Conclusion”, we give a brief conclusion.

Entanglement swapping
Assume that Alice holds an entangled particle pair AB, and Bob holds another entangled particle pair CD. Both 
pairs are initially prepared in the maximally entangled Bell state

	
|ϕ+⟩ = 1√

2
(|00⟩ + |11⟩),� (1)

According to quantum mechanics principles, the total state of the four-particle composite system is given by

	 |ψ⟩ABCD = |ϕ+⟩AB ⊗ |ϕ+⟩CD,� (2)

The state |ψ⟩ABCD  can be re-expressed in terms of the four Bell states for particle pair AC and BD as follows

	
|ψ⟩ABCD = 1

2(|ϕ+⟩AC |ϕ+⟩BD + |ϕ−⟩AC |ϕ−⟩BD + |ψ+⟩AC |ψ+⟩BD + |ψ−⟩AC |ψ−⟩BD),� (3)

where |ϕ−⟩ = 1√
2 (|00⟩ − |11⟩) and |ψ±⟩ = 1√

2 (|01⟩ ± |10⟩).
To establish entanglement between the spatially separated particles A and C, Alice and Bob send their 

respective particles B and D to a third party, Charlie, via a lossless quantum channel. Upon receiving particles B 
and D, Charlie performs a joint Bell-state measurement (BSM) on the composite system BD. If the measurement 
outcome corresponds to the projection onto the Bell state |ϕ+⟩, the post-measurement state of the system, 
according to the measurement postulate of quantum mechanics, is given by

	
|ψ′⟩ =

Πϕ+ |ψ⟩ABCD

tr
(
Πϕ+ ρABCD

) = |ϕ+⟩AC |ϕ+⟩BD.� (4)

where Πϕ+ = IAC ⊗ |ϕ+⟩BD⟨ϕ+|BD . This result demonstrates that although particles A and C remain 
spatially separated and have never interacted directly, after performing the Bell state measurement on particles 
B and D, they collapse into one of the Bell entangled states. This procedure is known as entanglement swapping.

Entanglement swapping via the amplitude damping noise channel
Assume that Alice and Bob prepare the following photon-number-encoded entangled states, respectively

	

|ψ⟩AB = α|00⟩ + β|11⟩,
|ψ⟩CD = m|00⟩ + n|11⟩.

� (5)

where |α|2 + |β|2 = |m|2 + |n|2 = 1. Alice and Bob then send particles B and D to the third party, Charlie, via 
amplitude damping channels. For photon-number-encoded entangled states, the amplitude damping channel 
can be modeled by a beam splitter. The unitary transformation Hamiltonian of the beam splitter can be written 
as28

	 B = exp
[
θ

(
a†b − ab†)]

.� (6)

where a (a†) and b (b†) are both bosonic annihilation (creation) operators.
Suppose the input state is |ψ⟩AB = α|00⟩ + β|11⟩ and the environment is initially in the vacuum state, then 

the output state after the beam splitter action is
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|ψ̃⟩ = IA ⊗ B|ψ⟩AB ⊗ |0⟩E

= IAB(α|000⟩ + β|110⟩)
= α|000⟩ + β cos θ|110⟩ − β sin θ|101⟩,

� (7)

Tracing out the environmental degree of freedom yields the density matrix for system AB

	

ρAB =




|α|2 0 0 αβ∗ cos θ1
0 0 0 0
0 0 |β|2 sin2 θ1 0

α∗β cos θ1 0 0 |β|2 cos2 θ1


 ,� (8)

The evolution of the composite system AB, under the local amplitude damping channel on qubit B, is 
equivalently described by the Kraus operators {Ek} acting on the two-qubit space: E0 = IA ⊗ E

(B)
0  and 

E1 = IA ⊗ E
(B)
1 , where E(B)

0 = |0⟩⟨0| + cos θ1|1⟩⟨1| and E(B)
1 = sin θ1|0⟩⟨1| are the single-qubit Kraus 

operators for the channel. Setting the damping probability p = sin2 θ1, these correspond to the standard form 

E
(B)
0 =

(1 0
0

√
1 − p

)
 and E

(B)
1 =

(0 √
p

0 0
)

 used in the operator-sum representation of the amplitude 

damping channel29. And the density matrix in Eq. (8) is obtained via ρAB =
∑1

k=0 EkρinE†
k .

Similarly, the density matrix of system DC is given by

	

ρDC =




|m|2 0 0 mn∗ cos θ2
0 |n|2 sin2 θ2 0 0
0 0 0 0

m∗n cos θ2 0 0 |n|2 cos2 θ2


 .� (9)

After receiveing particles B and D, Charlie performs a joint Bell-state measurement on the BD systems, described 
by the projector IA ⊗ |ϕ+⟩BD⟨ϕ+|BD ⊗ IC . Taking the partial trace over BD, the density matrix of system AC 
is

	

ρAC =




− |α|2|m|2

σ4
0 0 αmβ∗n∗ cos θ1 cos θ2

σ1

0 |α|2 sin2 θ2σ2
σ4

0 0
0 0 |m|2 sin2 θ1σ3

σ4
0

βnα∗m∗ cos θ1 cos θ2
σ1

0 0 σ3σ2(−2 sin2 θ1 sin2 θ2+sin2 θ1+sin2 θ2−1)
σ4


 ,� (10)

where the parameters are given by

	 σ1 = 2 cos2 θ1 cos2 θ2(|α|2 − 1)(|m|2 − 1) + cos2 θ1(|α|2 − 1) + cos2 θ2(|m|2 − 1) + 1, � (11)

	 σ2 = |m|2 − 1, � (12)

	 σ3 = |α|2 − 1, � (13)

	 σ4 = −2(|α|2 − 1)(|m|2 − 1) cos2 θ1 cos2 θ2 − (|α|2 − 1) cos2 θ1 − (|m|2 − 1) cos2 θ2 − 1 = −σ1. � (14)

Results and discussion
The derivation of the post-swapping density matrix for system AC within the amplitude damping channel, as 
presented above, now enables us to thoroughly assess the degradation of quantum resources. For this purpose, 
we employ two critical metrics: fidelity, to evaluate state quality, and concurrence, to measure the degree of 
entanglement.

Fidelity
As a cornerstone of quantum information science, quantum state fidelity provides a crucial measure of the 
closeness between two quantum states, ranging from 0 (completely distinguishable) to 1 (identical). It is 
indispensable for evaluating the accuracy of quantum protocols, especially under decoherence. In this work, 
fidelity specifically serves to benchmark the effect of the amplitude damping channel on our entanglement 
swapping protocol, by quantifying the discrepancy between the ideal Bell state and the actual output state. For a 
target pure state |ψ(0)⟩, the fidelity of the output state ρs(t) is defined as30

	 F = ⟨ψ(0)|ρs|ψ(0)⟩,� (15)

Therefore, compared to the Bell state |ϕ+⟩, the fidelity of system AC is F = B
A , where

	

A = |α|2|m|2 + (|α|2 − 1)(|m|2 − 1)(sin2 θ1 sin2 θ2 + cos2 θ1 cos2 θ2)

+ αm cos θ1 cos θ2(|α|2 − 1)(|m|2 − 1)
βn

+ βn|α|2|m|2 cos θ1 cos θ2

αm
.
� (16)
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	 B = 4(|α|2 − 1)(|m|2 − 1) cos2 θ1 cos2 θ2 + 2(|α|2 − 1) cos2 θ1 + 2(|m|2 − 1) cos2 θ2 + 2. � (17)

Concurrence
Measuring the degree of entanglement of an entangled state is a core issue in quantum information theory. There 
are several important measures, such as entanglement entropy, entanglement of formation31, concurrence32, and 
negativity33. Here we use concurrence to measure the entanglement degree of system AB. The concurrence for a 
two-qubit system is given by

	
C(ρ) = max

(
0,

√
λ1 −

√
λ2 −

√
λ3 −

√
λ4

)
,� (18)

where λis are the eigenvalues of the matrix R, arranged in descending order (λ1 ≥ λ2 ≥ λ3 ≥ λ4), and R 
satisfies

	 R =
√

√
ρ
√

ρ̃
√

ρ,� (19)

Here, ρ̃ is the spin-flipped state of ρ

	 ρ̃ = (σy ⊗ σy)ρ∗(σy ⊗ σy),� (20)

where σy =
(0 −i

i 0
)

.

For an X-shaped density matrix, the following formula

	 C(ρ) = 2 max (0, |ρ14| − √
ρ22ρ33, |ρ23| − √

ρ11ρ44) ,� (21)

can be used to calculate its concurrence. Therefore, the concurrence of state ρAC  is

	 C (ρ) = 2 · max {0, |ρ14| − √
ρ22ρ33} .� (22)

where negative terms have been omitted.

Numerical simulation
To further quantitatively analyze the destructive mechanism of the noise channel on entanglement swapping, 
this section conducts numerical simulations for maximally entangled initial states. The concurrence and fidelity 
are directly calculated from the density matrix, and the graphs showing the relationship between these two 
quantities and the amplitude damping noise strength parameter θ are presented to quantitatively characterize 
the degradation law of quantum resources.

For the case where the initial state is a maximally entangled state, the fidelity of system AC after entanglement 
swapping is

	
F = (1 + cos θ1 cos θ2)2 + sin2 θ1 sin2 θ2

4(1 + sin2 θ1 sin2 θ2)
,� (23)

And the concurrence (Note that the complete concurrence should be Eq. (22), but for convenience, we will only 
examine the behavior of 2

{
|ρ14| − √

ρ22ρ33
}

 here) is

	
Cρ = cos θ1 cos θ2 −

√
1 − cos2 θ1

√
1 − cos2 θ2

2 + cos2 θ1 cos2 θ2 − cos2 θ1 − cos2 θ2
.� (24)

For photon-number-encoded entangled states, the amplitude damping noise is simulated by a beam splitter. 
Therefore, the parameters cos θ and sin θ are actually the transmissivity t and reflectivity r of the beam splitter, 
respectively, satisfying t2 + r2 = 1. For simplified expression, t and r will be used in the following discussion. 
It should be noted that t1 and r1 correspond to the transmissivity and reflectivity of the beam splitter acting on 
qubit B, while t2 and r2 correspond to those acting on qubit D.

Figure 1 illustrates the variation of the swapped entanglement fidelity F for system AC with the beam splitter 
transmissivity t, under the condition that both initial states are maximally entangled. Figure 2 simulates the 
relationship between the fidelity F and the transmissivity t2 for three specific cases: when t1 = 1

2 , when t1 =
√

2
2 , 

t1 =
√

3
2  and when t1 = t2. Figure 3 simulates the relationship between the fidelity F and the reflectivity r2 for 

three specific cases: when r1 =
√

3
2 , when r1 =

√
2

2 , r1 = 1
2  and when r1 = r2.

The results demonstrate that for maximally entangled initial states, the fidelity F of the composite system AC 
after entanglement swapping increases with the transmissivity t of the beam splitter. Consequently, it decreases 
as the reflectivity r rises. This occurs because the square of the reflectivity, r2 = sin2 θ = p, directly represents 
the photon loss probability28. As r increases, this loss probability rises, thereby reducing the chance of successful 
photon transmission through the channel. This leads to the observed decrease in overall fidelity.

Scientific Reports |         (2026) 16:8194 4| https://doi.org/10.1038/s41598-026-39183-2

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


0 0.2 0.4 0.6 0.8 1
0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t
1
 = 1/2

t
1

t
1

t
1
 = t

2

Fig. 2.  The relationship between fidelity F and t2 when t1 takes different values.

 

Fig. 1.  Fidelity F versus transmissivity t1.
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Figure 4 shows the relationship between the concurrence C of system AC after entanglement swapping and 
the beam splitter transmissivity t for the case where the initial states are maximally entangled. Figure 5 simulates 
the relationship between concurrence C and t for cases where t1 equals to 1

2 ,
√

2
2 , 

√
3

2  and t1 = t2, respectively. 

Figure 6 simulates the relationship between concurrence C and r for cases where r1 equals to 
√

3
2 ,

√
2

2 , 1
2  and 

r1 = r2, respectively.
A similar pattern is observed for the concurrence: as t increases—corresponding to a weakening of the 

amplitude damping noise or channel loss—the concurrence of system AC also exhibits an overall upward trend. 
However, Fig. 5 reveals that the presence of entanglement in system AC (i.e., C > 0) is not automatically ensured 
by the swapping process itself. This is due to the destructive effect of the noise channel, which under certain 
parameter conditions can destroy entanglement after swapping.

To quantify when entanglement is preserved, we derive the constraint conditions from the analytical 
expression for concurrence (e.g., Eq. (24). Specifically, since the denominator of Eq. (24) is always positive, 
the condition for entanglement existence (C > 0) simplifies to the requirement that the numerator must be 
positive. This yields the practical and concise criterion that the reflection and transmission coefficients must 
satisfy t1t2 > r1r2.

This constraint has immediate practical implications. Consider the case of 50  :  50 beam splitters. Here, 
r1r2 = t1t2 = 1

2 , which directly violates the condition t1t2 > r1r2. As a result, the concurrence drops to zero 
(C = 0), indicating a complete loss of entanglement. Consequently, for any given channel loss (reflectivity), this 
criterion serves as an immediate and definitive predictor for whether entanglement will survive the swapping 
process or be completely destroyed.

Furthermore, several points regarding fidelity and concurrence in the figures require clarification.
Firstly, since entanglement between A and C is established via entanglement swapping, it is necessary that 

entanglement between A and B (C and D) persists after passing through the damping channels. According to Eq. 
(8) and and the Peres-Horodecki positive partial transpose (PPT) criterion34, the condition for entanglement 
between A and B is

	 cos θ1 = t1 ̸= 0 and αβ ̸= 0,� (25)

which corresponds to incomplete damping. Since t represents transmissivity and satisfies 0 < t < 1, the 
condition for AB entanglement is effectively

	 0 < t1 < 1 and αβ ̸= 0.� (26)

Similar conditions can also be derived for system CD.
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Fig. 3.  Fidelity F versus reflectivity r1 and r2.
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Fig. 5.  The relationship between Concurrence C and r2 when r1 takes different values.

 

Fig. 4.  Concurrence C versus transmissivity t1 and t2.
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Although complete damping (t = 0) is physically unattainable, our derivation, viewed mathematically, 
naturally encompasses both the completely damped case (t = 0) and the ideal noiseless case (t = 1).

We now examine the two extreme cases: t = 0 and t = 1.
When one of the channels is completely damped (e.g., t2 = 0), Fig. 5 shows that the concurrence between 

A and C is zero. (Note that the complete concurrence is C (ρ) = 2 · max
{

0, |ρ14| − √
ρ22ρ33

}
, where 

2(|ρ14| − √
ρ22ρ33) is Eq. (24)). Consequently, no entanglement can be established between A and C via 

swapping. This result is expected: from Eq. (9), when t2 = 0, system CD decays into a separable mixed state after 
passing through the channel, namely

	
ρDC = |0D⟩⟨0D| ⊗ IC

2 .� (27)

where IC  is the Identity operator. So we cannot establish entanglement between AC via entanglement swapping. 
Meanwhile, it is worth noting that when one of the channels is fully damped, the fidelity of the AC pair is always 
1/4, regardless of the parameters of the other channel. This occurs because the complete damping forces the state 
of AC into the product form ρAC = ρA ⊗ Ic

2 . In this state, the specific off-diagonal elements between |00⟩ and 
|11⟩ vanish. Consequently, the overlap (fidelity) with |ϕ+⟩ depends only on the classical diagonal probabilities 
of ρA, whose sum is always unity. This results in a constant fidelity of 1/4, independent of the parameter θ1 that 
characterizes the initial entangled state of AB.

When both channels are lossless channels (t1 = t2 = 1), the state of AC after entanglement swapping must 
be a Bell state, and its concurrence must also be one. This is confirmed by the black dashed line in Fig. 5.

Finally, our results show that for t2 = 0 the concurrence of AC is zero while the fidelity remains positive. 
This is not contradictory:fidelity measures the similarity between two states but cannot serve as a criterion 
for entanglement. A clear example is the separable ρAB = IA

2 ⊗ IB
2  (with IA and IB  are both 2 × 2 Identity 

matrix), whose fidelity is 1/4 compared to |ϕ+⟩ even though AB is unentangled.

Conclusion
This study quantitatively characterizes the impact of amplitude damping noise on the entanglement swapping 
protocol, analytically deriving the density matrix and fidelity of the output state. The key finding reveals that 
even when the input states are maximally entangled, the destructive effect of the noise channel can still cause 
the output state after entanglement swapping to lose its entanglement. Based on this, the paper further provides 
the constraint conditions required to maintain output state entanglement in the case of maximally entangled 
input states. For 50  :  50 beam splitters, although the input states are maximally entangled, the constraint 
condition is not satisfied, resulting in complete disappearance of entanglement in the output state (C = 0). This 
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Fig. 6.  Fidelity F versus reflectivity r1 and r2.
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result underscores the urgency of noise suppression in practical quantum networks and provides a theoretical 
benchmark for optimizing the design of quantum repeaters.

Data availability
The datasets generated during the current study are available from the corresponding author on reasonable 
request.
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