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OPEN A robust direction of arrival
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chaotic MUSIC algorithm
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This article proposes a robust direction of arrival (DOA) estimation method in which the traditional
MUSIC algorithm is enhanced with the Tukey Biweight cost function. The proposed scheme is
specifically designed to perform well in chaotic signal situations. The chaotic nature of real world
signal environments is modeled using a chebyshev-based chaotic number generator, which effectively
captures signal variability and non-linearity. To assess the performance of the proposed methods,
extensive Monte Carlo simulations have been performed on four configurations: standard multiple
signal classification (MUSIC), MUSIC with Tukey Biweight, Chaotic MUSIC, and Chaotic MUSIC with
Tukey Biweight. In this work, performance was measured using root mean square error (RMSE) and
probability of resolution (PR) metrics. The simulation results demonstrate that the incorporation of
chaotic signal modeling combined with the robust Tukey Biweight function significantly enhances DOA
estimation accuracy, especially in challenging scenarios with low signal-to-noise ratio (SNR) and high
signal correlation. Among the tested techniques, Chaotic MUSIC with Tukey Biweight consistently
outperformed others, showing improved resolution capability and robustness. In practical wireless
communication and radar systems, the proposed approach presents a strong candidate for reliable
DOA estimation.

Keywords Direction of arrival, Multiple signal classification, Source localization, Sensor network, Robust,
Tukey Biweight

Signal processing is a concept that focuses on analyzing, modifying, and synthesizing signals such as sound,
seismic data, and altimeter measurements. The fundamental challenges in signal processing include: a)
determining how best the signal is sensed to ensure accurate and efficient data acquisition, b) maximizing
system performance while minimizing cost to achieve optimal resource utilization, and c) extracting the original
information from the signal with high fidelity for accurate interpretation and application.

There are many applications of signal processing like wireless sensor networks (WSN), acoustics, sonar, video
processing etc. WSN is a self-configured system comprises of sensor nodes designed for monitoring remotely for
a specific purpose. Wireless source localization has many applications such as target tracking, wireless security,
signal routing, emergency response and interference alignment’. Source localization involves in estimating the
position of the source, from the signal received at the sensor nodes, where each sensor in the array receives the
signal data to estimate the position (source location) of the source?. Direction of arrival (DOA) is one of the key
issues in array signal processing for analysing source location. This DOA can be used for determining either a
single source or multiple sources by using a sensor array. A sensor array (or array of sensors) is group of sensors,
arranged in certain geometric patterns, used in many fields of science and engineering, particularly where the
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goal is to study propagating fields. Numerous techniques have been developed in the array signal processing for
estimating the DOA of the signals by using different algorithms for different array models such as linear array,
rectangular array, non-uniform and other arbitrary arrays.

Over the past few decades DOA has been extensively studied and numerous algorithms have been
presented. Algorithms for DOA estimation are mainly divided into three different categories namely classical,
sub-space and maximum likelihood (ML) techniques®. Among the most popular methods, multiple signal
classification (MUSIC) algorithm part of the subspace method are widely used which involves the estimation
of co-variance matrix and its eigen decomposition®. MUSIC is a well analysed and mostly used algorithm and
also computationally efficient as compared to maximum-likelihood (ML) method. It is essentially used for
calculating the DOA of signal impinge on the array. The MUSIc algorithm perform well for narrow-band signal
with normal distributed noise, whereas the perfoamnce degraded for coherent signals and non-Gaussian noise
environment®°. In fact, real-time signals contain unpredictable noise or variations in parameters, making them
inherently non-deterministic in nature.

In literature, many variants of MUSIC algorthms are proposed to make robust against different noise
environment [6]. The DOA is estimated from the signal covariance matrix and it is sensitive to the non-Gaussian
noise and other disturbances present in the channel. Deep learning methods are used now to estimate the DOA
in multipath and impulse noise wireless environment®. Recently, researchers were used Tukey Biweight cost
function to minimize the error. The same cost function can be used to estimate the robust covariance matrix to
make the MUSIC algorithm robust.

Chaotic signal models are employed to represent complex real-world phenomena. A chaotic signal arises
from a nonlinear autonomous deterministic system whose dynamics are highly sensitive to initial conditions.
By introducing structured randomness, such models bridge the gap between purely random noise and fully
predictable signals’. In array signal processing, chaotic signals have been applied to tasks such as weak signal
detection and beamforming, exploiting their sensitivity to initial conditions and inherent nonlinearity®. The use
of chaotic modeling enhances the robustness of covariance-based DOA estimation algorithms against noise,
signal correlation, and low-SNR conditions’.

This paper proposes a novel DOA estimation approach by modeling received signals as chaotic in nature.
A modified MUSIC algorithm is utilized, incorporating chaotic signal snapshots from a uniform linear array
(ULA) to improve robustness against noise and nonlinearities. Further to enhance the accuracy, a Tukey
Biweight cost function is integrated, minimizing the error at lower signal-to-noise ratio (SNR). The method
demonstrates superior accuracy and consistency compared to coventional MUSIC, showing lower variability
and greater robustness even when standard methods perform better on average metrics. Extensive simulations
validate the proposed chaotic MUSIC algorithm with cost function optimization, especially under low SNR and
limited snapshot conditions. The main contribution of the paper is summarized below.

« Proposes a novel chaotic signal modeling based DOA estimation framework to better capture real-world
non-deterministic and nonlinear signal characteristics.

o Introduces a robust modified MUSIC algorithm integrating chaotic snapshots and a Tukey biweight cost
function to reduce RMSE and improve SNR under challenging conditions.

« Demonstrates superior localization accuracy, higher probability of resolution, and enhanced robustness com-
pared to conventional and DL-based methods, especially at low SNR and with limited snapshots.

Literature review

In literature many efforts are made by various authors for DOA estimation. The spatial spectrum plays a pivotal
role in array signal processing, as it characterizes the angular power distribution of incident signals across the
spatial domain. Classical and subspace-based methods such as Capon’s spectrum, MUSIC, and ESPRIT exploit
this property to achieve high-resolution DOA estimation®. To make this feasible, an eigen decomposition
method is used to estimate the DOA of narrow-band signal®. Several extensions of MUSIC have been proposed
to improve robustness under noise and coherent sources.

For example, multi-stage wiener filter (MSWEF)-based formulations eliminate the need for covariance matrix
estimation, while weighted-MUSIC approaches investigate robustness using asymptotic covariance analysis'’.
G-MUSIC further extends statistical analysis to large-array asymptotics, demonstrating consistent estimation
and separation of closely spaced sources!!. To address practical noise environments, iterative subspace-based
estimators jointly refine signal and noise subspaces®, and real-valued root-MUSIC (RV-root-MUSIC) reduces
computational complexity through structural optimizations of covariance matrices'?2. For multi-source
scenarios, partial-relaxation approaches achieve superior performance under low SNR and limited snapshots'3,
while robust MUSIC variants incorporating Jordan canonical matrices enhance coherent source estimation with
fewer antennas and reduced computational load!*. More recently, deep learning-based frameworks have been
integrated into DOA estimation, with CNN-based models achieving strong low-SNR performance!®.

Table 1 summarizes the robustness and effectiveness of various MUSIC-like algorithms for DOA estimation
of narrow-band complex non-circular sources. Building on this foundation, Nanda et al.® introduced a chaotic
variant of the algorithm to reduce computational complexity. A Chaotic Salp Swarm Algorithm (CSSA) was
further developed to achieve faster convergence, enhance solution diversity, and mitigate the risk of local optimat®.
Similarly, a multi-objective distributed Sailfish Optimizer has been proposed to improve the diversification of
search agents and thereby enhances DOA estimation accuracy'’.

N is number of sensors, K is number snapshots, L is the deep learning model dependent factor and G is the
number of grids.

Earlier methods assume signals as noise with normal distributions, recent research explores the use of chaos in
communication systems. Chaotic signals, though deterministic yet random-like, enable robust modulation and
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Low SNR

Method / Approach Order of O Complexity RMSE Performance
G-MUSIC!® O(N?2K + N2 4+ GN?) | Moderate Good
RV-root-MUSIC* O(N?) Very Low Good

DNN-based Spatial Filtering!? O(N?K + L) High Good

Partial Relaxation Method'® O(N2?2K + N2 + GN?) | Moderate Very Good

Sparse Signal with Phase Correction® | O(G?) Low Good

MUSIC with Jordan Canonical Form! | O(N2K + N2 + GN?) | Low to Moderate Very Good

CNN for DOA™ O(N?K + L) High Very Good

Table 1. Previous Studies.

synchronization, effectively handling multipath and underwater acoustic challenges. These approaches enhance
security, and reduce computational complexity, offering a promising alternative to conventional techniques.
We propose a method wherein the received signal is assumed to be chaotic in nature. We use a snapshot of this
signal from the ULA to validate and determine the location of the source. Modified MUSIC algorithm is used
to increase the robustness of the system while determining the DOA. We further include a cost function to
minimize the RMSE and the SNR.

Data model for DOA estimation
This section briefly describes the data and noise model used for the localization of narrow-band sources.
Considering a ULA with N elements placed with a distance of half wavelength each. Assuming the base-band
signal S(t) is received at different sensors are correlated and the phase of the signal at the first element is zero (0).
The time delay of arrival i.e, the time difference between the first element and the z element is computed with the
help of trigonometric and wave propagation.
The time delay A (¢.) at the z™" array element defined in Eq. (1) which depends on the inter-element spacing
D, angle of arrival 0, and speed of light c. Here, 2 = 0,1, ..., N — 1.

At = 22200 (1)

The transmitted narrow-band modulated signal S(f) in terms of its low-pass equivalent S;(t) and carrier
frequency f. is expressed as.

S(t) = Re{Si(t)e’* '} )
The received signal xz (t) at the z" sensor element is expressed in Eq. (3).
wz(t) = Re { Sy (t — At,) /w28 3)
Finally, the down-converted and sampled base-band signal at the zth element in discrete time, modeled as the
product of the signal s(n) and the array response a (). The signal received at the zth element is,

z: (n) = s(n)a.(0) (4)

The Fig. 1 displays the arrangements of the sensors from which the data received is modeled as Eq. (5):
The signal model for a narrow band array system is illustrated by a matrix which is formed by the above
equation for considering N elements z = 0, 1, 2, 3....N — 1 is as follows in Eq. (5):

xo(n) ao(6o) ao(6) ao(02) - ao(Om-1) s0(n) Vo (m)
1’1(7’1,) a1(00) a1(01) a1(92) ---a1(0m_1) sl(n) ’Ul(’I’L)
) | = | ) w0) ) Ceo) || s || e | o
zn-1(n) an-1(60) an-1(61) an—1(02) ---an—1(0m-1)] [Sm-1(n) un-1(n)

where v, (n) is the noise present at each element, added to the signal. The above equation can be written in
compact matrix notation using N x 1 vector &, N x M matrix A along with the signal and noise vectors s,
and v, respectively in Eq. ((6)):

Xn =1[a(f0) a(61) . .. a(Om-1)] Sn + Vv = Asp + Vu (6)
The columns of matrix A, denoted as a(f;), represent the steering vectors corresponding to signals s;(t).

Assuming each of the m signals arrives at a distinct angle, these vectors constitute a linearly independent set.
The vector vy, signifies the uncorrelated noise present at individual antenna elements. Since the steering vectors
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Fig. 1. A array model receiving a narrow-band signal from a distant source at an angle of arrival.

depend on the arrival angles of the signals, these angles can be determined if the steering vectors are known or
if a basis for the subspace spanned by these vectors is available?’.

Eigen structure of the spatial covariance matrix
The antenna array’s spatial covariance matrix can be computed as follows. Assuming the vectors s, and v, are

uncorrelated where v,, is a vector of Gaussian white noise with zero mean and correlation matrix 021
As,

Rss = FE [snsf]
the matrix can be written as,
=AF [snsf] A + F [vnvf]
H | 2 (8)
= AR A" +0°InxnN.

Since the matrix R, is Hermitian (Complex Conjugate Transpose), it has real eigen values and can be unitarily
decomposed.
For N > M any vector q,, which is orthogonal to the columns of A, is also eigenvector of R, it can be
represented by the following Eq.
Ruzq, = (ARA™ +06%1)q, =0+ 0%Iq, = 0’q, 9)
Further the q, is an eigenvector of AR, A, then we get :
Rﬂ?iqs = (ARSSAH + 021) qs = qus + UQIqs = (Uz + 02) qs (10)

notably the eigen decomposition of R, can then be expressed as follows:

Ry = QDQH = [QSQH] {%é Ugl} [QSQH]H~ (11)
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The matrix Q is divided into two parts: an N x M matrix @s, whose columns are the M eigenvectors that
correspond to the signal subspace, and an N x (N — M) matrix Qr, whose columns correspond to the noise
eigenvectors. The diagonal matrix D consists of the eigenvalues of R, and is partitioned into an M x M
diagonal matrix D, containing the signal eigenvalues, and an (N — M) X (N — M) scaled identity matrix
0 Inx v, whose diagonal elements are the noise eigenvalues.

Due to the availability of stable SVD algorithms, many methods prefer decomposing the data matrix over
diagonalizing the spatial covariance matrix to derive the signal subspace basis. In practical scenarios, the
(Z — M) smallest eigenvalues won't exactly equal (o®); they will be small relative to the signal eigenvalues
because R is estimated from data rather than known perfectly [19].

Robust MUSIC algorithm using Tuky’s biweight cost function
A common approach to estimate the spatial covariance matrix is using the sample spatial covariance matrix,
obtained by averaging rank-one data matrices of the form (xpXy ), as follows in Eq. (12):

K-1
1
Rew =22 > %%, (12)
p=0

where K is the number of snapshots available from the sensors.

The covariance matrix R, is employed in the MUSIC algorithm to estimate the directions of arrival (DOAs)
of signals impinging on the antenna array. However, conventional method used in Eq. (12) to compute R is
sensitive to impulsive noise and channel disturbances, which can result in inaccurate DOA estimates. To address
this issue, a robust approach is adopted to estimate R, using the Tukey biweight cost function, as presented in
the following section.

Tuky’s Biweight robust cost function

In the MUSIC-based DOA estimation framework, the Tukey biweight function is employed to robustly suppress
the influence of outliers and impulsive noise during covariance matrix estimation®'. The resulting cost function
quantifies the deviation between the true value and mean of the distribution, enabling more accurate separation
of the signal and noise subspaces. By minimizing this cost function, the robustness of the covariance matrix is
improved, leading to enhanced DOA estimation accuracy in low-SNR and disturbed channel conditions. The
Tuky’s Biweight Robust Cost Function is given as??

fs(e) = %{1_[1—(%)2]3} lell<b
5 lel>b

(13)

Where e is the error used as the argument to the function and b is a positive constant used as a threshold
parameter. In literature, a common choice of this parameter is b = 4.685.

Robust MUSIC algorithm

Multiple SIgnal Classification (MUSIC) is one of the most widely used subspace method for DOA estimation
which uses the eigen structure of the covariance matrix. The algorithm uses the signal covariance matrix to
estimate the DOA which is usually sensitive to the outliers. In order to make the algorithm is robust, we have
used Tuky’s Biweight score as a weight to the each sample while calculating the signal covariance matrix in Eq.
(12).

The score function is is defined as the derivative of Tuky’s Biweight Robust Cost Function given in Eq. (13)*
2
‘o= d e[1=()] llel<b
sle) = b = 14
fs(e) {0 lell> b (14)
where e is the deviation of the data from the actual distribution and is calculated as
e= il —2M (15)
o

w is the mean and o2 is the variance of the random data we assumed. In this paper, a zero mean and unity
variance signal is considered. The associated weight w for the corresponding input signal x which have the
deviation of e is given by

w:{ (1= Jel<e (16)

0 lel>c

In MUSIC algorithm performance directly depends on the covariance matrix. The Tukey’s Biweight function
provides a robust covariance matrix estimate, providing the signal subspace necessary for MUSIC which
improves the DOA accuracy. Robust covariance with Tukey’s Biweight function is given by
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Now the robust covariance matrix R,opust is used to estimate the DOA. We find the steering vectors which are
orthogonal to the noise subspaces. a(f) is the steering vector to one of the incoming signal as in Eq. (18)?,

a(Q)HQn =0 (18)

Rrobust = (17)

practically a(#) is not precisely orthogonal to noise subspaces due to the errors in estimating @ (), therefore in
Eq. (19) we get,

Pyvusic(0) = T () ! (19)

Qana (9)

when 6 becomes equal to any one of the signals then the above function gives a very large value.
This is called as MUSIC spectrum.

Methodology

The process begins with generation of random signal and chaotic signal, initialization of key parameters,
including the number of sensors, Monte Carlo trials, and the signal-to-noise ratio (SNR) range. It also specifies
values such as the actual signal arrival angles, carrier frequency, wavelength, and sensor spacing. A chaos factor
is introduced to simulate random variations in noise, and a Tukey biweight constant is set to improve estimation
accuracy. A steering vector function is defined to model the response of the sensor array for angles 130 AND
138. Additionally, a separate function is implemented to compute a cost function based on projection errors in
the covariance matrix which utilizes Tukey’s biweight method. This technique reduces the impact of outliers,
thereby improving the stability of the MUSIC algorithm. The flow chart of Algorrithm is provided in Fig. 2.

Signal generation
A signal received at the sensor array is assumed to be a random signal. Few signals due to its chaotic properties
are called chaotic signals. Hence these signals can be initialised as follows:

Chaotic signal generation

The Chaotic Random data generated by using chebyshev model in range [0,1] with logistic map is

Chaotic(i + 1) = a x Chaotic(i) x (1 — Chaotic())

3. Compute the array steering
vector.
4. Compute the weights of Tukey
bi-weight by using

e 2 z
1. Incoming W= 3(1 - (;) ) Jlell < ¢
chaotic
message 0, llefl > ¢
signal
5. Compute the correlation matrix
2. Array by using
Elements B Zﬁﬂ W||xk||xkx,'f,
(N) robust = N
Zr=1 W lIxkl))

6. Compute the eigenvalues and
eigenvectors of received signal
X

7. Sort the eigenvalues in
ascending order

Compute the phase spectrum - -
1 <: Calculate noise eigen Values
Pyusic = and compute Q
a(6)Q,Qra(9) -

Fig. 2. Flow chart for proposed MUSIC with Tukey biweight method.
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where a is the bifurcation parameter taken as 4 and Chaotic (i) is the chaotic number value in the ith iteration
(its initial value Chaotic(0) is taken as 0.4).
The chebyshev code used for the generation of chaotic data is as follows in Egs. (20), (21), (22):

z(1) = 0.1 (20)
z(n) = cos [ncos*1 (z(n — 1))] (21)
z (14 n)=cos [ncosi1 (x(n))} (22)

wheren =1,2,3,..... N

For each SNR level, 100 Monte Carlo simulations are performed. Within each simulation, synthetic signals
are generated, normalized, and processed through a sensor array. The response matrix of the array is computed
based on the true arrival angles. The received signal undergoes noise addition, incorporating both Gaussian and
chaotic noise components, and the resulting covariance matrix is subjected to eigen decomposition to extract
the signal subspace, which is fundamental to the MUSIC algorithm. The MUSIC spectrum is then computed
by scanning across possible angles, leveraging the orthogonality between noise and signal subspaces. The Tukey
biweight function is applied to further refine the spectrum by mitigating the influence of anomalies. Peaks in
the refined spectrum are detected to estimate the DOAs. If at least two peaks are identified, they are recorded
as estimated angles for the trial. The probability of accurate resolution is determined by the proportion of
trials where both DOAs are successfully distinguished. After all trials are completed, the RMSE is calculated
by comparing the estimated and actual angles. The resolution probability is determined based on the number
of cases where both angles were correctly identified. Finally, graphical representations are generated, showing
the variation of RMSE and resolution probability with respect to SNR. The proposed method is depicted as the
Algorithm 1 given below.

STEP 1 Parameter Initialization
* Number of sensors, Monte Carlo trials, SNR range, true angles of arrival.
* Define carrier frequency, speed of light, wavelength, sensor spacing, chaos factor.
» Tukey Biweight constant.

STEP 2 Compute array steering vector as

a(6) = [LejZnsin(ﬂ)d//l,”'7ej27r(M—l)sin(9)d//l}T

(23)

STEP 3 Calculate cost based on projection errors and Tukey constant as in equation 15.

STEP 4 for each SNR compute the noise power.

STEP 5 for each monte carlo Generate the complex signal with noise.

STEP 6 perform Eigen Decomposition of covariance matrix as in (10)

Ry = QDQH = [Qin]

STEP 7 Compute MUSIC spectrum using signal subspace and steering vectors.

STEP 8 Find peaks in the refined MUSIC spectrum. The corresponding angles are the estimated DOAs.

Algorithm 1. MUSIC with TukyBiweight,

Simulation results
In this work, we considered two number of sources in the position of 130° and 138°. Number of sensor nodes
used is N = 16. Number of Montecarlo simulation considered is 50 and 100 those sufficiently larger than 2 x N.
The simulations presented in this section demonstrates the performance of robust DOA estimation in chaotic
scenario and random data model. The robustness of the MUSIC algorithm is analyzed. The robustness of MUSIC
is tested by root mean square error (RMSE) and probability of resolution (PR). The performance of all the
algorithms is compared in terms of: (a) RMSE and (b) PR. The RMSE is calculated by using 100 Monte-Carlo
simulation where M is the number of sources used in simulation?.

Niran M
1 A 2
1 I=1
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Method Mean | Deviation | Error | Variance | Median
RMSE MUSIC 13.0678 | 0.9371 1.3605 | 48.1232 | 9.1526
RMSE MUSIC with Cost 12.9228 | 6.9770 1.3683 | 48.6792 | 8.6601
RMSE Chaotic MUSIC 20.5912 | 6.3029 1.2361 | 39.7270 | 23.9857
RMSE Chaotic MUSIC with cost | 21.0418 | 5.4860 1.0759 | 30.0962 | 23.9572

Table 2. Statistical analysis of RMSE.

102
10! _\\
E -\\
T 10° =
c N
= i
% i
s 101 =+ rﬁwgﬁﬁ& N
o . weight 100 aps\ni\\
== \\N\H\\N
S Sy \
102 j—=— 50 snapshot \'\\ 3
| —h— weight with 50 snapshot —\Q
] —— hot
—
10-3 | T T T T | T T T T T T T T T T T T T 1

-20 -10 10 20

0
SNR (in dB)

Fig. 3. RMSE performance comparison.

Nyun is the number of Monte-Carlo simulations, A7 (i) is the estimate of the / th DOA in the i th run and 6;
is the true DOA of the I th source. The simulated RMSE is compared with theoretical CRLB.

PR is the ability of DOA estimation algorithms to resolve closely spaced sources. Two sources are said to be
resolved in a given run if |§1 - 91| and ‘672 - 02| is less than |61 — 6] /2.

RMSE versus SNR

RMSE is a crucial performance metric for evaluating the accuracy of source localization methods in sensor
networks. This analysis compares the RMSE statistics of four different methods: RMSE MUSIC, RMSE MUSIC
with cost, RMSE Chaotic MUSIC, and RMSE Chaotic MUSIC with cost. The evaluated statistical parameters
include the mean, standard deviation, standard error, variance, and median. This section presents the simulation
analysis which illustrates the effectiveness of chaotic based DOA estimation of correlated signals. The simulation
of MUSIC algorithm is not considered here as it fails for fully correlated signals.

Table 2, shows the over all comparative statistical analysis of all the methods, The simulation result along
with the statistical analysis displays that The RMSE Chaotic MUSIC methods with Tuky’s Biweight improves
the precision of the mean RMSE estimate and reduces variability across methods. Figure 3 depicts the RMSE
performance comparison using 50 and 100 snapshots, respectively.

Analysis of the RMSE vs. SNR graphs for 50 and 100 snapshots shows that the accuracy of DOA estimation
depends strongly on the quantity of snapshots. When the number of snapshots was increased from 50 to 100, all
the methods displays clear improvement in the RMSE values, especially in the low to moderate SNR range (-10
dB to 10 dB). This improvement was more prominent in chaotic based techniques, which suggests that having
more snapshots benefits from temporal information, and chaos based estimators become more robust. Also, the
RMSE curves of all algorithms converge closely to the theoretical CRLB when the number of snapshots increases.

Table 3 shows the statistical values for different algorithms at 5 dB SNR and 100 number of Montecarlo
iteration.

Probability of resolution
The probability of resolution (PR) is a critical performance metric in sensor networks, particularly in applications
such as target detection and localization. In this analysis, we compare The four different methods for calculating
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Technique Mean RMSE | Std Dev | Variance
Chaotic with Tucky biweight | 0.2304 0.0117 | 0.00013
Random with Tucky biweight | 0.0627 0.0138 | 0.00019
Random MUSIC 0.0750 0.0131 0.00017
Chaotic MUSIC 0.2306 0.0299 0.00089

Table 3. Statistical values of algorithms at 5dB SNR.
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Fig. 4. Probability of resolution.

the resolution here is PR MUSIC, PR MUSIC with cost, PR Chaotic MUSIC, and PR Chaotic MUSIC with cost.
The statistical parameters evaluated include the mean, standard deviation, standard error, variance, and median.
The table 2, summarizes the statistical properties of the PR for each method: Table 3, summarizes the statistical
properties of the PR for each method:

The PR MUSIC and PR MUSIC with cost methods show similar performance in terms of mean PR, with
a slight improvement in variability and accuracy when the cost function is added. The PR Chaotic MUSIC
methods, both with and without cost, have significantly lower mean PR and median values. However, they
demonstrate reduced variability and higher accuracy, particularly with the addition of the cost function. The
addition of cost functions generally improves the precision of the mean PR estimates and reduces variability
across all the methods. In Fig. 4, the probability of resolution results are presented, while Fig. 5 shows the RMSE
performance under partially correlated sources.

RMSE versus correlation coefficient

For partially correlated multipath signals varying from 0.1 to 1 where CRLB is used as theoretical reference.
statistics states that the proposed method improves their accuracy and robustness. The performance of the
Chaotic MUSIC standalone version was poor, but when a Tuky’s Biweight was added, it performs close to CRLB-
which is an ideal condition. This means that the use of robust statistics is very useful in DOA estimation to
efficiently handle challenges such as highly correlated signals and practical antenna errors. Table 4, shows that
statistical comparison of RMSE and correlation coefficient(Table 5). The comparative performance of source
correlation is shown in the Fig. 5.

Conclusion

In sensor networks, the choice of RMSE calculation method impacts the average localization error, variability,
and accuracy. While standard MUSIC methods yield lower mean RMSE values, chaotic methods provide
more consistent and accurate estimates with lower variability. The incorporation of cost functions enhances
performance metrics across both standard and chaotic MUSIC methods. The probability of resolution
calculation method also impacts the average probability of resolution, variability, and accuracy. While standard
MUSIC methods yield higher mean PR, chaotic methods provide more consistent and accurate estimates with
lower variability. The incorporation of cost functions enhances performance metrics across both standard and
chaotic MUSIC methods. Further research could explore the trade-offs between lower mean RMSE and reduced
variability, as well as the specific applications where each method may be most effective.
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Fig. 5. RMSE performance under partially correlated sources.

Method Mean | Deviation | Error | Variance | Median
PR MUSIC 0.3991 | 0.2561 0.0502 | 0.0656 0.522
PR MUSIC with Cost 0.4031 | 0.2548 0.0500 | 0.0649 0.55
PR Chaotic MUSIC 0.1448 | 0.2308 0.0453 | 0.0533 0.03
PR Chaotic MUSIC with cost | 0.1198 | 0.1922 0.0377 | 0.0369 0.025
Table 4. Statistical analysis of probability of resolution.
Technique Mean RMSE | Std Dev | Variance
CRLB 0.2015 0.0506 0.0026
MUSIC with Tukey Biweight 0.2185 0.0548 0.0030
Chaotic MUSIC with Tukey Biweight | 0.2275 0.0571 0.0033
MUSIC Random Data 0.2752 0.0909 0.0083
Chaotic MUSIC 0.2829 0.1036 0.0107

Table 5. Statistical comparison of RMSE and correlation coefficient.
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