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The air temperature (AT) is a significant factor in the environmental processes, human health, 
agriculture, and energy systems, so correct forecasting is very important. This paper explores the 
prediction of AT in a functional time series (FTS) model that models the high-frequency temperature 
data as smooth curves over the day that can model both deterministic seasonal cycles and other 
stochastic dynamics. Smoothing splines and Fourier-based functional representations are used to 
model and predict short-term variations in temperature by a functional autoregressive model, FAR(1). 
The performance of FAR(1) is systematically contrasted to those of classical statistical models such 
as ARIMA and VAR and machine-learning-based ones such as artificial neural networks (ANN) and 
autoregressive neural networks (ARNN). Accuracy of an error forecast is measured in terms of mean 
absolute error (MAE), mean absolute percentage error (MAPE) and root mean square error (RMSE). 
Empirical findings show the FAR(1) model records reduced forecasting errors and increased predictive 
stability both in months and in hours than the competition methods. Such results outline the utility 
of functional data analysis to utilize the smooth and periodic organization of temperature data. The 
research offers a practical and holistic model of predicting high-frequency AT, and it can be employed in 
the better decision-making in agricultural, energy and safety management among the population that 
operate during the climate variability.
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AT is one of the most basic climatic variables and determines much of the environmental, economic and social 
processes, such as agriculture, energy demand, ecosystem dynamics and human health. Proper predictions of the 
AT are thus critical to successful planning and risk management, especially as the climate variability and extreme 
weather are becoming more frequent. Short term temperature projections are used in operations like balancing 
energy loads, frost and heatwave alerts, urban climate adaptation, as well as important inputs to hydrological and 
environmental models. But the AT data have complicated temporal variations due to diurnal nature, seasonal 
variations, and stochastic variations, which are not easy to represent using the classical time series models. This 
is what drives the utilization of high order modeling architectures that are capable of modelling smooth periodic 
behaviour and dynamic time dependence. Therefore, the creation of effective and understandable forecasting 
strategies of AT is a significant research topic that has direct practical implications to climate-sensitive decision-
making.

Such activities that are affected include social and economic activities due to the fact that the weather 
patterns should be properly modeled and predictable. The future of an extreme smell provides us with valuable 
information that determines the efficiency of many tasks and helps prevent harm, fatalities, and property loss, 
as well as damage to property and loss of life and property, in the future, as well as reduce their risks and threats, 
when properly managed1. AT is a vital aspect in the case of growing purposes because it assists in establishing 
the moisture in the soil and the growth of the crops too33. The crops grow faster due to high temperatures, and it 
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lowers the yield potential potential15. Temperature variations, however, do not play out equally across different 
industries, and ignoring this difference can result in more effective long-term predictions of power and energy 
planning as well as power consumption planning26. Weather-related variables in the fast-growing weather 
derivatives markets are also often used to speculate on the forecasts of the variable reviewed by the weather 
market operators6. The next-generation Weather Research and Forecast model has improved the prediction of 
AT and severe weather over the Ararat Valley mostly because it was used to predict summertime and severe 
weather4,9,32. Recent machine learning research also shows that environmental processes over and above the 
atmosphere with temperature drivers can be highly predicted, e.g24. proposed a deep learning model to predict 
soil temperature, and the possibility of AI models to be used in the same manner as our functional data-driven 
models of AT.

The modeling and forecasting of AT have been the focus of a large number of studies since it is a fundamental 
field of study in most fields of study3,23,34. As an example, the authors of 2018, time-specific seasonal ARIMA 
(SARIMA) were used to predict the monthly mean temperatures. They utilized one-hour temperature records 
of a weather station in Nanjing, China, between January 1951and December 201714. studied the global surface 
temperature and concluded that dangerous climate change, as judged from likely effects on sea level and extinction 
of species25. studied study proposes novel algorithmic approaches utilizing machine learning techniques to 
predict wind turbine power. Applied algorithms include extremely randomized trees, light gradient boosting 
machine, ensemble methods, and the CNN-LSTM method. Based on the provided results, the lowest mean 
square error value is related to the CNN-LSTM method, indicating that this method is more accurate. Also, 
the ensemble method provides admissible results despite the high speed of the algorithm. Some of the recents 
studies are2,10–13,16,17,19.

This paper builds on the current literature on a topic of AT prediction through the use of functional 
data analysis (FDA) methods, which are effectively adapted to verify the complicated, smooth, and dynamic 
temporal features of temperature sequences. Even though FDA has found application in several fields, including 
environmental science, econometrics, and biostatistics, it has not been extensively used in AT forecasting yet20,29. 
Continued progress in the field of statistical time series modeling and data collection technologies has further 
enhanced the accuracy of the forecasting process, which is why further work on the FTS methods is considered 
in this area of knowledge18,21,22,27,30. In that regard, this study examines the application of FTS in improving 
short-term prediction of AT, where a FAR model of one with a history of AT data between January 2018 and 
December 2024 was trained. MAE, MAPE and RMSE are used to measure the predictive performance of the 
proposed framework, which gives a quantitative measure of the forecasting accuracy of the proposed framework.

The research is designed in the following way: - The “General model” section presents a general introduction 
about the functional data analysis, introduces the proposed model and reviews of other competing models. - 
“Data, and accuracy measures” section provides the data, and accuracy measures. - The results and the discussion 
in detail are provided in the section of the “Result and Discussion”. - Lastly, the “conclusion” section has talks and 
conclusion on the findings.

General model
The components estimation procedure is used to capture different features of the AT series. Suppose the AT series 
yk,l where l ∈ ⋉ and k = 1, · · · , 24. The AT series is decomposed into a deterministic component denoted by 
Dk,l and a stochastic component denoted by xk,l as

	 yk,l = Dk,l + Xk,l.� (2.1)

Here, the deterministic component in 2.1 comprised of the complex structure of the seasonal component, such 
as annual seasonality (sk,l), weekly seasonality (wk,l), and long-trend component (ck,l). Mathematically, it can 
be written as

	 Dk,l = ck,l + sk,l + wk,l� (2.2)

The deterministic component Dk,l in 2.2 is estimated through a smoothing spline. In the case of stochastic 
component Xk,l, three different models, namely the ARMIA, VAR, ANN, ARNN, and FAR(1) are used. Once 
both the components are modeled and forecasted, the one-day-ahead out-of-sample forecast is obtained. The 
stochastic component, which is modeled and forecasted, is discussed in detail in the next section.

One transforms the observed hourly price series to functional observations by first expanding into Fourier 
basis with smoothing parameters chosen through generalized cross-validation. The deterministic element is 
specified by the estimated smooth functional trend whereas the stochastic element is derived as the functional 
process of residue. The autoregressive structure is then modeled by a functional residue. The functional final 
prediction error criteria is used to select model order and truncation dimensions, and insures a fully data-driven 
and reproducible decomposition.

Functional data analysis
The methodology was first proposed by FDA in28. Many of the classical statistical approaches have been extended 
and modified to the FDA model8. It is also possible to use data presented in curves, shapes or patterns - and 
not only discrete points - in FDA. This method is particularly suitable for information that fluctuates slowly by 
time or space citepramsay2005principal. In practice most functional data is measured discretely and in a high 
frequency and can easily be converted into functions. Functional data generally is curved and a suitable set 
of basis functions is used. The coefficients ϱt and basis functions ϑt(i) may be expressed to represent a set of 
functions, such as a basis function system, or X(i).
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X(i) =

T∑
t=1

ϱtϑt(i), , 1 ∈ I � (3.1)

We will simplify the expression by omitting (i) in the function where the meaning is evident. In order to deal with 
the various types of capabilities of the data, we employ certain trendy basis features, such as the exponential basis, 
the B-spline basis, the Fourier basis, and the polynomial main components. An example here is that B-spline 
basis may be applied to non-periodic data, whereas fourier basis may be applied well to periodic data. In this 
paper we have used the approach based on fourier basis since our data is periodic. The 24 hourly temperature 
observations on each day were considered as one functional observation. The hourly index was linearly mapped 
on to the unit interval. A fourier basis was used to represent [0,1], and daily temperature curves and it is highly 
appropriate to express the high diurnal periodicity of AT. A variance-explained criterion was used to select the 
number of basis functions and keep the minimum number of basis functions that account to at least 95% of the 
overall variability, which provides a parsimonious and smooth functional representation.

Functional autoregressive model
In high frequency environmental data, functional time series may arise when observations are functions, not a 
scalar or a vector, and in such applications this is a natural state of affairs, like hourly air temperature curves. In 
order to model time dependence between one functional observation and the next the Functional Autoregressive 
model of order one, FAR(1), generalizes the classical autoregressive model to an infinite dimensional function 
space.

Suppose that (Xt(i) ∗ i ∈ Z) is a functional time series, the values of which lie in a separable Hilbert space 
(H), ((L2([0, 1]) in general). The FAR(1) model is defined as [Xt = Ψ(X ∗ t − 1) + εt, t ∈ Z, ] In which, the 
bounded linear operator, which describes the response to time-dependent variations between successive curves, 
is denoted by (Ψ : H → H) and the sequence of independent and identically distributed functions with zero 
mean and finite second moment.

The FAR(1) process has a unique strictly stationary solution under conducive conditions on the operator 
norm of (Ψ). Practically, the operator (Ψ) is approximated by functional principal component analysis (FPCA) 
and the large-dimensional problem is approximated in a finite-dimensional subspace. This model retains the 
smooth form of functional observations and defining the smooth, curve-based processes and dynamics of 
functional observations, FAR(1) is specifically well suited to forecasting smooth processes, including daily AT 
profiles.

Operators in the Hilbert space (L2 [0 , 1 ])
Linear operators in FTS modeling operate on the elements of the Hilbert space of L2[0, 1] denoted by H. The 
operator norm Ψ is used to measure the size of a linear operator (bounded or not) titled as.

	
∥Ψ∥L = sup

∥x∥≤1
∥Ψ(x)∥.

It is a norm that makes the operator stable and is significant in determining stationarity conditions of functional 
autoregressive models.

A particular operator, denoted by the symbol Ψ is called compact when it has a representation, in the form of 
a sequence of decreasing coefficients, denoted by the {λt}, and orthonormal basis functions, i.e.

	
Ψ(x) =

∞∑
t=1

λt⟨x, νt⟩ft,

where λt → 0 as t → ∞. Compact operators have very convenient applications in practice, since they can be 
very well approximated by a finite number of basis functions.

Another most commonly employed type of compact operators are the Hilbert Schmidt operators, where the 
squared coefficients are summable,

	

∞∑
t=1

λ2
t < ∞.

A natural norm is the one that is confessed by such operators.

	
∥Ψ∥S =

(
∞∑

t=1

λ2
t

)1/2

,

that is more powerful than the operator norm. Assuming, further, that the operator is symmetric, positive, it has 
a spectral decomposition of the form.
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Ψ(x) =

∞∑
t=1

λt⟨x, νt⟩νt.

In case the absolute value of the sum of the coefficients is finite, in other words,

	

∞∑
t=1

|λt| < ∞,

the operator is known as nuclear, which is a stronger regularity requirement. These norms of operators fulfill 
the ordering.

	 ∥ · ∥n ≥ ∥ · ∥S ≥ ∥ · ∥L.

Although the FAR(1) model is theoretically formulated as a set of bounded linear operators acting on a Hilbert 
space, the operationalization of the model in the present study uses basis expansion, truncation and finite 
dimensional approximation which are clearly explained in the following sections.

Estimation of the operator Ψ
In order to ensure a stationary solution, some assumptions have to be made when estimating the autoregressive 
operator sigma in the model. In particular, the operator norm of Ψ can be used to assure stationarity. The 
sufficient condition is that an integer t0geq < spanclass =′ crossLinkCiteEqu′ > 1 < /span > exists, so 
that ∥Ψt0 ∥L < 1. Similarly, this assumes that constants and a > 0 and 0 < b < 1, exist for which ∥Ψt∥L ≤ abt 
is also true for all constants t ≥ 0. Under these assumptions, it is shown that there is a unique strictly stationary 
solution in the functional autoregressive process in certain contexts5,.

Since the functional data are defined in infinite-dimensional space that is not locally compact, Lebesgue 
measure is not present, i.e., probability densities cannot be defined so. Therefore, likelihood-based estimation 
methods cannot be employed in the estimation of the operator Ψ. Rather, estimation is conducted by the moment 
method. In this case, the autoregressive operator is Ψ = CΓ−1, where Γ = E(xt ⊗ xt) is the covariance 
operator, and C = E(xt ⊗ xt+1) is the lag-one cross-covariance operator, and ⊗ the Kronecker product Γ̂i. 
The numerical equivalents are noted with Γ̂i and Ĉi, respectively, and are used in practice to estimate the Ψ.

For simplicity, the functional time series must be mean centered, i.e., E(xi) = 0. This is done in practice by 
subtracting the sample mean curve for each observation. Finally, we estimate the sample covariance operators 
anΓ̂i = 1

n

∑n−1
i=0 xi ⊗ xi and Ĉi = 1

n

∑n−1
i=0 xi ⊗ xi+1. which report the temporal variation of daily curves 

of temperature.
Practically, covariance operator, denoted as Γ, is estimated using discretely observed functional data and 

inverting it is numerically unstable. As a solution to this problem, a dimensionality reduction is carried out 
with the help of FPCA. In particular, decomposition of the set of eigenvalues and eigenfunctions is made up of 
a finite set of eigenvalues and eigenfunctions and only the first w components that capture most of the overall 
variability are retained. The truncation provides a stable and well-conditioned approximation of the covariance 
operator inverse.

The empirical covariance and cross covariance operators are calculated as

	
Γ̂ = 1

n

n∑
i=1

xi ⊗ xi, Ĉ = 1
n − 1

n−1∑
i=1

xi ⊗ xi+1,

then the FAR(1) dependence operator is estimated using them. The approximate inverse of using the truncated 
inverse of the Γ is in the form of:

	
Γ̂−1(x) =

w∑
t=1

λ̂−1
t ⟨x, ν̂t⟩ν̂t,

and the empirical eigenvalues and eigenfunctions are denoted by,λ̂t and ν̂t respectively, as: In FAR(1) structure, 
the dependence operator is approximated by the expression, which is given by,Ψ = CΓ−1 and the estimator 
is given by, Ψ̂ = ĈΓ̂−1. In its application, the observed curves are smoothed before FPCA to minimize 
measurement noise and assure stable estimation. Through the choice of truncation level, where the retained 
components capture between 90% to 95% of overall variation, a compromise was made between the performance 
of the model and computational efficiency.

This is because the FAR(1) model can estimate the strong temporal variation in AT curves in this FPCA-
based estimation strategy that is numerically stable and can be applied in large scale AT forecasting models.

Competing models
In order to compare the suggested FAR(1) model, a number of rival methods were taken into account. The 
information criteria (AIC/BIC) was used to select ARIMA models amongst different candidate orders and 
residual diagnostics validated that there was no serial correlation. The VAR model was also built on hourly 
temperature vectors that were lagged to reflect the presence of cross-hour dependence, the lag order was chosen 
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using AIC. ANN and ARNN models were used as machine learning baselines. Validation-based tuning was used 
to select network architectures, which are denoted by ARNN (p, k), where p is the lagged number of inputs, and 
k is the number of hidden neurons. Each of the neural networks followed a logistic sigmoid activation function 
in the hidden layer and a linear output layer, was trained with the Adam optimizer and a learning rate of 0.001, 
and early stopping to limit overfitting.

Autoregressive integrated moving average (ARIMA) model
The ARIMA model is a classical linear model in TS that is extensive in univariate forecasting because it has a 
strong statistical basis and can be interpreted. It is a combination of ARe and moving average applied on the 
differenced series to deal with non-stationarity in the mean. AR terms embody the temporal persistence and 
the moving average component is used to describe the impact of historical shocks. The information criteria (e.g. 
AIC) are usually used to select model orders; residual diagnostics are also used to verify that the model fits well. 
Though ARIMA can do well with linear and moderately structured data, it represents observations as discrete 
points and can not well represent smooth curve-based dynamics that are found in high-frequency series of AT, 
which prompts the adoption of functional alternatives like FAR models.

Suppose that yt is a univariate TS. ARIMA (p,d,q) model is described such that (d) order differencing is 
applied to (yt) to make the series stationary.

	 xt = ∇dyt = (1 − B)dyt,

where (B) is the backshift operator, (Byt = yt−1).
The differenced series (xt) follows an autoregressive moving average process ARMA((p,q)),

	 xt = ϕ1xt−1 + ϕ2xt−2 + · · · + ϕpxt−p + εt + θ1εt−1 + θ2εt−2 + · · · + θqεt−q,

where:
(ϕ1, . . . , ϕp) are autoregressive coefficients, (θ1, . . . , θq) are moving average coefficients, *(εt) is a white-

noise error term with zero mean and variance (σ2).
Equivalently, using lag-polynomial notation, the ARIMA((p,d,q)) model can be written as

	 Φ(B)(1 − B)dyt = Θ(B)εt,

where

	 Φ(B) = 1 − ϕ1B − · · · − ϕpBp, Θ(B) = 1 + θ1B + · · · + θqBq.

Vector autoregressive
In TS analysis, the VAR model has been a widely used and useful tool, especially to describe the dynamic 
relationship of multiple variables over time. It generalises the univariate AR model to multivariate ones. The 
prediction and forecasting capability and flexibility of VAR models make it very effective in interpreting and 
predicting actual world behavior since they are able to capture numerous interdependences between variables. 
A VAR model is a collection of equations, which explain the dynamic of various TS variables. In this model, the 
variables are linear functions of their past, and the previous value of all other variables. The overall structure of a 
VAR model when the TS is represented by a vector of univariates, i.e. by vectors of the variables, is:

	 xl = C + ∆1xl−1 + ∆2xl−2 + · · · + ∆pxl−p + ϵl

The present values of the response TS variables with ⋉ unique variables of response are represented as the 
vectorxl. The fixed vector C  characterizes the base levels or intercepts of such variables. The AR coefficient 
matrices of the variables are∆t are ⋉ × ⋉ matrices of dimensions of size, for example, at a given time lag , say 
at lag 1 to 10, denoted as the matrices of size of p, they are the relationship between the variables at various time 
lags more so how the former values up to lag p have an influence on the present values.

There are common AIC, BIC and HQ information criteria used together with the cross-validation methods 
to estimate the best model order. Typical estimated models are those that are estimated during a 365-day period 
and that the value adopted of p might be different. Nevertheless, VAR(5) model is usually regarded as suitable, 
because most of the time residuals are white noise, the value of AIC is lower than other models of higher order. 
Ordinary least squares (OLS) and maximum likelihood estimation (MLE) are widely used in estimating and 
inferring parameters of VAR models.

Artificial neural networks
Artificial neural networks (ANNs) refer to a machine learning method that is based on the human brain process 
of information processing. They are a number of layers of interconnected nodes resembling biological neurons. 
Such networks are desired to resemble the learning and the decision-making processes of the brain.

The input layer provides the system with information. It is then passed through one or more intermediate 
layers to the output layer. All nodes in the network get signals as sent by other nodes, process the inputs and 
produce a resultant output. The weight of the connections between nodes is known to have an impact on the 
influences the node has on the other. The feedforward neural network is one of the commonly used types of ANN. 
This arrangement is unidirectional in the flow of data, i.e. the input layer to the output layer without feedback 
loops. In the case of the neural network-based models, nonlinear temperature dynamics were represented by the 
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use of a logistic sigmoid activation function in the hidden layer, and a linear activation function in the output 
layer to make sure that forecasts were in the original temperature scale.

Autoregressive neural networks
The Autoregressive neural networks (ARNN) is a hybrid model that blends traditional autoregressive concepts 
with the capability of neural networks to handle nonlinear relationships. It takes previous values of time series 
as inputs in order to make future observations. Its hidden layers have the ability to determine complicated 
nonlinear relationships over time (unlike linear AR models). This type of structure is referred to as ARNN(p, 
k), which has p lags and k hidden neurons. It is not restrictive of strict stationarity, which affords it greater 
applicability to a variety of datasets. With the inputs of the recent observations, the ARNN makes good one-step-
ahead predictions that fit multi-dimensional time series patterns. The equation of the model will be:

	
xjt = g

(
⋉∑

l=1

wjlxl(t−1)

)
+ κyT

j(t−1)ϵt

In this case, xjt is the response at node j, t. The scoring pattern denoted by wji denotes the relationship strength 
between node j and node i. The expression denotes external effects, and so the cost is captured by the term of 
the form of ko κyT

j(t−1), g(·) is a nonlinear activation function and the error term during time t is denoted by 
the term of the form of the error term denoted by the term ϵt. The ARNN model updates its weights with the 
help of estimation techniques, which include profile least squares estimation and local linear approximation. 
These techniques aid in estimation of the unknown relationship and provide quality estimates of parameters. 
The model is based on a training procedure over historical data used to perform one-step-ahead and multi-step 
predictions. The ARNN(3,7) model is adopted in this work, that is, three past observations were taken as input 
and the hidden layer consisted of seven neurons, the results of which were determined after trial and error.

Data and accuracy measures
Data
The paper is based on hourly AT measurements of Tabuk, in Saudi Arabia, which were provided through official 
weather records. Our data is the period between 1 January 2018 and 31 December 2024. To prevent information 
leakage and have a realistic forecasting setup, the data were divided chronologically: the data between 1 January 
2018 and 31 December 2023 was used to train and tune the model, whereas the data between 1 January 2024 and 
31 December 2024 were used in out-of-sample testing.

Forecasting protocol
The prediction horizon used to forecast was one day ahead. A strategy of expanding window was used, in which 
new models were re-estimated with the arrival of new observations and they imitated real-time forecasting 
conditions. Performance was assessed over model performance on MAE, MAPE and RMSE valued on the 
original temperature scale across all the methods in order to provide fair comparison. Even though the last year 
(2024) is marked as a test period, the forecasting is made using an expanding-window strategy whereby, model 
parameters are re-estimated one by one as new data is supplied. This rolling-origin assessment produces day-
by-day one-step-ahead predictions across the whole test year, which offers a variety of out-of-sample validation 
points as opposed to a single stationary split. Also, robustness is evaluated at hourly, monthly, and annual scales 
so that the comparisons of performance remain consistent at varying time scales and seasonal factors.

Forecasting accuracy metrics
We apply three measures of standard error MAE, MAPE, and RMSE to assess the accuracy of the forecasting 
models. These error measures which are used to measure the degree of the closeness of the forecasts and actual 
values are frequently descriptive statistics. In mathematics, they are as follows:

	

MAE = 1
n

n∑
k=1

|yk,l − ŷk,l|

MAPE = 1
n

n∑
k=1

(∣∣∣∣
yk,l − ŷk,l

yk,l

∣∣∣∣
)

× 100

RMSE =
√

mean(yk,l − ŷk,l)2

Where: n is the observations of the testing forecast period. yk,l and ŷk,l are the actual and predicted values of 
the AT on the k th day (k = 1, 2, . . . , 365) and lth hour (c = 1, 2, . . . , 24).

Results and discussion
The Fig. 1 will have several plots illustrating both the autocorrelation function (ACF) and partial autocorrelation 
function (PACF) at different lags that will be used to analyze the TS data. The ACF plots show the relationship 
between observations at various lags, which can be used to determine the presence of seasonality or trend items. 
The direct correlation between observations at particular lags is isolated in the PACF plots and intermediate lags 
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are controlled, which helps in the selection of order of AR models. These plots in combination aid in diagnostic 
checking and model identification of TS analysis.

The Fig. 2 demonstrates that the AT changes over the years, with distinct seasonal and interannual changes. 
The pattern is strong in terms of period and could be observed as temperatures were higher in the season of 
warmth and when it was colder they were lower which is a natural annual cycle of temperature. Although 
consumers experience temporary fluctuations, the general arrangement of the series is consistent over the years, 
suggesting that there is a consistent pattern of climatic behavior in the period of study. The large variation in 
temperature indicates the existence of extreme low and extreme high values and hence the significance of having 
strong forecasting models that can be used to captivate such a variation.

The Fig. 3 shows the transformation of the discrete TS data into a continuous functional form by implementing 
the Fourier basis function. It shows hourly AT measurements taken between January 1, 2018, and December 31, 
2024, in which the vertical axis shows the temperature in degrees Celsius and the horizontal axis shows time of 
day in hours. The Fourier basis functions are used to smooth the discrete observations to functional curves to 
capture daily and seasonal repetitive patterns. This method enables to be more flexible in modeling and analysis 
of the underlying dynamics of the temperature over multi-year time range.
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Fig. 2.  AT data used for FTS modeling (2018 2024).
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Fig. 1.  Autocorrelation (ACF) and partial autocorrelation (PACF) diagnostics for the AT series, illustrating 
temporal dependence across lags.
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The Fig. 4 indicates one week of AT converted into discrete measurements into functional curves with the use 
of Fourier basis. The time of the day is indicated by the horizontal axis (in hours) and temperature by the vertical 
axis (in degrees Celsius). Every straight line symbolizes the daily pattern of the temperature that is continuously 
changing, and that emphasizes the diurnal cycle and daily changes throughout the week.

Table 1 gives a summary of the overall forecasting of all the competing AT prediction models. Compared 
to ARIMA and ANN, VAR and ARNN are better in terms of multivariate and nonlinear dependencies, which 
makes them superior to classical and machine learning methods. Nevertheless, the proposed FAR(1) model 
presents the least MAE and MAPE and RMSE values, which means that the accuracy of forecasting is improved 
with clear and consistent results. These findings affirm that the approach of modeling AT as a functional process 
is a more powerful and effective framework compared to the TS and neural network based AT modeling.

The comprehensive comparison of AT forecasting errors in all competing models was reported in Table 2. 
The proposed FAR(1) model shows the smallest values of MAE, MAPE, and RMSE throughout the full 24-hour 
cycle, which means that it is more accurate and the model is stable during the day and night. The errors in 
classical models like ARIMA and VAR are relatively higher especially in early morning and late evening hours 
when the temperature dynamics are more prone to be volatile. Even though ANN and ARNN are able to pick 
up certain nonlinear patterns, their prediction errors are higher and more volatile than those of the functional 
model in most of the hours. On the whole, these findings indicate that FAR(1) as a smooth functional process 
modeling of temperature better reflects intraday dynamics and shows strong improvements over conventional 
TS and machine-learning algorithms.

Model MAE MAPE RMSE

ARIMA 30.73 28.99 29.46

VAR 24.65 22.83 23.73

ANN 28.36 26.75 27.88

ARNN 25.23 23.46 24.30

FAR(1) 21.44 19.52 20.92

Table 1.  Overall forecast results for AT.
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Fig. 4.  shows the functional data of one week.
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Fig. 3.  The transformation of the discrete AT data into functional data.
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Hour Errors ARIMA VAR ANN ARNN FAR(1)

1

MAE 29.95 23.30 27.37 24.56 20.99

MAPE 25.28 21.38 23.98 21.88 17.00

RMSE 27.36 22.56 25.36 23.56 19.22

2

MAE 29.39 25.55 27.16 26.67 21.39

MAPE 26.24 23.81 25.79 24.13 19.60

RMSE 27.33 24.16 26.99 25.89 20.03

3

MAE 32.94 26.95 29.88 28.88 23.09

MAPE 29.98 23.77 26.66 25.57 21.21

RMSE 30.47 25.11 27.99 26.85 22.45

4

MAE 29.75 25.10 28.33 26.56 22.67

MAPE 27.57 23.46 26.03 24.45 20.93

RMSE 28.49 24.81 27.19 25.04 21.28

5

MAE 31.84 26.93 29.25 27.77 19.13

MAPE 29.73 24.85 27.88 25.92 17.18

RMSE 30.94 25.16 28.95 26.97 18.53

6

MAE 33.44 27.34 29.05 28.80 22.71

MAPE 32.18 25.22 27.39 26.70 20.09

RMSE 32.91 26.51 28.77 27.99 21.77

7

MAE 31.23 26.83 28.27 27.77 21.99

MAPE 29.78 24.55 26.05 25.15 19.99

RMSE 30.39 25.33 27.08 26.99 20.19

8

MAE 30.66 24.59 27.32 26.88 22.00

MAPE 28.09 22.06 25.89 24.91 20.76

RMSE 29.98 23.75 26.05 25.17 21.10

9

MAE 30.55 25.53 28.72 27.03 20.78

MAPE 28.68 23.89 26.67 25.33 18.07

RMSE 29.22 24.85 27.95 26.89 19.75

10

MAE 29.27 25.08 27.87 26.66 21.78

MAPE 27.33 22.29 25.07 24.15 19.19

RMSE 28.38 24.87 26.65 25.57 20.79

11

MAE 29.34 25.77 27.09 26.11 19.48

MAPE 27.44 23.35 25.33 24.61 17.17

RMSE 28.81 24.25 26.95 25.49 18.97

12

MAE 31.82 26.22 28.97 27.73 20.08

MAPE 29.88 24.65 26.07 25.34 18.38

RMSE 30.18 25.85 27.63 26.54 19.96

13

MAE 29.19 25.85 27.08 26.93 20.56

MAPE 27.16 23.73 25.23 24.86 18.58

RMSE 28.78 24.05 26.88 25.05 19.15

14

MAE 33.49 25.82 28.05 27.05 22.45

MAPE 31.66 23.67 26.28 25.56 20.61

RMSE 32.98 24.01 27.99 26.06 21.18

15

MAE 30.83 25.19 27.63 26.65 19.88

MAPE 28.94 23.63 25.00 24.04 17.98

RMSE 29.32 24.85 26.35 25.26 18.35

16

MAE 28.56 22.77 25.36 24.76 19.56

MAPE 26.23 20.98 23.83 22.05 17.63

RMSE 27.08 21.15 24.05 23.00 19.95

17

MAE 32.94 24.38 29.45 27.86 21.67

MAPE 30.55 22.62 27.94 25.11 19.04

RMSE 31.89 23.85 28.17 26.90 20.07

18

MAE 29.99 25.11 27.83 26.88 20.92

MAPE 27.17 23.39 25.68 24.11 18.58

RMSE 28.10 24.95 26.95 25.58 19.26

Continued
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Table 3 is a table that gives a complete monthly comparison of AT forecasting errors in all the competing 
models. The proposed FAR(1) model is the lowest in the value of MAE and MAPE and RMSE in all months, which 
implies its high accuracy and strength under various seasonal conditions. The classical models of ARIMA and 
VAR have moderate performance but have significantly higher error especially when there are higher variability 
of the temperature in the month. The ANN and ARNN models identify a few nonlinear trends and yet perform 
poorly as compared to the functional approach with less predictive error dynamics between months. On the 
whole, the findings confirm that the trend of AT modeling as a smooth functional process on the basis of FAR(1) 
shows definite and consistent improvements compared to the classical TS and machine-learning approaches.

The better functioning of FAR(1) is especially seen in cases when it is winter and temperature dynamics are 
more hostile and nonlinear effects are sharp. During such timeframes, FAR(1) has reached up to 20% of MAE 
and RMSE gains over ARNN, which demonstrates that it is more robust when faced with difficult conditions. 
Hourly analysis also demonstrates that FAR(1) has a steady accuracy in the whole 24 hours cycle with significant 
increases in early morning and late evening hours. Although it is linear, FAR(1) has an advantage over ANN-
based models because it is capable of making good use of the smooth, periodic, functional characteristics of 
temperature curves. However, the paper is restricted to one city, one FAR order, and it does not involve deep 
learning benchmarks, in the future research works it will be eliminated by applying LSTM and Transformer 
models into the same functional framework.

Conclusion
AT is a fundamental meteorological parameter that has vast impacts on numerous processes of the surrounding 
environment, economy, and society, and it is necessary to make effective predictions. Nevertheless, complicated 
deterministic structures are present along with stochastic variability of time series data, and prediction of all these 
components continues to be a major difficulty in AT prediction. In order to solve this problem, a functional data 
analysis framework of one-day-ahead AT forecasting has been used in this study where a component estimation 
approach is implemented which explicitly decomposes the series into deterministic and stochastic parts. The 
deterministic component is determined with the help of smoothing splines to identify long-term trends and 
seasonal dynamics whereas the stochastic component is modeled with the help of a set of rival models such as 
FAR, ARIMA, VAR, ANN, and ARNN.

Empirical analysis is performed based on AT data of Tabuk, Saudi Arabia, and forecasting performance of 
a full year of out-of-sample predictions is assessed with the measures of MAE, MAPE and RMSE. The findings 
confirm that the presented component-based functional approach provides a systematically higher predictive 
accuracy, to a significant degree of minimizing forecast errors as compared to classical time series and neural 
network benchmarking. Specifically, the multivariate and functional models are superior to the univariate 
statistical and machine-learning approaches and this pointed out the benefit of considering the underlying 
functional structure of AT dynamics.

In spite of these positive outcomes, some limitations are to be mentioned. The discussion is limited to one 
geographical location as well as only linear, parametric models are analyzed. Besides, the possible effect of 
exogenous variables is not taken into account, and it is possible that the further research will allow covering only 
significant gaps by including more covariates and nonlinear models.

Hour Errors ARIMA VAR ANN ARNN FAR(1)

19

MAE 31.09 23.18 27.14 25.95 18.66

MAPE 29.46 21.75 25.90 23.32 16.00

RMSE 30.78 22.05 26.05 24.47 17.25

20

MAE 29.93 22.99 27.11 26.66 18.99

MAPE 27.46 20.78 25.08 24.34 16.23

RMSE 28.78 21.25 26.32 25.66 17.07

21

MAE 31.34 25.93 29.17 27.88 20.14

MAPE 29.66 23.03 27.88 25.13 18.85

RMSE 30.98 24.55 28.05 26.77 19.03

22

MAE 31.77 25.16 28.91 26.45 22.35

MAPE 29.88 23.28 26.35 24.11 20.03

RMSE 30.18 24.85 27.95 25.67 21.56

23

MAE 32.07 26.49 30.01 29.05 21.03

MAPE 30.16 24.08 28.16 27.67 19.65

RMSE 31.84 25.75 29.51 28.96 20.89

24

MAE 28.99 25.19 28.92 26.23 20.88

MAPE 26.04 23.38 26.56 24.86 18.33

RMSE 27.98 24.75 27.85 25.06 19.96

Table 2.  Hour-specific AT forecasting errors.
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Data availability
Data of this research and the code used in the analyses described in this paper are available from the correspond-
ing author upon reasonable request.
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