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Abstract

It has long been recognised that variational data assimilation, including four-dimensional variational
methods (4D-Var), is grounded in Bayesian inference and gradient-based optimisation. Deep reinforce-
ment learning (RL) employs related mathematical machinery, iteratively minimising a scalar objective
function through backward propagation of information. In this study, we do not propose new algo-
rithms or theoretical connections, but instead provide a transparent and visual illustration of these well-
established relationships. Using a compact neural network trained to play the classic Snake game, we
track the evolution of all network weights at every training iteration. Short-horizon temporal-difference
updates yield frequent local gradient steps on a linearised error signal, closely resembling the inner-loop
minimisation of incremental 4D-Var, while experience replay repeatedly recomputes gradients under up-
dated parameters, analogous to outer-loop relinearisation about an evolving reference trajectory. This
minimal and fully observable system serves as a controlied laboratory for visualising backward infor-
mation propagation in optimisation processes familiar to both reinforcement learning and variational
data assimilation. The resulting comparison offers an interpretable, pedagogical perspective on rein-
forcement learning using concepts long established in the data-assimilation literature, without claiming
new algorithmic insights or applications.

1 Introduction

Weather research and operational numerical weather prediction have long relied on variational and ensemble-
based data assimilation as the core framework for optimally combining observations from diverse platforms
with dynamical models. As a result, many atmospheric scientists are deeply familiar with adjoint sensitivity
methods and gradient-based optimisation, but less so with the training dynamics of modern neural networks.
The mathematical connections between variational data assimilation and gradient-based machine learning
have been discussed previously, including interpretations of learning as statistical data assimilation and
variational optimisation frameworks for Earth-system models®% ¥l However, how these connections manifest
specifically within reinforcement learning—where optimisation is driven by temporally propagated reward
signals rather than direct observational misfits—has received comparatively little attention.

The motivation for this study is rooted in earlier work on adjoint-based variational data assimilation
20 which examined how observational information propagates backward through an adjoint model during
four-dimensional variational data assimilation (4D-Var) to shape the optimisation of initial conditions. The
present study revisits this same mathematical mechanism from a different perspective: reinforcement learn-
ing. By visualising the backward propagation of reward-driven gradients in a minimal neural-network system,
we aim to expose the shared optimisation structure underlying reinforcement learning and 4D-Var, while
deliberately avoiding the additional complexity of application-specific atmospheric models. In contrast to
prior theoretical treatments of the ML-DA connection, the focus here is on making backward information
propagation directly observable at the level of individual optimisation steps.

Machine learning has seen rapid adoption across Earth-system science in recent years 355234 Neural
networks and other data-driven approaches now contribute to applications ranging from multi-year climate
prediction #? to high-resolution precipitation nowcasting 2. A growing class of hybrid Earth-system learning
approaches—including physics-informed machine learning %4, reinforcement-learning formulations for data-
assimilation decisions 37, and online learning strategies in Earth-system digital twins 3% B2 —demonstrate



Table 1: Structural correspondence between Q-learning and 4D-Var data assimilation.

Concept Q-learning 4D-Var

State St x(t)

Control variable ay Initial condition xg

State evolution St+1 = T (s, a¢) Xit1 = M(x;)

Feedback signal i1 —(Hi(x1) — yi) "R (Hi(x5) — yi)
Value analogue Q(s,a;0) Vixod

Backward propagation Bellman backup + backpropagation Adjoint model integration
Objective min(y — Q)2 min J(xo)

that, across a wide range of contexts, learning is governed by repeated gradient-based minimisation of a
scalar objective, with information propagated backward through a model (neural network or adjoint) to
update parameters or control variables.

Reinforcement learning (RL) represents a complementary optimisation paradigm and has powered major
advances in artificial intelligence, from Atari game-playing agents ' to strategic decision-making systems
such as AlphaGo 2. Despite its success, RL is often perceived as a “black box,” in part because its learning
dynamics are rarely visualised or examined at the parameter level. This lack of transparency poses a barrier
to broader adoption in the geosciences, where understanding the origin and structure of model updates is
often as important as predictive performance itself.

Although today’s large-scale Al systems, including large language models, operate at extreme computa-
tional scale, their training ultimately relies on the same mathematical backbone as variational data assimi-
lation: gradient-based minimisation of scalar objective functions and backward propagation of information.
While this shared structure is well recognised in theory, it has not been demonstrated visually in a manner
that is readily accessible to atmospheric scientists.

Here, we provide a transparent, minimal laboratory for illustrating this connection. We train a compact
deep Q-network to play the classic Snake game and record the evolution of all 3,584 network parameters
at every training iteration. By animating both short-memory (within-episode) updates and long-memory
(experience-replay) updates, we demonstrate a clear algorithmic correspondence between reinforcement-
learning temporal-difference updates and adjoint-based backward information propagation in four-dimensional
variational (4D-Var) data assimilation, with both arising from gradient-based minimisation of a scalar ob-
jective function. This visualisation offers an intnitive bridge between two optimisation traditions—artificial
intelligence and atmospheric data assimilation-—and clarifies how backward propagation of information drives
learning and adjustment in both systems.

The purpose of this study is not to propose a new atmospheric modelling framework, nor to demonstrate
the application of reinforcement learning within numerical weather prediction systems. Instead, the objective
is to make the minimisation process itself directly observable and interpretable. Reinforcement learning and
four-dimensional variational data assimilation both operate via steepest-descent optimisation of a scalar cost
function, differing primarily in the choice of control variables: network parameters in reinforcement learning
and initial conditions (or other control parameters) in 4D-Var. By selecting a minimal and fully transparent
system—the Snake game—we isolate and visualise the backward propagation of information that drives
learning in both paradigms, allowing the underlying optimisation mechanism to be examined without the
confounding complexity of high-dimensional atmospheric models, while remaining fully representative of the
same mathematical structure.

2 Methods

2.1 The Shared Mathematical Core

Here we focus on reinforcement learning as an optimisation process, and use four-dimensional variational
data assimilation as a mathematical reference framework, emphasising the shared structure of iterative
local gradient updates and periodic relinearisation that enable backward propagation of information in both
systems %2 3 B4 A5

Reinforcement learning (RL) and four-dimensional variational data assimilation (4D-Var) share a common
mathematical structure: both seek to minimise a scalar objective function defined over a trajectory by
propagating information backward in time. In RL, this backward propagation is achieved through the
Bellman backup and neural-network backpropagation; in 4D-Var, it is achieved through the adjoint of the
forecast model. Table [1| summarises the correspondence between Q-learning and 4D-Var using notation



consistent with atmospheric data-assimilation conventions. We note that the RL action a; is an external
control applied to the environment and has no direct analogue in strong-constraint 4D-Var, where the model
evolution is autonomous. The corresponding optimisation control variable in 4D-Var is the initial condition
X, as indicated in Table 1.

2.2 Q-learning formulation

The Bellman optimality equation for Q-learning is
Q*(s,0) = E[r +ymaxQ*(s',a')| (1)

where s denotes the state, a the action, r the scalar reward, and « € (0,1) the discount factor.

In Eq. [1} Q*(s,a) denotes the optimal action—value function, defined as the maximum expected cumu-
lative discounted reward achievable by following an optimal policy from state s after taking action a. The
expectation E[-] is taken with respect to the stochastic transition dynamics of the environment and the re-
ward distribution, conditioned on (s,a), i.e. p(s’,r | s,a). In practice, Q* is not known and is approximated
by a parameterised function Q(s, a; ) learned from sampled transitions.

The temporal-difference (TD) target is

y=r+ymaxQ(s’,a), (2)

and training proceeds by minimising the squared TD error

J=ty- Qs aor (3)

2
with respect to the network parameters 0 via gradient descent.

Eq [] defines the Bellman optimality condition for the unknown optimal action—value function Q* and
involves an expectation over the environment transition and reward distributions. Eq. [2] differs in that it
defines a sample-based temporal-difference (TD) target computed from a single realised transition (s, a,r,s’)
using the current approximation Q(s,a;6). In practice, learning proceeds by minimising the discrepancy
between this sample-based target and the predicted value, providing a stochastic approximation to the
expectation in Eq.[I} This distinction is analogous to replacing an expectation over all possible observation
realisations with an instantaneous observation misfit in variational data assimilation.

The gradient 0J/90 is computed by backpropagation, corresponding to the reverse application of the
chain rule through the network.

From a variational data-assimilation perspective, the Q-learning loss can be interpreted as a local
quadratic approximation to a trajectory-dependent cost function, where the network parameters 6 play
the role of control variables analogous to the initial condition xg in 4D-Var. The temporal-difference target
y acts as a forcing term derived from future information, analogous to observation misfits driving the adjoint
model backward in time.

2.3 4D-Var formulation
The 4D-Var cost function over an assimilation window [tg, tx] is

T(x0) = 550 = x0) B xo = x) 5 D (Haloi) — yi) TR (i) - ), (@
=0

where x( is the initial state, xp the background state, B and R the background and observation error
covariance matrices, M the forecast model, and H; the observation operator. Minimisation of J is performed
by integrating the adjoint model backward in time, propagating sensitivities from observation times to the
start of the window.

Conversely, the 4D-Var cost function J(x) may be viewed through a reinforcement-learning lens as defining
a value function over trajectories, where the adjoint gradient plays a role analogous to a value-gradient signal.
Backward integration of the adjoint equations thus corresponds to propagating future error information to
earlier control variables, in the same algorithmic sense that temporal-difference learning propagates reward
information backward through a network.



2.4 Interpretation of the analogy

In Q-learning, future rewards influence earlier decisions through the Bellman backup and neural-network
backpropagation. In 4D-Var, observation misfits influence earlier states through adjoint sensitivity propaga-
tion. In both frameworks, optimisation is achieved by iteratively reducing a scalar objective function defined
over an entire trajectory rather than at a single instant. Figure [l illustrates this correspondence.

In incremental 4D-Var, the outer loop updates the nonlinear trajectory over a fixed assimilation win-
dow and redefines a locally linear(ised) optimisation problem, while the inner loop approximately minimises
that quadratic subproblem to obtain an increment (often interpreted as an approximate Gauss—Newton
method % B3 BH B Ty DQN training, the network parameters define the current ‘reference’ used to com-
pute temporal-difference targets; repeated gradient steps minimise the squared Bellman error for recent (or
replayed) transitions, and replay repeatedly recomputes targets under the evolving parameters. The corre-
spondence we emphasise is therefore the shared iterative pattern of (i) local gradient-driven updates and (ii)
periodic recomputation of the linearised error signal about an updated reference.

Among data-assimilation approaches, incremental 4D-Var most closely mirrors the phased learning cycle
of reinforcement learning. In incremental 4D-Var, a nonlinear model trajectory is first integrated forward
in time, observation misfits are evaluated along the trajectory, and the model is then linearised about this
reference state. Sensitivities are propagated backward using the adjoint model to compute gradients of
the cost function with respect to the control variables, followed by an incremental update of the initial
condition. This outer—inner loop structure directly parallels the forward evaluation, reward-based feedback,
and gradient-driven parameter updates that characterise reinforcement learning.

2.5 The Snake Laboratory

To make this correspondence explicit and observable, we adopt the game of Snake as a minimal reinforcement-
learning laboratory. Figure [2| shows the deep Q-network (DQN) architecture used in this study.

We use the open-source implementation of 24 with minor modifications to record all network parameters
at each training iteration. The network contains 3,584 trainable parameters, providing a compact yet fully
interpretable system in which the backward propagation of reward information can be directly visualised.

3 Results

3.1 Game setting

In the Snake game, an agent controls a moving snake on a two-dimensional grid with the objective of
repeatedly reaching randomly placed food items while avoiding collisions with walls or its own body. At
each time step, the agent selects one of three actions (move straight, turn left, or turn right) based on
the current state of its local environment. A positive reward is received when food is consumed, while
negative rewards terminate the episode when a collision occurs. Learning proceeds by adjusting the network
parameters to maximise cumulative reward over successive game episodes.

From a variational data assimilation perspective, this process may be viewed as an optimisation over
trajectories: the reinforcement-learning agent explores sequences of actions, while the optimisation updates
the control variables (network parameters) to favour trajectories that lead to higher reward. This is concep-
tually analogous to four-dimensional variational data assimilation, in which different initial conditions are
iteratively adjusted to produce model trajectories that best fit available observations over a time window.

3.1.1 Network architecture and control variables

Figure 3| provides a detailed, step-by-step visualisation of the Snake reinforcement-learning experiment, com-
bining the game environment with the internal neural-network state and action-selection process. Because
the figure displays multiple layers of information simultaneously, we first describe its components and no-
tation before discussing the results. Figure [3] shows, pedagogically, illustration of the learning process; the
main results and quantitative comparisons are presented starting from Figure [

Figure [3|(a—c) show trained trajectories, while Figure [3(d-f) show untrained trajectories. Panels (a)—(c)
show successive time steps from the same game episode at increasing training iterations. Panel (b) follows
directly from panel (a): after the action selected in (a), the environment updates deterministically, causing
the snake head to move and the local configuration around the head to change. As a result, the binary state
vector—and the corresponding upper-left inset—are updated according to the new relative positions of walls,
food, and the snake body. The downward movement observed in (b) reflects either an exploratory action or
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Figure 1: Side-by-side conceptual analogy between Reinforcement Learning (left) and 4D-Var data assim-
ilation (right). In RL, the agent occupies a state s, takes an action a, receives a reward r, and updates the
value function Q(s, a;6) with respect to the network weights 6. Here and throughout this paper, the term
“weight” refers to a collection of trainable parameters. Accordingly, 6; and 05 denote weight matrices (or
equivalently, flattened parameter vectors) associated with different layers of the neural network, rather than
scalar quantities. The Bellman backup, y = r + vy max, Q(s’,a’;0), propagates information backward and
provides the signal used for neural-network backpropagation. In 4D-Var, the model evolves the atmospheric
state x; forward in time via x;11 = M(x;), and the observation misfit (H;(x;) — yi) TR~ (Hi(xi) — yi)
contributes to the overall cost function. Backward propagation occurs through the adjoint model, which
computes the cost gradient with respect to the initial state, V,J, directly analogous to the value function
in RL. Both systems minimise an overall objective: (y — Q(s,a;6))? in RL and J(xg) in 4D-Var. Network
parameters @ play the role of control variables, analogous to the initial condition xg in 4D-Var.
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Figure 2: Architecture of the deep Q-network (DQN) used as the “Snake Brain” in an Al-controlled Snake
game. The network consists of an input layer with 11 state features (representing danger straight DS, danger
left DL, and danger right DR; food directions left FL, up FU, right FR, and down FD; and snake movement
up MU, left ML, righ MR, and down MD), a fully-connected hidden layer with 256 neurons, and an output
layer producing Q-values for three possible actions (Straight S, Right turn R, Left turn L). During infer-
ence, the action with the maximum Q-value is selected. During training, network parameters 6 are updated
by minimizing the squared temporal-difference error between the current Q-value and the target Q-value
derived from the next state s’, following standard Q-learning update rules. Annotations highlight the corre-
spondence between network paraieters, cost-function minimisation, and backward gradient propagation in
reinforcement learning and their counterparts in four-dimensional variational data assimilation.

an early-stage policy choice, depending on the training iteration, and illustrates how state transitions arise
naturally from the interaction between the agent’s action and the game environment.

Figure [3h shows the layout of the Snake game and the neural network used to control the agent. The
network consists of 11 input neurons representing the game state, a hidden layer of 256 neurons, and an
output layer of three neurons representing possible actions. The 11 input states are danger straight (DS),
danger right (DR), danger left (DL), move left (ML), move right (MR), move up (MU), move down (MD),
food left (FL), food right (FR), food up (FU), and food down (FD).

The input layer connects to the hidden layer through 2,816 trainable parameters (11 x 256), denoted
as weight 6. The hidden layer connects to the action layer through 768 parameters (256 x 3), denoted
as weight 65. Together, 8 = 60,05 defines the control variables of the system (Figure , analogous to the
control variables (e.g. initial conditions or parameters) optimised in variational data assimilation.

3.1.2 Reward and backward information propagation

Learning is driven by rewards received from interactions with the environment. A positive reward is obtained
when the snake eats food, while negative rewards occur when the snake collides with a wall or its own body.
These reward signals are propagated backward through the network to update the control variables 6; and
0, via gradient-based optimisation.

States lead to actions through the network weights, actions lead to rewards through environmental
feedback, and rewards in turn modify the weights that produced those actions. Training therefore consists of
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Figure 3: Visualisation of the Snake reinforcement-learning experiment at different stages of training. Each
panel shows the internal network state, selected actions, and game evolution at a given game number and
training iteration. The terni state refers to the 11-dimensional binary input vector supplied to the neural
network at each time step, encoding local environmental information around the snake head: danger straight

(DS), danger right (DR), danger left (DL), move left (ML

(MD), food left (FL

), move right (MR), move up (MU), move down
), food right (FR), food up (FU), and food down (FD). The horizontal axis in the state
inset enumerates these 11 state components, while colours indicate binary values (active/inactive).

The

upper-left inset labelled DDDMMMMFFFF provides a compact mnemonic for the state vector, grouping danger
(D), movement (M), and food-direction (F) indicators. Colours in this inset correspond directly to the binary
state values and are determined by the game environment at each time step. The panels labelled weight1
and weight2 show the learned neural-network weight matrices connecting the input layer to the hidden layer
(weightl) and the hidden layer to the output layer (weight2), respectively. These are visualised as colour
maps to illustrate how the strength and sign of individual connections evolve during training. The structured
patterns that emerge in trained cases reflect learned action preferences, whereas untrained cases exhibit
random or uniform patterns. The quantities action-p and action-t denote the predicted action (argmax of
the Q-values output by the network) and the action actually taken by the agent, respectively. Different

colours are used to distinguish between straight (S), right (R), and left (L) actions.

Differences between

action-p and action-t arise during exploration, when actions are intentionally selected at random. The game
panel shows the spatial evolution of the Snake environment, with the snake head shown in blue, food shown in
red, and the snake body traced in grey. The colour bar below the game panel encodes the temporal sequence
of actions taken during the displayed trajectory, with colours corresponding to different action types. Panels
(a)—(c) show progressively trained states of the same agent, while panels (d)—(f) illustrate an untrained and
subsequently trained agent for comparison, highlighting the emergence of structured behaviour as training
proceeds. Here, n denotes the game (episode) index, while “iteration” refers to the discrete time step within

a single game episode.

SRL




iteratively strengthening parameter combinations that lead to positive rewards and weakening those that lead
to negative outcomes. This backward propagation of information is conceptually analogous to adjoint-based
sensitivity propagation in variational data assimilation.

3.1.3 Exploration versus exploitation

In the game space, food is shown as a red square and the head of the snake as a blue square. Food
locations are generated randomly. Once food is eaten, new food is generated at a different random location.
Action selection follows an e-greedy strategy. At the start of training, € is set to ¢g = 1.0, corresponding
to purely exploratory behaviour, and is linearly decayed to €y, = 0.01 over the course of training. As
€ decreases, action selection gradually transitions from exploration to exploitation, explaining the initially
random and clustered trajectories observed in early games and the increasingly organised, food-directed
behaviour observed at later stages.

During early games, actions are selected largely at random (exploration). As training progresses and
rewards accumulate, action selection increasingly reflects the learned value estimates (exploitation). In the
figures, predicted actions are indicated as action-p, while executed actions are indicated as action-t. The
gradual transition from exploration to exploitation reflects increasing confidence in the optimised control
variables.

In reinforcement learning, exploration plays a crucial role during the early stages of training, when the
agent has not yet acquired reliable estimates of action values. A purely exploitative strategy at this stage
would lock the agent into arbitrary and potentially suboptimal behaviour. Exploration therefore introduces
controlled stochasticity into action selection, allowing different actions to be sampled and rewards to be
observed across a diverse range of situations. This process enables the agent to acquire the information
necessary for stable estimation of the value function and for the emergence of an effective policy. In this
respect, exploration in reinforcement learning is conceptually analogous to the use of perturbations around
a reference trajectory in incremental 4D-Var, where variations are introduced to probe the local sensitivity
of the cost function and to guide subsequent optimisation. In both {rameworks, such perturbations are not
ends in themselves but serve to reveal informative gradients that drive learning or state adjustment.

3.1.4 Trained versus untrained trajectories

Figure [Bp-c show examples from trained games, where the snake develops organised trajectories that con-
sistently move toward food. Here, n denotes the game (episode) index, and “iteration” refers to the discrete
time step within a single game episode. As optimisation proceeds, trajectories become increasingly structured
and goal-directed.

In contrast, Figure [Bl—f show trajectories produced by the same network architecture without training.
In these cases, actions remain eftectively random, and snake trajectories cluster around the initial position
without systematic movement toward food.

The purpose of Figure [3|is therefore not to interpret individual weight values, but to illustrate the emer-
gence of organised trajectories as a direct consequence of optimising the control variables. This distinction
between structured and unstructured trajectories mirrors the role of optimisation in variational data as-
similation, where improved control variables produce dynamically consistent trajectories that better satisfy
observational constraints.

3.1.5 How training organises behaviour

An essential indicator of learning is the ability of the trained agent to consistently identify the relative location
of food and generate actions that move toward it (Figure fc). This requires transforming environmental
information into effective actions through optimisation of the network parameters.

To understand how this transformation occurs, we track the evolution of the network parameters and
hidden-layer activations across successive iterations. We define

Ab1(t) =01(t) —01(t — 1), Aba(t) = O(t) — O2(t — 1)

and similarly for the hidden-layer activations. These incremental updates reflect local gradient steps
taken during optimisation.

While individual parameter changes are not interpreted element-wise, their cumulative effect produces
the transition from random exploration to organised, goal-directed behaviour. This process closely paral-
lels variational data assimilation, where repeated gradient-based minimisation reshapes control variables to
produce trajectories that better satisfy a cost function.
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Figure 4: Evolution of the weight 61 and weight 62 during training. (a) n=0, iter=1. (b) n=0, iter=2. (c)
n=0, iter=3. (d) n=99, iter=1. (¢) n=99, iter=61. (f) n=99, iter=64. Blue colours correspond to negligible
parameter updates, while warmer colours indicate larger updates. The horizontal axis enumerates individual
weight components. These panels visualises the *changes* in network parameters between successive training
iterations rather than their absolute values. The colour maps labelled A6, Afs, and Ahidden layer represent
element-wise differences between parameters at iteration t and t — 1. Blue indicates values close to zero (no
update), while warmer colours indicate larger positive or negative updates. The horizontal axis enumerates
individual components of the corresponding weight vectors (or matrices flattened into vectors), allowing
the spatial distribution of parameter updates to be visualised. Displaying parameter increments highlights
where learning signals are injected into the network, making visible the backward propagation of reward
information that is otherwise hidden when only states or actions are shown.

3.2 Evolution of network parameters and backward information propagation

Figurdd] illustrates the evolution of incremental changes in the network parameters 61, 65, and the hidden-
layer activations during training. Rather than interpreting individual weight values, the figure is used to
visualise how future reward information propagates backward through the optimisation variables, analogous
to adjoint sensitivity propagation in incremental four-dimensional variational data assimilation (4D-Var).

At the start of training (Figure fig.fig2a), the parameters are unadjusted and no learning has occurred.
As the game proceeds (Figure @o—c), parameter updates appear only along pathways associated with recently
visited states and actions. This localisation of updates reflects a short-horizon gradient response: only states
contributing to the immediate forecast error (reward) influence the optimisation step. In 4D-Var terms,
this corresponds to an inner-loop minimisation, where gradients of a linearised cost function are propagated
backward over a fixed window to adjust the control variables.

In the Snake environment, the reward signal is sparse and event-based, taking non-zero values only when



the snake eats food or collides with a wall or itself, while intermediate steps yield zero reward but still
contribute to learning through the temporal-difference target.

As training progresses across multiple games (Figure 7f), parameter updates accumulate from repeated
episodes. These updates reflect the reinitialisation of the optimisation around an evolving reference trajec-
tory, conceptually analogous to the outer-loop relinearisation used in nonlinear 4D-Var. Information gained
from previous episodes influences subsequent optimisation windows, shaping the parameter field in a manner
similar to how prior windows influence subsequent assimilation cycles.

Thus, Figure [ visualises the same structural optimisation process present in 4D-Var: repeated back-
ward propagation of error information combined with iterative reinitialisation around an updated nonlinear
trajectory. At early training stages, the update patterns appear spatially unstructured because actions are
largely exploratory and rewards are sparse, resulting in small and diffuse parameter changes. As training
progresses, coherent structures emerge in Af; and A6, reflecting consistent credit assignment associated
with food-directed actions.

While the game state evolution is shown in Figure [3] Figure [f] focuses on the internal learning dynamics
by visualising parameter updates, which provide complementary insight into how reward information is
propagated backward through the network.

3.3 Trained versus untrained trajectories

Figure [5| contrasts the behaviour of trained and untrained networks to demonstrate the macroscopic effect of
backward information propagation on system trajectories. The figure is not intended to illustrate individual
weight magnitudes, but rather to show how optimisation reorganises trajectories in state space.

In trained cases (Figure 7c), the agent consistently selects actions that move it toward the target
(food), indicating that backward-propagated reward information has reshaped the parameter field to favour
dynamically coherent trajectories. In contrast, the untrained cases (Figure 7f ) exhibit random, spatially
clustered motion around the initial location, reflecting the absence of aiiy optimisation constraint.

This distinction mirrors a fundamental outcome of variational data assimilation: an unoptimised forecast
evolves freely from its initial condition, while an optimised forecast follows a dynamically consistent trajectory
that minimises a cost function measuring misfit to observations. In both cases, trajectory organisation is
the emergent result of backward-propagated information acting on control variables—network parameters in
reinforcement learning and initial conditions in 4D-Var

3.4 Verification of the reward mechanism

The key factor for a machine to learn to play the game is the rewards mechanism. Figure [Bh shows the
evolution of the values of the actions and the rewards with respect to the games. The values of the actions
vary between 0 and -4 in the first 50 games. As the games learn from the rewards, the values of the actions
gradually increase with the ganies played. After game 150, the dominant values of the actions gradually
converged to between -2 and 8. The value 8 is close to the positive reward of 10 when a food is eaten by
the snake. The -2 is close to the negative reward of -10 when a snake hits the wall or runs into itself. After
about 50 games, the snake has gradually learned to avoid walls. The negative rewards are resulting from a
snake that has grown too long (as more food is eaten), and the snake runs into itself. Figuree |§|b shows the
evolution of the values of the actions for the games that have been trained for the first 150 games. After
game 150, the games were played without the training. The computer has already learned to play games.
In other words, the weight #1 and the weight 02 have been fully trained to play the game all by themselves.

4 Discussion

This work does not propose a new optimisation method, nor does it aim to improve the performance of
state-of-the-art reinforcement learning. Instead, its contribution lies in clarifying the shared mathematical
structure underlying reinforcement learning and variational data assimilation through a deliberately simple,
fully observable system. By visualising weight evolution in a compact neural network, the study provides an
accessible analogue to adjoint sensitivity propagation familiar to the atmospheric science community, where
incremental updates accumulate to reshape a model trajectory. The Snake laboratory is intended not as an
application model, but as a transparent didactic system that allows atmospheric scientists to directly observe
backward information propagation—an otherwise hidden process in operational data assimilation systems.
A natural Earth-system context in which both reinforcement learning and variational data assimilation
may be applied is atmospheric state estimation for numerical weather prediction. In operational practice,
incremental 4D-Var estimates the atmospheric initial condition by iteratively minimising a cost function
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Figure 5: Evolution of actions with respect to specific input states. (a) Trained actions for state MU and
FR. (b) Trained actions for state ML and FD. (c) Trained actions for state MR and FU. (d) Untrained
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that measures misfit to observations distributed over a time window, using forward model integration and
adjoint-based gradient propagation. In contrast, reinforcement learning formulations have been explored in
which the atmospheric state is treated as the environment, model evolution defines the state transition, and
a reward function penalises forecast error or observation misfit. Although the objectives and constraints
differ, both approaches involve repeated forward model evaluation, error or reward assessment along a
trajectory, and backward propagation of information to update a set of control variables. This conceptual
overlap makes atmospheric data assimilation a useful Earth-system example for illustrating the structural
similarities discussed in this study, without implying algorithmic equivalence or operational substitution.

Table [2| summarises the algorithmic operation counts and optimisation characteristics of reinforcement
learning and incremental 4D-Var, providing a quantitative basis for discussing their respective advantages
and limitations.

We emphasise that the analogy developed in this study is not intended to suggest algorithmic equiv-
alence between reinforcement learning and variational data assimilation. In particular, explicit explo-
ration—through stochastic action selection—is a defining feature of reinforcement learning and has no direct
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Figure 6: Evolution of action values during training. (a) Action-value evolution across 450 trained games.
(b) First 150 games trained; remaining games played without training using the trained weight 61 and weight
02.

counterpart in deterministic incremental 4D-Var, where optimisation proceeds along a single reference trajec-
tory using adjoint-derived gradients. In this sense, reinforcement learning shares stronger similarities with
stochastic data-assimilation approaches, such as Monte Carlo or particle-based methods, which explicitly
sample state or parameter space. The present work therefore focuses on a more limited but well-defined
correspondence: the shared use of forward model evaluation, backward propagation of sensitivity informa-
tion, and iterative reinitialisation arouiid evolving trajectories, which can be visualised transparently in a
reinforcement-learning setting.

Limitations of the Reinforcement Learning—4D-Var Analogy

While reinforcement learning and four-dimensional variational data assimilation share a common optimisa-
tion structure—mamely the iterative minimisation of a scalar objective function using forward model evalua-
tion and backward sensitivity propagation—their goals and interpretations differ fundamentally. In classical
incremental 4D-Var, optimisation is performed over the system state or a set of physical model parameters
within a fixed dynamical model and over a prescribed assimilation window. The objective is state correction:
to recover the most probable system trajectory consistent with observations and prior information.

In contrast, reinforcement learning optimises the parameters of a policy or value function, typically
represented by a neural network, that governs the agent’s behaviour across repeated interactions with an
environment. The objective is behavioural learning rather than state estimation, and learning proceeds
through trial-and-error interactions mediated by a reward signal. As a result, while the backward propagation
of sensitivity information in reinforcement learning is mathematically analogous to adjoint-based optimisation
in 4D-Var, the quantities being optimised and their physical interpretations are fundamentally different.

The analogy developed in this study is therefore intended to be structural and pedagogical, highlighting
shared optimisation mechanics rather than implying algorithmic equivalence or interchangeability between
the two frameworks.

The use of a compact neural network necessarily abstracts away effects associated with overparameter-
isation, such as redundancy and implicit regularisation. The present analysis therefore does not aim to
characterise all learning dynamics observed in large-scale deep reinforcement-learning systems. Instead, it
focuses on making the core optimisation structure visible in a controlled setting, with the expectation that
these structural elements persist—though in more complex form—in larger models.

While the present study does not introduce a new data-assimilation or DA-ML algorithm, it contributes



Table 2: Algorithmic operation counts and optimisation characteristics of reinforcement learning (Q-learning
/ DQN) and incremental 4D-Var data assimilation. The comparison focuses on structural and algorithmic
aspects rather than implementation-dependent computational cost.

Aspect

Reinforcement Learning
(Q-learning / DQN)

Incremental 4D-Var Data
Assimilation

Primary objective

Minimise temporal-difference
loss

Ly = [Qnew target — Q(S‘wat; 0)}2

Minimise variational cost
function J(xg) over an
assimilation window

Control variables

Neural-network parameters 6

Initial state (or control vector)
X0

Forward model evaluation

One environment transition per
time step

One nonlinear model integration
per outer-loop iteration

Backward information
propagation

Gradient backpropagation
through the network at each

Adjoint model integration
backward in time per outer loop

update

Frequent, local updates (per
step or mini-batch)

Stochastic gradient descent or
variants

Sequential / online interaction
with environment

Cost dominated by number of
updates and network size
Flexible, online learning; no
adjoint required; adaptable to
non-stationary environments
Large number of updates;
stochastic convergence; limited
physical interpretability

Infrequent, global updates (per
assimilation window)
Deterministic gradient-based
variational minimisation

Batch use of observations
distributed in time

Cost dominated by forward and
adjoint model integrations
Physically constrained
optimisation; globally consistent
state estimate

Adjoint development required;
batch-oriented; high
per-iteration cost

Update frequency

Optimisation method

Data usage structure

Scalability characteristics

Typical advantages

Typical limitations

to the growing literature on machine learning combined with data assimilation and uncertainty quantification
by providing an interpretable view of optimisation dynamics. In hybrid DA-ML frameworks, neural networks
are increasingly used as surrogate models, error representations, or components of observation operators. The
visualisation strategy presented liere offers a diagnostic perspective on how gradient information propagates
through such systems, compleimenting existing methodological and application-focused studies. In this sense,
the work may aid the interpretation, training diagnostics, and pedagogical understanding of complex DA-ML
systems rather than directly improving forecast skill.

Although the visualisation strategy presented here is demonstrated in a minimal reinforcement-learning
setting, its conceptual basis may inform diagnostic tools for large-scale data-assimilation systems. In opera-
tional 4D-Var, adjoint sensitivities and incremental updates are routinely computed but rarely inspected in
a structured, visual manner. Extending similar visual diagnostics to examine the localisation, persistence,
and accumulation of sensitivities across assimilation windows could support model debugging and system
evaluation, even if direct visualisation of full state spaces remains infeasible. Such extensions are beyond the
scope of the present study but represent a potential avenue for future development.

All code, trained models, and per-iteration diagnostics are openly available, enabling readers to reproduce
and explore the optimisation dynamics without requiring specialised machine-learning infrastructure.

5 Conclusions

This study demonstrates, in a fully transparent and visually interpretable setting, how backward information
propagation operates in deep reinforcement learning and how this process parallels adjoint-based optimisation
in four-dimensional variational data assimilation. While the existence of a shared optimisation structure
between machine learning and data assimilation has been established in previous theoretical and review
studies 48 40 M0, L6 the present work contributes by making this structure directly observable at the level
of individual iterations and parameter updates in a simple reinforcement-learning system. Rather than
identifying new mathematical equivalences, the contribution of this work is to render a well-established
optimisation structure explicit and observable in a simple, interpretable setting.



By explicitly visualising the evolution of all network parameters during training, we show how behavioural
adaptation in reinforcement learning emerges from the accumulation of small, backward-propagated gradient
updates, closely analogous to the way observational information is propagated backward in time to refine
atmospheric state estimates in 4D-Var. This perspective emphasises optimisation dynamics rather than
application performance.

Viewing reinforcement learning through a variational data assimilation lens provides a pedagogical and
interpretative bridge between the two communities. Rather than proposing new algorithms or applications,
this work aims to clarify how apparently distinct optimisation frameworks are governed by the same un-
derlying principles. By making backward information propagation explicit, the study offers a transparent
conceptual framework that may help atmospheric scientists interpret modern learning systems and help
machine-learning practitioners better appreciate variational data assimilation methodology.

6 Algorithm

The reinforcement-learning algorithm employed in this study follows the standard deep Q-learning frame-
work. At each iteration t, the current state vector s; is propagated forward through the network,

st — Wi — hidden layer — Wy — Q(sg, ),

where W; and W, denote the input-to-hidden and hidden-to-output weight matrices, respectively. The
network outputs three action values corresponding to the discrete actions (straight, left, right), and the
predicted action value is a’
!/ !/
a =maxQ(s;,a) — s
a

After executing the selected action, the environment advances to the 1ext state s’ and returns a scalar
reward ry41. The temporal-difference (TD) target is then computed as

! /
Qnew = re+1 + ¥ max Q(J a ),
a

where v € (0,1) is the discount factor. The network parameters are updated by minimising the squared TD
error,

[n = [Qwew - Q]27

with respect to W1 and Wy using gradient descent. Gradients are evaluated via backpropagation.

The network architecture consists of 11 binary input neurons, a fully connected hidden layer of 256
neurons, and an output layer of three action-value neurons. Accordingly, Wi has dimension 11 x 256 and
‘W5 has dimension 256 x 3, yielding & total of 3,584 trainable parameters.

The algorithm was implemented in Python using the PyTorch framework to perform forward evaluation,
gradient computation, and parameter updates. The approach is not specific to PyTorch; any programming
environment supporting matrix operations and automatic differentiation can be used to implement the same
learning procedure.

Data and Code Availability

All code, trained models, per-iteration weight movies, and figures are permanently archived at
https://doi.org/10.6084/m9.figshare.30795956
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