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Abstract: Breakthrough infections and reinfection are key factors leading to recurrent
epidemic waves. However, sustained control strategies can lead to unnecessary resource wastage
when tacking these issues. There is an urgent need to establish dynamic intervention systems
capable of rapid response and efficient resource utilization. To address the question of how
breakthrough infections and reinfections affect the dynamics of the pandemic, this study
develops an infectious disease model that incorporates both breakthrough infections and
reinfections, and while introduces bang-bang optimal control as an efficient public health
intervention strategy to provide a new perspective and solutions. In theoretical analysis, we
derive basic reproduction number via next-generation matrix method, prove the global stability
of the disease-free equilibrium, and establish sufficient conditions for the existence of multiple
endemic equilibria and the occurrence of backward bifurcation. Numerical simulations further
confirm the critical role of breakthrough infections and reinfection in disease persistence and
recurrent outbreaks. In control strategy research, we prove the existence of bang-bang optimal
solutions based on optimal control theory and demonstrate their distinct advantages in rapidly
outbreaks while minimizing operational costs. Simulation results show that a combined strategy

implemented under the bang-bang control —reducing transmission rates, expanding vaccine
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coverage, and enhancing vaccine protection—most effectively contains disease spread. This
results provide both theoretical foundation and practical guidance for developing efficient
control strategies against recurrent infectious disease outbreaks.

Keywords: Breakthrough Infection; Reinfection; Basic Reproduction Number ; Backward

Bifurcations; Bang-Bang Control.

1 Introduction

Breakthrough infection refers to the occurrence of infection by the corresponding pathogen after
vaccination, indicating that the vaccine fails to confer complete immunity to the recipient [1].
Breakthrough infection is closely related to various immune response states such as immune
failure, immune ineffectiveness, and immune decay [2]. Its occurrence is affected by multiple
factors, including vaccine efficacy, the recipient’s own immunity, viral antigen variation, and
individual differences. The occurrence of breakthrough infection makes it difficult for the
vaccine protection rate to reach 100% [3]. Currently, vaccines {or SARS-Cov-2, influenza,
chickenpox, mumps and other viruses can lead to breakthrough infections [4—6]. Usually, the
symptoms of breakthrough infection are milder thau those of ordinary infection, and even
asymptomatic infection may occur [7, 8].

Reinfection refers to a subsequent infection with the same virus or after recovery [9, 10] For
example, COVID-19, influenza, HIV/AIDS, malaria, dengue fever, and other diseases all carry
a risk of reinfection [11—15] . Many people who have experienced multiple COVID-19 infections
experience milder symptorns due to immunity from prior infections. Though exceptions exist
primarily immunocompromised individuals, the elderly, or those with a history of severe
infection [16]. Many people who had a severe first infection may be hospitalized or need to go
to the hospital again because of reinfection [17]. For example, people living with HIV have a
higher rate of reinfection than those without HIV [18,19].

Breakthrough infections and reinfection are key factors driving disease recurrence, as
evidenced by the large-scale COVID-19 waves observed from late 2021 to 2022. As the virus
continues to evolve, the emergence of novel variants capable of evading existing immunity may
further increase the risks of breakthrough infection and reinfection [20]. This study aims to
investigate the impact of these factors on disease transmission dynamics and the effectiveness
of control measures.

Mathematical models are indispensable for understanding the dynamics of infectious disease

transmission and forecasting epidemic trajectories. In particular, models that account for



breakthrough infections and reinfection have been the subject of extensive study. In infectious
disease modeling, breakthrough infections have been increasingly recognized as a critical
factor shaping transmission dynamics and control effectiveness. Perkins et al. developed a
stochastic dengue model, demonstrating the substantial impact of breakthrough infections on
vaccination effectiveness and underscoring the need to integrate this factor into such models [21].
Azimagqin et al. proposed an age-structured model to investigate the 2015 mumps resurgence
in China, linking the outbreak to vaccine failure, seasonal effects, and shifts in population
structure [22]. Xu et al. established a dynamic transmission model using Chinese hepatitis
B data, highlighting that increasing vaccination rates could significantly enhance disease
control [23]. Elbasha et al. introduced a vaccination model with waning immunity, showing
that backward bifurcation may occur when vaccine protection is partial and its duration
falls below a critical threshold [24]. Yuliana et al. analyzed an SIVS model under vaccine
failure, concluding that breakthrough infections substantially contribute to sustained high
transmission [25]. Finally, Jing et al. developed a COVID-19 model incorporating breakthrough
infection and age structure, emphasizing that high vaccine coverage combined with effective
antiviral drugs is essential to achieve disease eradication {26].

In the study of reinfection in infectious disease modeling, several works have provided
critical insights. Montalban et al. developed a herd immunity model incorporating individual
heterogeneity and reinfection, demonstrating that epidemic growth can be effectively suppressed
once the proportion of immune population exceeds the herd immunity threshold [27]. Rehman
et al. proposed a fractional-order malaria model accounting for memory effects, relapse,
and reinfection, identifying vaccination as a key factor in preventing disease recurrence [28].
Anggriani et al. introduced a multi-strain dengue model, showing that reinfection with the
same serotype elevates both primary and secondary case numbers [29]. Gomes et al. compared
SIR and SIS frameworks to evaluate the impact of post-recovery immunity, revealing that
below the reinfection threshold, primary infections dominate with low incidence, whereas above
it, reinfection drives high infection levels [30]. Agusto developed an Ebola model incorporating
recurrence and reinfection, identifying reinfection as a trigger for backward bifurcation [31].
Rodrigues et al. assessed tuberculosis risks under partial immunity, indicating that the average
reinfection rate may exceed that of primary infections [32]. In response to recurrent hepatitis
B outbreaks, Megala et al. integrated reinfection with Crowley-Martin incidence and ongoing
vaccination, underscoring the combined influence of vaccination, reinfection, and preventive
measures on HBV transmission dynamics [33].

Extensive research has confirmed the critical role of breakthrough infections and rein-



fection in shaping disease dynamics and complicating control initiatives. Notably, several
major infectious diseases—such as COVID-19, influenza, and dengue exhibit both phenomena
concurrently. Nevertheless, existing modeling frameworks have largely failed to integrate
these two mechanisms into a unified structure, leaving a notable gap in the development of
effective and feasible intervention strategies. To address this limitation, we develop an epidemic
model that simultaneously incorporates breakthrough infections and reinfection, and employ
bang-bang optimal control as the central strategy for intervention design. A key advantage of
the bang-bang approach lies in its "all-or-nothing" switching nature, which offers public health
authorities clear, implementable, and resource efficient phased control policies. Our study
aims not only to enhance the realism of disease transmission modeling but also to provide a
theoretical foundation and practical strategy for deploying intensity-varying control measures
in resource-constrained scenarios.

This paper is organized as follows. Firstly, an infectious disease model with breakthrough
infection and reinfection is established, and we derive the basic reproduction number, prove
the local stability of the disease-free equilibrium and the existence of backward bifurcations.
Secondly, the theoretical results are verified by combining numerical simulations. Bang-Bang
optimal control of the minimum-time problem is applied to the model to prove the existence
of the optimal solution. Finally, a simulation research of Bang-Bang control is conducted to
compare various control strategies to find the optimal strategy to control the disease in the

shortest time.

2 Mathematical modelling

The population is divided into four categories, susceptible, vaccinated, infected, and recovered,
with S(t), V (t), I(t), and R(t) representing the number of individuals in each class at time
t. The disease transmission flow chart considering breakthrough infection and reinfection is

shown in Fig1.

prie
. T
B———80—8

VT
N

Fig. 1. Flow chart of disease transmission.



According to Fig1, the model can be expressed as

[
dt= _'BSI{]__ oS + 08V +vyR,
av apfV 1
& = jeeby PV TS, (1)
ggjt = N -1l
®=nl - —R,

where N =S+V +1+R. The description of parameters in system (1) is given in Table1 .
System (1) incorporates breakthrough infection and reinfection into the dynamic system by
introducing two key parameters. Breakthrough infection is characterized by the parameter
o € [0, 1], which represents the failure rate of the vaccine. When ¢ =0, the vaccine provides
complete protection, indicating no breakthrough infections; when ¢ =1, vaccinated have the
same risk of infection as susceptible. Reinfection is described by the parameter € € [0, 1],
which represents the failure rate of natural immunity of recovered. € > 0 means that recovered
may be reinfected due to incomplete or weakened immunity. Furthermore, the model also
includes the process of waning immunity. Vaccinated lose vaccine-induced protection at a rate
of 6, and recovered lose natural immunity at a rate of y, both returning to the susceptible
compartment. This system (1) characterizes both breakthrough infections and reinfections

through the imperfectness and waning nature of immune protection.

Table 1. Description of parameters in system (1).
Parameters Definition

N ___ The infection rate of infected
The failure rate of the natural immunity of recovered

The failure rate of vaccinated

The vaccination rate for susceptible
The immunization loss rate of vaccinated

The rate at which recovered become susceptible after natural immunity fails
Recovery rate of the infected

S [ |a|n [

3 Basic reproduction number

Lemma 1 Assuming that the initial conditions (S(0), V (0),1(0), R(0)) of system (1) are

non-negative, then

r
F:{(S,V,I,R)ER4+|0§S+V +[+R=C,



is a positively invariant set for system (1), where C is a constant.

See Appende for the proof process of Lemma 1.

Lets=2,v=Yi=1 r= then s+v+i+r = 1. Normalize system (1) and
N’ N

N
substitutingr =1 — s — v — i into system (1), we obtain,

5= —Bsi—as+Bv+y(l—s—v—i,
X = —GBvi — BV + as, (2)
=B[s+tov+e(l—s—v—i)]i—ni
Obviously, the positive invariant set of system (2) is Q :{ (s,v,i) ER0<s+v+i< 1r .
This paper will analyze the system (2). It explains that system (2) is equivalent to system (1).
Let the right side of system (2) equal to 0, and we can get the disease-free equilibrium
Po = -2, * 0. Next, we use the next generation matrix method to give the basic

o+0" ¥t
reproduction number of system (2) [34]. First, consider the following two vectors

0 0 l 0
0 Bsi+tas —0Ov —y(l—s—v —i)
f="0 0 U,g=U opvi+ Ov_ as 0,
B[ls+ov+e(l—s—v—i)i ni

The Jacobian matrices of vectors f and g at the disease-free equilibrium P, are

0 1 0
00 0 a+y —-0+vy offe +vy
-0 0 0 Ug=0 _q 0 boo
O O gi!a’a+ \L ’ O 0
a+6 Tl
The inverse of the matrix G is
- 9 6—y —(B+y)02 —(Bo+y)ab+afyc
r vet+0)  y(at6) y(a+6)2n
-1 o a+y al (Bo+y)a+(Bo+0)y+B0] 0
G =0 jard Hate) — Ao+ 0)n ’
0 0 1

n

Then, accoroding to the next generation approach, the basic reproduction number is given as

= -1y — Bloa+d)
o~ p(FG ) - n(a+6) °

4  Stability of disease-free equilibrium

Theorem 1 When R, < 1, the disease-free equilibrium P, of system (2) is locally asymptotically

stable. When Ro = 1 and R/= R, R, = [“0pRs1%+5 | the disease-free equilibrium
P, is a saddle node. When Ry =1 and Ro = R,, the disease-free equilibrium P, is a stable

node. When R, > 1, the disease-free equilibrium P, of system (2) is unstable.

See Appendix for the proof process of Theoremi.



5 Existence of endemic equilibria

First, let the right side of system (2) equal to o,
O
[ —Bsi—as+Ov+y(l—s—v—1i)=0,
—ofvi— Bv+as =0, (3)
Bl[stov+ell —s—v—i)]i—mi=0.
Solving equations (3) yields

c= (Bio + 0)y(1 — i) v= ay(l — i) (1)
B2i2o + B(ao + yo + B)i + y(a + 0)’ B2i2c + B(ao + yo + B)i + y(a + 0)

Substituting formula (4) into the third equation of system (3) yields

F(i) = bsi3 + bi2 + bsi + bo = 0, (5)
where
b; = B3€c > 0,b. = B2[(—PBe+ ae+1n +y)o +€6],

b: =B [o(y(n — B+ &) + a(—€B +n)) + B(—€B + 1 +Y)],bo = yn(a + 6)(1 — Ro).
51 Case Rp=1

Next, We first discuss case Ro =1 in which

(a+ O
bo=0,b: = (Gaa + o) [(n +y)(ao + 0)2 + ay(c2 — 6) — n(a + B)(ac + 9)6],

+ 0)2n2
be= O L B+ o + (a0 + B — eno(a + 6)

(ca + 0)3
the roots of equation (5) are
v v
] —b2+ b2—4bibs | —b>— b2 —4bibs
lo1 = 2b3 ylo2 = 2b3 ’ 103 =

(a) If b, <0, then Ro > R.. and io2 < 0. Equation (5) has a unique positive root io:. It is

obvio?s that io: € [0, 1]. Then system (2) has an endemic equilibrium P; in Q, where

_ (Bioio + 0)y(1 — io1) ay(l — io1) .
P3 = B2 o + Bac +yo + O)i +y(a+0) B2 o + Blao +yo + O)[ +y(a+ Oy lor -

(b) If b, = 0, then R, = R, that is (ac + 0)(y +n) = "C+D@+O+0C7 3 1, =

( [

@R @73 Dox (axo + 0)2€ . Therefore, b > ®. Furthermore, it can be seen that equation
(5) does not have any positive roots.

(©Ifb >0,then R <R, (ac + 0)(y +1) > "C+N7+)+0C ™7 3 §o

1 0 *

oo+t

r
(oc+6)22 ‘ayo(o — o) (@6 +6) '
o 2¢€

2>(oc0+9)3 ac + 6 0.

Therefore, equation (5) does not have any positive roots.




52 Case Ry <1

When Ro < 1, bo > 0. The necessary and sufficient conditions for b; =0 is Ro = R..
(a)If R. > 1, then 0 < Ro < 1 < R., by > 0. Furthermore p < ¢=A0+n+17
(ao+De+yo
(—Be+ae+n+y)o+eb
1
> (
(axoc + B)e + yo

r
(oo + 0)2€2 + yo(ao + 0)e + y202 + nyo2(-€) = 0.

Therefore, b. > 0. It can be seen that equation (5) does not have any positive roots.
(b) If Ro < R. =1, then b, =0, further b, > 0, so equation (5) does not have positive roots.
©IfR. <1
When 0 < Rp <R. <1, b;>0,it has b, > 0. So equation (5) does not have positive roots.
When 0 < R, < Ro < 1, b; <0, taking partial derivatives of both sides of equation (5)
with respect to i, we can obtain

G(l) = 3b3i2 + 2b.i + by = 0. (6)

The two real roots of equation (6) are

/— v —
—bo+ b22— 3b1b3 . & by — 022— 3b1b3

iy = 3bs ylio = 3bs

Then the necessary and sufficient conditions for the existence of positive roots of equation (5)

s bgi%l + b21211 + b1i11 + bo < O, that jg, R() > R**, Where

( v X v )
—b, + —_CD?DQ + 022 6b:b; — b2 'gbz —35153 + b2 )
— a R.. < 1).

If Ro <R.., bsi3 Fboi? + b+ bo > 0. Thus, equation (5) does not have positive roots.
When 0< R, < Ro <1 and Ro = RH, lt haS b1 <0 and b3i311+ b2i211+ b1i11 + bo =0.
Therefore, equation (5) has a positive root i;, as shown in Fig2(a), and system (2) has an

endemic equilibrium P, in Q, where

p = ( (Bino + 0)y(1 — iyy) ay(l — i) . )
17 B2i210 + B(aoc +yo + G)i11 +y(a + 0)’ B2i2ucr +B(ac +yo + G)i11 +vy(o + @yl -
—bo+ b—gb-lbe—z—
i11 = 3—b32) i11 & [O, 1]

When 0 < R. <Ro <1 and Ro > R.,, it has b; < 0 and bsi3 + b.i2 + bsi; + bo < 0. Then,
1 1

equation (5) has three different real roots, as shown in Fig2(b). One of them is negative, and

the other two are positive real roots, namely i. and is.
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Fig. 2. When R. < R, < 1, the existence of the root of equation (5) under different conditions.
(a) RO = R)H(; (b) lQO > R**.

Therefore, system (2) has two endemic equilibrium P» and P5 respectively

_ ( (Bizo + O)y(1 — i5) ay(l — io) )
P, = 82120' + B(aoc + yo + 9)1 +vy(a + 0)’ 82120 + B(ac + yo + 9)1 +y(a + 6)’ iy
( (Bizo +0)y(1 — is) av(l = ig) )

Py = B2izo + B(ao +yo +B)i +y(a+0) B2iZ0 + Blac +3 a+e)1 +y(a+0) s -

When i =1, F(1) =n[B20 + (aoc +yo +0)B + y(a + 6)] > 0, so iy, i3 € [0, 1].

53 Case Ry >1

In this section, we will discuss the existerice of endemic equilibria in system (2) when R, > 1.
If Ro > 1, then by < 0. It is clear that equation (5) has at least one positive root.

()If R. > Ro > 1, then h; > 0, b. > 0. As shown in Fig3(b)-(c), in the positive semi-axis
region of the x-axis, F(i) will monotonically increase from b, and cross the x-axis into the first
quadrant, so equation (5) has a positive root.

(ii) If R. < Ro, then b; < 0. As shown in Fig3(a), in the positive half-axis region of the
x-axis, F(i) is a concave function. It initially decreases monotonically from bo(bo < 0) to a

limit, and then increases to a positive value. It is easy to see that equation (5) has only one

positive root i}
When i = 1, since F(1) > 0. In summary, when Ro > 1, system (2) has a endemic

equilibrium P5 in Q.
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Fig. 3. When R, > 1, the existence of the root of equation (5) under different conditions. (a)
R. < Ro, (b) R, > Ry, (¢) R, = Ro.

6 Stability of endemic equilibria

Theorem 2 When R.. < Ro < 1 and R. < Ro, the endemic equilibrium P. of system (2) is
unstable.

See Appendix for the proof process of Theorema2.

Theorem 3 If 0 = 0, when R, > 1 and Ry > 1, or R.. < Ro, R. < Ro and R. < 1, the
endemic equilibrium P; of system (2) is locally asymptotically stable.

See Appendix for the proof process of Theorem3.
Next, the existence and stability conditions of equilibria of system(2)under different condi-

tions are summarized in Table 2.



Table 2. Existence and stability of equilibria of system(2).

Conditions Existence of equilibria Stability of equilibria
O0<Ro <1 Disease-free equilibrium P, P, is stable
R.>1 Disease-free equilibrium P, .
Ro>1 The only endemic equilibrium P Py is stable
R,.=Ro <1,R. <Ro Disease-free equilibrium Po, \
R.<1 The only endemic equilibrium P,
R..<Ro<1,R.<R Disease-free equilibrium P, .
? | Two endemic equilibria P, P Po and Py are bistable
_ Disease-free equilibrium P, .
Ro=1 Endemic equilibrium P Py is stable
Disease-free equilibrium P, .
Ro>1 Endemic equilibrium P; Py Is stable
0 <Ro <R.. Disease-free equilibrium P, P, is stable

7 Numerical simulation

In this section, we will verify the theoretical results in Section 6 through numerical simulations.
From Fig 4, we can see that when R, = 1 and R, > 1, the disease-free equilibrium P, is
stable. When Ro = 1 and R. < 1, the disease-free equilibrinum P, is unstable, and the endemic
equilibrium Pj5 is stable. From Fig 5, we can see that when Ro < 1, R, > 1 or R, < 1 and
R.. > Ro, the disease-free equilibrium P, is stable. When R. < 1 and R.. = Ro < 1, the
disease-free equilibrium P, and the endemic equilibrium P, are bistable. When R. < 1 and

R.. < Ro < 1, the endemic equilibrinm P, is unstable, P, and P are bistable.

(a) (b) ©

Fig. 4. When R, = 1, the phase diagram of system (2) under different conditions. (a) R.=1.

(b) R.<1. (c) R.>1. The red dots represent the disease-free equilibrium P,, and the green
dots represent the endemic equilibrium P5. The values of the parameters are given in the text,
as well as in other figures.

Next, we use the Matcont package in Matlab to draw the bifurcations diagram of system
(2). We set the parameters as § = 0.25, e = 0.8, 0 = 0.1, 6 = 0.001, y = 0.05, n =5 a= 0.01.



Then, Ro =0.9625 < 1, R, =0.7911 < 1. The corresponding backward bifurcations diagram
is shown in Fig 6(b). Taking parameters € = 0.3, R, = 0.9625 < 1, R, = 1.3154 > 1, the
corresponding forward bifurcations diagram is shown in Fig 6(a). From Fig 7, we can see that

when o and € are very small, that is, when the breakthrough infection and reinfection rates are
very low, the disease will be extinct and will not become endemic. When the initial value is set
to (0.5, 0.4, 0.08), Fig 8 shows the change of infected people over time under different values of
o and e. When the parameter value exceeds the red interface or the value of the red dotted line,
the disease will break out on a large scale, otherwise the disease will be a small epidemic or
extinction. When the disease is prevalent, improving the immunity of the vaccine and reducing
breakthrough infection play a vital role in epidemic prevention and control. Strengthening
the natural immunity of the recovered and reducing the reinfection rate can reduce the final

epidemic scale of the disease, but the disease cannot be eradicated.

Fig. 5. When Ro < 1, the phase diagram of system (2) under different conditions. (a) R. > 1.
(b) R, <1 and R.. < Ro. (¢) R, <1 and R.. =Ro. (d) R. >1 and R.. = Ro. The red point
represents the disease-free equilibrium Po, and the yellow, purple and green points represent
the endemic equilibria P, P> and P, respectively.
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Fig. 6. Bifurcations diagrams under different conditions. (a) R, 1. (b) R. < 1. The dotted
line indicates an unstable equilibrium , and the solid line indicates a stable equilibrium.
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Fig. 8. The change of infected i(t) over time under different o and e.

When o = 0, R, = %0+ . When € = 0, R, = [(¢2+00+N+171(%7+9)  Take 6 = 0.005, then
n(o+0)e yno(a+6)

Ro =2.56. From Figg, we can see that when at least one of ¢ and € is not 0, system (2) may

have a backward bifurcations. However, when ¢ and € are both 0, system (2) will have no

backward bifurcations.

() (b) (0)
Fig. 9. Relationship between o, € and R. under different conditions. (a) y = 0.05. (b)
y =0.0333. (c¢) y =0.0083.

8 Optimal control

In this section, we will investigate a formalized time control problem. First, we propose a
definition of disease eradication time for an infectious disease system.
Definition 1 The disease eradication time T of an infectious disease system is the moment
when the number of infected first reaches a threshold k (0 < k < 1), where N is the total
population.

In order to make Definition 1 meaningful, we choose the initial value of the number of
infected in system (2) to be strictly greater than k. T is the time when the number of infected

i(t) drops to k for the first time, that is, T = inf{t > 0]i(t) = k}. From a biological perspective,



setting the condition k < 4 to determine the disease eradication time means that the disease
will become extinct when the number of infected is less than 1.

Based on system (7), the following three parameters are considered as control variables

(i) wi(t) € U indicates the percentage of infection rate reduction due to reduced detection
by wearing masks, maintaining social distance, et al.

(ii) uo(t) € U indicates increasing vaccination rates among susceptible;

(iii) us(t) € U indicates that the protection rate of the vaccine is improved.

Where U ={uy, us, u3|0 < uy,us, ug < 1} is control set. Our goal is to eradicate the disease in
the shortest possible time. The corresponding state equation is

[[ﬁf:—(1—ul)Bsi—uzs+9v+y(1—s—v—i),
@Q%\% = —(1—u)(1—u3z)oBvi— 6V + uss, (7)

G= (L —u)B[s+(1l—uz)ov+e(l—s—v—i)]i—ni

Let x”(t) = (s(t), v(v), i(tm))’ u”(t) = (w(t), uz(t), us(v)’',

. —(l—u)PBsi—us+Ov+y(l—s—v—i
f(t,x",u’) = — (1 —u) (1 — ug)oBvi— OV + uss 0,
l—-—uw)B[s+t(l—-uz)ov+te(l —s—v—i)]i—ni

U

then, system (7) can be rewritten as x” = f(t, x7, u), x°(0) = x°. For system (7), we set te
initial conditions to i(0) > k, s(0) > 0 or v(0) > 0. Under this initial condition, the solution of
system (7) is represented by x(t), and iis set is marked as X.

Eradicating the disease in the shortest possible time is of great significance. To achieve this

goal, we study the following time optimal control problem: J(u) = min OT 1dt,i(T) = k.

8.1 Existence of tlie optimal solution

Next, according to Theorem 4.1 and the corollary method in reference [35], we prove that
system (7) has sufficient conditions for optimal control. This is shown in Lemma 2 below.
Lemma 2 For the time optimal control problem, there exists an optimal control u”"(t).

See Appendix for the proof process of Lemma 2.

Theorem 4 If u™(t) is the minimum value of the time-optimal control problem, then u”(t) isa
Bang-Bang control.

See Appendix for the proof process of Theorem3.

8.2 Simulation of optimal control

In this summary, we use the fmincon function to simulate Bang-Bang control. Here, the initial

value and parameter values of system (2) in the simulation research are set as s(0) = 0.4,



v(0) =0.5,i(0)=0.1,3=0.9,€e=04,0 =0.1, 6 =0.02, y = 0.001, n = 0.1667, o = 0.01

k =1 x 1073. Then, Ro =3.7792 > 1. In real life, every control measure cannot reach 100%,

so it is assumed that Ujmin =0, uimax = 0.98, where i =1, 2, 3. The control goal is to control

the spread of the disease as much as possible in the shortest time. Next, the disease prevalence

under various control measures is compared to find the best prevention and control measure.

Fig11-Fig17 show the dynamic changes of infected under no control measures and different

control measures. Table3 shows the disease control time and cumulative infection proportion

corresponding to each control measure.
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Fig. 11. Considering only the control of the infection rate, the changes of the control variable

u; and the state variables s, v, i over time.
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Fig. 12. Considering only the vaccination rate, the change of control variable u. and state
variables s, v, i over time.
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Fig. 13. Considering only the control of vaccine protection rate, the change of control variable
usz and state variables s, v, i over time.
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Fig. 14. Considering the control of infection rate and vaccination rate, the change of control
variables u;, us and state variables s, v, i over time.

From Fig10, we can see that if no control measures are taken, the disease will become

endemic with a high prevalence trend. When only the vaccination rate is increased without

implementing other control strategies, as shown in Fig12, the disease will be controlled in a

short period of time, but the vaccine protection rate will gradually weaken over time, and the



negligence of protective measures will cause the recurrence of the disease. However, even if the
vaccine protection rate is increased for a long time without strengthening the vaccination rate
through publicity and education, as shown in Fig13, the disease will not be controlled, it will
continue to exist and become endemic. As shown in Fig1i, if social distance, mask wearing,
and reduced outdoor activities are taken in the short term, the epidemic can be effectively
controlled at time t = 3.15. From Figi14-Fig16, we can see that the disease can be quickly
controlled when two control strategies are considered simultaneously. Among them, controlling
the infection rate and increasing the vaccination rate take the shortest time to reach the control
target, while controlling the infection rate and increasing the vaccine protection rate take the
longest time to reach the control target, and it takes a period of time in the early stage to be

controlled, which may be related to the relatively low vaccination rate.
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Fig. 15. Considering the control of iifection rate and vaccine protection rate, the change of
control variables u,, uz and state variables s, v, i over time.
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Fig. 16. Considering the control of vaccination rate and protection rate, the change of control
variables u., u; and state variables s, v, i over time.
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Fig. 17. Considering all control measures, the changes of control variables u;, u», us and state
variables s, v, i over time.

Table 3. Duration of disease control and cumulative infection Proportion in different control
measures.
Case Control Strategy Control Time Cumulative infected Proportion

1 T 3.15 - 1.38
2 Us - -

3 Us - -

4 Uy, Uz 3.0 0.69
5 Uy, Us 4.19 6.34
6 Uz, Us 4.1 0.54
7 Ui, Us, Ug 2.83 0.49

If the three control measures are considered at the same time, as shown in Fig17, it can be
found that the control target is achieved at time t = 2.835, and the control time is often shorter.
Table3 shows that by implementing all control strategies, the disease containment target can
be achieved in the shortest possible time while minimizing the cumulative infection scale.
Therefore, in order to control the spread of the disease in the short term, when the epidemic
comes, it must strengthen the propaganda of infectious disease prevention and control, and
reduce contact with infected people through non-drug intervention measures such as wearing
masks, maintain social distance, and reduce going out, especially for patients in the recovery
period to prevent secondary outbreaks. With the continuous emergence and threat of new
and recurrent infectious diseases, in order to prevent and control the spread of diseases in the
long term, it is necessary to develop infectious disease vaccines with high immunity, so as to

effectively prevent and control the continuous occurrence of diseases. Although the long-term



implementation of prevention and control measures can curb the continuous spread of diseases,
it will also cause waste of resources and even seriously interfere with the normal operation of
the economy and society. However, Bang-Bang control provides an effective strategy, which
can achieve the effect of disease prevention and control by implementing prevention and control

strategies in a very short time.

9 Conclusion

In order to investigate the impact of breakthrough infection and reinfection on the continuous
outbreak of infectious diseases, a disease transmission model with breakthrough infection and
reinfection is established. First, a dynamic analysis of the model is conducted. The basic
reproduction number R, is obtained by using the next generation matrix method. The local
stability of disease-free equilibrium when R, < 1 is proved. By analyzing the stability of
disease-free equilibrium when R, = 1 and the existence of multiple endemic equilibria, we find
that when R. < 1, system (1) exhibits a backward bifurcation, which means that R, is no
longer the threshold for judging whether the disease will persist or not. Secondly, the local
stability of the endemic equilibrium P. and the instability of P; under certain conditions are
proved. Numerical simulations show that backward bifurcation occurs in system (1) when at
least one of the parameters o (breakthrough infection) or € (reinfection) is non-zero. Obviously,
breakthrough infection and reinfection plav a vital role in the multiple outbreaks of the disease.
When ¢ and € approach 0, the disease will be effectively controlled and will not evolve into an
endemic disease. On the contrary, the disease will spread extensively and eventually become an
endemic disease when at least one of 6 or € approaches to 1. In the context of pandemic control,
real-world conditions such as resource constraints and socioeconomic factors often limit the
long-term continuous implementation of intervention measures. Therefore, this study attempts
to explore feasible pathways for dynamically switching different prevention and control methods
within a limited period, based on the Bang-Bang control strategy under a discrete control
framework. Finally, Bang-Bang control is used to conduct an optimization control, and the
existence of an optimal solution is established. Simulations are conducted for single, dual
and triple control measures. The research shows that the time to reach the control target
is the shortest when the three control measures are considered comprehensively. If only the
vaccination rate or the vaccine protection level is increased separately, it will not control the
spread of the disease effectively, even will cause a secondary outbreak of the disease or an

endemic state.



The model established in this paper is based on simple assumptions of homogeneous
population mixing and spatiotemporal invariance, without considering realistic factors such
as population heterogeneity and spatial distribution. Additionally, we construct Bang-Bang
control is a piecewise continuous strategy under unconstrained conditions, without accounting
for practical considerations such as intervention costs, resource limitations, and random
disturbances.In the future, we will conduct research from aspects such as age and spatial
heterogeneity, and perform simulation studies using actual case data. Additionally, we will
construct an optimal control framework with resource constraints, cost-effectiveness, and
random disturbances to quantify the return on investment of prevention and control measures,
providing more specific and reliable theoretical support for infectious disease prevention and

control decisions.
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Appendix
The proof of Lemma 1

Proof Summing the four equations of system (1) up yields d‘i*N = 0. Thus the total population
N(t) is a constant. For convenience, let N(t) = K. Next, we prove that the solution of system
(1) is non-negative.

Solving to the third equation of system (1) yields
ft XJ+oV (X)+eR(X
I(t) = [(0)e o (7R )k > g

Plugging it into the fourth equation of system (1), we cap get
r Iy - t(ﬂd(x) +)dx
R(t) = R(0) + nix)dx e o W > 0,

o

T x( pery
o e

Besides, sloving the first equation of system (1), we obtion
r rt

G o g
S(t) = S(O) + eo (%y)-l-a)dy (BV (X) + ‘YR(X)) dx e 0(%a)dx ,
(0]
Let t; > 0 be the first time that min {S(t.), V (t.)} = 0. Assuming that S(t,) = 0, then S(t)
and V (t) > 0, forVt € [0, t;). Furthermore we can get |
r "o (£, ) F o pioo
S(ty) = S(0) + e o (%“L“)dy OV (x) + YR(x)) dx e 0( T“L“)dx

(o]

> 0,

this contradicts the assumption S(t;) = 0. Similarly, let us assume that V (t;) = 0, then

according to the second equation of system (1), we can getI
' )

Mo (s
X a/f1+
V()= V(0)+ e o( RO aS(x) dx e

ft opl
— O(T+H)dx - O,

0

which contradicts the assumption of V (t;) = 0. This mean that all solution of system (1) are

non-negative and I' is the positively invariant set of system (1). This completes the proof.



The proof of Theorem 1

Proof The Jacobian matrix of system (2) at the disease-free equilibrium P, is

0 P 0
[ _a_y e_y _()L+9_y

KPo)=[ o« -8 -2 [,
0 0 e _

The characteristic polynomial corresponding to matrix K(Po) is

}\3+3212+a1)\+30:0, (a)
where
ap= L+ (oB+n+y+26)a+6m —B+y+0) ®)
a+0
a,= @(zoB+n+y)+afd 2y - (0+1)B+2n)+g( of+m)]+6[n—B+y)e+y(n—P)]
o+
(c)
ao =Yy [(—oB +m)a+6(n — B)]. (d)

The roots of the characteristic polynomial (a) are A = —y, 2. = —a — 0, A3 = MJ%)%(@ .
Obviously, when Ro < 1, A3 < 0. Therefore, the disease-tree equilibrium P, of system (2) is
locally asymptotically stable, if Ro < 1.

When Ro = 1, A3 = 0. At this time, the central manifold theorem is used to prove the

stability of the disease-free equilibrium P, . The following affine transformation is defined

0 O 8
; 0 o O

: 4 ng 1 (=1 —y)62 —gln+y)g0+onyo
JvO=0 a5 0+ 1 g _depeshedeid ngp (e
i 0 0 0 1 '
Furthermore,
%_2 —yS +G115i +Gr2vi +O((5,V,12),
—:—(a+9)v +Gao151 +G22vi+0(J5,V,1[?) ®
% i— (@-R. )(7(;2{1—2()2(05040)( 24+ G ;ﬁl +G gz i
the linear part here is the Jordan canonical form of the matrix K, and
. —illc—em—yea+[(e—n+yelly —O)}(a+O) . _(0_L)a+Ban?
1 (ac+0)y(ax—vy+0) T (O(O'+9)Y(O(—Y+9)
Gay = = {c_183+[ac2+((c_Dn_y)o+@_ey_a+ (1 _enle

(0 =y +6)(ac +6)°
H—am —a+y)o> + (((2 - €)a — 2(e — Im)y + a(—a +n(e+ 1)))o + (e — 1)y> ’

+(e — 1)(n — a)y — ane]6 + oy(nao + (e — )(n + &)y + (1 — €)a2 — oan)Yr



Gop = (—vy +g)n(occ +0)? {G(X3 +[(02+0+1)0 — yolaz +[(02 + 0 + 1)62

r )
+((—=n = y)o2 + 216 — 1 — v)6 + nyo(c — 1)]a — B20(y — 6)
_(a+8)[(c = €)a+(e=1)(y = 0)]n G = (c —1)(a+0)n
3 a(aoc + 0) "2 ac+0
Let R, = R“Z&?gfgz: fg;’jij;; 2 Then, if Ro /= R.there exists a one-dimensional central

manifold
_ n2a{n(l — R)(a + 0) [(ac + B)e + yo] + yBe(ao + a + B)}, ()
= i +0 |;
S (a—y +6)(ao +0)2ys Fro

)

_ /[6(6 —1D(@+86 —y)+n6(1 — o) +yno] (R, — 1) [(a + B)c + yO] noz -,
ve (ao + B)3(a + B)(a+ 8 — y)y " (ac + )3
ne(cd —yo =0) —, |_|i?" ’

(ac +6)*(a + 6 — )

Therefore, system (2) is simplified to

2 2
di_ _nlm+vyNac+6) +nay(c —0) = n(a+O)ao+0)el=, o (|—.|3)
dt (ao + 0)2y , ! !
n2(1 — R)(a + 6) [(ao + B)e + yo]—, (-
= i +o i .
(ao + 0)2y

It is to see that disease-free equilibrium Py is a saddle node. When R, = R,, according to the
center manifold theorem, the center manitold of system (2) at the far point can be expressed as

. r_
di R | {[T](O( + ’T)((,fO' F e)e + T]Y02a] (O(O' + 9)2 + yan20'2(1 — O')(O( + 9) i3

dt _y(occr + 0)4

+o(ﬁ|4).

Since o, € € [0, 1], the disease-free equilibrium P, is a stable node, when R, =1 and Ro =R..

The proof of Theorem 2

Proof The Jacobian matrix of system (2) at the equilibrium P- is

U
—_ Bl2 B(Bi20'+9)7(1 —is) D
—a—Y 0—vy — PPEg+flactyo+Oiz+y(a+d)  —y
K(P2) = H (04 —O'Ijiz -0 - 'Baay(l_lz)2+y(a+6)

. Ppe2g+fao+ya+O)l
B(1 — €)i B(o — €)i BLQ =) (Biao+0)+ G~ o1 ) +Be(1—2i)—n
2 2 ﬁ2i2g+ﬂ(aa+ya+9)ig+y(a+9) 2

The characteristic equation of K(P.) is

A3 + daA2 + diA + do = 0, (g)



where
1{ ( )

d=""> 43t B3oi3(o + 1) + B2i2 o2a +yoe + 02y +2yo + 0" + 2[B2i2g(a + 0) + [3212ega0 + 0)
+yBiz(ac +0) +ixp [ao + 8 +y (20 + €+ 1)] (a + 6) + By20i= +y (a +6) (x +y +9)
+ f(i2),

d = i{[(l +0)b + 8302]&4 + Beis £€ +2)(a+y)o2 + (20 +y +20)ec + (20 + E)e]

[32122 €(a+0)(ac +2yc+y +0)+ 062+ 20(a+2y)0 +3ayc + (a2 + ay +y2)
o2 +yofB(1 — e)] + Bigy[BG(l — €) — afjec + afo2 + a2e + 2020 + 20€0 + 2ayo
r
+ 2000 + 02€ + 2yo0 + ay + 2060 + y0 + 262] + y2(a + 0)2,

( i

d, = (ay +v0 — B2Gi2)2 fi)+ (86122+ ayi #y6i FPyoci2 t aBoiz % B2oi3) g(i),

=

h> = B2i20 + B(aoc + yo + 0)i> + y(a + 0).

Obviously, d> > 0, f(i-) = 0. According to R, < 1 and R. < Ro, we have that g(i.) < 0,
do < 0. Let the three roots of equation (g) be A, A> and As, respectively. According to Vieta’s

theorem, it has

A1A2A3 = _do > O, (h)
A1+ Ao+ A= —d><O. (1)

Therefore, according to expression (h), the roots of equation (g) include the following three
cases: three positive roots, one positive root and a pair of conjugate complex roots, one positive
root and two negative roots. According to expression (i), equation (g) has a pair of conjugate
complex roots or negative roots with negative real parts. In summary, there are two cases of
the roots of equation (g): one positive root and a pair of conjugate complex roots, one positive

root and two negative roots. Therefore, the endemic equilibrium P. is unstable.

The proof of Theorem 3

Proof The Jacobian matrix of system (2) at the endemic equilibrium P5 is

0 0
—Bi., — a — — _ My(a+0)+p6]
] Pig—a—y B-y BOis+y(a+6)
K(Py) = a 6 0 L,
_ _ —2ﬁ2€9i:—[(y —Be6+(n+y)0+ayclfis—ylan+(n —F)0]
B(l — e)is —Beis (Biz+y)O+ay

The characteristic equation of K(P5) is

A3+ esA2+ e, A +eo =0, ()



where

cr= B0 (1 )+ Big (e + 200 + a1+ )y + O+ 6)] + (o 0)(a vy +0)'
3

+ F(lg),

e, = ;l {[32123[(ay + a6 + 62) €+ 62] + Byi [%26 +2(1+€)ba+(m+y)a+0622+ (—:)]
+§%a+eyr+«x+y+4»F@9(mz;y&3Gﬁ@,

10 N G . ) .
e, = ; (ay +v0)2F(i,) + BBz +ayi ;+y0i ,G( ),,h 5 BOI ty(a+6).
3
Obviously, e> > 0, e; > 0, F(i3) = 0. According to R.. < Ro, R, < Ro and R, < 1, we obtain

that G(i3) > 0, and then e, > 0. Therefore,

H1282>0,

e iy e

= 2aB4e2y0 + af4e€202 + [34€203 + aff4eyO + af34€02 + 3af33€2y20 + 4af33e2yH2
+ 2[34€03 + 6463)143+ [2y20([3369 (1 — €) + azB3e2y2 + 2a2R3e2yO + 2P3€2y03
+ o2f3ey2 + 302[33ey0 + a2f3€62 + af33ny0 + 4af3ey20 + 9uf33eyBH2 + 2a33€63
+ 6B3ey03 + [33€04 + af33nyd + aff3y20 -+ 3uB3y62 + afi363 + 433y03 + (3364 133
+ (a3[32e2y2 + 302B2€2y20 + 3afi2e2y202 + $2€2y203 + 203P2ey? + 203[32eyO
+ 2a2B2ey3 + 1002f32ey20 + 6a2p2ey02 + 2aP2€y30 + 1l4aff2ey202 + 6aP2ey03
+ 6B2ey203 + 2B2ey84a2Bny2 + a2f2ny0 + a2B2y3 + 4a2P2y20 + 302B2y02
+ 3aB2ny20 + ap?ny62 + 2af2y30 + 10af2y262 + 6aB2y03 + 632y203 + 3B2y64)123
+ (a2Bey2 + 2a3Bey3 + 4a3fey20 + 602Bey30 + 6a2Bey202 + af2y30 + 6afBey302
+ 4afey203 + 2Bey303 + Bey204 + a3Bny2 + 2a3Py3 + 3a3y20 + 2a2pny20
+ a2fy4 + 8a2By30 + 9a2By202 + af2y30 + afny202 + afy40 + 10afy302
+ 9aPy=03'i; + 4By303 + 3Py=64 + y3(a + 0)3(a + v + 6) + (Bize + v) ayPisflis)
+ B306(e + 1)i43+ B22eby + 30y + ay + a2 + aBi3 -;- €0y + 30y + aey + a2
+ ae)Byié + (o +6) i3]53’(13) >0,

1 €2 €o 0 1
H3 = 1 €1 0 = eng > 0.

1 0 €2 €o 1
According to the Hurwitz criterion, all the roots of equation (j) have negative real parts.

Therefore, the endemic equilibrium Pj; is locally asymptotically stable.



The proof of Lemma 2

Proof Let B
. —BsitOv+y(l—s—v —i)
f.(t,x) =1 —oPBvi — Bv 0,
B[stov+te(l—s—v—i)]i—ni
. d
g_)*(t, X_>, u_)) = BSI —S 0
O (1 — ug)oPvi s  (1-u)oPfvi U

—B[s+(l—-uz3)ov+e(l—s—v—-i)]i 0 —(1— u)Povi
Then, system (7) can be rewritten as x” (t) = £*.(t, x*) + g”.(t, x”, u”)u”. We prove that the floig
four conditions are satisfied:
)t X)) + gt x, u)uis first-order continuously differentiable, and there exists a constant

C such that

If4(t,0,0)| < C | (x)+g «(x,u)u’| <C1+|u’])|g«(x,u)| <C

(i) The solution set of system (77) corresponding to the control parameters in the control set
U is non-empty.

(iii) The dominating set U is a closed convex compact set

(iv) The integrand in the objective function J is convex in U.

Firstly, it is easy to see that f".(t, x") + g (t, X, u )u is first-order continuously differentiable,
and |f".(t, 0, 0)| =0. Sinces, v, i are non-negative and bounded, there exists a constant C such
that [f".(t,0,0)| < C, |[F.(x)+g «(x,uju’| = C(L+|u’]),|g"«(x",u”)| < C. This shows that ain
(i) is true, It can be seen that the system (77) has a unique solution, which means that condition
(i) is established.

The control set U is a closed convex compact set and the integrand of the objective function
is a constant function. So conditions (iii) and (iv) are valid. In summary, the time optimal

control problem has an optimal solution.

The proof of Theorem 4

Proof In order to find the minimum disease eradication time and the time-dependent control
variable u™’(t), it is equivalent to the problem of minimizing the Hamiltonian system. Let the



Hamiltonian system be
ds dv
H(x", Ay, Ao, Ag, t) =1+ A at + A2 A3(t)_
=1+ A(t)[— (1—u1)[351 —Ws+0Ov+y(l—s—v—i)
+ Ao(t) [— (1 — ur) (1 — ug) ofvi — OV + u.s]
+ A {1 —u)B[s+ (1 —ug)ov+eld —s—v—i)i-ni,

where A;, A», Azarethe adjoint variables associated with the state variables s, v, i. Using the

()

Pontryagin maximum principle [36], we can see that the relationship between adjoint control

and optimal control is as follows

dA, _ 0H dA, _ 0H dA, _ 9H
dt =~ 9s’ dt - ov’dt - a8’ M

and the transversality condition is A:(T) = A2(T) = A3(T) = 0.

Therefore, the adjoint system is

:19121 =A[(l —w)Bituz+y] — Az2uz + A3(1 — u1) B(—1+ e)j,

TEACe+HYFA ML -u)A—u)oBi+B]+A (L-u)B[-(1—u)o+eli,
dt : 1 3 A 3 (m)

dét =AML —w)Bs+y]+Ax(l—u)(Ll—ugopv—Az(L—uy)B[s+(l—uyxov
+e(l —s—v—2i)]i+ Asn.

The corresponding switching functions and their time derivatives are
0
(A1 — 1\3)65': + (A2 — A3)(1 — u:;)()_BVi + Agﬁe(l —S—V — 1)1
(D(X_), A1, Ag, A3, t) =0 (Az — A1)S 0
(A2 - AS)(l - ul)O'BVi

O

’

(n)
O o O
d_(D(X_), A1, Az, A3, t) =0 (A2 — Al)js +1(d7F— dAT)S ] , (0)
dt t dt dt
b3
where
dA; dAg (ds di ) (dA2 d4A3)
¢t =g — dg IBsi+ (A —2)B G+ gs + dE = dt(@ —u)osBvi+(A —=A)3
( ) ( )

1—%% ofvi+ (A = Aﬁ(l—u)‘GB dv t—l-vddﬂ-dA Be(l —s—v —i)i

+A386(1—s—v—i)(gt_i—/‘zﬁe %§+%+%%i,

( ) ( )
by = dAd2t d_As (1—u)oBvi+(A = A)yl— duatGBVi+(A LAY —u)a



(ﬂ . Q)
B i+tv
dt dt
Next, we prove that the switching function ® disappears only at isolated points. Assuming
that ®(x”, A;, A, As, t) disappears in an open set L, then in the neighborhood L, ® = d? =0,
so there is A; = A» = A3 = 0. Then, the Hamiltonian system calculated along the optimal
solution can be H(x", Ay, A, Ag, t) = ¥=0, which creates a contradiction. This implies that

u”’(t) is a Bang-Bang control, that is a piecewise function.



