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The intermediate station
trigonometric leveling method for
replacing second-order leveling in
complex terrain

Weixing Yang¥23", Tingting Li* & Junwei Xu®

Elevation measurement is fundamental to engineering construction and the acquisition of geospatial
information, with its accuracy directly impacting project quality and safety. However, traditional high-
precision leveling often suffers from low efficiency and operational difficulties in complex terrain. To
address this, this study proposes a trigonometric leveling method using a high-precision total station
based on the intermediate setup approach. By conducting multiple observation sets of distance and
vertical angle, and combining them with trigonometric geometric relationships, elevation differences
between control points were calculated. Measurements were carried out across seven control points
located in topographically challenging areas. The results demonstrate that when the vertical angle
does not exceed 30°, the difference in sight distances is less than 0.5 m, and the sight distance is
within 600 m, the accuracy of this method meets the requirements for second-order leveling. This
study technically verifies the feasibility of replacing second-order leveling with trigonometric leveling
in complex terrain areas. On a practical level, it offers an efficient technical approach for surveying
operations, contributing to significantly improved operational efficiency and reduced costs, thereby
holding broad potential for application.

Keywords Elevation, Root Mean Square Error (RMSE), Trigonometric Leveling, Intermediate Station
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In modern surveying and mapping engineering, height control surveying is a core link for acquiring basic
geographic information, and its accuracy and efficiency directly affect the reliability of such work as engineering
construction, geological hazard monitoring, and geoid refinement'~>. As a traditional benchmark method for
high-precision height measurement, second-order leveling can achieve millimeter-level precision in height
transfer through strict procedures including round-trip observations and even-numbered station settings*-.
The principle of second-order leveling is to determine the height difference between two points by reading
the leveling staffs erected at the two points through the horizontal line of sight provided by a level, and then
calculate the elevation of the unknown point. The accuracy specifications are: the mean square error of height
difference per kilometer is <+ 1.0 mm, and the discrepancy of height difference between forward and backward
measurements is <+4VL mm (where L is the length of the measured section in kilometers). For a long time, it
has maintained an irreplaceable position in the construction of national height control networks and large-scale
engineering projects’?®.

However, as surveying tasks extend to complex terrains (e.g., mountainous areas, valleys, and cross-river or
cross-sea regions) and efficiency-driven operations (such as emergency mapping and rapid boundary surveys),
the limitations of second-order leveling have become increasingly evident’!!. First, the operational efficiency
is low: multiple stations are required per kilometer, and rugged terrain significantly impedes progress, often
reducing daily measurement distances to less than 5 km in mountainous regions'”’. Second, the method incurs
high costs, necessitating a specialized leveling team (typically 3-4 personnel) and high-precision instruments
(e.g., Leica DNAO3, Trimble DINIO03), along with supporting equipment such as invar leveling rods and rod
shoes, all of which involve considerable procurement and maintenance expenses®!2. Third, the technique
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exhibits poor terrain adaptability, making it difficult to implement in obstructed areas like steep slopes or water
bodies, which not only compromises data continuity but also poses safety risks during operation®!®. Therefore,
against the backdrop of continuing infrastructure expansion into complex environments, there is an urgent need
to develop elevation transfer methods that balance both accuracy and efficiency in engineering surveying.

In response to the aforementioned challenges, trigonometric leveling has garnered attention due to its
flexibility, efficiency, and strong adaptability to complex terrain'*~'¢. This method calculates height differences
by measuring vertical angles and horizontal distances, incorporating the heights of the instrument and the target
prism based on trigonometric principles'’-1°. Among its variants, the intermediate station method serves as
an improved approach®®!1. By setting up the instrument between target points and simultaneously observing
both forward and backward sights, it effectively mitigates the effects of Earth curvature and atmospheric
refraction!*?’. Previous studies have shown that when trigonometric leveling is used to replace second-order
leveling, the single sightline length should be controlled within <50 m. Under this condition, the influences
of Earth curvature and atmospheric refraction can be neglected, and the accuracy requirement of +1.0 mm/
km for second-order leveling can be satisfied*"">2. Consequently, this method demonstrates the potential to
replace second-order leveling in certain applications. Based on this rationale, the present study proposes the
following core scientific hypothesis: under specific operational conditions, such as appropriate distance limits,
multiple observation sets, and meteorological controls, the intermediate station trigonometric leveling method
can achieve accuracy comparable to that of second-order leveling, while offering significant advantages in terms
of efficiency and cost-effectiveness.

Specifically, we hypothesize that by optimizing station layout, implementing multiple sets of synchronous
observations, and incorporating real-time meteorological data to establish an atmospheric refraction correction
model, the key errors of this method, such as those caused by atmospheric refraction and vertical angle
measurements, can be systematically mitigated!”-?3-%. Thereby, both the internal and external consistency
accuracy of the height difference measurements, as well as the misclosure, can meet the tolerance requirements
stipulated for second-order leveling®2S.

To verify this hypothesis, this study integrates theoretical analysis, numerical simulation, and field validation.
First, an error propagation model is employed to quantitatively analyze the influence of various error sources on
height difference measurements!®?”-28. Subsequently, the Monte Carlo method is used to simulate measurement
accuracy under different sight distances, vertical angles, and atmospheric conditions, thereby providing a basis
for optimizing field survey parameters?®*. Finally, multiple test sections (including both flat and complex
terrain) are established along a closed loop demarcated by first-order leveling!®3!. High-precision total stations
(e.g., Leica TS60) are used to rigorously collect data under varying meteorological conditions, and the results are
compared and evaluated against second-order leveling outcomes!*'7:32,

Preliminary experimental results indicate that employing the intermediate station method with 12 round-
trip observation sets, under conditions where the horizontal distance does not exceed 600 m (cumulative
forward and backward sight distance of 1200 m) and the vertical angle remains below 30°, achieves a mean
square error per kilometer of less than 2v/20 (where o = 1.0 mm/km)!#3>3*, Furthermore, the study revealed
that during periods of strong atmospheric turbulence, such as after sunrise and before sunset, the dispersion of
observed values increased significantly, highlighting that appropriate selection of observation periods is critical
for ensuring measurement accuracy.

In existing studies, Kong et al. (2016) used two automatic tracking total stations for simultaneous reciprocal
observations and realized the substitution of second-order leveling by trigonometric leveling?>. However, this
method imposes strict constraints on observation conditions, with the vertical angle limited to within 10°,
resulting in limited terrain applicability. It also does not address complex scenarios such as river crossing,
strong atmospheric refraction, and large height differences. Zhang et al. (2019) applied trigonometric leveling to
river-crossing scenarios and achieved practical progress using high-low double-prism reciprocal observations.
Nevertheless, their work was still limited to meeting second-order leveling accuracy and did not extend the
mature scheme to more challenging environments involving large obstacles®..

Different from the above methods, this study employs only one high-precision total station with the multi-
round horizon observation method, and the instrument is set midway between two observation segments.
This configuration effectively reduces instrumental errors, atmospheric refraction, and earth curvature effects,
thereby improving observation accuracy while significantly enhancing operational efficiency and reducing costs.
Field tests conducted in high-altitude areas verify that the proposed method meets the accuracy requirements
for trigonometric leveling to replace second-order leveling.

This study holds both theoretical and practical significance. Theoretically, it not only validates a technical
hypothesis but also systematically establishes a set of precise operational standards and error control procedures
for the intermediate station method, thereby providing a foundation for its standardization and normalization.
Practically, the proposed method offers a reliable alternative for elevation measurement in complex terrains,
which can significantly improve operational efficiency while reducing safety risks and project costs, thereby
offering practical value for advancing precision engineering in challenging geographical environments.

Materials and methods

Study area

The Laxiwa Hydropower Station is situated on the main stream of the Yellow River in Laxiwa Town, Guide
County, Qinghai Province, serving as the second cascade power station in the segment between Longyang Gorge
and Qingtong Gorge. The region features undulating mountains and incised valleys, characterized predominantly
by mid-low mountains, hilly grasslands, and high-altitude landforms, with limited fluvial terraces. The terrain
slopes from north to south, with elevations ranging between 2,232 and 4,832 m.
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Opverall visibility in the reservoir area is moderately favorable; however, the deep canyon topography poses
challenges for instrument setup, rendering conventional leveling techniques impractical. Furthermore, the
canyon and water surface conditions are prone to inducing multipath effects in satellite positioning, necessitating
mitigation strategies during site selection, monumentation, and instrument configuration. It is recommended
that the vertical control network be established using precise trigonometric leveling (Fig. 1).

Experimental design
In this study, seven points from the vertical control network of the Laxiwa Hydropower Station were selected
for a comparative experiment on elevation measurement. These points are spatially distributed with the shortest
and longest inter-point distances being 282.7 m and 543.9 m, respectively. All points are situated above 3100 m
in elevation, with limited on-site accessibility (Fig. 2).

Two measurement methods were employed: (1) the intermediate station precise trigonometric leveling
method, using a TS60 measurement robot to perform 12 sets of face-left and face-right observations for both
distances and angles, while controlling the forward and backward sight distance error to within 0.5 m; and (2)
the second-class leveling method with double-run observations, conducted using a Leica DNA03 digital level.
Key accuracy specifications of the instruments used in both methods are provided in Table 1.

Trigonometric leveling in this study adopted the full-circle method, with 12 sets of observations in both
face-left and face-right positions for high-precision measurement of side lengths and vertical angles. The station
was only moved after all indicators passed inspection. The observation time was scheduled between 2 h after
sunrise and 2 h before sunset to avoid periods of intense atmospheric turbulence around midday, with cloudy or
breezy weather conditions preferred. Leveling was performed using the “back-forward-forward-back” reciprocal
leveling method. Prior to daily operations, the instrument was thoroughly checked to ensure its accuracy met the
required standards and that it was within the valid calibration period.

Trigonometric leveling was conducted using a total station (TS60) via the mid-station setup method, with 7
stations and 12 observation sets per station (Fig. 2). The instrument-observation point distance was controlled
within 600 m, set up and leveled at the midpoint of Points A and B (differential forward-backward sight
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Fig. 1. Location map of the Laxiwa Hydropower Station. This figure comprises three panels: the upper left is

the administrative map of Qinghai Province; the lower left shows the administrative region of Hainan Tibetan

Autonomous Prefecture; and the right panel presents a digital elevation model (DEM) of Guide County. The

specific location of the power station is marked by a red dot. This figure was originally created by myself using
the open-source software QGIS (version 3.40.7, URL: https://www.gnu.org).
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Fig. 2. Layout of the elevation control network, showing the observation and leveling routes. In the figure,

a solid triangle inside a green circle marks an elevation point, while a solid green circle indicates a total
station setup location. A green dashed line shows the total station observation route, a solid brown line the
leveling route, a blue line the water edge, and a pink line the bridge outline. For each leveling route, reciprocal

measurements were carried out, and both the section length and the number of setups were recorded. At every
total station setup point, the fore-sight and back-sight distances are labeled.
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Primary accuracy parameters

Leica TS60 total station

Primary function

Angular accuracy: 0.5"; Distance accuracy: + (0.6 mm+ 1 ppm)

Leica DNAO3 electronic level Standard error: + 0.3 mm per km (double-run leveling)

Height measurement
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Table 1. Primary accuracy of the measurement instruments.

distance < 0.5 m) in areas with good visibility and no strong refraction. Pre-measurement self-inspection ensured
i-angle<15" and stable index error; atmospheric correction parameters (temperature, pressure, humidity) were
configured. Each set included face-left and face-right measurements with 15° horizontal circle increments, and
instrument/prism heights were measured 3 times (mean value, precision 0.1 mm). Precise mode was adopted
with automatic compensation, targeting and tracking; observations were repeated if exceeding allowable limits.
For comparison, second-order spirit leveling was performed using the back-front-front-back sequence,
covering 9 segments (total length 7.87 km, 362 stations) (Fig. 2). Forward and backward sight distances were
approximately equal, with line of sight 0.55-2.80 m above ground. Data was automatically recorded, with

immediate remeasurement for over-tolerance sets; round-trip leveling was implemented with station relocation
by converting previous forward sight to new backward sight.
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Index and method

Principles and precision analysis of trigonometric leveling

The fundamental principle of trigonometric leveling was employed to determine the height difference between
two points. This was calculated based on the vertical angle and the horizontal distance measured between them
(Fig. 3), according to the following formula:

. 1-k
hi2 = Dtana +1 —v + WDQ (1)

Where h12 denotes the height difference between the two points, D is the horizontal distance, « is the vertical
angle (the inclination angle of the telescope line of sight relative to the horizontal plane), i and v are the
instrument and target (prism) heights, respectively, and K and R are the atmospheric refraction coefficient and
the mean Earth radius.

The Root Mean Square Error (RMSE) of h,, was derived according to the law of error propagation, yielding
the following formula:

2 2
2 1-k )2 2 D ( Ma )2 2 2 D? 2

- - i v 2

Mhis (tana t5 D) mp”+ (o )? s06265) T T+ 5R (me)”  (2)

where mn,,, MD, Ma, Mi, My, and my denote the RMSE in height difference, distance, angle, instrument
height, target height, and atmospheric refraction coefficient, respectively. The units of mn,,, mp, Ma, M,
My, and my, are millimeter, millimeter, second, millimeter, millimeter and millimeter, respectively. The value
206,265 is the conversion coefficient between radians and seconds.

Fig. 3. Schematic diagram of the trigonometric leveling principle.
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Principle and accuracy analysis of trigonometric leveling (intermediate station method)
The fundamental principle of the Intermediate Station Method is as follows: the instrument was set up
approximately midway between the two target points, with a sight distance difference of less than 0.5 m. The
vertical angles and distances to both points were observed simultaneously to determine the height difference
between them (Fig. 4). The calculation formula is as follows:

1-k

hy1 = Ditana +171 — v1 + WDIQ (3)

. 1—-k%
hys = Dotanf 4 i — va + WDf (4)

In the formula, hy1 and hy2 were the height differences between points 1 and 2 and the instrument center Y,
respectively; o and 3 were the corresponding vertical angles; D1 and Dz were the corresponding horizontal
distances; v1 and vz were the target heights (prism heights) at the two points.

Given that the instrument was positioned midway between the two points and identical prisms were used
for synchronous observations, the target heights are identical (v1 = v2). Consequently, the height difference
between the two points can be derived from Egs. (3) and (4) as follows:

hi2 = Ditana — Datanf (5)

Based on the error propagation law, the mean error formula for height difference in the equation can be derived
as follows:

Mhy,- = (tana )*(mp,)? + (seca ) (2(;761365)2<D%)2 + (tanB )*(mp,)* + (secB )’ (2(;;1565)2(D§)2 (6)

where mp, and mp, denote the mean square errors of distances D; and Da, respectively; and m, and mg
represent the mean square errors of vertical angles « and /3, respectively.

Statistical analysis

In this study, the observational data were initially collated and analyzed using Microsoft Excel 2016, and then
statistically analyzed with IBM SPSS Statistics 26 (SPSS Inc., USA). Various types of variation graphs were
plotted using OriginPro 2024 (OriginLab Corporation, USA), and a digital elevation model (DEM) of the study
area was generated with the open-source software QGIS (version 3.40.7).

Results

To ensure the vertical accuracy of trigonometric leveling meets the requirements of second-order leveling,
the height difference error of trigonometric leveling should not exceed 2v/20 , where o denotes the height
difference error per kilometer of second-order leveling, with a value of 1.0 mm. Therefore, an error of 2.83 mm
per kilometer should be used as the error limit for trigonometric leveling, serving as the basis for accuracy
evaluation.

Accuracy analysis of replacing second-order leveling with trigonometric leveling
In reciprocal trigonometric leveling, with the range error of 0.6 mm, angle error of 0.5", and coefficient of
combined curvature and refraction (K-value) of 0.14 (with its error being 0.03), the measurement errors of

Fig. 4. Schematic diagram of trigonometric leveling by intermediate station method.
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instrument height and target height were neglected, and the average radius of the Earth was taken as 6370 km.
Under these conditions, the variation in the mean error of the height difference obtained from reciprocal
observations meets the requirement of second-order leveling, where the mean error per kilometer does not
exceed 2.83 mm (Table 2; Fig. 5).

When the horizontal distance D is fixed, the vertical angle o exhibits a nonlinear positive correlation with
the mp,,. Moreover, the growth rate of the my,, accelerates as D increases. Further analysis reveals that
under a constant vertical angle a, the my,,, increases more significantly with the horizontal distance D. In
contrast, under a fixed horizontal distance D, the increase in the mp,, with the vertical angle « is more
gradual (Table 2; Fig. 5).

Assessed under different horizontal distances and vertical angles, the measured values of mp,, were as
follows: at a horizontal distance of 600 m with a vertical angle of 32.5°, my,,, was 2.25 mm, which was below the
tolerance limit of 2.83 mm. When the distance increased to 700 m with the same vertical angle (32.5°), mnp,,
reached 2.68 mm, still meeting the tolerance requirement. At 800 m with a vertical angle of 25°, M was 2.81 mm,
also within the allowable range. However, when the horizontal distance was extended to 900 m with a vertical
angle of 0°, my,,, increased to 2.90 mm, exceeding the specified tolerance. The experiments indicated that for
a horizontal distance of 700 m, keeping the vertical angle o« within 30° allowed the trigonometric leveling
to meet the accuracy standards for second-class leveling. At 800 m, controlling o within 25° also satisfied
the requirements. In contrast, once the horizontal distance surpassed 900 m, the value of my,, exceeded the
tolerance limit regardless of the vertical angle (Table 2; Fig. 5).

Accuracy analysis of trigonometric leveling with intermediate station method as a substitute
for second-order leveling

In the trigonometric leveling conducted using the intermediate station method, the mean square error of
distance was set to 0.6 mm, and the mean square error of angle was set to 0.5". Since the instrument was placed
midway between the two observation points, the condition of equal sight distances in the forward and backward
directions could be approximately satisfied. When the same instrument was used for observation, the distance
and angle mean square errors were considered identical for both directions. The relationship between the
observed vertical angles o and 8 and the horizontal distance is illustrated in Fig. 6.

Opverall, Fig. 6 illustrates the relationship between the vertical angles o and 3 and the metric mp,, under
different horizontal distance conditions. As shown in the subfigures, mp,, varies systematically with changes in
«a and 3, and this variation is clearly modulated by the horizontal distance. Moreover, significant differences
are observed in both the overall level and fluctuation amplitude of mp,, across the subfigures.

Specifically, at a horizontal distance of 100 m (Fig. 6(A)), for each fixed o, mn,, increases significantly with
the increase in (3 . The rate of decrease in M with decreasing (3 is faster at smaller « values, while it becomes
more gradual at larger o values. When the horizontal distance increases to 200 m (Fig. 6(B)), the increasing
trend of mp,, with 3 remains evident. The overall my,, level is slightly higher than that in Fig. 6(A), and the
decreasing trends across different o values are relatively consistent, although the initial mp,, values are higher
at smaller [ values.

With a further increase in horizontal distance to 300 m (Fig. 6(C)), the pattern of mp,, increasing with (3
persists. Compared to the previous cases, at smaller o values (e.g., & = 0°), the initial mp,, values are higher,
and the decrease becomes more gradual. At 400 m (Fig. 6(D)), the overall my,, level rises further. For each
fixed a, mn,, continues to increase with (3, and larger o values correspond to higher initial mp,, levels and
slower decreasing rates.

Vertical angle (°) | Horizontal distance (m)

o 100m | 200m |300m |400m | 500m | 600 m | 700 m | 800 m | 900 m
0.00 0.24 0.49 0.76 1.04 1.35 1.68 2.05 2.46 2.90
2.50 0.25 0.50 0.76 1.04 1.35 1.69 2.05 2.46 2.90
5.00 0.25 0.50 0.76 1.05 1.36 1.69 2.06 2.47 291
7.50 0.26 0.51 0.77 1.06 1.37 1.71 2.08 2.48 293
10.00 0.27 0.52 0.79 1.07 1.39 1.73 2.10 2.51 2.95
12.50 0.29 0.53 0.80 1.09 1.41 1.75 213 2.54 2.98
15.00 0.31 0.55 0.82 1.12 1.44 1.78 2.16 2.57 3.02
17.50 0.33 0.57 0.85 1.15 1.47 1.82 2.20 2.62 3.07
20.00 0.35 0.60 0.88 1.18 1.51 1.87 2.25 2.67 3.13
22.50 0.38 0.63 0.91 1.22 1.56 1.92 2.31 2.74 3.20
25.00 0.41 0.66 0.95 1.27 1.61 1.98 2.38 2.81 3.28
27.50 0.44 0.70 1.00 1.33 1.68 2.06 2.47 291 3.38
30.00 0.47 0.74 1.05 1.39 1.75 2.14 2.56 3.01 3.50
32.50 0.51 0.79 111 1.47 1.84 2.25 2.68 3.14 3.63

Table 2. Influence of measurement conditions on the root mean square error (RMSE) of height difference in
precise trigonometric leveling (mm).
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Fig. 5. Distribution Characteristics of Root Mean Square Error (RMSE) in Trigonometric Leveling with
Respect to Distance. Subfigures (A) to (I) represent the variation characteristics of the root mean square error
(RMSE) of height difference corresponding to observed horizontal distances from 100 m to 900 m (in 100 m
increments), respectively.

When the horizontal distance reaches 500 m (Fig. 6(E)), mn,, remains at a relatively high level and gradually
increases with /. The extent and rate of decrease in mp,, with varying 3 differ among curves with different
« values, and curves with larger o exhibit higher initial my,, values. Under a horizontal distance of 600 m
(Fig. 6(F)), the overall mp,, level is the highest among all six cases. For fixed «, mn,, increases rapidly with
B ,and larger o values are associated with higher initial my,,, levels and more gradual decreasing trends.

In summary, the vertical angles « and 3 exert a significant influence on my,,, and this influence exhibits
distinct patterns under different horizontal distance conditions, indicating a complex relationship between the
vertical angles and my, .

Under the condition of intermediate station trigonometric leveling with an error per kilometer of 2.83 mm,
the relationship between vertical angles o and 8 and their variation trends at different horizontal distances

D are shown in Table 3; Fig. 7. Overall, 5 gradually decreased as « increased, and different values of D had a
significant influence on both the initial value of 3 and its range of variation.

When the horizontal distance was 100 m (Table 3; Fig. 7(A)), as « increased from 0° to 40°, 8 decreased
slowly from approximately 66.86° to 65.92°, showing a small variation range. At a horizontal distance of 200 m
(Table 3; Fig. 7(B)), the initial value of 5 dropped to about 61.31°, and as « increased, the extent of decrease
became more pronounced, eventually reaching 59.78°. Under a horizontal distance of 300 m (Table 3; Fig. 7(C)),
the initial 8 value further decreased to about 55.81°, with a more evident declining trend as « increased; by
o =40° [ reached 52.94°. At a horizontal distance of 400 m (Table 3; Fig. 7(D)), the initial 8 value was about
50.24°, and the decreasing trend intensified with increasing « , especially at larger « values, ultimately reducing
B to 44.41°. When the horizontal distance was 500 m (Table 3; Fig. 7(E)), the initial S was approximately
44.25°, showing a gentle change initially but a sharp decline later, reaching 30.60° at o = 40°. At 600 m (Table 3;
Fig. 7(F)), the initial 3 was about 37.38°, and increasing o caused a rapid drop in 3, particularly beyond o >
20°, until B reached only 19.60° at o = 40°.
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Fig. 6. Variation trends of the measurement error in trigonometric leveling using the intermediate station
method under different observation conditions. Subplots (A) to (F) correspond to horizontal distances ranging
from 100 m to 600 m (at 100 m intervals), illustrating the relationship between vertical angles «, 5, and the
measurement error My, -

100m [200m [300m |400m | 500 m | 600 m
a | B0
0 66.86 | 6131 |5581 |5024 |4425 |37.38
5 66.85 | 6130 |5579 |50.19 |44.18 |37.23
10 66.83 | 6126 |5572 |50.08 |43.98 |36.86
15 66.78 | 61.18 | 5560 |49.85 |4358 |36.10
20 6670 | 61.07 |55.40 |49.52 |42.95 |34.86
25 66.60 | 60.90 |55.12 |48.98 |41.95 |32.77
30 6645 | 60.67 |54.68 |48.15 |40.27 |28.89
35 6623 | 6032 |54.02 |4681 |37.30 | 19.60
40 6592 |59.78 |5294 |4441 |3060 | NA

Table 3. Relationship among vertical angles («, ) and horizontal distance ( D) for a root mean square error
of 2.83 mm. NA indicates no data available.

In summary, o and (3 exhibited a negative correlation, meaning  decreased with increasing « . The
horizontal distance D significantly influenced this relationship: as D increased, the initial value of 8 gradually
decreased, and the magnitude of decrease in 3 with increasing o became larger. Under larger D conditions,
the decline in 3 was more pronounced, indicating that the influence of o on /3 intensified with increasing D.

The application of intermediate station trigonometric leveling for the measurement and
analysis of regional elevation points

Statistical results of the round-trip height difference discrepancies in trigonometric leveling with an intermediate
station

According to the relevant specifications, the round-trip height difference discrepancy must comply with the
tolerance of 4v/L when intermediate-station trigonometric leveling is used to replace second-order leveling,
where L is the section length in km?.

Overall, the bar chart illustrates the distribution and discrepancies between the round-trip elevation
discrepancy values and their corresponding tolerance limits across different survey segments (N1-N2 to N7-
N1). Specifically, the elevation discrepancy values obtained from trigonometric leveling in all segments were
lower than their respective tolerance limits. For instance, in segment N4-NJ5, the elevation discrepancy was only
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Fig. 7. Relationship between observed vertical angles o and 8 under different horizontal distances, with an
RMSE of 2.83 mm. Subplots (A) to (F) correspond to horizontal distances ranging from 100 m to 600 m in
increments of 100 m.

Segment number | Distance (km) | Discrepancy of round-trip height differences (mm) | Allowable discrepancy (mm)
N1-N2 0.39 1.45 2.50
N2-N3 0.37 1.53 2.43
N3-N4 0.55 1.74 2.97
N4-N5 0.77 1.83 3.51
N5-N6 0.58 1.79 3.05
N6-N7 0.65 1.72 3.22
N7-N1 0.59 1.66 3.07

Table 4. Discrepancy values of round-trip height differences in precise trigonometric leveling.

1.83 mm, substantially lower than the tolerance limit of 3.51 mm. Similarly, in segment N6-N7, the discrepancy
measured 1.72 mm, compared to a tolerance of 3.22 mm (Table 4; Fig. 8). Across all segments, the round-trip
elevation discrepancies exhibited minimal fluctuation, with values ranging from 1.45 mm to 1.83 mm, all of
which remained below their corresponding tolerance limits (Table 4; Fig. 8).

RMSE of height differences from intermediate-station trigonometric leveling

In this study, when using the intermediate station trigonometric leveling method to replace second-order
leveling, the error in height difference was required to satisfy 1 /L, where u represents the total median
error per kilometer, taken as 2.83 mm/km, and L is the length of the observation route®. By analyzing the
variation in the error of height difference across different elevation points (N1-N7), the performance quality of
the trigonometric leveling method was evaluated (Table 5; Fig. 9).
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Fig. 8. Distribution of round-trip height difference discrepancies in intermediate station trigonometric
leveling. DRTHD, discrepancy of round-trip height difference; AD, allowable discrepancy.

Point ID | Distance (km) | RMSE (mm) | Allowable discrepancy (mm)
N1 0.39 1.02 1.77
N2 0.37 1.08 1.72
N3 0.55 1.15 2.10
N4 0.77 1.46 2.48
N5 0.58 1.42 2.16
N6 0.65 1.38 2.28
N7 0.59 1.15 2.17

Table 5. Root mean square error (RMSE) of height differences from precise trigonometric leveling (mm).

Overall, the errors in height difference at all seven elevation points remained within the specified tolerance.
Specifically, the error was lowest at N1 (1.02 mm), then gradually increased at N2 (1.08 mm) and N3 (1.15 mm),
reaching a maximum at N4 (1.46 mm). Thereafter, the error decreased gradually to 1.42 mm at N5 and 1.38 mm
at N6, with a slight increase to 1.15 mm at N7 (Table 5; Fig. 9).

In summary, both the error in height difference and its tolerance reached their highest values at N4 and were
lowest at N1, indicating that the influence on the median error varies across different elevation points.
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Fig. 9. Distribution of RMSE in height difference from trigonometric leveling using the intermediate station
method.

Statistical comparison between intermediate-station trigonometric leveling and second-order leveling

This study conducted a comparative analysis between the intermediate station trigonometric leveling method
and the traditional second-order leveling. The intermediate station method involved 7 station setups, covering a
total survey line of 3.9 km, and was completed within two days. In contrast, the traditional leveling required 362
station setups, traversed a total length of 8.6 km, and took 23 days to finish. The corresponding results from both
methods are presented in Table 6; Fig. 10.

The elevation differences between the two methods at each measurement point (N1-N7) exhibited a
discernible pattern. The specific values were —0.93 mm for N1, -1.36 mm for N2, -1.50 mm for N3, -1.93 mm for
N4, -1.65 mm for N5, -0.85 mm for N6, and — 1.49 mm for N7. Among these, point N4 showed the largest absolute
elevation difference, while N6 exhibited the smallest (Table 6; Fig. 10). Overall, the elevation differences varied
noticeably across the points. The results indicate that the trigonometric leveling measurements were consistently
lower than those obtained by leveling across all points, although the overall variation range remained relatively
small.

Discussion

In this study, a robotic total station (model: TS60) was used to conduct trigonometric leveling experiments
This instrument has a distance measurement root mean square error (RMSE) of 0.6 mm and an angle
measurement RMSE of 0.5 arcseconds. Within the survey area, the mid-station method was adopted for round-
trip observations, with a total of 12 observation sets completed®34, The results indicate that this method is
comparable to second-order geometric leveling in terms of precision, while significantly improving operational
efficiency and reducing costs. During the operation, the difference between forward and backward sight
distances was controlled within 0.5 m?%%. When both vertical angles (« and ) did not exceed 30° and the
forward/backward sight distances were within 600 m (corresponding to a maximum distance of 1200 m between
the two points), the RMSE of the obtained height differences met the tolerance requirement of 2.83 mm (Table 3;

1,14
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Point ID | Trigonometric height (m) | Second-order leveling elevation (m) | Elevation difference (mm)
N1 2631.66132 2631.66225 -0.93
N2 2617.72416 2617.72552 -1.36
N3 2655.15150 2655.15300 -1.50
N4 2689.28789 2689.28982 -1.93
N5 2663.39021 2663.39186 -1.65
N6 2653.12764 2653.12849 -0.85
N7 2666.17288 2666.17437 -1.49

Table 6. Statistical comparison of elevation differences from precise trigonometric and second-order leveling
(mm). Negative values are defined as subsidence. Elevations are referenced to the 1985 National Height Datum

of China.
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Fig. 10. Histogram of differences between trigonometric leveling results with intermediate station method and
second-order leveling elevation results.

Figs. 6 and 7)*”. Furthermore, this mid-station configuration effectively eliminates the influence of RMSEs from
instrument height and target height on the measurement results, thereby further enhancing the precision and
reliability of elevation observations.

The mean square error of the trigonometrical leveling height difference primarily originates from uncertainties
in several factors, including vertical angle observation, horizontal distance measurement, instrument height
measurement, target height measurement, and the refraction coefficient?*>3*, Among these, the observation
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errors of the vertical angle and horizontal distance are the primary contributors to the total error*®*. Analysis
indicates that when the vertical angle is less than 30° and the horizontal distance does not exceed 600 m, the
accuracy of the derived height difference can meet the tolerance requirements for second-order leveling (Table 2;
Fig. 5). Furthermore, comparing the trends of error variation with respect to different variables reveals that the
mean square error of the height difference increases more rapidly with increasing horizontal distance when the
vertical angle is fixed*®!. In contrast, the error increases more gradually with an increasing vertical angle when
the horizontal distance is held constant, which is consistent with findings from previous studies (Table 2; Fig. 5).

When using instruments of the same model, the intermediate station trigonometric leveling method
eliminates the influence of errors in instrument and target heights compared to traditional trigonometric
leveling®!3. Over short distances, provided that the forward and backward sight distances are strictly equal, the
effects of Earth curvature and atmospheric refraction (i.e., spherical and refraction errors) can be considered
negligible?!:?%%°, Furthermore, the intermediate error of this method is significantly influenced by the horizontal
distance D and the vertical angles « and . When the vertical angle remains constant, the error in height
difference increases markedly with longer horizontal distances'. In contrast, when the horizontal distance is
fixed, the error increases only moderately with larger vertical angles, which aligns with findings from previous
studies (Table 3; Figs. 6 and 7)?>. Additional analysis indicates that a larger horizontal distance D corresponds
to a higher initial value of the intermediate error (Table 3; Figs. 6 and 7)°. Therefore, to meet the accuracy
standards of second-order leveling, it is recommended to restrict vertical angles to within 30° and horizontal
distances to within 600 m when applying the intermediate station method. Under these conditions, the effective
observation range of this method can reach nearly twice that of conventional trigonometric leveling, thereby
significantly enhancing measurement efficiency without compromising accuracy.

Meanwhile, this study selected seven measurement points and conducted a comparative verification between
the intermediate station trigonometric leveling and second-order leveling. The results indicated that the
discrepancy between the forward and backward height differences across different segments exhibited minimal
overall fluctuation, with values ranging from 1.45 to 1.83 mm, all of which were below the corresponding
tolerance limits (Table 4; Fig. 8). This finding suggests that external environmental conditions in the study area
had limited influence on measurement errors and also confirms the stability of the instrument performance used
in this study'%!415,

Furthermore, an analysis of the mean square errors at the seven points revealed that the maximum mean
square error of height difference and its tolerance occurred at point N4 (1.46 mm), while the minimum was
observed at point N1 (1.02 mm) (Table 5; Fig. 9). This variation reflects significant differences in the impact
of various elevation points on the mean square error, primarily attributed to the observed horizontal distance
and vertical angle***2. Specifically, point N4 had the largest horizontal distance and elevation, whereas point
N1 had the smallest horizontal distance and elevation (Table 5; Fig. 9). This observation aligns with the earlier
conclusion that horizontal distance has a more pronounced influence on height difference error®!!.

A further comparison of the results from the two methods showed that the elevation values obtained via
intermediate station trigonometric leveling were generally lower than those from second-order leveling, though
the overall fluctuation range was limited (Table 6; Fig. 10). This systematic discrepancy can be attributed to
two main factors. First, differences in the measurement duration and the number of stations: the intermediate
station method required only seven station setups and was completed within two days, whereas second-order
leveling involved 362 station setups and took 23 days to complete. The cumulative effect of environmental factors
over the extended observation period may have contributed to the observed deviation. Second, simplified error
correction: in the intermediate station method, calculations were based on the condition that the difference in
sight distances was less than 0.5 m, approximating equal sight distances and thus neglecting the combined effect
of Earth curvature and atmospheric refraction?*33, Additionally, uncertainties in determining the atmospheric
refraction coefficient may have further exacerbated this deviation!®>!.

In terms of time savings, cost comparison, and practical deployment feasibility, the trigonometric
leveling survey required seven stations and was completed in two days, whereas the second-order leveling
survey required 362 stations and took 23 days, representing a reduction in construction time of 21 days and
an efficiency increase of approximately 91%. Regarding costs, the trigonometric leveling survey incurred an
expense of about 2,000 RMB over two days, while the second-order leveling survey cost approximately 42,000
RMB over 23 days, resulting in savings of roughly 40,000 RMB and a cost reduction of about 95%. In addition,
the trigonometric leveling method adopted in this study demands strict station layout, with the forward and
backward sight distance difference controlled within 0.5 m, vertical angles not exceeding 30°, and line of sight
kept as far as possible within 600 m. Under these conditions, this method can be widely applied in high-precision
height measurement scenarios, especially in areas with significant terrain relief where conventional leveling is
challenging. It should also be noted that the method is subject to certain constraints related to observation time
and weather conditions; measurements should avoid periods of strong atmospheric turbulence around midday,
and overcast or low-wind conditions are preferable.

These findings highlight that, in high-precision elevation transfer, the real-time, on-site, and rapid accurate
determination of the atmospheric refraction coefficient is a critical technical step for enhancing measurement
accuracy and eliminating systematic deviations'*0. Although the theoretical model of intermediate station
trigonometric leveling is well-established, its practical application still faces certain limitations. The atmospheric
refraction error fails to accurately capture real-time changes in the measurement environment, and in long-
distance observations, uncertainty in the variation of the refraction coefficient becomes the primary source
of elevation error?®*3, Furthermore, the length of the line of sight significantly affects measurement accuracy:
as the distance increases, the influence of vertical angle observation errors and atmospheric refraction on
height differences is markedly amplified, thereby restricting the method’s applicability for long-range height
transfer?®31:43,
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This study investigates the feasibility of using trigonometric leveling as an alternative to second-order leveling
in high-altitude regions based on seven control points. Due to the limited sample size, this research has certain
limitations. In future work, we will further expand the scope of field experiments and increase the number of
control points to more comprehensively validate the general applicability of the proposed method.

In addition, this study imposes relatively strict requirements on external observation conditions. The total
station should preferably be positioned midway between the two observation points, with the difference between
the forward and backward sight distances controlled within 0.5 m. To ensure measurement accuracy, the vertical
angle should not exceed 30°, and the sight length should generally be limited to 600 m. This method is highly
dependent on instrument precision, observation timing, and climatic conditions.

Therefore, future research should focus on further refining the theoretical model of intermediate station
trigonometric leveling, with particular emphasis on developing error correction methods for complex
environments. Enhancing real-time modeling of atmospheric refraction errors, together with technological
innovation and multi-source data integration, represents a critical pathway for improving the performance of this
method. By integrating trigonometric leveling with technologies such as GNSS positioning, inertial navigation,
and digital leveling, a complementary integrated measurement system can be established. For instance, using
GNSS to obtain high-precision planar positions and initial elevation values, supplemented by trigonometric
leveling for accurate local height transfer, can effectively enhance both the efficiency and reliability of the overall
measurement process.

Conclusion

In this study, trigonometric leveling with intermediate stations was employed to determine the elevations
of seven control networks under complex topographic conditions. A total of 12 round-trip observation sets
were conducted, with the foresight and backsight distances controlled within 600 m (resulting in a cumulative
observation range of up to 1200 m) and the vertical angles restricted to less than 30°. All observations were
performed using a TS60 robotic total station.

The experimental results demonstrate that the height root mean square error (RMSE) achieved by this
method is 2.83 mm/km, which meets the accuracy requirements of second-order leveling. Compared with the
traditional second-order leveling method, the proposed method significantly improves work efficiency, reducing
the construction period from 23 days to 2 days (an efficiency improvement of 91%). Meanwhile, it substantially
reduces costs, lowering expenditure from approximately 42,000 yuan to 2,000 yuan (a cost reduction of 95%).
In this study, the total station was set up midway between two observation piers, which effectively weakens the
influences of refraction and earth curvature, thereby ensuring improved measurement accuracy.

This significant reduction in fieldwork duration minimizes the impact of environmental variations on
observation results, thereby enhancing operational efficiency while further ensuring the quality and accuracy of
the measurement outcomes.

Data availability
The datasets generated during this study are available from the corresponding author (Weixing Yang; email:
75604366@qq.com) upon reasonable request.
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