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Abstract: The Schrodinger equation is solved analytically for a particle subject
to an enhanced Poschl-Teller (EPT) potential in the presence of an external
magnetic field and an Aharonov-Bohm flux field that induces topological phase
effects. The bound state ro-vibrational energy equations are obtained using the
generalized fractional Nikiforov-Uvarov method in conjunction with the Pekeris
approximation scheme. The fractional order is introduced as an effective
parameter that accounts for nonlocal and anharmonic ro-vibrational interactions
that are not fully represented within the standard integer order framework.
Based on these energy cxzpressions, the mean thermal magnetization is derived
within the partition function formalism. Numerical applications to diatomic
molecules such as CO (X 1Z+), Cs; (3 3%47), ICI (X 1Z47), 7Liz (1 3Ag), Naz (C(2)
1TTy), and NaK (c 3Z+) show that the mean percentage absolute deviation values
decrease from 0.0990 %, 0.1407 %, 1.0027 %, 1.9504 %, 0.1234 %, and 0.9811
% to 0.0905 %, 0.1020 %, 0.5501 %, 1.1756 %, 0.0474 %, and 0.4840 % when
fractional parameters are incorporated, indicating improved agreement with
experimental data and enhanced flexibility of the ro-vibrational energy model.
The analysis further shows that, at fixed temperatures, the mean thermal
magnetization of the Na, (C(2) !I1,) dimer increases with increasing magnetic
field strength, highlighting the sensitivity of the system to external field
variations. These results establish the EPT potential combined with a fractional
order formulation as a reliable and adaptable analytical framework for
describing the quantum and thermomagnetic behavior of diatomic molecules
influenced by magnetic and topological quantum fields.

Keywords: Magnetization; Ro-vibrational energy; Partition function; Diatomic
molecules; Schrodinger equation; Fractional parameters
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1. Introduction
Thermodynamics is a fundamental aspect of physics with numerous applications
in science and technology. It involves the study of how a system interacts with
its surroundings. Key physical variables used to characterize thermodynamic
processes include energy, entropy, heat capacity, and mean thermal energy,
among others. Many physical systems, such as chemical reactors, heat pumps,
and power plants, rely on thermodynamics for optimal operation.
Thermodynamics has been applied to investigate phenomena such as heat
conduction [1] and phase transitions [2], and to establish equilibrium constants

in chemical reactions involving nitrogen and oxygen gases [3].

Magnetization and magnetic susceptibility are fundamental concepts in physical
sciences and engineering. These concepts play a vital role in designing magnetic
materials for electronics, augmenting energy storage through persistent
currents in superconducting applications, and understanding biological systems
in medical diagnostics. The magnetic separation technique, which relies on
magnetization, has significantly improved biopharmaceutical protein
purification in the drug industry [[4], [5]], and magnetic susceptibility
measurements have been used to improve date collection efficiency for forensic

research [6] and to assess heavy metal concentrations in soils [7].

There is increasing interest in applying analytical equations to investigate the
physical properties of diatomic molecules. This approach relies on fewer
spectroscopic constants of a diatomic molecule to analyze its physical properties
and offers a more efficient alternative to experimental techniques, which involve
substantial setup time and cost. Model equations derived for different diatomic
oscillators have been used to explore thermal physical properties of diatomic
molecules, such as Gibbs free energy, entropy, heat capacity, enthalpy, and
index of refraction [[8], [9], [10], [11], [12]], as well as magnetic physical
properties, including magnetization, magnetic susceptibility, and persistent
current [[13], [14], [15], [16], [17], [18]].

The first step in constructing analytical models to study the physical properties
of diatomic molecules requires solving a wave equation to obtain an algebraic
description of the eigenenergies for the system. The time-independent
Schrodinger wave equation (TISWE) has been solved for various exponential-
type and hyperbolic-type diatomic oscillators. Some of the most commonly used

methods for deriving analytical solutions to the TISWE and other equations of



mathematical physics include the exact quantization rules [[19], [20]], the
SUSYQM method [21], the Laplace transform method [22], extended Nikiforov-
Uvarov method [23], and the Feynman propagator method, the well-known path
integral solution approach [[24], [25]]. These methods provide expressions for
ro-vibrational energy levels in terms of the equilibrium bond distance (g.), the
rotational-vibrational coupling factor (a.), the equilibrium harmonic vibrational
frequency (we), and the equilibrium dissociation energy (D.). While these
formulations accurately reproduce molecular spectra within the conventional
integer-order framework, they are intrinsically local and may not fully capture
residual anharmonicity, long-range correlations, or cumulative rovibrational

coupling effects present in real diatomic molecules [26].

Fractional calculus has gained significant interest across various scientific and
technological fields. This branch deals with non-integer order differentiation and
integration, distinguishing it from traditional calculus [27]. Fractional calculus
is particularly useful for modeling complex systems with memory and nonlocal
effects, providing effective descriptions of behaviors such as anomalous diffusion
and stress-strain relations in complex materials [28]. Additionally, fractional-
order controllers enhance system performaince and stability in dynamic
applications, exemplifying the versatility of this mathematical framework in

addressing real-world challenges [29].

In quantum and molecular systeins, fractional-order formalisms are commonly
interpreted as phenomenological extensions of standard theories, where the
fractional order acts as an effective parameter that incorporates unresolved
interactions and collective effects, rather than indicating a fundamental

departure from quantum mechanics [[30], [31]].

Within this context, the generalized fractional derivative (GFD) approach
introduces fractional parameters that enhance the flexibility of ro-vibrational
energy expressions, allowing improved alignment with experimental data for
diatomic molecules. The fractional order introduced in this framework does not
imply that a diatomic molecule is fractional in a literal physical sense; instead, it
serves as an effective descriptor that captures nonlocality, anharmonicity, and
accumulated rovibrational interactions that are only approximately represented

in integer-order models [[30], [32]].



This approach has led to accurate solutions for wave equations involving
potential energy functions, including the improved Deng-Fan potential,
improved Tietz potential, and improved Rosen-Morse potential [[33], [34], [35]].
It has also been used to determine bound-state energies and wave functions for

other potentials, such as the Pseudoharmonic and Kratzer-Fues [36].

This study explores the enhanced Poschl-Teller (EPT) potential, a specific form
of the hyperbolic-type potential (HTP) used in various fields, including

chemistry, atomic and molecular physics, and nuclear physics [37].

Previous research has applied improved versions of HTPs to solve the
Schrodinger equation, enabling the description of energy levels in diatomic
molecules. Equations derived from the EPT potential have proven effective in
studying the energy states of several diatomic molecules, including SiF+ (X 1X+),
O," (X 2IIG), Nt (X 1Z4%), CO (X 'Z%), ScI (B 'TI), and RbH (X 'Z+) [38].
Furthermore, approximate relativistic energy equations for a deformed
hyperbolic barrier potential with a Coulomb-like tensor have been developed to
analyze the energy levels of "Li, (G 'I1y) and RbH (X 'Z*) [39].

Additionally, thermodynamic models based on the EPT oscillator have been
employed to investigate the thermal properties of the P, (X X4*) dimer,
including calculations of molar entropy, enthalpy, Gibbs free energy, and
isobaric heat capacity [40], and equations for energy eigenvalues and
thermodynamic properties have been derived to study the physical
characteristics of Rbi{ (X {Z*) molecules [[41], [42]].

Although conventional HTP energy expressions accurately predict molecular
spectra, the absence of fractional parameters limits their adaptability when
subtle nonlocal and anharmonic effects become significant. Incorporating
fractional parameters through the GFD Schrodinger equation provides an
effective means of refining the ro-vibrational energy structure and associated
thermomagnetic properties, yielding a more comprehensive description of
diatomic molecular behavior while remaining fully consistent with the
established quantum-mechanical framework [[31], [32]]. The remainder of the
paper is organized as follows: Section 2 derives the equation for the ro-
vibrational energy levels; Section 3 derives the magnetic functions; Section 4

presents the results and discussion; and Section 5 provides a brief conclusion.

2. The equation for ro-vibrational energy levels of the EPT oscillator



The Poschl-Teller potential was first introduced by Poschl and Teller in 1933 in
its hyperbolic form, establishing a solvable class of hyperbolic-type potentials in
quantum mechanics. It is defined as [37]

U, U,

U (7r)= + ,
e (1) sinh’a(r- r,) cosh’a(r- r,)

(1)

Here, ais related to the range of the potential, pis the bond distance, gy is a real

constant, and U; and U, are the potential strengths.

The coordinate shift ~ ® r- r, is an intrinsic feature of the original Poschl-Teller

potential formulation [37], where py specifies the equilibrium position of the
interaction, and therefore does not constitute an additional transformation
introduced in the present work. This model was originally proposed to describe
short-range interactions using hyperbolic functions. While mathematically
solvable, the original Poschl-Teller potential cannot be applied directly to

diatomic molecules in its current form.

The present model, called the enhanced Poschi-Teller (EPT) potential, is a
generalized form built from the same family of hyperbolic functions (sinh(x),

cosh(x)) and is expressed as

U,- U,cosha(r- r,)
sinn?a(r-r,)

U(r)=u,+

(2)

It is called enhanced because it adds an independent parameter, Uy, which
allows control over potential depth, range, and asymmetry. The constant U fixes
the reference energy by enforcing the condition U(g.) = 0 and does not alter the
shape of the interaction potential or any physical observables, as demonstrated
in Appendix B This extension preserves the solvable hyperbolic structure of the
original potential while making it suitable for modeling diatomic molecular

systems.

The Morse potential is widely used to describe diatomic molecules and
successfully accounts for anharmonicity and bond dissociation [43]. It provides
a simple analytical expression for the potential energy curve and allows
straightforward calculation of vibrational energy levels. However, its functional

form prescribes a fixed shape once the molecular constants are set, which can



limit accuracy tor higher vibrational and ro-vibrational states and reduce

flexibility in modeling subtle variations in the bond potential [44].

In contrast, the EPT potential, constructed from hyperbolic functions and
defined by the parameters Uy, Ui, Uy, a, and g, allows independent control of
the depth, range, and asymmetry of the interaction potential. This flexibility
enables it to capture both short-range repulsion and intermediate-range
attraction, particularly when combined with fractional parameters [27], making
the EPT a physically motivated and adaptable alternative to the Morse potential

for modeling diatomic molecular interactions.

To achieve the objectives of the study, it is necessary to solve the TISWE for a
system constrained within a 2D electromagnetic potential field. For such a
system, the TISWE is given by [[18], [45]]

HQ (1) =t (1),
(3)

where @,,(p) is the radial wave function, E,, is the eigen energy, n is the
vibrational quantum number (2 = 0, 1, 2, ...), and m is the magnetic quantum
number (m = 0, £1, £2, ...). The Hamiltonian operator H of the system is

expressed as

h o 2B¢ \
= ——+U(r)+—Stah*lar

2mdr? (r) a2
hBex &, d@rhiar I 1 d_AB('?2+3n3_1f,J'
ams ' tmcyg  r 8m21'<8 nmhc g %

(4)

where h is the reduced Planck constant, iz is the effective mass of the system, e
is the electronic charge, cis the speed of light, B (Tm1) is the uniform magnetic

field, and Aap (Tm) represents the Aharonov-Bohm flux introduced via the vector
potential A =(B8r+L ,,/2r)@ following Ref. [18], which includes both the uniform
magnetic field and the AB flux contributions, producing the corresponding flux-

dependent phase shift in the wavefunction. The TISWE is reformulated by

inserting expressions (4) and (2) into (3) to yield

&y, (r) 2m U,- U,cosha(r- r,) 282 étanh?(iar) h/ hBek 1.
J 2( ), ey, % Ui (r-ro). : (3ar) . o (r)=o.
dr i sinln?a(r- r,) a’nt 2m? aner,

(5)



In this equation, k =m+d ,z/mhc, / =1(k*+3mF-1), f =r2/r?, and g="tanh(iar).

To obtain an analytically solvable differential equation, the dimensionless
functions fexact and Jexact are represented by the following Pekeris

approximations [[46], [47]]

/,+/,cosha(r- r,)

sin?a(r-ry) ° (6)

f >>fappr =/,+

k, +k,cosha (r- r,)
sinh?a(r- r,)

, (7)

g » gaapr ='QO +

where ki, Ax (k= 0, 1, 2) are expansion coefficients whose development is given
in Appendix A.
The function tanh?(1ar) can be approximated by tanh’la(r- r,), which is valid

for small values of p and oy of the order of p.. Using this approximation along

with expressions (6) and (7), equation (5) can be rewritten as follows

: 3(1- 3s) . -G8 +6s- g
s)+2=—j ¢ (s)+ - (s)=0,
T+l ST (o
(8)
where
_2m él h Bc:\ h?/ 2B U
2hze_(U +U, ) e(kl'kz)"'s—lmez(/l' /2)+m8'
(9a)
2me U hBe« h?/ u
&E,,- Uy +=E- (24, - &, )- (2/4- 1)a
2h2 2 2a/7l.re 0 1 mg 0 1 H
(9b)
2m 61 hBak h?/ u
& (U, ) +—— (&, +k, ) +—=(/, +1,)
2h2 2 4a/77.‘/‘e 1 2 mg 1 2 H
(9¢)

prime stands for differentiation with respect to p, and s=tanh’ia(r- r,).

In the integer-order limit of the formalism, the present EPT model reduces to the

improved generalized Poschl-Teller potential reported in Ref. [48], and the



recovery of identical integer-order results serves as a consistency check, while

the novelty of the present work resides in the generalized fractional extension.

At this stage, equation (8) can be solved using standard techniques like the
parametric Nikiforov-Uvarov method which have proven to be successful for
solving wave and other useful equations of mathematical physics [49]. However,
this work employs the more precise generalized fractional Nikiforov-Uvarov
(GFNU) formalism. A brief overview of the GFNU method is provided below, but
a complete description of the methodology is available in publication [36]. In the

GFNU formalism, the fractional derivative of a function @(z) is given as

(p(z+tu’zl“3)- o(2)

! ’
a®0 a

(10)

where b=%, A is a generalized fractional differential operator. a and C are

fractional parameters satisfying 0 < a < 1, ¢i R*, and I'(x) denotes the standard

gamma function evaluated at x[36]. The operator A has the property that

D fo(2)}=t2 %04 2).
(11a)

D? {Da(p ( z)} =y {3(1' ot 2) +(1- 2) 2 X z)}
(11b)

Given a hypergeometric-type differential equation of the form

. 3- as . -hs +bs- b, . _
/%(5)"‘5(1_—835)/ %,(s)+ 21 55 J n(8) =0,

(12)

the GFNU method replaces integer with fractional derivatives, this approach
transforms expression (12) to the following form [36]
L -hs?+hs’- b,

a5 DF/ —
J e\ S) 1 =/ e\ S) =0.
%53 b() 523(1_ %5‘9) b()

Da g:)‘?/ nmab (S)H _Saq]j—
(13)

The condition leading to polynomial solution of (13) is given as



nadta +nab(a, - aab)- ab2n+l)a +ab(2n+1)(\/€ +a3\/g)+ar7 +2aa +2/aa =0,
(14)

where

a =3(ab- a,), a=i(a- 2aa0)
=2 +4, & =2aa- 4,4 =4 +4.
& =aa +&a +3
(15)

To execute the GFNU formalism in (8), the integer order derivatives are replaced

with fractional order derivatives to yield

3(1- 3¢)

s(1- &

L2657 +6S- g

525(1 53) /nmab(s) =0.

Da @7 nmab(s)B D‘?/ nmab( )

(16)

Evidently, equation (13) is comparable to (16) provided g =3, & =3, a3 = 1; by
= c1, bh = &, b3 = ¢3. These results inserted into (15) gives g, =ab- 3, a =- ab+3,
a=a+¢, a=2aa-¢, a=4+¢, and @ =i(ab- 1)’ +5- g +G. These values are used
in (14), the resulting expression is simplified to deduce

.2

q=q+c§+l(ab- 1)°- La:“% 1”\/ ab- 39+q+\/aéab-—_+g§
4 f 82 4g 82 4g b

(17)

The expressions in (9a), (9b), and (9c) are used to substitute for ¢;, ¢, and ¢3 in
(17), this leads to

| hBexk; h2// 288 alt(ab- 1) o,

e antcr, a‘n? 8m 2m
\ 2
! 16 (o4, 36  2m 2Bek / 4pe Y
i a2 (Zap- 22 + (U, +U,) +222 (k- k) A (/- 1) =2 E T
'[a &' 25 gza 45 2h2( 2) a3hcre( - k) azrj( 1= /2) a‘n’ci
I Yy
! a 2m 2Bek / 1
} \/gzab— _g—"' 2h2(U U2)+aTC,_e(/(1+k2)+az—r§(/l+/2) Ib

(18)

The GFNU method offers flexibility by allowing for adjustments to the fractional

parameters, which enables the formulation of ordinary derivative equations. By



setting a = C'= 1, it tollows that 6 must be 1. Theretore, the ordinary derivative

formulation for equation (18) is as follows

2 212
E, =U, th(/( h// +25’Zé ah,

re anm  2m
W2
1 [1 2m 2Bek / 45 ¢ U
n+=- —+— U +U Kk - Kk, /.- /) +—7 .
Il 2 \/16 a’h? )+ a’hcr ( )+ al /’j( 1= /2) a“hzcz':',
I Y
i 1 2m 2Ba« / i
+ =+ (.- U k, +k, Y !
{ \/16 azh? )+ a3hcre( )t azrez( 1+/2) b

(19)
3. The Mean Thermal Magnetization Function

In this section, the mean thermal magnetization model for the EPT potential is
derived. A key component in obtaining this function is the internal partition
function given as [50]

24

1=0

(20 +1)exp(- E, ),

L o

(20)

where, // = |m| is the rotational quantum number, g1 = kg7, where T is the
absolute temperature and kg is the Bolizmann coefficient. By restricting the
system to pure vibrational motion, //= 0. For this setting, the partition function

is rewritten

2 O 2 b
Z=e 3 z(n), z{n) ="M= 1 =ahab|—
a z(n. z{n >m

n=0

€ BBk, M/, 288 a(ab-1fY
= bA + 0— AB + 0+ + 7
\/ SUO anncr, 2nr?  a‘nt 8m E

(21)

The upper limit of the summation in (21), also referred to as the number of

=0 to obtain Npax

excited bonded states is evaluated from the expression '"E"M’ .

= X - Y, where

=_1+ae1 38,2MUHU,) | /-], S8 (U, 4BE  2B6L, (k- &)
§2 4abg = arab 2azbzr énhc;a g a a‘naprc  a‘maudr,

(22a)



y= ﬁ__i('?z_l_zn'(ul' U2)+ /1+/2 %—Asqz_ l\314_256?'-/&3(/(1'|'k2)
&2 dabg anaw azazlfrjgnhcg g amavcr,

(22b)

The function {(n) does not allow for the exact evaluation of the summation in
(21). However, a quasi-exact expression for the partition function can be derived

using the following expression [45]

Ndﬁx N 1
a z( >>—{Z z(N,, +1) }+ Ay z(n)dn.
=0

O

(23)

By using equation (23) and the expression for {(n), the approximate form of the

internal partition function is deduced as follows

yA =1(ef"’r2mx-f2- et )+ﬂe““2 (Erfiun, . - Erfiu),
2 U
(24)

in this context, Erfi(y) denotes the imaginary error function of the parameter y.

The mean thermal magnetization (M) is given as [51]

M —lllnz

b 9B
(25)

For completeness, the derivatives needed for (25) is deduced from equations
(24), and (21) as

Unz _ % PN, +H1AX Y06 20
=-2t — + - —— g et

9B 9B Z &8 98g

(26)
Nt bé akl,s 2B
98 ant& 2 ?5

(27a)
Ww__ 2@ 1 e45 LAB(k k,)u
9B aNaBl2XHEa T

(27b)



Y _26L 4 (K +4;,)
8 amhapay

(27¢)

Equations (25), (26), (27a), (27b), and (27c) are combined to yield the explicit

equation for the mean thermal magnetization in the form

M =- é Aol ps +4_Bi+2é(uz/vrmx +1)\:, 1 4B | L pp 2 - kz_ /(1+k2®euzN2m-t2.
ante W ag abhR@PEZi2X+la m&2X+l Y

(28)

4. Results and Discussion
This section applies the derived equations to selected diatomic molecules,
namely CO (X 1X*), Csy (3 3Z4%), ICl (X 1Z4%), 7Liz (1 3A4), Nay (C(2) 'I1,), and
NaK (c 3X*). These systems are representative of molecules that are
experimentally accessible and theoretically well studied, making them suitable

for validating the proposed model.

Carbon monoxide, CO (X 1X+), plays an important role in interstellar chemistry
by acting as a primary ice component on which complex organic molecules form
in prestellar environments, thereby influencing chemical evolution in cold
astronomical regions [52]. Cesium dimer, Cs; (3 3Z47), together with other alkali
dimers, serves as a central system in cold and ultracold molecule research,
where controlled association and manipulation of molecular states enable
investigations of quanturn many body dynamics and precision measurements at
ultralow temperatures [53]. The heteronuclear interhalogen molecule ICl (X
1347) is widely employed in electron collision and scattering studies that provide
insight into atmospheric processes and molecular collision dynamics, offering

valuable benchmarks for theoretical descriptions of low energy interactions [54].

The light alkali dimer 7Li, (1 3Ag) is commonly used in cold and ultracold
molecule studies as a prototypical diatomic system for testing quantum control
techniques, precision spectroscopy, and fundamental collision dynamics at
microkelvin temperatures [53]. Sodium dimer Na, (C(2) !II,) functions as a
model system in precision molecular spectroscopy and quantum control
experiments, where excited electronic state dynamics and collisional processes
can be examined with high resolution [53]. The mixed alkali molecule NaK (c

3% +) is particularly relevant to the creation of ultracold polar molecular gases



with strong electric dipole moments, which support studies of quantum

simulation, dipolar interactions, and quantum many body phenomena [55].

These molecules possess well characterized molecular constants, including the
equilibrium bond distance (o), the rotational vibrational coupling factor (a), the
harmonic vibrational frequency (we), and the dissociation energy (D). These
parameters serve as input data for the model equations. The experimental values
for these constants are obtained from Refs. [[56], [57], [58], [59], [60], [61]].

Table 1 summarizes these constants.

For the model equations to be applicable to diatomic systems, the Varshni

conditions for a diatomic oscillator must be satisfied, as given in Ref. [62]

limu(r)-U(r.)=0D,

rey €

(29a)

udqr,.)=0,
(29b)

Udt(re) =ke’
(29¢)

hS

. 2
a. =_{1+£U¢(re)y6Be

1 3udr)pw

(29d)

where B, =Wd4pcm? is the equilibrium rotational constant, k. and a, are the
equilibrium bond stiffness and rotation-vibration interaction constant,
respectively. Formulation of the potential parameters of the EPT oscillator are

detailed in Appendix B.

4.1. Bound-state energies of the diatomic molecules
This section analyzes the bound-state energy eigenvalues of the EPT potential
with the electromagnetic field disabled, enabling direct comparison between

predicted energy eigenvalues and experimental results. Setting both B and Aap
to zero in equation (5) yields / =n7- 1, indicating that the term (hZ/ / 2m§)f in

the TISWE remains non-vanishing regardless of the magnetic quantum number

m. Consequently, the ro-vibrational energies predicted by equation (18) depend



strongly on the agreement between the exact function f and the approximate

form f,ppr, as applied in approximation (6).

Figure 1 shows a comparison of f and fippr for CO (X 1XZ+), as defined in
expression (6). The results show excellent agreement for bond distances near
the equilibrium internuclear separation. Figure 2 presents the same comparison
for Csy (3 3%Z4%), which also exhibits strong agreement near the equilibrium
region. These results confirm that the Pekeris approximation is reliable across
different diatomic systems. Additional figures for ICl (X 1X4%), "Liy (1 3Ag), Nay
(C(2) 1I,), and NaK (c 3X*) are not shown, as their approximation curves follow
the same trends observed for CO and Cs;. The similarity across molecular
systems supports the broad applicability of the approximation scheme for solving
the TISWE.

Equation (5) further shows that when the magnetic and AB fields are

simultaneously activated (B # 0, Aap # 0), the term (hBe/amr.)g becomes

nonzero. While physically relevant, this term does not yield a closed-form
analytical expression for the ro-vibrational energy spectrum. To restore
analytical solvability, the approximation function g.ypr, defined in expression (7),

is introduced as a substitute for the exact function g.

Figure 3 shows a comparison of g and gappr for CO (X 1Z+), while Figure 4 shows
the same comparison for Cs; (3 3%4*). In both cases, the approximation
reproduces the exact function accurately for p values near the equilibrium
separation p., confirrning that it provides an analytical solution to the TISWE
even when both fields are active. Plots for the remaining molecules show nearly
identical equilibrium-region behavior, with overlapping curve profiles and no
additional qualitative deviations. This consistency explains the omission of
separate figures for those molecules, since repeating similar plots would provide
no new physical or analytical insight. The approximation performance remains

uniform across all molecular systems analyzed.

Using equation (18), energy eigenvalues are computed by tuning the fractional
parameters a and C to reproduce observed spectral data, including Rydberg-
Klein-Rees (RKR) results reported in [[57], [58], [59], [60], [61], [63]]. For
reference, equation (19) is also evaluated with the fractional parameters set to

one, corresponding to the deactivated case.



The calculation of ro-vibrational energies tor the case B # 0 and Aag # 0 is not
included, since no experimental data are available for comparison. The Pekeris
approximation remains applicable under these conditions. The resulting energy
eigenvalues for all molecules, with the electromagnetic field disabled (B = 0, Aap

= 0), are summarized in Tables 2-4.

To quantify agreement with experimental data, the percentage absolute

deviation (PAD) is computed using expression PAD =100(1- £ / Eobs), where Ejpreq

= (Epmabr Enm) and Egps represents experimental energies reported in Refs. [[64],
[65]]. This measure provides a direct numerical comparison between predicted
and observed vibrational energy levels, allowing evaluation of model accuracy

against reference spectroscopic results.

The Lippincott criteria is a standard condition in diatomic molecular
spectroscopy requiring that predicted vibrational energy levels maintain a mean
percentage absolute deviation below 1% when compared with experimental
spectra [[48], [66]]. In this work, this condition is used to evaluate results from
both Eqgs. (18) and (19), ensuring that the activated and deactivated fractional

parameter cases remain within validated deviation limits.

Consistent with the Lippincott condition, the mean PAD (MPAD) of predicted
energy levels should remain below 1% of the experimental values. The MPAD
values for each molecule are reported in Table 5, alongside values from
alternative models, including the Modified Hyperbolic-Type (MHT) oscillator,
Improved Generalized POschl-Teller (IGPT) oscillator, Morse (MOR) oscillator,
Improved Scarf (IS) oscillator, Improved Tietz (IT) oscillator, Improved Rosen-
Morse (IRM) oscillator, Improved Manning-Rosen (IMR) oscillator, Deformed
Scarf (DS) oscillator, Specialized Poschl-Teller (SPT) oscillator, and Deformed
Poschl-Teller (DPT) oscillator, as reported in Refs. [[34], [38], [49], [66], [67],
[68], [69], [70], [711], [72]].

The results show that enabling fractional parameters substantially improves
agreement with experimental spectra. The MPAD values obtained with fractional
parameters are 0.0905% for CO, 0.1020% for Cs;, 0.5501% for ICI, 1.1756% for
7Lip, 0.0474% for Na,, and 0.4840% for NaK. Without fractional parameters, the
MPAD values increase to 0.0990%, 0.1407%, 1.0027%, 1.9504%, 0.1234%, and

0.9811%, respectively. These results confirm that incorporating fractional



parameters significantly enhances agreement with experimental spectra and

improves predictive accuracy of the EPT oscillator relative to experimental data.

Overall, the EPT oscillator remains consistent with the Lippincott criteria for
most molecules analyzed and produces MPAD values lower than many
competing analytical models. Although the IT oscillator achieves better accuracy
for the 7Li, dimer, both the IT and fractional EPT models remain within
acceptable deviation limits. The consistently reduced MPAD values confirm that
the EPT oscillator, particularly with fractional parameters enabled, provides a
robust and broadly applicable analytical framework for predicting molecular

energy spectra.

4.2. Application of the mean thermal magnetization to the Na, (C(2)
111,) dimer

The magnetization of diatomic molecules can be analyzed using equation (28),
with the Aap field intensity set to 105 TA, providing a general framework to
compute their magnetic response under an external field. For illustrative
purposes, the focus here is on the Nay (C(2) II,) dimer. Figure 5 shows the
variation of its magnetization as a function of temperature for three magnetic
field strengths (B = 50, 60, 70 Tm'l). The magnetization decreases
monotonically with increasing temperature, reflecting the effect of thermal
agitation opposing the alignment of molecular magnetic moments with the
applied field. At low temperatures (~300 K), the magnetization reaches its
maximum for each field: 6.41 x 1046 Wb at B =50 Tm, 7.69 x 1046 Wb at B
=60 Tm!, and 8.97 x 1046 Wb at B = 70 T m-1.

Increasing the magnetic field strength results in higher magnetization at any
given temperature. For example, at 1000 K, magnetization rises from ~2.61 X
1046 Wb at B=50Tm*to ~3.04 x 1046 Wb at B = 70 T m'l. The temperature
dependence is most pronounced at lower temperatures, while at higher
temperatures the decrease in magnetization slows due to thermal randomization

of magnetic moments.

Although the discussion focuses on Na; for clarity, equation (28) is equally
applicable to the other diatomic molecules considered in this study, and similar
qualitative trends are expected for all of them. This approach provides a general
framework for examining molecular magnetization under external fields while

keeping the presentation clear and concise.



5. Conclusions

This study formulates and solves the time independent Schrodinger equation for
a system coupled with magnetic and Aharonov-Bohm flux fields within the
enhanced Poschl-Teller (EPT) oscillator framework. Using the generalized
fractional Nikiforov-Uvarov method together with the Pekeris approximation,
explicit expressions for the bound state ro-vibrational energy spectrum
incorporating fractional parameters are obtained. The fractional formulation
modifies the quantization condition governing the ro-vibrational energy
eigenvalues while preserving the functional form of the EPT potential,
introducing additional degrees of freedom at the level of the energy spectrum
rather than through a reshaping of the interaction potential. An analytical
expression for the mean thermal magnetization is derived from the fractional ro-
vibrational energy levels and the corresponding partition function. Numerical
calculations are performed for several diatomic molecules, namely CO (X 1Z+),
Csz2 (3 3%4h), ICI (X 1Z4%), "Li; (1 3Ag), Nay (C(2) 'IT,), and NaK (c 3X*).
Comparison with experimental Rydberg-Klein-Rees data using the mean
percentage absolute deviation (MPAD) shows that when the fractional
parameters are deactivated, the MPAD values are 0.0990 %, 0.1407 %, 1.0027
%, 1.9504 %, 0.1234 %, and 0.9811 %, respectively. When the fractional
parameters are activated, these values improve to 0.0905 %, 0.1020 %, 0.5501
%, 1.1756 %, 0.0474 %, and 0.4840 %. This improvement arises from the
increased flexibility of the ro-vibrational energy eigenvalues, which allows
residual discrepancies associated with analytical approximations near the
equilibrium internuciear separation to be effectively absorbed at the spectral
level. Consequently, improved agreement between theoretical predictions and
experimental energy spectra is achieved without altering the underlying
potential model. The results further show that at fixed temperatures, the mean
thermal magnetization of the Na; (C(2) !I1,) dimer increases with magnetic field
strength, indicating possible applications in molecular magnetism and field
dependent thermodynamic systems. Consequently, the present framework
demonstrates that fractional calculus is applied to the solution of the
Schrodinger equation with the EPT potential, providing a reliable and adaptable
analytical approach for modeling molecular systems influenced by magnetic and
topological quantum fields. Future investigations may extend this formulation to
more complex molecular geometries or alternative electromagnetic field

configurations.
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Appendix A

This appendix presents the derivation of the expansion coefficients xz and A, for
k=0, 1, 2. For brevity, approximations (6) and (7) are restated in the compact

form

f»/,+/u+/,v,
(A1)

g» k, +ku+k,Vv,
(A2)

where the associated definitions are
(A3)

(A4)

u=csch’a(r- r,),

(A5)

v=csch’a (r- ry)cosha(r- ry).

(AB)

The objective is to expand the functions f(p), g(p), u(p), and v(p) in a Taylor series

around the equilibrium point p = ., giving
Fof, HOkr - re)+%fe¢1>(r- rY A

(A7)

g»ge+gg:>(r_ re)%ggb(r_ re)z-H‘ ’
(A8)
u» u, +ugxrs - re)+%ugt>(r- r.} +H,

(A9)



vV, +VEX 7 - re)+%vgt>(r- r.) +H .
(A10)

Here, a prime denotes differentiation with respect to p. The symbols f, ..., etc.,
represent the values of the corresponding functions evaluated at o = g.. Using

(A3) -(A6), the following expressions are obtained

=l fg= 2, fg=2,
re re
(A11)
2] 106 i1 23 20
9. =tanh(4 p), 9¢ =9, ca sech p- — = g¢i=g. [ S a* tanh’ (4 p)- —=csch p+5y,
e leg 1 2 Ie reg
(A12)
u, =csch? g ug=-2au_cothg ugt=2au_(2coth? g+csch? g),
(A13)
v, =csch? gcosh g, v =- av, (2cothg- tanhg), vé=a’v, (coih2 g+5csch? q),
(Al14)

where p=ar,, and g=a(r.- r,). The auxiliary quantities p=ar,, and g=a(r.- r,)
are introduced for notational simplicity. Substituting expansions (A7), (A9), and

2

" (re-ro), and (r- 1),

(A10) into (A1), and equating coefficients of (r.- r,)
results in the linear system
/o +u/, +v /, =f,.

(Al15)

ug/, +vg/, =f¢.
(Al16)

ugf, +v¢f, =f 4.
(A17)

Solving (A15) -(A17) yields

| - U ugg _2cosh’ g+l 3coshg
*upg-ugg  psnhg O

(A18)



_ fag- fog q+5 6cosh? g+3
T ugvg- ugvg 2ptanhq 207

(A19)

u/,- v/, =1- 3cothq+_3

/O=fe_ el1 e 2 2,0 sz

(A20)

To determine the general expressions for the coefficients &z (K = 0, 1, 2),

expansions (A8)-(A10) are substituted into (A2), and coefficients of (

(r.- r,),and (r.- r,)’ are matched on both sides, giving

Kk, +uk; +Vv .k, =Q..
(A21)

ugk; +vgk, =gg.
(A22)

ugk; +vk, =9d.
(A23)

Solving (A21) -(A23) gives the expansion coefficients

ugggt ugiod e
k, = YR =k, (3coth gcosh - sinh g) +k, cosh g.
(A24)
K = :‘Jgi ﬁlli =-k g%coth gcosh? g- E5| nh 2q_+%k (cosh? g+1),
(A25)

k, =tanh(% p)- ;ka coth g- kb?coﬂwz q- %g

(A26)

where

k, =Ssech’ (3 p)- — 2=,

a

(A27)

re_ rO)O'



(A28)

k, =- = sech?

(2 p)tanh (2 p)-

sech (3 p) , 2tanh

N




Appendix B

This appendix provides the detailed derivation of the potential parameters a, g,
Uy, U1, and U,. For convenience, the EPT potential defined in equation (2) is

rewritten in the more tractable form

(B1)

where the auxiliary functions are
x=cosha(r- r,),

(B2)
y=sinha(r- r,).

(B3)

Equations (B1) -(B3) are connected through the identity »- )# =1, which is used

repeatedly in subsequent simplifications. To enforce the boundary condition
(29a), note that in the limit o — «, both x - « and y - «. Consequently, 1/j2 —
0, x/32 - 0, and applying these limits to (B1) gives

limu (r)=u,.

(B4)

At the equilibrium point p = ge, substituting (B2) and (B3) into (B1) yields

u(re)=uo+%eu1- %uz,
(BS)
where
x =cosha(r.- r,),
(B6)
y=sinha(r.- r,).
(B7)

Inserting (B4) and (B5) into condition (29a) leads to



-U; +xU, =J’§De
(B8)

To satisfy the derivative-based conditions (29b) -(29d), direct differentiation of
(2) with respect to pis algebraically unwieldy. A more manageable approach is

to work from the total differential of U(p)
du 1]U ax 1]U aj/
dr  xadr 1] ydr’

(B9)

Differentiating (B2) and (B3) gives
dx .
P =asinha(r- r,)2ay.
(B10)

i/=acosha(r- ry)2 ax.

dr
(B11)

Substituting (B10) and (B11) into (B9) yields the differential operator used to

generate successive derivatives of the potential
d 'I] o]
— —a
gy'ﬂX Vo
(B12)

Applying this operator to (B1) produces the first derivative

U MUZ_

d & 2x
Ud(r)=EU9ac 7 7 :

(B13)

To simplify further differentiation, the identity )# =¥ -1 is applied to (B13) so

that the numerator depends only on x, and the denominator only on y, giving

X +1
udr Xy, +2XH 1y 0
dr)=a 3 J; Yy g

(B14)

Evaluating at p = pe (Where x = x,, y = ye), and applying condition (29b), results

in



-2xU, +(2)é ) yg)uz =0.

(B15)

Solving the linear system formed by (B8) and (B15) yields
U, =()é +1)De'

(B16)
U, =2x0,.

(B17)

Next, applying operator (B12) to (B14) gives the second derivative

X +2 X +5x,, 0
Ud(r)=a’c———U,- =——=U, =
&y Y
(B18)
At equilibrium p = g, using (B16), (B17), (B18) with condition (29c¢) produces
ud(r.)=2a°D,.

(B19)

(B20)

Proceeding similarly, the third derivative at equilibrium is obtained as

Ud(r,)=-6a0, %2 -6a°D,cotha(r.- r,).

e

(B21)

Combining (B19), (B21), and condition (29d), and solving gives

(B22)
where |x| denotes the absolute value of x.

The Varshni conditions determine expressions for Uq, Uy, «, and 0y, but do not

yield a direct formula for Uy. To obtain Uy, the constraint U(g,) = 0 is imposed



on the potential, giving Uy = Ds. This choice shitts the potential minimum to zero
without altering the physical observables of the system [48]. The motivation for
this constraint is: (a) It standardizes the reference energy for comparison with
other diatomic oscillator models. (b) It preserves all thermodynamic and
spectroscopic properties of the modeled system. This convention ensures that
the equilibrium minimum of the EPT oscillator is fixed at zero potential while

maintaining consistency with established results in the literature.
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List of Tables

Table 1: Input data for the diatomic molecules investigated in this study

Diatomic
molecule

Cco
CSz
IC1

7Liy

Na>

NaK

Molecular
state

X 13+
3384t
X g+
13A,

C(2) 1y

c 33Xt

Molecular constant [[56], [57]1, [58]1, [59],

[60], [61]]
D, (cm™)

90670
2722.28
17557.6
9709.511

5573

2508.0

we (cm!)

2169.8129
28.8918
384.27
279.8128

116.310

73.4

/104
(cm™)

175.0406
0.28103
5.32
52.844

8.7745

5.91425

oe (R)

1.12832320

5.3474208
2.32091
3.0167036

3.5503

4.3075

Potential
constant

oo (R)

0.2744
2.3942
1.6435

0.0736

0.3117
1.2537

a (A1)

2.2978
0.5497
1.8591
0.6477

0.6433

0.6787



Table 2: Vibrational state energies of molecules: Calculations with and without
fractional parameters compared to RKR data

CO (X 13+) Csz (3 32Z4%)
n Energy (cml), a = 0.6102, C = PAD (%) n Energy (cm'1), a=0.6101, C= PAD (%)
[63 0.5040 [57 @ 0.5025
1 ]
Eq. (18) Eq. (19) RKR [63] Eq. Eq. Eq. (18) Eq.(19) RKR Eq. Eq.
(18) (19 [57] (18) (19

0 1080.891 1081.445 1081.779  0.082 0.030 O 14.4446 14.4277 14.4248 0.137 0.020
5 7 1 0 8 6 4

1 3223.658 3225.296 | 3225.052 0.043 0.007 1 43.2166 43.1662 43.1680 0.112 0.004
1 7 2 2 6 5 1

2 5340.488 5343.184 5341.843 0.025 0.025 2 71.8348 71.7514 71.7657 0.096 @ 0.020
5 9 7 4 1 3 0

3 7431.382 7435.110 7432.220 | 0.011 | 0.038 3 100.299 100.183 @ 100.221 @ 0.078 @ 0.037
6 3 0 3 9 4 2 1 1 8

4 9496.340  9501.073 9496.249  0.001 @ 0.050 4 128.610 128.461 128.537 0.056 0.058
7 0 4 0 8 3 7 5 6 9

5 11535.36 11541.07 11534.00  0.011 0.061 5 156.767 @ 156.587 @ 156.718 @ 0.031 @ 0.083
25 29 13 8 3 5 0 2 5 7

6 184.771 184.558 184.766 0.002 0.112
1 9 3 6 3

32 56785.07 56807.14  56909.65  0.218 0.180 7 212.621  212.377 | 212.685 0.030 @ 0.144
36 51 53 9 1 0 4 1 1 7

33 58097.88  58120.18  58240.43  0.244 0.206 8 240.317 240.042 240.477 0.066 0.180
23 76 88 8 5 2 7 8 8 9

34 59384.75 59407.26  59550.07  0.277 0.239 9 267.859 267.554  268.147 0.107 @ 0.221
47 73 42 6 8 7 7 7 4 2

35 60645.69  60668.38  60835.58  0.312 0.274 1C 295.248 294.913 295.698 0.152 0.265
10 42 99 2 8 6 3 0 0 4

36 61880.69  61903.53 @ 62097.00 @ 0.345 0.3'1 11  322.483 322.118 323.132 0.200 0.313
10 84 60 4 6 8 6 0 6 6

37 63089.75 | 63112.72  63334.33

366 0349 12  349.565 349.170 350.452 0.253 0.365
49 98 37 9 9

3 6 9 3

MPAD (%) 0.090 0.099 MPAD (%) 0.102 | 0.140
5 0 0 7



Table 3: Vibrational state energies of molecules: Calculations with and without
fractional parameters compared to RKR data

ICI (X 1Z4%) 7Liz (1 3Ag)
n Energy (cm1), a= 0.6200, C PAD (%) n Energy (cml), a = 0.6300, C = PAD (%)
[58 = 0.5007 [59 @ 0.5010
1 1
Eq. Eq. RKR Eq. Eq. Eq. (18) Eq. (19) RKR [57] Eq. Eq.
(18) (19) [63] (18) (19 (18) (19
0 194.04 191.78 191.76 1.187 0.010 O 142.0238 139.3090 139.5361 1.782  0.162
4 7 9 7
1 578.50 @ 571.84 573.03 @ 0.955 @ 0.207 1 423.0935 | 415.0909 416.0048 1.704 @ 0.219
0 1 0 7
2 958.66 = 947.70  951.28 0.776 0.376 2 699.9727 686.8408 @ 689.1511 1.570 @ 0.335
2 2 3 2
3 1334.5 1319.3 | 1326.5  0.604 0.538 3 972.6616 = 954.5589 | 958.9954  1.425 @ 0.462
2 5 0 7 7 1 6

4 1706.0 1686.8 1698.6 0.436 0.698 4 1241.160  1218.245  1225.555 1.273 @ 0.596
7 0 6 4 1 1 0 3 3 5

5 2073.3 | 2050.0 @ 2067.7 @ 0.269 0.856 @5 1505.468  1477.899  1488.846 1.116 @ 0.735
2 4 5 5 3 3 3 0 5 2

6 2436.2 = 2409.0 2433.7 0.103 1.013
7 8 4 8

7 27949 | 27639  2796.6 0.060 1.169 | 20 4967.246  4888.887 | 5048.293 1.605 @ 3.157
1 1 1 9 2 6 9 1 4 6

8 3149.2 31145 3156.3 0.225 1.324 21 5164.508 5084.032 = 5259.228 1.801  3.331
4 4 5 2 6 9 1 9 0 2

9 3499.2 | 34609 35129 0.388 @ 1.479 | 22 5357.580 | 5275.144 = 5466.758 | 1.997  3.505
7 6 3 7 3 8 4 0 1 1

10 3845.0 3803.1 3866.3 0.551 1.633 23 5546.462  5462.224 5670.849  2.193  3.678
0 8 4 9 6 4 8 2 4 9

11 4186.4  4141.1 42165 0.714
4

787 | 24 5731.153  5645.273 @ 5871.468  2.389 @ 3.852
3 9 5 4

1
2 5 3 5 8

12 4523.5 4475.0 4563.5 0.876 1.940 25 5911.654 5824.290 6068.579 | 2.585  4.025
4 0 5 o 4 4 0 5 5

MPAD (%) 0.550 | 1.002  MPAD (%) 1.175 | 1.950
1 7 6 4



Table 4: Vibrational state energies of molecules: Calculations with and without
fractional parameters compared to RKR Data

Na; (C(?») 1,) NaK (c 32+)

n Energy (cm!) a = 0.6040, C = PAD (%) n Energy (cm) a= 0.6200, C= PAD (%)

[60 0.5001 [61 @ 0.5000

1 1

Eq. (18) Eq. (19) RKR [63] @ Eq. Eq. Eq. (18)  Eqg. (19) RKR Eq. Eq.

(18 (19) [57] (18) (19

0 57.901 57.979 58.005 0.180 0.045 0 37.02 36.56 36.59 1.168 0.085
1 6 6 2

1 172.844 173.075 173.023 0.103 0.030 1 110.24 108.88 109.02 1.116 0.124
7 1 4 0

2 286.576 286.958 286.764 0.065 0.067 2 182.36 180.14 180.49 1.033 0.195
5 6 5 8

3 399.099 399.627 399.242 0.035 0.096 3 253.37 250.31 250.98 0.953 0.265
9 4 3 2

4 510.410 511.082 510.472 0.012 0.119 4 323.29 319.42 320.49 0.873 0.334
1 5 2 4

5 620.512 621.324 620.468 0.007 0.137 5 392.10 387.45 389.02 0.792 0.404
0 9 6 1

6 729.403 730.352 729.244 0.021 0.151
7 9

7 837.083  838.166  836.815 0.032 0.161 31 1794.7 1779.2 1804.9  0.564 1.425
0 4 7 2 5 1 6

8 943.553  944.766  943.196  0.037  0.166 32 1833.8 1818.2 1844.6  0.582 1.428
8 5 5 5 0 7 6

9 1048.81 1050.15 1048.40 0.039  0.167 33 1871.8 1856.2 1883.0  0.597 1.427
3 3 1 3 1 3 0 9 8 8

10 1152.86 1154.32 1152.44  0.036  0.163 @ 34 1908.7 1893.0 1920.4  0.610 1.424
2 6 5 2 2 1 9 4 6 4

11 1255.70 1257.28 1255.34 | 0.028 ~ 0.154 35 1944.4 1928.8 1956.6  0.619 1.416
0 6 3 5 8 9 9 1 3

12 1357.32 1359.03 1357.10  0.016  0.141 36 1979.1 1963.6 1991.6  0.625 1.405
9 1 6 4 9 7 3 2 1

MPAD (%) 0.047  0.123  MPAD (%) 0.484  0.981
4 4 0 1



Table 5: Comparative analysis of MPAD (%) data for diatomic molecules

Energy
model

EPT
aMHT
bIGPT
cMOR
a1s
eIT

fIRM
JIMR
hpS
ISPT
iDPT

a: Energy model for the hyperbolic-type (MHT) oscillator

CO (X 1z%)

0.0905

0.1002 [38]
0.0990 [48]
0.0989 [48]
0.0991 [68]
0.3985 [69]

Diatomic molecules

Csz (3 3%4%)

0.1020

0.1407 [66]

0.0412 [34]
0.0414 [70]
0.0414 [66]

ICl (X 1%4%)

0.5501

1.0163 [67]

0.5945 [67]

1.0292 [71]

7Ly (1 3Ag)

1.1756

1.6826 [49]

1.1520 [49]
3.9066 [49]

Naz
)

0.0474

(C(2)

0.1240 [68]

0.1257 [72]
0.1250 [72]

NaK (c 3%+)

0.4840

0.9796 [67]
0.9799 [68]
0.6653 [67]

b: Energy model for the Improved generalized Poschi-Teller (IGPT) oscillator

c: Energy model for the Morse (MOR) oscillator

d: Energy model for the Improved Scarf (IS) oscillator

e: Energy model for the Improved Tietz (IT) oscillator

f: Energy model for the Improved Rosen-Morse (IRM) oscillator

g: Energy model for the Improved Manning-Rosen (IMR) oscillator

h: Energy model for the deformed Scarf (DS) oscillator

i: Energy model for the specialized Poschl-Teller (SPT) oscillator

j: Energy model for the deformed Poschl-Teller (DPT) oscillator



List of Figures

Figure 1: Comparison of the Pekeris-type approximation (fippr) with the exact
function (f) for the CO (X 1X+) molecule. The plot illustrates the fit of the
approximation to the exact function
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Figure 2: Comparison ot the Pekeris-type approximation (fzppr) with the exact
function (f) for the Cs; (3 3Z4*) molecule. The plot illustrates the fit of the
approximation to the exact function
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Figure 3: Comparison of the Pekeris-type approximation (gappr) With the exact
function (g) for the CO (X !X*) molecule. The plot illustrates the fit of the
approximation to the exact function
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Figure 4: Comparison of the Pekeris-type approximation (gappr) With the exact
function (g) for the Cs; (3 3X4*) molecule. The plot illustrates the fit of the
approximation to the exact function
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Figure 5: Temperature-dependent magnetization of Na; (C(2) II,) dimer under
external magnetic fields B = 50, 60, 70 T m! at Aag = 105 T A
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