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Abstract

The paper is an analytical study of a low-pass electrical model of nonlinear type in a fractional
perspective, in which the classical derivative is generalized to the Katugampola fractional operator.
Precise traveling-wave solutions are built based on an extended Riccati-Bernoulli sub-ODE scheme to-
gether with a Backlund transformation. The families of obtained solutions contain bright and dark
kink type structures. These solutions have a dynamical behavior that is demonstrated with the help of
detailed 3D and 2D visualizations. The 3D plots reveal how sensitive the integer-order parameter is
to the waveform whereas the 2D plots show how sensitive the waveform is to the changes in the frac-
tional order (a). To deeper examine the qualitative dynamics, a hamiltonian formulation is created and
phase-portrait diagrams are plotted. These unveil the local and global organization of the nonlinear
flow underlying. Besides, chaotic behavior is also studied by analyzing sensitivity to initial conditions
by determining the largest Lyapunov exponent A,,,,. The findings validate the occurrence of regular,
quasi-periodic and chaotic regimes in the parameter space. The entire process of analytical calculations
and visualization is implemented in MATLAB, which provides the numerical accuracy of calculations
and high-resolution graphical confirmation of fractions solutions. The results illustrate the presence of
significant enrichment of the dynamical behavior of the nonlinear electrical model by the fractional ex-
tension. It also offers a practical and efficient model to study intricate waves phenomena in the systems

of the fractional-order.
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1 Introduction:

The study of nonlinear partial differential equations (NLPDEs) is the mathematical basis of the inves-
tigation of nonlinear physical processes, and is the mathematical basis of a large variety of nonlinear
wave interactions. This is a natural occurrence in many technical, medical, and scientific applications of
waves [1]. The inherent complexity and nonlinearity of these models has led to the growing use of com-
putational methods in overcoming analytical difficulties related to NLPDEs [2]. These are large-scale
methods of numerical modeling and analysis of nonlinear evolution equations (NLEEs) [3]. Besides nu-
merical methods, diverse sophisticated tools of analysis have been established to build precise solutions
of NLEEs [4-8]. The most common are Lie symmetry methods [9], the Darboux transformation [10], all
of which provide systematic ways of constructing new solutions out of known ones. The other promi-
nent methods are the Hirota bilinear method [11,12] and the generalized exponential rational function
(GERF) method [13], and a few other contemporary methods of analysis. Nonlinear PDEs may have
a very diverse range of solution structures, kink and anti-kink solutions being particularly significant.
These solutions are localized changes between different asymptotic states, which are commonly known
to be stable, robust and physically relevant in nonlinear dynamical systems [14-16]. Kink-type struc-
tures have special significance to the dynamics of nonlinear wave propagation and interaction because
they occur in both integrable and non-integrable models. A number of works have examined kink so-
lutions, their fractional extensions, and how they interact with other complete solution families, which
leads to a highly rich and complicated dynamical structure being realized in the context of systems of
nonlinear equations of fractional order [17].
The electrical transmission line equation is a fundamental concept in communication systems and elec-
tronic engineering because it is extensively used in mobile communication networks, computer inter-
connection systems, switching circuits, high-speed data buses, radio transmitter-receiver links, antenna
coupling, and cable-TV signal distribution networks [18]. In the classical context the low-pass elec-
trical transmission line model (LPETLM) can be characterized using the voltage P(x,t) of the model
which is a function of the space coordinate (x) and time (¢) and (f), () and () are the real constants, as
follows [19,20]:

I’P(x,t) PP xt)  PPxt) 5, PP(xt)  p Pt

o1 oz VT oz TH T2 T oxt

= 0. (1)

Several analytical schemes have been offered over the years to solve the equation (1). These are modi-
fied simple equation technique [21], the new mapping technique, the extended auxiliary equation tech-
nique, and the extended Kudryashkov technique [22]. Alternatively, modified Kudryashov method,
sine-Gordon expansion, and its higher extensions have been considered to find solutions [23]. Simulta-

neously with such advances, fractional and fractal calculus have now become important in the modeling



of complex systems in biomedical dynamics [24], circuit theory [25], and electrical engineering [26]. As
an example, [27] used the Atangana-Baleanu derivative to explore the equation (1). By cubic and sep-
tic B-spline schemes, and conformal versions of the LPETLM were examined by the extended direct
algebraic method in [28]. Furthermore, a fractional LPETLM was presented in [29] using the modi-
fied Riemann-Liouville operator and solved using the Exp-function approach to a number of different
soliton structures. More recently, it has been shown that neural network approaches to neural network-
based methods are effective in the analysis and solution of partial differential equations and that they
offer flexible and efficient computational methods of complex nonlinear systems [30-32]. Such practices
in combination with analytical and numerical approaches could provide supplementary information
and a deeper comprehension of solution strategies. The relevance of the classical methods of fractional-
order analysis with the contemporary machine learning frameworks has been increasing, as highlighted
by these studies [33-37]. The nonlinear low-pass electrical model developed based on the nonlinearity
inherent in the elements of the circuits of this paper, leading to a governing equation that embodies
the nonlinearity of the circuit in both voltage and current. We replace the governing equation with
the Katugampola fractional derivative to generalize the model, and to be able to consider the effects of
memory of real electrical components.

Driven by these developments, and acknowledging the constraints of integer-order and earlier intro-
duced operators of the fractional calculus, the current work constructs a fractional LPETLM based on
the Katugampola fractional derivative, an effective operator in systems with nonlocal memory, porous-
media dynamics and complex scaling modes. The model would also become the classical LPETLM,

when (o — 1), where (a) is the Katugampola fractional order parameter.

D P(x,t) - BDF*(P?(x,1)) + ¥ DF* (P2 (x,t)) - p? DI Plx, 1) + %Df“ P(x,t) = 0. (2)
In equation (2), D represent the fractional derivative of order a, where 0 < @ < 1. Katugampola frac-
tional derivative is selected in this work due to its generalized form that integrates the properties of
classical fractional derivatives like the Riemann-Liuvelve and the Hadamard derivatives. In contrast
to standard definitions, the Katugampola operator uses a scaling parameter to offer extra flexibility in
the representation of nonlocal effects and heterogeneous memory characteristics of nonlinear electrical
transmission systems. This causes it to be especially appropriate in the modeling of wave propaga-
tion in media where power-law behavior and the presence of logarithmic scaling can both occur. The
Katugampola derivative provides a more flexible model of describing complex dynamical characteristics
as compared to other popular fractional derivatives, like the Caputo and Atangana-Baleanu operators,
without losing analytical tractability. In order to obtain analytical solutions of this fractional model,
we use a generalized Riccati-Bernoulli sub-ODE method together with a Backlund transformation that
gives us closed form bright and dark kink solutions [38-40]. These solutions are then studied with
detailed Hamiltonian dynamics, phase-portrait construction, chaotic sensitivity diagnostics, and the
computation of the maximum Lyapunov exponent. The rest of the present paper proceeds as follows:
Section 2 outlines the Riccati-Bernoulli sub-ODE model with corresponding Backlund transformation,
Section 3 is the presentation of the analytical kink-type solutions, followed by graphical and dynamical

analysis in Section 4 alongside the discussion of the Hamiltonian and chaotic behavior, and Section 5



concludes the paper.

In the current study, the operator D* represents the Katugampola fractional derivative (KFD) of order
0 < a <1, the basis fractional operator of our fractional extension of the low-pass electrical transmission
line model. The Katugampola operator, unlike the classical integer-order differentiation, has intrinsic
memory, nonlocality, and hereditary effects, allowing a more realistic description of complex electrical
transmission processes in heterogeneous or anomalous media. In the context of our work, the Katugam-
pola derivative is used in the voltage dependent field variable P(x,t), which is used to determine the
occurrence of the bright and dark kink-type wave structures. In reference to [41], the Katugampola

fractional derivative of a sufficiently smooth H(x, t) formal definition is as follows:

H(tes"™ )= H(t)
Df‘H(t)zlirr(l) . , t>0,0<a<l. (3)
E—

The KFD satisfies several important properties that are useful in fractional modeling:

DY (aH(t) + bG(t)) = a D H(t) + bDEG(t),
D)=k, k>0,
Df(H()G(1)) = H(t) Df G(t) + G(t) DI HIt), (4)
DY (H(G(1))) = H'(G(1)) D Gl1),
d
lim D H(1) = th).

2 Methodology:

The current work constructs a stringent fractional analytical structure on the study of the nonlinear
behaviours of the low-pass electrical transmission line model (LPETLM) developed in the Katugampola

space-time fractional calculus. There are four basic elements of our methodology:

(i) Fractional extension of the LPETLM using the Katugampola derivative to measure memory-based

electrical transport effects.

(ii) Travelling-wave reduction and a Backlund-assisted transformation, which allows the governing

PDE to be transformed into a nonlinear fractional ODE solvable term.

(iii) Generalized Riccati-Bernoulli sub-ODE scheme to find explicit bright and dark kink solutions and

categorize the resulting families of waveforms in integer and fractional order.

(iv) Advanced dynamical analysis, such as checking of the Hamiltonian structure, characterization of
phase portraits, sensitivity analysis, detection of chaotic regimes and calculation of the largest

Lyapunov exponent.

Step. 1:
Nonlocal, memory-driven, and hereditary effects naturally occurring in complicated electromagnetic
and electrical transport media are reformulated in the low-pass electrical transmission line model

(LPETLM) in the framework of the Katugampola space-time fractional derivative («). The Katugampola



derivative is especially adapted to the long-range temporal correlations and spatially nonlocal interac-
tions and a more realistic description of anomalous propagation in fractal or porous conductors. The

generalized fractional LPETLM may be abstractly represented as
Zl(P,DfP,DfP,D,%“P,PD?P,...) =0, O0<ac<l, (5)

P, represents the potential field of transmission line. The strength of memory, nonlocal dispersion,
and long-distance coupling is controlled by the fractional parameter (), enabling the model to capture
delay-type responses and anomalous wave transport that are not accessible in the classical integer-order
LPETLM.

Step. 2:

The fractional PDE is simplified to an ODE by a Katugampola type travelling wave similarity variable,

a

l,b:\/E(’“— ) (6)

a  a
Using the properties of the Katugampola fractional derivative, the temporal and spatial fractional

derivatives are transformed into integer order derivatives with respect to the wave variable (i) as fol-

lows:

, 7 : 7
dll)z X Kdn’)‘ ()

By replacing the transformation of (6) with the equation (2) the fractional partial differential equation
is simplified to a second-order nonlinear ordinary differential equation. It should be mentioned that
the fractional-order parameter () is also iniplicitly present in the transformed variable (¢), hence af-
fecting the reduced dynamical system. In order to get nonlinear excitations in closed-form, we use the
nonlinear flexible ansatz, which represents the variability of amplitude and multi-scale deflections in
the fractional media: .

@)= ) mix(y), (8)

i=—n

where, x(C) is defined via the Bicklund transformation:

_ =Scr+ o W(Y)
XO= = oW

and (W) satisfies the generalized Riccati-Bernoulli equation,

aw 2
—— =S+ W({®)". 10
T ) (10)
Step. 3:

The reduced Katugampola space time fractional framework puts the nonlinear wave dynamics entirely
dependent on the discriminant parameter S, which classifies the solution space produced via the Riccati
Bernoulli Backlund construction. It is a parameter that determines the qualitative rank of the fractional

nonlinear waves that are defined by the governing ODE:

* § > 0 — trigonometric family: periodic oscillatory structures associated with modulation insta-



bility and periodically breathing optical modes.

* § <0 — hyperbolic family: localized solitonic or breather type structures, including dark, bright,

kink and singular modes.

* § = 0 — rational family: slowly decaying waveforms, algebraic breathers, and rogue-like tran-

sients.

These families come about because of generalized trigonometric and hyperbolic functions,
(sing,,cos,y,sinh,,,tanh,,,...) , which occur naturally as a result of the combined action of fractional
dispersion and nonlinear interactions. The resultant waves have asymmetry, amplitude modulation,
and kink soliton which is customized by both the discriminant and the fractional-order parameter («a).
Step. 4:

The behavior of the physical objects that are inherent in the analytical solutions of the Katugampola
space-time fractional model is revealed by using a cohesive visualization-dynamical-systems frame-
work. The classical limit is associated with the 3D surface plots, (@« = 1) which depicts the complete mor-
phology of the bright and dark solutions of the kink type, their amplitude deformation, transition layers,
and propagation features. The complementary 2D profiles demonstrate the continuous restructuring of
the wave structure by the fractional-order parameter (« < 1), which facilitates the change among classi-
cal, fractional dynamics by changing steepness, width, and asymmetry. A dynamical-systems analysis
is done in order to learn more about the nonlinear evolution. Phase portraits and hamiltonian energy
landscapes are measures of the qualitative dynamics of the siinple system, and Lyapunov exponents
and chaotic sensitivity diagnostics are measures of instability regimes and the transition to complex
excitations. Spatial energy-density distribution is also examined providing a hint on the localization of

waves, trapping, and transport of waves in the fractional medium.

3 Application of the proposed method:

Now we concentrate upon solitary wave solutions of the system of equation (2). Using the travelling
wave transformation (6) and replacing it on the fractional model, the governing PDE simplifies to the

following ordinary differential equation.

dgp2 VY Taye

4 44 2 2 2 2 3

A2yt TV g R

Integrating equation (11) twice and setting the integral constant as zero, yields:

ku* d’F 2_ 2 212 213
Ed—wz-i—(’l/l - w )F+/3w F —7/0)1: =0. (12)
Using the Principle of balancing between the highest derivative term s%lﬁ and the nonlinear one F3 of

equation (12), we obtain n = 1, substituting in equation (8), we get,

1

F@) = moy(x () +mo+my(x(9)) . (13)



Substituting equation (13) into equation (12) with equation (8) and equation (9) and setting the co-
efficients equal to zero we get an algebraic system. By resolving this algebraic system, the unknown

parameters can be determined and this can be used to explicitly build the analytical solutions.

1 2 1 1 4 2 B 2
m; = — 2/5 ,m_l—m_l,mo——ﬁ,k:— 5 B 5 ,w=3 —+y,8218ym21 .

18 y2m_, 3y 6 yim 2p?(-282+9y) N 2p2-9y p
(14)

For (S < 0), the KFD framework yields hyperbolic-type fractional wave solutions.
Pulxt) = m_q (Cl 7c2\/:9tanh(\/:91p)) l E s B ( Scy— clrtanh(r¢)) (15)
e —Scz—cl\/gtanh(\/zz,b) 3y 18 y2m_ 1(c1 czrtanh(r¢))

o) = m_l(cl—czmcoth(mw)) 1 :3 B ( Scy — cﬂ/fS‘coth(Ft/))) 16)

-Scr -1 \/—?coth(\/—?z{;)

Pas.t m,l(cl+cz(—\/Stanh(Z\/glp)i(i\/—issech(Z\/—ngb))))
3%, 1) =

+3 Y 18 yZm_ 1(1:1 czﬁcoth(r¢))

-Scy + ¢ (—\/—7$tanh(2 \/—751/)) + (i\/ssech(Z \/31/))))

m_q (c1 +cy (—\/Xcoth(Z \/31/)) + (\/—7$csch(2 \/—781,1;)))7\
-Scr+¢1 (—\/Xcoth(Z \/31/)) + (\/Ecsch(Z \/37/))))

Py(x,t) =

Ps(x,t) =

m_ 1(c1+cz(—7\/7tanh( \ﬁ&p)—j v Scoth(%\/i&,b)))

18 72m_1 (c +cv(—\/—§tanh(2\/§¢)i(i\/XSECh(Z\/XI?D)))),
(17)

E ﬁz(—Scz+Cl( J—istanh(Z\/gl,l))i(i‘/:ssec}lpﬁlﬂb))))
V4

1
3

1 B? ( Scyp+c (—\/—7$coth(2\/31,b)i(\/gcsch(Z\/ggb))))

1 _R

N y 18 yim_ 1(c1+cz(—\/Ecoth(Z\/zl/))i(ﬁcsch(Zﬁt/))))Y

(18)

—Scoth(% V=S )))

E /82( Sc2+cl(—l\/7tanh( \/7)
Y

1
3

-Scy+cy (-1 V=Stanh(1 V=Sy) - § V=Scoth (L V=5p)) 18 y2m_y (1 + ¢y (% V=Stanh (5 V=5p) - § V=Scoth(} V-5p)))
(19)
CQ(m—TﬁCOSh(zﬁl[))) 2| s Cl(\/—(TQTZ)S—T\/XCOSh(Z‘/E’#))
m_y|cy+ (VS ) s L B -Sca+ T sinh(2 V=81 )+¢
Po(x,t) = 25,77 ’ (20)
6 cl(\/—(TQTZ)S—T\Qcosh(Z\/ng)) 3y 18 ) Cz(\/m_T‘QCOSh(Z‘/E‘/’))
et Tsinh(2V-Sy)+c yrmen et Tsinh(2V=Sp)+c
CQ(\/—(gZ—T)S—I\QsinhP@L{))) 2| g ch—rﬁsinhPﬁlk))
m-pjeit Tcosh(2ﬁ¢)+c 1p 1 o TCOSh(Z‘/E‘P)JrC
Pr(x,t) = +§; — (21)

T cosh(2 \Szp)ﬂ;

‘1
-Scp +
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For (S > 0), the KFD framework yields trigonometric-type fractional wave solutions.

m_q (c1+cz\/§tan(\/§4))) 1 [3’2(—562+Cl\/§tan(\/§¢))

_ 1p
Peloot) = -Scr+0c \/gtan(ﬁzp) "3 y 18 y2m_, (cl +C2\/§tan(\@4}))’ (22)
Polx, 1) = -1 (Cl _CZ\ECOt(\E‘P)) JL1BL 1 /52(_562—61 \Ecot(‘/glp)) ’ 23)

S el ¥Sy] 37Ty (o vsen Vo)

m_q (cl +62(—\/gtan(Z\@lp)i(\@sec(Z\/glp)))) 1 ﬁz(—Scz +c1 (—\/gtan(Z\@zp)i (\/gsec(Z\@zp))))

_ 1,1
Proben) = =Scy+cg (—\/gtan(2 ngz)i(\/gsec@\/glp))) "3 V4 T8 yZm_y (q +c2(—\/gtan(2 \/34:)1(\/35&(2\/31,!;))))' 24
P t) = m_q (q +Cz(—\/gcot(2\/§l}))i(\/ECSC(z\/gl/J)))) . 18 . 1 /32(—562+C1 (—\/Ecot(Z\/gl,b)i(\/ECSC(Z\/EI,D)))) (25)
' -Scp + 01 (—\@cot(2\/§4))i(\/gcsc(2\/§4)))) 3y 18 )2, (c1 +c2(—\@cot(2\@4))i(\/gcsc(Z\@gb))))’
Piat t):m_l (c1+cz(%\5tan(%\/§¢)—%\Bcot(%x@lp)))+1E+ing(—Sczﬁ—cl(%\/gtan(%\@tp)—% 8c0t(1/2\/§1p))) 26)
’ —Scz+c1(%\@tan(%\/§¢)—% &ot(%\/&p)) 3y 18 y2m,1(c1+c2(%\/§tan(%\/§lp)—% Scot(%\/gl/))))’
Cz(t( (—c2+rz)5)—r scos(2\/§¢)) 22( \ al+{(-c242)s ) scos(:z\/Ezp))
m_y|cy+ Tsin(2VSp)+c PR 7 =S+ Tsin(2VSy)+c
Pis(x,t) = - , 27
1306) cl(ir( (—g2+12)5)—7 scos(zx@xp))] NERTART: Q(i( (—c2+r2)s)4 scos(2\/§¢)) 27
-Scp + - y2m_q|c + -
Tsm(2\glp)+g ) rsm(Z\Blrl))+g
cz(i(,l(fgzr' ;/—;)—“Esin(Z\Elp)) ) cl(ir( (7C2+T2)5)7T Ssin(Z\/gzp))
m_y|cy + ;Os(z VSy)+e s B -Scr+ P RS
Pralx, t) = W | -+ — . 28
146 cAll././( 752+12)s)7r Ssin(zx@p)) T3y 718 cz(i( (—c2+r2)s)71 Ssin(Z\/gyb)) 2%
-Scy) + —— yzm_l 1+
rcos(Z\/glP)-#g Tcos(Z\Blp)+g

For (S > 0), the KFD framework yields rational fractional wave solution.

B, L P i) . (29)
4 187/2m_1(cl—¢c—jp)

m_q (Cl - lllc_-ip)

(~e2=55)

1
Pis(x,t) = 3

4 Planar reformulation of the Reduced fractional equation:

The reduced space-time fractional model, resulting as the Katugampola wave transformation, is a second-
order nonlinear ODE whose behaviour captures the qualitative behaviour of the emergent kink excita-
tions. In order to study these properties mathematically tractably, the evolution equation is reformu-
lated in an equivalent planar dynamical-system structure. The re-formulation allows a systematic in-
vestigation of the equilibrium landscape and the local stability transitions to transitions to larger phase

space structures of the global dynamics of the fractional nonlinear waves. Here, we introduce the trav-



elling wave dynamical variables in order to transform the proposed equation into planar system.

dF
= F , = —,
AW =FW) W)= g (30)
Thus, equation (12) transforms into the planar dynamical system
dz g
d - J
dlp 12 (31)
ﬁ = _k—‘u4[(‘u2 —w?)z+ pw?z? - yw2z3].
4.1 Hamiltonian Formulation:
In the present fractional setting, Hamiltonian function takes the form,
dz JH
T
Y og (32)
dg __oH
dp 9z’
1, 6@ -p?) 5, 4pe’ 5 By’
H(z,g)_zg + o z° - G + o z=, (33)
4.2 Equilibria of the Planar System:
The equilibrium states of the travelling wave dynamics satisfy j—é =0and ;—g = 0, which yield,
w? £/p2w* + 4y w?(4? — w?)
B9 =00, (g =[BT o, (34

2yw?

provided that, the discriminant is nonnegative:

Bt + 4y (p? - 0?) > 0.

4.3 Jacobian matrix:

The Jacobian matrix of the system is

% % 0 1

z  dg

J(z,8) = 0 ow = 12 )
a_gz a_gg _k_pl4 (yz—w2)+2/3a)22—3ya)222] 0



Thus, the jacobian at equilibria are,

0 1
](0,0): 12( 2—0)2) ’
BV
kpu*
0 1
J(z,0)=| 12 :
2 2 2 2.2
_k_pt‘l[(y -—w)+ 2wz, - 3yw z*] 0
with eigenvalues
o [12(p? - w?)
A«l’z = il —4-
kp
Equilibrium (z, g) Characteristic Equation Eigenvalues Nature / Stability
0,0 12, 12(? - 0?) —o PP 12(p? — w?) 4% > w?: Saddle (Unstable)
’ kpt - kpt 4% < w?: Center (Stable)
(2,.,0) 2 2ye?R - 12p0%z, - 127 - w?) Mg i 24yw2z2 — 12wz, —12(42 - w?) If A, > 0: Center (Stable)
+ Kyt - Ky If A, < 0: Saddle (Unstable)
(2.,0) 42 24yw?z2 - 12pw?z_ —12(4? - w?) 20 | Ay ai 24yw?z2 -12pw%z. —12(p? - @?) If A_ > 0: Center (Stable)
B kpt B ku* If A_ < 0: Saddle (Unstable)

Table 1: Stability classification of the equilibrium states for the proposed fractional model (1).

4.4 Chaotic Analysis via Time-Periodic Perturbation:

In order to study the onset of nonconservative dynamics and possible switches between regular and
chaotic states, we apply a weak external time-periodic perturbation to the planar dynamical system
that represents the leading evolution equation of the fractional model:

dF aGc 6(w2—y2)F 12/j’a)2F2 12y ?

=G, 7
dyp dy kut kit kg

F3 + rycos(9y), (35)

, In which (ry) and (9) represent the amplitude and frequency of the external forcing, respectively. This
time-periodic term introduces dynamical effects into the original system that are not conservative, in-
cluding resonance overlap, bifurcation cascades, quasi-periodic oscillations and deterministic chaos.
The interaction between the cubic nonlinearity and the defraction-order effects increases the sensitivity
to the initial condition that produces complex patterns of trajectories in the phase space. In order to
measure chaoticity, we use diagnostics of Lyapunov exponent, i.e. the largest Lyapunov exponent A,,,,,.
Amax > 0 indicates chaotic behavior, A,,,, = 0 indicates quasi periodical motion and A,,,, < 0 indicates
asymptotic convergence. At local equilibrium points, local dynamics are regulated by the eigenvalue
structure of the Jacobian matrix of the unperturbed system. Centers are associated with neutrally sta-
ble oscillatory motion with purely imaginary eigenvalues, and unstable manifolds are associated with

saddle points that have real eigenvalues of opposite sign. The disturbances under periodic forcing



can be enhanced by these unstable directions leading to complex responses, including the possibility
of chaotic behavior. This perturbation study brings out the subtle interaction between nonlinearity,
fractional-order effects, and time-periodic excitation, which shows potential transitions between stable

periodic equilibria and chaotic states in the KFD fractional nonlinear system.

5 Results and Discussion:

We analytically explore a space-time fractional Kerr-type nonlinear model. The fractional evolution
equation can be solved through a generalized Riccati-Bernoulli sub-ODE scheme and Backlund trans-
formation to a first-order nonlinear ODE solvable in closed form, which gives breather-type solutions.
These dynamics are studied using 3D surfaces of integer-order dynamics and 2D profiles of the impact
of fluctuations in the fractional-order on the amplitude localization, temporal oscillations and stability.
All graphical representations are generated using specific parameter values, ¢; = 0.1, ¢; = 0.5, 4 = 0.8,
p=12,m_=0.3and y = 0.5. More information is gained as per bifurcation diagrams, sensitivity anal-
ysis and Lyapunov-based chaos diagnostics, where stable periodic oscillations are observed to turn into
quasi-periodic and chaotic conditions. The findings show that the Riccati-Bernoulli Backlund frame-
work is a powerful tool in the study of periodic and breather soliton dynamics of fractional nonlinear
systems.

The analytical solutions to the dynamical field equations give intriguing kink-type dynamics of the
dynamical field profiles under both integer and fractional differentiation. The bright kink structures
manifested in the 3D surface plots Figures 1-5, obtained at integer-order parameters show a smooth
evolution of the structures along the spatiotemporal plane (x,t). These surfaces are monotonic with
time, which means that the solution maintains its localized topological nature in propagation. The kinks
are increasing in the negative energy region and approach a flat line as (x) increases, indicating that the
system is capable of supporting long-range coherent transport in the nonlinear wave media. This is
because such preservation of the kink state during integer-order evolution underscores the stability of
the resulting Riccati-Bernoulli type solutions and validates the efficacy of the modelling methodology
in describing smooth soliton transportation devoid of oscillatory breakup.

The fractional orders (a =1.0,0.9,0.8,0.7) plots of 2D are made to clearly display the effects of the non-
local memory. For (a < 1), the profile of a kink becomes even deeper and sharper as it approaches the
transition center, forming a more abrupt gradient and a stronger localization. This is true to the fact
that, fractional differentiation discourages dispersion and tightening of the waves, thus making the val-
ley region stronger and the tail narrow. The lowest and most localized depression is found at (a = 0.70)
with the highest fractional response. The integer-order (« = 1.0) curve, by contrast, is less jagged and
more diffuse, indicating a more powerful dispersion. The trends ensure that the use of fractional order
is a tuning parameter, which enables modulation of kink depth, width, and the stability of propagation
to control.

Figure 4 shows a significant difference in that profile switches to a dark kink structure instead of a
bright kink. This non-linearity parameter-induced inversion implies a phase change in the nonlinear
medium by predicting the sensitive interaction of fractional order, dispersion intensity, and nonlinear

self-interaction. Such dark kinks are technologically significant since they correspond to intensity dips



on a uniform continuous background, which allow optical switching, inverse-polarity wave transport,
and defect-type excitations which can be controlled.

The appearance of bright and dark kink structures in the fractional electrical model is of immediate in-
terest to a number of contemporary physical and engineering problems where non-locality and memory
effects dominate the propagation of waves. Bright kinks, displayed in the majority of the figures, are
similar to stable energy carrying fronts, and are used extensively in signal transport in fractional trans-
mission lines, on meta-surfaces and in nano-circuits, where low-loss switching and pulse sharpening
are critically required. Conversely, the dark kink (Figure 4) is an energy depletion into a homogeneous
background, which is typical of optical wave guides, negative-index meta materials, photo refractive
materials and Bose-Einstein condensates with repulsive inter-particle interactions. The sensitivity of so-
lution profiles to fractional order () suggests the ability to control dispersion by controllable fractional
low-pass circuit schemes, pulse shaping at ultra fast speeds in photonics, frequency selective filters,
and control of stability in neuronal or biological networks of impulse propagation. Since a localiza-
tion of the waveforms in the presence of fractional dynamics and a reduction in spreading of the same
by lower (a) frequencies, the model is likewise in line with current studies of fractional spin chains,
viscoelastic signal transportation, and memory-dependent energy routing in neurotrophic computing
channels. Therefore, the bright dark kink spectrum generated by the model emphasizes high poten-
tial of application in the real-world in fractional wave-guided energy transfer, reconfigurable photonic
logic, soliton-based switching, compact signal processing, and biomimetic communication pathways.
Figure 6 represents the distribution of the total energy ot fractional electrical model of the (z,g)-plane.
Figure 6(a) depicts the multi-well energy profile on the 3D surface where the peaks are high and valleys
are deep suggesting that the phase space has got both stable and unstable regions. This topography
indicates that the system has the ability to change between energy wells in response to perturbation,
which indicates its nonlinear sensitivity. Figure 6(b) gives the corresponding contour map that provides
a top-view of the same structure, with the marked closed loops outlining the bounded low-energy re-
gions and the long curves representing transition pathways. Collectively, these plots indicate how slight
changes in the state variables can considerably influence the stored system energy which form a visual
foundation of the periodic and complex traits.

Figures 7(a-c) all demonstrate the important dynamical characteristics of the fractional nonlinear elec-
trical model. Figure 7(a) phase diagram illustrates an eye-shaped separatrix which forms around the
central family of periodic orbits which are closed and which is an indicator of stable oscillatory be-
haviour. The phase diagram depicts two saddle points situated where the separatrix eye-shaped region
intersects the family of closed periodic orbits. This structure is strengthened by the vector field in Figure
7(b) in which the direction of smooth rotation around the center is evident with the typical diverging-
converting pattern of the saddles which affirm the topology of the system is of a Hamiltonian kind and
that sensitivity to initial conditions occurs in regions. Figure 7(c) time evolution plots show sustained,
almost sinusoidal oscillations in (z) and (g) of constant amplitude that show long-term coherent peri-
odic behavior and the anticipated relationship between the state variable and its derivative in phase.
The combination of these numbers confirm the existence of periodic stable dynamics, the contribu-
tion of separatrices created by saddles, and the non-dissipative nature of the structure of the fractional

model.
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Figure 1: The solution Py (x, t) is visualized using 3D and 2D profiles, highlighting the qualitative differ-
ences between integer and fractional order dynamical regimes.

Figures 7(a) and 7(b) demonstrate the chaotic study of fractional noniinear low-pass electrical model
using the maximum Lyapunov exponent A,,,,. Figure 7(a) shows that, A,,,, opens with a sharp peak
around unity, which is strongly sensitive to perturbations, and quickly decays to a small positive value,
signaling the transition between transient chaos and a weakly chaotic steady state consistent with the
nonlinear flow seen in both the Hamilton and phase-portrait diagrams. Figure 7(b) also indicates
that, A, reduces monotonically with (8), indicating that there is parameter-based transition between
chaotic and quasi-periodic or near-regular dynamics. All of these diagnostics are indicative of the fact
that the fractional framework not only alters the dynamical properties of the system in question but
also expands the dynamical range within the framework, supporting the flexibility and richness of the

Katugampola-based fractional extension.

6 Conclusion:

We have provided an analytical investigation of a space-time fractional nonlinear electrical model based
on the Katugampola fractional derivative. A generalized version of Riccati-Bernoulli subODE scheme
is used to solve the governing equation with a Backlund transformation. This method has the precise
solutions as bright and dark kink-type traveling waves. Graphical representations are used to explore
the spatiotemporal development of these solutions. The 3D and 2D plots are a clear evidence of the
influences on the amplitude localization, sharpness of the waveform, and stability in the case of integer
and fractional-order parameters. Specifically, an increase in the fractional order increases the ampli-
tude localization and reduces the dispersion. The resulting dark and bright kink structures have been
noted to be of potential use in controlled energy transport, optical switching and nonlinear signal pro-
cessing in the fractional waveguide systems. Moreover, the phase portraits, Lyapunov-based diagnostics

and Hamilton analysis are used to study the dynamical behavior of the model. These studies validate
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Figure 2: The solution Py(x, t) is visualized using 3D and 2D profiles, highlighting the qualitative differ-
ences between integer and fractional order dynamical regimes.
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Figure 3: The solution Pg(x, t) is visualized using 3D and 2D profiles, highlighting the qualitative differ-
ences between integer and fractional order dynamical regimes.
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Figure 4: The solution P;3(x, t) is visualized using 3D and 2D profiles, highlighting the qualitative differ-
ences between integer and fractional order dynamical regimes.
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Figure 5: The solution P;5(x, t) is visualized using 3D and 2D profiles, highlighting the qualitative differ-
ences between integer and fractional order dynamical regimes.
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energy and its influence on the system’s dynamical transitions.

i
i

\
%
.ﬁ,;

b

| \
”

il
i

AAAS I rrr s

umN
wm\ oY
.

i m\ u//
Y

g
) vu\\

T
T

{

//

j

7
)

i

L A \.\\\\\a\«\\\w\w\rg ///»ﬁ
AAAATA, w\d\L&\y\v%w&JNNNNNNNU//

/W,

A

i

ﬂ”/fﬂfffﬂmwﬂﬂwmwwnmnmmm%\\\ 1
W7

it

e

!

\

|

\
\
W

\

i

/
*

i

\

Y s s s

Y

=1 r) =) w
3 - =

=) [t} =}
1_ ) &

-10

(=)

0

Time Evolution of z(i)

0

90 1

80

70

80

50

40

30

20

)

Time Evolution of g(i))

0.5

()z

-0.5

Figure 7: Phase-portrait and time series plots corresponding to equation (31) and equation (35), revealing

the stability behavior of the underlying dynamical system.
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Figure 8: The first figure validates the asymptotic convergence of the largest lyapunov exponent along
(1) ensuring numerical stability, the second illustrates the dependence of 1,,,, on (f), indicating a clear
transition from regular dynamics to chaos.

the existence of stable periodic, quasi periodic, and chaotic regimes. Multi-well structures are also
identified in energy-density distributions, which means that these distributions are highly sensitive to
initial conditions and external perturbations. Comprehensively, the findings indicate that the fractional
Riccati-Bernoulli-Backlund model is a useful nmiodel to examine the complex nonlinear waves. It can
also offer a versatile and programmable platform to photonics, metamaterials, fractional transmission

lines and biomimetic communication applications.
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