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Enhancement, brightening and control of
radiative emission of dark exciton inWSe2
monolayer by plasmonic effect
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Dark excitons in two-dimensional (2D) transition metal dichalcogenide semiconductors (TMDs) have
long radiative lifetimes, making them promising for quantum information and optoelectronics. Their
detection and control are challenging due to weak out-of-plane dipole moments and momentum
mismatchwith free-space photons. Using ab initio calculations (DFT+G0W0+BSE), aWannier–Mott
excitonmodel, andanumerical solution of theLaplace equation,wemodel the tip-enhancednear-field
and its interactionwith excitons via first-order time-dependent perturbation theory. Focusing onWSe2
monolayers, we show that the strong out-of-plane near field from a metallic tip enhances radiative
recombination of spin-forbidden dark excitons by providing additional in-plane momentum to
overcomemomentummismatch.We also analyze substrate screening effects on excitonic properties
and lifetimes.Our results offer a theoretical framework for controlled activation of dark excitons toward
quantum and nanophotonic applications.

Excitonic states in two-dimensional (2D) transition metal dichalcogenide
semiconductors (TMDs) exhibit diverse optical properties due to spin-orbit
interactions and selection rules, making them central to emerging quantum
optoelectronics. These materials follow the chemical formula MX2, where
M =W orMo and X = S, Se, or Te1,2. Among the various excitonic states in
2D TMDs, dark excitons offer long radiative lifetime3,4, making them
attractive for applications such as quantum information processing5 and
Bose-Einstein condensation6. Understanding the mechanisms that activate
these dark excitons is therefore crucial for unlocking their potential in
quantum technologies.

Due to spin-orbit coupling (SOC), spin-splitting at the conduction and
valence band extrema gives rise to various types of excitons3,7. Among them,
two bright excitons, commonly known as A and B excitons, are char-
acterized by spin and momentum conservation1. In contrast, dark excitons
arise from transitions forbidden by momentum and/or spin conservation.
These excitons are generally considered optically inactive under normal
light excitation. They include spin-forbidden dark (SFD) excitons, which
conserve momentum. InWX2 (X = S, Se) monolayers, the SFD exciton lies
below thebright exciton,making it the excitonic ground state1,8,9. In contrast,
in MoX2 (X = S, Se), the bright exciton is the lowest-energy excitonic state,
and the SFD exciton lies at a higher energy1,8,9. The widely adopted termi-
nology ‘dark’ for the SFD exciton is based on the fact that spin is not
conserved during the transition. Therefore, efforts to brighten the SFD
exciton have involved altering the spin direction and ensuring spin

conservation by applying a strong in-plane magnetic field4,10. However,
different references3,7,11,12 have shown that the SFD exciton is not dark even
in the absence of a magnetic field.

According to group theory analysis, dipole selection rules permit SFD
exciton transitions under z-polarized light3,7,10. Due to spin-orbitmixing, the
spin of the bands involved in the SFD exciton is no longer a strict quantum
number, allowing spin-forbidden transitions3,7. However, the out-of-plane
dipole moment associated with the SFD exciton is predicted to be weak,
approximately a hundred times smaller than that of the in-plane bright
exciton dipolemoment7. Consequently, the challenge lies in their weak out-
of-plane transition dipole moments, which make these SFD excitons diffi-
cult to access optically.

To address this challenge, experiments have focused on enhancing the
out-of-plane electric field to detect SFD excitons. One approach is surface
plasmon polariton (SPP)-assisted near-field spectroscopy12. In this method,
SFD excitons interact with surface plasmon polaritons, amplifying optical
transitions with out-of-plane dipole moments. This enhancement enables
their direct detection. Another approach uses high-numerical-aperture
(high-NA) objectives to create focal tails that extend the electric field in the
z-direction7. This generates a strong out-of-plane field, making SFD exci-
tons optically accessible. These experiments were performed at low tem-
peratures using WSe2 monolayers, where SFD excitons dominate the
emission due to their lower energy compared to bright excitons under
cryogenic conditions13.
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More recently, tip-enhanced photoluminescence (TEPL) spectroscopy
(see Fig. 1) has enabled the observation of SFD excitons at room
temperature11. TEPL further confines the electromagnetic field to the
nanoscale, creating strong field enhancements near the tip apex. This allows
for the selective excitation of SFD exciton states, offering superior spatial
resolution and sensitivity in the studyof quantumsystems and2Dmaterials.

The brightening of SFD excitons has been experimentally attributed to
the enhanced electric field along the z-axis, which compensates for theweak
out-of-plane dipole moment7,11,12. However, the 2D exciton ground state,
with zero in-plane dipole moment, remains dark due to unsatisfied
momentum conservation14. To our knowledge, no theoretical framework
fully explains the brightening of SFD excitons at the microscopic level,
particularly in terms of both field enhancement andmomentummismatch.
Our goal is to conduct an in-depth study to elucidate the mechanisms
behind the activation of SFD excitons and to explore the potential to control
their radiative lifetime in the presence of an Au tip.

Results
To investigate the tip effect on SFD exciton in WSe2 ML, we first calculate
the exciton properties of WSe2 ML in the absence of the tip. We then
compute the near-field enhancement around the metallic tip for a given
incident light. Following this, we discuss the selection rules governing SFD
exciton activation, comparing cases with and without the tip. Finally, we
present the photoluminescence spectra and radiative lifetime of SFD
excitons.

Excitonic properties of WSe2 ML
Accurately modeling excitonic effects requires solving the Bethe–Salpeter
Equation (BSE), which is derived frommany-body perturbation theory15,16.
The BSE allows the computation of excitonic properties, such as the
dielectric function and exciton binding energies, without introducing
additional parameters. However, solving the BSE is computationally
demanding, particularly when including substrate effects. A practical
alternative in such cases is the Wannier–Mott-exciton model in two-band
approximation, which incorporates the screened Rytova-Keldysh
potential17,18 for electron-hole interactions. This approach has proven
effective in determining exciton binding energies in previous studies19–24.

The electronic bandstructure ofWSe2ML is critical for determining its
optical properties, as it governs the available electronic transitions that
contribute to absorption, emission, and excitonic effects. To ensure accurate
predictions of the optical properties of WSe2 ML, the G0W0 correction was

used to obtain 2.03 eV, which aligns well with previous theoretical
calculations25. To overcome the problem of the G0W0 indirect bandgap

25,26,
we have considered a relaxation approach as presented in the supplement
information. Our calculations reveal that interatomic distances, specifically
the W-Se bond length and Se-W-Se bond angle, play a crucial role in
determining the correct bandgapnature.As a result of this analysis, inFig. 2a
we show the electronic band structure of WSe2 ML.

To investigate the excitonic properties relevant to emission in sus-
pendedWSe2 MLs, we begin by computing the absorption spectrum using
the Bethe–Salpeter equation (BSE).Although our primary interest lies in the
emission (TEPL) characteristics, the BSE absorption spectrum provides
crucial information on exciton energies and oscillator strengths, which also
govern the radiative recombination rates.Given thehighcomputational cost
ofG0W0 calculations, we usewave functions and energies obtained from the
Perdew–Burke–Ernzerhof (PBE) calculations, applying a scissor operator
derived from G0W0 for corrections. While this approach does not fully
capturemodifications in valence and conductionbanddispersions, previous
studies onMoS2ML(ref. 26) have shown that its impact onBSE calculations
is negligible. This conclusion is further supported by the close agreement in
effective masses presented in Supplementary Table 1 obtained from both
G0W0 and PBE methods.

In Fig. 2b, we present the BSE absorption spectra of WSe2 ML. The
spectra are computed for two different light polarizations, activating distinct
excitonic transitions as listed inTable 2. For in-plane polarization,we observe
the characteristic absorption features of WSe2 ML, where the low-energy
peaks correspond to the A and B excitons. Additionally, a weak absorption
peak appears at an energy slightly lower than the A exciton for out-of-plane
(z-polarized) excitation. This peak corresponds to the SFD exciton, in
agreement with dipole selection rules which will be discussed in details later.

Despite the accuracy of BSE in predicting excitonic properties, its high
computational costmakes it impractical for the system inFig. 1.Therefore,we
employ the Wannier–Mott model, as detailed in the Microscopic Model
section. Table 1 presents our calculated binding and total energies of excitons,
obtained using both methods. While the Wannier–Mott model provides
reasonable estimates, it slightly underestimates the exciton binding energies
compared to BSE calculations. This behavior is consistent with previous
studies27. The discrepancy arises from two main approximations in the
Wannier–Mott model: (i) the effective-mass approximation, which neglects
band non-parabolicity and bandmixing near the K point; and (ii) the neglect
of the electron-hole exchange interaction27,28. Overall, there is a good agree-
ment between the model results and those obtained from BSE calculations.

Fig. 1 | Schematic of the Tip-Enhanced Photoluminescence (TEPL) System. This
diagram depicts the TEPL setup, where a sharp metallic or plasmonic tip is used to
enhance the local electromagnetic field at the sample surface. A tightly focused laser
excites the sample, and the near-field interaction between the tip and the material
amplifies the photoluminescence signal, enabling high spatial resolution and
sensitivity.
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Fig. 2 | Quasiparticle bandstructure and excitonic absorption spectrum of
WSe₂ ML. a Electronic bandstructure of WSe2 ML calculated using the G0W0

approximations. EG0W0
g denotes the quasiparticle bandgap. b BSE absorption spec-

trum of WSe2 ML computed with the in-plane polarization (blue) or z-polarization
(red). The A and B peaks correspond to optically active (bright) excitons. The SFD
label marks the spin-forbidden dark exciton. The vertical green line indicates the
G0W0 electronic gap.
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Furthermore, the dielectric environment of the WSe2 ML is accounted
for via the Rytova-Keldysh potential within the Wannier–Mott model. Spe-
cifically, the surrounding medium is described by an effective dielectric
constant ϵm = (ϵ∞,sub + ϵ∞,tip)/2

29, where ϵ∞,sub and ϵ∞,tip are the static
dielectric constants of the substrate and the tip, respectively. Given that the
tip-monolayer separation exceeds 1 nm, we assume that the top dielectric
environment is effectively vacuum (ϵ∞,tip≃ 1).We then explore the influence
of the substrate dielectric constant ϵ∞,sub on the binding energy of the~1s spin-
forbiddendark (SFD) exciton.This approximation is particularly valid for the
~1s exciton, which is less affected by distant screening and more sensitive to
immediate dielectric surroundings30. Experimental observations by Kyoung-
DuckParket al.11 support this assumption, showing that the~1s exciton energy
remains essentially constant when the tip-ML distance varies from 1 to 12
nm. To reveal the dielectric environment effect, we consider SiO2 and hBN
dielectric substrateswhich arewidely used for TMDs31 (see Table 1). For SiO2

substrate, the SFD exciton binding energy decreases from 440 meV in the
freestandingMLto334meVdue to screeningeffects.Due to itshighdielectric
constant (ϵ∞,sub = 3.88), the hBN substrate results in the lowest exciton
binding energy and the highest total energy compared to the SiO2 substrate.

Electric field enhancement around Au tip
Before calculating the excitonic responses of theWSe2ML, let us discuss the
enhancement of the electric fieldE(r) around the Au tip that is irradiated by
an incident light. Figure 3a depicts theAu tip in the xzplane, with a radius of
10nm.The tip is rotationally symmetric in thexyplane.Hereafter,wedefine
z = 0 as the interface between the substrate and vacuum, as indicated by the
horizontal solid line. The electric field Em of the incident light is polarized
along the z direction. The photon excitation energy corresponds to the dark
exciton energy E~1s in theWannier–Mottmodel, which varies depending on
the substrate, as listed inTable 1. In the calculation, thepermittivity ofAu tip
as a function of photon frequency εAu(ω) is adopted from Vial et al.32 (see
Method). On the other hand, we adopt εsub,∞ for the dielectric substrate
(corresponding to the high-frequency optical dielectric constant) because
the εsub(ω) is close or equal to εsub,∞. The electric field enhancement factor is
defined by ∣η(r)∣ = ∣E(r)/Em∣.

Figure 3b shows ∣η(r)∣ without substrate. Figure 3b, c, respectively,
depicts ∣η(r)∣ in the presence of the SiO2 and h-BN substrates, which are
positioned 1 nm below the tip along the z-axis. Unless otherwise stated, we
refer to the region between the lower end of the tip and the substrate as the
“nanogap". Figure 3d exhibits the largest ∣η(r)∣, which is attributed to the
large difference between the permittivities of h-BN and vacuum.We can see
that ∣η(r)∣ is localized around nanogap and decays rapidly with increasing
distance along the x direction. This phenomenon indicates the near-field
enhancement.

Figure 4a shows ∣η∣ as a function of x at z = 0, which corresponds to the
horizontal line in Fig. 4b. The enhancement factors for the electric fields in
the x- and z-directions, ∣ηx∣ and ∣ηz∣ respectively, are also shown. It can be
seen that ∣η∣ ≈ ∣ηz∣, because within the nanogap, the near-field field is
predominantly polarized along the z-direction. In Fig. 4c, d, ∣η(r)∣ becomes
weaker with increasing the size of the nanogap.

Dark exciton activation: selection rules and momentum
mismatch
The absorption spectra inFig. 2 show that z-polarized light activates the SFD
exciton. This can be explained by dipole selection rules, specifically through
the dipole matrix element r̂cv . According to group theory analysis3,7, the
ground state exciton transform according to the representations
ΓX ¼ Γc � Γ�v , where Γc corresponds to the representation of the conduc-
tion band state and Γv represents the representation of the empty valence
band state. The dark exciton state belongs to Γ4 associated with z-polarized
light. This excitonic state belongs to the product of the C3h irreducible
representations Γ9 � Γ�7, where Γ9 and Γ7 correspond to the conduction and
valence bands of opposite spin, respectively. As depicted in Fig. 5, these
representations illustrate the spin-orbit-induced splitting of electronic
states, revealing the symmetry constraints that dictate optical selection rules
in WSe2 ML.

In the basis set fu8;vþ1;þ1=2; u
7;v
þ1;�1=2; u

9;c
þ1;þ1=2; u

12;c
þ1;�1=2g, the only

nonzero interband transitions are listed in Table 2. This basis set used in the
analysis is directly connected to the lattice-periodic functions un,k(r) in Eq.

(6). Each basis function uΓn;nþ1;sðrÞ carries the symmetry and spin-orbit
character of thebands at theKpoint, enabling a group-theoretical analysis of
optical transitions. The ratio of the dipole matrix element for the dark
exciton (z-polarization) to that of the A bright exciton (in-plane x-polar-
ization) is 3.5 × 10−2. Since the oscillator strength is proportional to the
square of the dipole matrix element, the dark exciton’s contribution is
reducedby a factor of 10−3 compared to that of the bright exciton.This result
is in good agreement with previous calculations1,7. The weak dipole matrix
element for thedark excitonarises fromthe fact that the involvedbandshave
predominantly opposite effective spin. However, due to spin-orbit spin
mixing, a minority spin component in the bands ensures spin conservation
for the dark exciton transition7.

To gain deeper insight into this effect, we project the Kohn–Sham
wavefunctions at the K point of the valence and conduction bands onto

Table 1 | Effect of dielectric environment on thebinding energy
(eb

~1s
) and total energy (E~1s) of the ~1s SFD exciton

BSE Wannier–Mott model

ϵsub,∞ eb
~1s

(meV) E~1s (eV) eb
~1s

(meV) E~1s (eV)

Vacuum 1 518 1.52 440 1.595

SiO2 2.1624 – – 334 1.701

h-BN 3.8824,65 – – 236 1.797

The quantity ϵ∞,sub denotes the high-frequency dielectric constant of the substrate. For the vacuum
case, results from both the BSE and Wannier–Mott models are presented for comparison.

Fig. 3 |Near-field enhancement inducedby anAu tipwith different substrate environments. aTheAu tip in the xz plane. Plots ∣η(r)∣ (color scale) in the xyplane are shown
forbwithout a substrate, cwith a SiO2 substrate, anddwith a h-BN substrate. Themaximumenhancement factorsmaxðjηðrÞjÞ in (b), (c), and (d) are 13.98, 43.79, and 180.42,
respectively. The arrows show the directions of E(r).
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atomic orbitals within the spin-orbit coupling basis set f∣atom; l; j;mjig, as
shown in Fig. 6. Here, l denotes the orbital angular momentum, j the total
angular momentum, and mj its projection. While the valence band is
entirely formed by spin-down states, a minority of spin-down states
∣Se1; 1; 32 ;� 3

2

�
and ∣Se2; 1; 32 ;� 3

2

�
contribute to the electronicwavefunction

of the conduction states. According to the dipole selection rules, which
require Δl = 0, ±1, Δj = 0, ±1, and Δmj = 0, ±1, these minority spin com-
ponents facilitate the dark exciton transition. Indeed, this transition origi-
nates from the valence band state ∣W; 1; 32 ;� 3

2

�
to conduction band states

∣Se1; 1; 32 ;� 3
2

�
and ∣Se2; 1; 32 ;� 3

2

�
, which conserve spin direction. Finally,

both the group theory analysis and the projected wavefunctions confirm
that the dipole selection rules allow transitions between the two bands of
opposite total spin.

In the absence of a tip, the radiative recombination of SFD excitons
remains highly suppressed. This suppression arises from strict energy and
momentum conservation, which limits the coupling of the exciton out-of-
plane dipole to available photonmodes. To quantify this effect, we consider
the radiative decay rate γ~1sðQÞ of a ~1s SFD exciton in the absence of the tip,

γ~1sðQÞ ¼ πe2E2
~1sðQÞ∣ẑcv∣2
ϵ0ℏ

2c2
∣ϕ~1sð0Þ∣2

1

jkmj2
Q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jkmj2 � Q2
q ; ð1Þ

where ẑcv represents the out-of-plane interband dipole matrix element, and
ϕ~1sð0Þ is the relative-motion exciton wavefunction evaluated at zero
electron-hole separation. The excitonofwavevectorQ is coupled to photons
with km = (km,∥, km,z), with the same in-plane wavevector but with all
possible values of km,z. The total energy of the ~1s SFD exciton is given by

E~1sðQÞ ¼ EG0W0
g þ ℏ2

2MQ2 þ e~1s, whereM is the total excitonmass, and e~1s is
the eigenvalue of the relative-motion exciton Hamiltonian. The binding
energy of the exciton is defined as eb~1s ¼ �e~1s. Eq. (1) was also found for
exciton confined in quantum wells14.

Eq. (1) establishes two conditions required to activate dark exciton
states. First, the dark exciton with energy E~1sðQÞ emits a photon with an

Fig. 4 | Dependence of near-field enhancement on nanogap size at the Au
tip–SiO₂ interface. a ∣η∣, ∣ηz∣, and ∣ηz∣ as a function of x at z = 0, corresponding to the
surface of the SiO2 substrate in (b), as indicated by the horizontal solid line. Plots of
∣η(r)∣ (color scale) in the xz-plane for nanogap sizes of b 1 nm, c 3 nm, and d 5 nm.

The maximum enhancement factors maxðjηðrÞjÞ in (b), (c), and (d) are 43.79, 28.86,
and 22.91, respectively. The arrows show the directions of E(r). The position z = 0
denotes the topmost surface of the substrate, marked by a solid horizontal line.

Table 2 | Dipolematrix elements (in units of the hydrogen Bohr
radius a0) for optical transitions between the bands shown in
Fig. 5 at the K point for bright excitons A and B, and the dark
exciton SFD, under the corresponding polarization

Exciton Dipole matrix element (a0) Polarization direction

SFD hu7;vþ1;�1=2jzju9;cþ1;þ1=2i
��� ��� ¼ 0:137 z

A hu7;vþ1;�1=2jxju12;cþ1;�1=2i
��� ��� ¼ 3:897 x (or y)

B hu8;vþ1;þ1=2jxju9;cþ1;þ1=2i
��� ��� ¼ 2:682 x (or y)

Fig. 6 | ProjectedKSwavefunctionsΨKS
K ðrÞ in Eq. (6) of the Γ7 valence band (lower

panel) and Γ9 conduction band (upper panel) onto atomic orbitals within the
spin-orbit coupling basis set f∣atom; l; j;mjig.Here, l represents the orbital angular
momentum, j the total angularmomentum, andmj its projection. Positive (negative)
〈σz〉 indicates dominant spin-up (spin-down) contributions.

Fig. 5 | Symmetry assignment of the spin-orbit split conduction and valence
bands at the K point. The symbols Γi denotes the irreducible representations of C3h

at K point. 〈σz〉 represents the effective spin of each band. The excitonic statesA and
B correspond to the bright excions, while SFD represents the dark exciton.
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out-of-plane momentum kBz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km

2 � Q2
q

, where km ¼ jkmj ¼
nmE~1sðQÞ=ℏc is the total wavevector of the emitted photon in the sur-
rounding medium characterized by the effective optical refraction
index nm. This relation imposes the constraint E~1sðQÞ≥ℏcQ=nm which
defines the light cone, as shown in Fig. 7. The photon dispersion, given
by ℏcQ/nm, sets a lower energy threshold for allowed radiative
recombination. This condition is also valid for bright excitons14,33.
Second, a key distinction for dark excitons is that atQ = 0, they remain
completely non-radiative due to momentum mismatch.

As established, atQ=0, dark excitons remain completelynon-radiative
due tomomentummismatch. This can be further understood by examining
the polarization characteristics of the emitted photon, as illustrated in Fig. 7.
Since the wavevector km is not strictly parallel to theML plane, two distinct
polarization modes arise. The Transverse Electric (TE) mode, where the
electric field lies entirely in the in-plane (x, y) directions, prevents coupling
to the out-of-plane dipole ẑcv . Conversely, the TransverseMagnetic-Electric
(TME) mode contains electric field components in all three directions
(x, y, z), allowing interactionwith ẑcv . However, forQ= 0 (corresponding to
θ = 0), the z-component of the TME mode vanishes, eliminating this cou-
pling and further reinforcing the need for a finite in-plane exciton
momentum (Q ≠ 0) to enable radiative decay.

The presence of a sharp metallic tip modifies the local electro-
magnetic field, introducing an additional in-plane momentum com-
ponent. This modification effectively mitigates the momentum
mismatch, allowing dark excitons to couple to the out-of-plane optical
modes. Using a semiclassical approach for spontaneous emission, the
radiative decay rate of dark excitons in the presence of themetallic tip is

given by,

γ~1sðQÞ ¼ π
e2E2~1sðQÞ∣ẑcv ∣

2

ϵ0ℏ
2c2

∣ϕ~1sð0Þ∣2
km

2

×
Z

d2qk η̂zðqkÞ
∣qk þQ∣2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

km
2 � ∣qk þQ∣2

q ;
ð2Þ

where η̂zðqkÞ ¼
R
d2ρe�iq�ρηzðρÞ denotes the two-dimensional Fourier

transform of the spatially varying enhancement factor ηz(ρ) induced by the
metallic tip. (SeeEq. (34).) The integral reflects the enhanced recombination
probability due to the additional in-planemomentumq∥. As shown inFig. 7,
this q∥ compensates for the momentum mismatch, even when Q = 0. The
z-polarized tip-enhanced electric field generates in-plane momentum,
enabling the selective activationof otherwise optically inactive SFDexcitons.
This process opens new possibilities for controlling and detecting SFD
excitons in near-field optical experiments11.

Tipeffect onphotoluminescenceand radiative lifetimeof theSFD
exciton
To analyze the effect of a sharp metallic tip on the photoluminescence (PL)
of the ~1s SFD exciton, we employ the Elliott formula34, adapted to a tip-
enhancednear-field configuration.The following expression is derived from
Eq. (36) introduced in the Microscopic Model (Section 4.5),

IzðℏωÞ / jϕ~1sð0Þj2jẑcvj2
jη̂zð0Þj2ðℏγ~1sð0Þ þ γ0Þ

ðE~1sð0Þ � ℏωÞ2 þ ðℏγ~1sð0Þ þ γ0Þ2
: ð3Þ

Here, γ~1sð0Þ is the radiative decay rate of the SFD exciton at zero center-of-
mass momentum, while γ0 accounts for nonradiative broadening, which
arises from exciton-phonon interactions and other dephasingmechanisms.
The term jη̂zð0Þj2 quantifies the local electric field enhancement at the
exciton position, which directly influences the PL intensity.

Figure 8 illustrates the PL spectra for different substrate configurations:
Au, SiO2, and without a substrate. The results reveal a significant
enhancement in PL intensity when considering substrates compared to the
vacuum case. However, despite the stronger local field enhancement in the
presence of a gold substrate, the difference in PL intensity between Au and
SiO2 remains relatively small. This is due to competition between both the
effect on the relative motion (ϕ~1sð0Þ) and the enhancement of the electric
field (η̂zð0Þ) underdifferent dielectric constants. This suggests a competition

Fig. 7 | Polarization modes and tip-induced coupling mechanisms for SFD
excitons in WSe₂ML. a–c Polarization modes and momentum mismatch for dark
excitons in 2D TMDs. The diagram illustrates the components of the emitted
photon’s wavevector, km, and highlights two distinct polarization modes: the
Transverse Electric (TE) mode, where the electric field lies entirely in-plane, and the
Transverse Magnetic-Electric (TME) mode, which includes electric field compo-
nents in all three directions, allowing interaction with the out-of-plane dipole ẑcv of
the SFD exciton. Schematic representation of the ~1sdark exciton dispersion curve for
a WSe2 ML, and the radiative light cone. Panels (a) and (b) show the case without a
sharp metallic tip, while panels (c) and (d) depict the scenario with the tip.
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Fig. 8 | Impact of the substrate on tip-enhanced photoluminescence and radiative
life time. The nanogap distance is fixed to 1 nm.
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between two effects: the enhancement of the local electric field and mod-
ifications to the exciton wavefunction due to the dielectric environment.

Additionally, we calculate the radiative lifetime of the SFD exciton at
low temperatures (T). In fact, according to ref. 3, for T < 40 K, the SFD
exciton decay is dominated by radiative recombination. The radiative life-
time, defined as τ~1s ¼ γ�1

~1s
ð0Þ of dark excitons, exhibits a strong dependence

on the substrate. The calculated values–τ~1s ¼ 65 ns in vacuum, τ~1s ¼ 35
ns for SiO2 substrate, and τ~1s ¼16 ns for hBN substrate–demonstrate a
significant reduction in lifetime due to enhanced radiative recombination.
This highlights the critical role of near-field effects in modifying the optical
response of dark excitons, paving theway for tunable exciton emission in 2D
materials.

Furthermore, Fig. 9 illustrates the impact of the nanogap distance on
the PL intensity and radiative lifetime of the ~1s SFD exciton. As the nanogap
size increases, the PL intensity decreases, while the radiative lifetime exhibits
an increasing trend. This inverse relationship highlights the role of the
nanogap in modifying the local electromagnetic environment, where a
smaller gap enhances the exciton’s coupling to optical modes, leading to
stronger emission and shorter radiative lifetime.

Discussion
The results presented above reveal the essential role of the local electro-
magnetic environment in activating SFD excitons in WSe2 MLs. A sharp
metallic tip enhances both the local field and the in-plane momentum
components, thereby overcoming the intrinsic suppression of radiative
recombination.Without the tip, the z-polarizeddipolematrix element of the
SFD exciton is extremely weak due to its origin in spin-mixed conduction
band states.Moreover, at zero in-planemomentum(Q=0), SFDemission is
strictly forbidden by momentum conservation. The tip-induced near field
not only amplifies the radiative rate but also provides additional in-plane
momentum, enabling efficient coupling of SFD excitons to optical modes
and promoting radiative decay.

Our findings also highlight the critical influence of the dielectric
environment. A higher dielectric constant, as in hBN substrates, screens the
Coulomb interaction, resulting in reduced exciton binding energy. At the
same time, it enhances the strengthof the local electricfieldnear the tip. This
combined effect explains the shorter radiative lifetimes observed on hBN
compared to vacuum or SiO2 substrates. Furthermore, increasing the
nanogap size is found to reduce the PL intensity and increase the radiative
lifetime. These results suggest that the radiative lifetime of SFD excitons can
be effectively controlled by tuning both the dielectric environment and the
tip-ML distance.

Our calculations predict long-lived SFD excitons with radiative
lifetimes between 16 and 65 ns, depending on the substrate and tip-ML
distance (Figs. 8 and 9). These values are comparable to those reported

for interlayer excitons in WS2/MoSe2 heterobilayers under TEPL35.
They also agree with a previous estimate of 28 ns for magnetically
brightened dark excitons in WSe2 ML4. In that study, the measured
emission time was 230 ps, limited by nonradiative channels. Robert
et al.3 also reported a decay time of about 110 ps, which sets a lower
bound on the radiative lifetime. Our results are consistent with these
findings, as they isolate the intrinsic radiative component.

Although the tip modifies the local electromagnetic field, it does not
alter the optical selection rules dictated by the crystal symmetry and elec-
tronic states. Consequently, Eq. (2) remains valid for the four 2D TMDs
namely WS2, WSe2, MoS2, and MoSe2 as they share the same dipole
selection rules7. However, different TMDs exhibit different SFD exciton
energies, which may influence their quantitative response to tip-enhanced
radiative decay. Investigating these material-specific effects represents an
intriguing avenue for future research.

Methods: microscopic model
The interaction between dark excitons and light in 2D TMD semi-
conductors is governed by selection rules, excitonic wavefunctions, and the
local electromagnetic environment. While SFD excitons possess weak out-
of-plane dipolemoments, their optical activation remains suppressed due to
momentum mismatch with freely propagating photons. In this section, we
develop amicroscopic framework to describe the tip-induced enhancement
of dark exciton emission.

First, we model excitonic states in monolayer WSe2 using two com-
plementary approaches: the BSE, which accounts for many-body interac-
tions, and theWannier–Mottmodel,whichprovides ananalytical treatment
of excitonic binding energies. We then analyze the local electromagnetic
field enhancement near a sharp metallic tip and derive the exciton-photon
interaction Hamiltonian in the presence of the tip. Finally, we derive the
spontaneous emission rate of dark excitons, demonstrating how the tip
facilitate radiative recombination.Thismicroscopicmodel provides insights
into controlling dark exciton emission and radiative lifetime engineering in
2D materials.

Exciton models
To accurately capture excitonic effects, one must solve the
Bethe–Salpeter Equation (BSE), which originates from many-body
perturbation theory15,16. The process begins by determining the single-
particle eigenvalues and wavefunctions, which serve as inputs for the
BSE. In 2D TMD semiconductors, standard DFT typically under-
estimates the bandgap25,36. To address this, the non-self-consistent
G0W0 correction is employed37. Here, the dielectric function in the
screened Coulomb potential (W) and the wavefunctions and energies
in the Green’s function (G) are not iteratively updated. The DFT +
G0W0 approach balances computational efficiency and accuracy for
TMDs25,36. In particular, the electronic structure calculations are car-
ried out within DFT formalism using the Quantum Espresso (QE)
code38,39, while the G0W0 bandgap correction is calculated using the
YAMBO code15,16. By first refining the electronic structure with DFT+
G0W0 and then solving the BSE, this methodology provides an accurate
framework for investigating excitonic effects in WSe2 MLs.

The BSE Hamiltonian is defined in the basis of electron-hole pairs
∣vcki. This Hamiltonian includes the single particle energies ϵck and
ϵvk, along with an interaction kernel Keh. This latter describes screened
Coulomb and exchange interactions. The eigenvalue equation is
expressed as16,

ðϵckþQ � ϵvkÞAκ
vck þ

P
k0v0c0

hvckjKehjv0c0k0iAκ
v0c0k0

¼ ℏωκA
κ
vck;

ð4Þ

Here,we label exciton states by κ≡ (λ,Q), where λ collects internal quantum
numbers (e.g., ~n; s, valley, spin) andQ is the center-of-mass momentum of
the exciton. ℏωκ is the energy of the exciton state κ. The exciton
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Fig. 9 | Impact of nanogap size on tip-enhanced photoluminescence and radiative
lifetime of SFD exciton for a WSe2 monolayer on SiO2 substrate. Panels (a), (b),
and (c) correspond to nanogap sizes of 1 nm, 3 nm, and 5 nm, respectively.
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wavefunction is represented as a sum of electron-hole pair states,

∣Ψex
κ

� ¼ X
v;c;k

Aκ
vck ∣v; ki∣c; k þQi; ð5Þ

where the coefficients Aκ
vck determine the contribution of each pair state.

The single-particle statesΨKS
n;kðrÞ ¼ hrjn; kiKS used in BSE (4) follow Bloch

theorem,

ΨKS
n;kðrÞ ¼ eik�run;kðrÞ ¼

X
g

Ck;ge
iðkþgÞ�r; ð6Þ

whereCk,g are the plane-wave expansion coefficients determined during the
DFT calculation. g denotes a reciprocal lattice vector, accounting for the
crystal’s periodicity in reciprocal space. The periodic part of the Bloch
function, un,k(r), carries the crystal symmetry information, with n denoting
the band index (either conduction or valence). In TMDs, group theory
analysis provides valuable information on the symmetry properties of
electronic states and their corresponding excitons3,7. In this context, it is
convenient to label un,k(r) by its irreducible representation Γn and the spin
index, that is, un;kðrÞ � uΓn ;nk;s ðrÞ. This label captures the relevant symmetry
and spin-orbit coupling effects that are crucial in determining optical
selection rules in monolayer TMDs.

Finally, the optical absorption spectrum associated with vertical exci-
tonic transitions (Q = 0) is determined by the imaginary part of the
polarizability function, expressed as25,

α2DðωÞ ¼
e2

Auc

X
λ

jCλ
σ ð0Þj2

ℏω� ℏωλð0Þ þ iγ
; ð7Þ

where Auc denotes the area of the unit cell. The quantity Cλ
σ ðQÞ � Cκ

σ ¼P
cvkA

κ
vck r̂cvk represents the light-matter coupling matrix element for the

exciton state κ and light polarization direction σ, where σ= x, y, z. The dipole
matrix element r̂cvk ¼ hv; kjr � σ̂jc; k þQi describe the electronic transi-
tions from valence to conduction bands and encode the directionality of the
dipole operator with respect to the polarization vector σ̂15. The parameter γ
denotes the numerical broadening used to mimic the experimental
linewidth of absorption peaks by effectively incorporating damping
processes such as exciton-phonon and impurity scattering40. Here, we use
γ=0.068 eV, consistentwithpreviousBSE studies ofWSe2ML(0.05 eV)41,42.
While exciton-phonon scattering typically yields room-temperature broad-
ening of 30–40 meV43–45, our choice provides a realistic comparison with
experiment46 and ensures that the ~1sA and B excitonic peaks remain clearly
resolved.

The BSE (4) describes excitonic interactions by incorporatingmultiple
valence and conduction bands, leading to largematrix dimensions and high
computational costs. A common approximation simplifies the problem by
considering onlyone conductionandone valence band that contributemost
significantly to exciton formation27,28. In 2D TMD semiconductors, this
approach is generally valid due to strong spin-orbit splitting and strict
selection rules, which restrict the involvement of other bands in low-energy
excitonic states. Under this approximation, Eq. (4) simplifies to,

ðϵckþQ � ϵvkÞAκ
k þ

P
k0
hvckjKehjvck0iAκ

k0

¼ ℏωκA
κ
k:

ð8Þ

In this case, the total exciton wave function is giving by,

∣Ψex
κ

� � X
k

Aκ
k ∣v; ki∣c; k þQi: ð9Þ

Furthermore, the electron and hole bands are assumed to be isotropic and
parabolic near the K points (see Fig. 2b). Thus, the effective-mass
approximation (EMA) is applied to describe the low-energy excitonic

states in the considered TMDs19–24. The exciton wavefunction in real space
in 2D is expressed as,

Ψex
κ ðre; rhÞ ¼

X
q

AqðQÞeiQ:Reiq:ρuv;kðrhÞuc;kþQðreÞ; ð10Þ

where the coordinates re = (ρe, ze) and rh = (ρh, zh) represent their respective
positions in the 3D space. To describe the motion of the exciton, we define
the relative coordinate ρ = ρe− ρh and the center-of-mass (CM) coordinate
R = (meρe +mhρh)/(me+mh). The corresponding wavevectors are related
to the single electron (ke= k+Q) and hole (kh=− k) wavevectors viaQ= ke
+ kh and q = (mhke−mekh)/(me+mh). For slowly varying Bloch functions
around the K point, the wave function (10) can be expressed as,

Ψex
κ ðre; rhÞ � χκðρe; ρhÞUXðre; rhÞ; ð11Þ

where χκ(ρe, ρh) = ∑qAq(Q)e
iQ.Reiq.ρ is the envelope function, describing

electron-hole interactions, quantum confinement, and external perturba-
tions. The Bloch function of the exciton isUXðre; rhÞ ¼ uvðrhÞucðreÞ, which
reflects the crystal symmetry. In agreement with the approximated wave
function (11), the two-band BSE problem (8) reduces to the envelope
Schrödinger equation of Wannier–Mott exciton,

� ℏ2

2M∇2
R � ℏ2

2μX
∇2

ρ þ VSCðjρjÞ
n o

χκðR; ρÞ

¼ ℏωκ � EG0W0
g

� �
χκðR; ρÞ;

ð12Þ

whereM =me+mh is the total exciton mass, and μX =memh/(me+mh) is
the reduced exciton mass. The quantity EG0W0

g represents the quasiparticle
bandgap energy of the ML.

In Eq. (12), VSC(∣ρ∣) represents the screened Coulomb potential. The
Coulomb interaction between charge carriers in 2D materials is strongly
influenced by the surrounding dielectric environment, where field lines are
screened by adjacent materials20–22,47,48. In the Bethe–Salpeter framework,
long-range screened Coulomb interactions significantly increase compu-
tational costs. However, within the Wannier–Mott exciton model, the
environmental screening effect is accounted for using the Rytova-Keldysh
potential in the long-wavelength limit17,18,49,

VSCðρÞ ¼ �e2
Z 1

0
dq

J0ðρqÞ
ϵm þ 2πα2Dq

; ð13Þ

where J0(qρ) is the zeroth-order Bessel function and ρ = ∣ρ∣. The effective
dielectric constant is givenbyϵm=(ϵ∞,sub+ ϵ∞,tip)/2

29,where ϵ∞,sub and ϵ∞,tip

are the dielectric constants of the substrate and the tip, respectively.
According to Florian et al.30, the ~1s exciton is primarily sensitive to the
immediate surrounding environment, especially adjacent materials.
Furthermore, Park et al.11 experimentally observed that the energy of the
~1s exciton remains essentially unchangedas the nanogap size increases from
1 to 12 nm. Based on this, we approximate ϵ∞,tip ≈ 1, accounting for the
vacuum gap between the tip and the ML. Therefore, the effect of the tip
enters exclusively through the enhanced local electric field that modifies the
radiative decay rate. The parameter α2D represents the polarizability, which
is determined from first-principles calculations49,50 using Eq. (7).

In Eq. (12), the CM and relative motions of the free exciton are
separable. Hence, the solutions can be expressed as the product of the
relative motion wave function and the CM wave function χκ(ρ, R) = ψ(ρ)
Φ(R). The CM motion’s eigenfunctions and eigenvalues are given by
ΦCMðRÞ ¼ 1ffiffi

S
p e�iQ:R and ECM ¼ ℏ2

2MQ2, where S is the normalization
surface.

For the relativemotion, the wave functionψ~nlðρÞ is expanded in a basis
of 2D hydrogen-like functions, given by ϕn;lðρÞ ¼ Nn;lðanρÞjlj
L2jljn�jlj�1ðanρÞe�

an
2 ρeilθ51. Here, n = 1, 2, . . . , k denotes the radial quantum

number, while l=0, ±1,±2, . . . , ± (n− 1) represents the azimuthal quantum
number of the relative motion. L2jljn�jlj�1ðanρÞ are the associated Laguerre
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polynomials, where an ¼ 4
ð2n�1ÞaB. The normalization constant is given by

Nn;l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
π

� �
2

ð2n� 1ÞaB

� �2 ðn� jlj � 1Þ!
ðnþ jlj � 1Þ!ð2n� 1Þ

s
; ð14Þ

where aB is the 3D effective Bohr radius, defined as aB = ϵBℏ
2/μXe

2 51.
As a result of this section, within the Wannier–Mott model, the total

exciton wave function is given by,

Ψex
κ ðre; rhÞ ¼

1

S3=2
X
q

ψ̂~nlðqÞeiQReiqρUXðre; rhÞ; ð15Þ

where we used the inverse Fourier transform of the relative wave function,
ψ~nlðρÞ ¼ 1

S

P
qψ̂~nlðqÞeiqρ. In addition, the total energy of the exciton is given

by,

ℏωκ � E~nlðQÞ ¼ EGW
g þ ℏ2

2M
Q2 þ e~nl; ð16Þ

Hereafter, κ � ð~nl;QÞ. The last term, e~nl , represents the exciton binding
energy. In this study,we restrict ourselves to the excitonground relative state
(n = 1, l = 0) denoted ~1s.

Tip-enhanced electric field
In this section, we describe the calculation of enhanced electric field in the
vicinity of the Au tip, which is placed in a homogeneous medium with
relative permittivity εm. The tip is illuminated by an incident light whose
electric field follows a harmonic time-dependence, Em(r, t) =Em(r)e

−iωt. The
total electric field E(r) comprises the incident and scattered electric fields,
and depends on the relative perimittivity ε(r), as follows:

EðrÞ ¼ EmðrÞ þ
Z

dr0Gðr; r0Þk20Δϵðr0ÞEmðr0Þ; ð17Þ

whereΔϵ(r) = ϵ(r)− ϵm represents the dielectric contrast and k0 =ω/c is the
free-space wavevector.Gðr; r0Þ is Green’s tensor of the the complete system
which satisfies Dyson’s equation52,

Gðr; r0Þ ¼ Gmðr; r0Þ þ
Z

dr00Gmðr; r00Þk20Δϵðr00ÞGðr00; r0Þ; ð18Þ

where Gmðr; r0Þ is Green’s tensor for the homogeneous background med-
ium, expressed as53,54,

Gmðr; r0Þ ¼
Z

dk I� k � k

km
2

	 

eik�ðr�r0 Þ

km
2 � k2

: ð19Þ

Here,km ¼ ffiffiffiffiffi
ϵm

p
k0 is thewavevector in thebackgroundmedium, I is the the

identity dyad, and⊗ denotes the outer product.
In our calculation, we assume that the size of the Au tip (~50 nm) is

considerably smaller than the Rayleigh length of the incident light (2π/km).
Therefore, we can use the quasistatic approximation to compute the electric
field enhancement around the tip55. Here, the electric field of the incident
light is treated as spatially constant because the propagation of light around
the tip is instantaneous. As a result, the total electric field can be obtained by
solving the Laplace equation

∇ � εðr;ωÞEðrÞ½ � ¼ 0: ð20Þ

Particularly for the Au tip, the frequency dependence of the complex
permittivity εAu(ω) is describedby afitting functionproposedbyVial et al.

32,
which reproduces the experimental transmission spectra of Au reported by
Johnson and Christy56 in the wavelength range of λ = 500–1000 nm. εAu(ω)

comprises the Drude and the Lorentz terms as follows32:

εAuðωÞ ¼ ε1 � ωD
2

ω2 þ iΓDω
� Δε

ωL
2

ω2 � ωL
2

� �þ iΓLω
; ð21Þ

where ωD = 2π × 2113.6 THz (ωL = 2π × 640.07 THz) is the plasma
(resonant) frequency, ΓD = 2π × 15.92 THz (ΓL = 104.86 THz) is the
damping constant for theDrude (Lorentz) term, andΔε= 1.09 is the weight
factor. In the limit of high frequency ω → ∞, Eq. (21) converges to ε∞
= 5.9673.

In our paper, we only consider the case where Em(r) is homogeneous
and polarized in the z-direction, Em ¼ Emẑ. Since both Em and the tip
geometry [schematically depicted in Fig. 3a] exhibits rotational symmetry
about the z axis,E(r) also exhibits rotational symmetrywithin thewithin the
xy plane. As a result, Eq. (20) reduces to a 2Dproblem in the xzplane, which
is solved using the finite-differencemethod57. The enhancement factor ησ(r)
of the σ-component of E(r) is defined by

ησ ðrÞ ¼
EðrÞ � σ̂
Em

; ð22Þ

where σ̂ ¼ x̂; ŷ; ẑ. It is noted thatησ(r) is a complexnumber.However, since
jImðεAuðωÞÞj is small compared to jReðεAuðωÞÞj for the optical
frequencies32,58, it follows that jImðησðrÞÞj is small compared to jReðησðrÞÞj.
The enhancement factor ∣η(r)∣ is thus given by

jηðrÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jηxðrÞj2 þ jηyðrÞj2 þ jηzðrÞj2

q
: ð23Þ

Interaction Hamiltonian
We describe the interaction between exciton and photon states using the
minimal coupling Hamiltonian in the generalized Coulomb gauge, where
the condition∇ � εrðrÞAðr; tÞ


 � ¼ 0 is imposed. Here,A(r, t) represents the
vector potential. The interaction Hamiltonian takes the form59,60,

Ĥint ¼
ie
ℏ
Âðr; tÞ � ½̂r; Ĥex�: ð24Þ

The quantized vector potential is expressed as59,

Âðr; tÞ ¼
X
μ

ffiffiffiffiffiffiffiffiffiffiffiffi
ℏ

2ε0ωμ

s
AμðrÞaμe�iωμt þ A�

μðrÞayμeiωμt
n o

; ð25Þ

where the index μ = (k, σ) represents the combination of the wave vector k
and polarization σ. The operators aμ and ayμ correspond to the annihilation
and creation operators of a photon inmode μ, respectively. The quantityωμ

represents the angular frequency of the photon mode μ. In the far-field
regime (without a tip), the field distribution is a plane wave, given by

AμðrÞ ¼ eikm �rffiffiffiffiffiffi
εrV

p eμ
20,59. However, the presence of the tip locally modifies the

field distribution Aμ(r), leading to enhanced and spatially confined
electromagnetic interactions.

To construct the exciton-photon interaction Hamiltonian, we express
the exciton states using second quantization operators. To this end, we
assume that excitons behave as noninteracting bosons due to the low
excitation density34,60. Consequently, the second-quantizedHamiltonian for
the bare exciton field is given by60,

Ĥex ¼ ℏ
X
κ

ωκb
y
κbκ: ð26Þ

Here, byκ ¼ ∣κi Gh ∣ is the exciton creation operator for the state ∣κi, and ∣Gi
represents the ground state of the crystal. Finally, the second-quantized
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interaction Hamiltonian can be written as,

Ĥ
μ
int ¼ iCκy

μ ayμbκ þ aμbκ
� �

� iCκ
μ aμb

y
κ þ ayμb

y
κ

� �
; ð27Þ

whereCκ
μ ¼ ℏωκð e2

2ℏϵ0ωμ
Þ1=2hΨex

κ jAμðrÞ � r̂jGi is the couplingmatrix element
between the exciton and photon states at a given μ. To evaluate this element,
we assume that Aμ(r) varies slowly over the length scale of the lattice
constant59. Additionally, we consider that the Bloch functions, which
describe the periodic part of the electronic wavefunction, depend only
weakly on k wavevector59. Therefore, the coupling matrix element can be
written,

Cκ
μ ¼ ℏωκ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

2ℏε0ωμ

s
r̂cveμ � eðrcvÞ

Z
d3rΦCMðrÞAμðrÞ; ð28Þ

where eðrcvÞ represents the direction of the dipole matrix element, with
r̂cv ¼ r̂cveðrcvÞ. Thevector eμ is a unit vector characterizing thepolarizationof
the optical mode μ.

Spontaneous emission rate
Having established the key elements of our model, we now focus on cal-
culating the spontaneous emission rate of dark excitons. Spontaneous decay
is fundamentally a quantumprocess, best describedwithin the frameworkof
Quantum Electrodynamics (QED). However, due to the unknown electric
field distribution near the tip, a semi-classical approach is more suitable. In
this case, we employ a method based on the dyadic Green’s function59,61,
which accounts for the influence of the electromagnetic environment on the
exciton’s radiative properties.

We consider the transitions between the states presented inFig. 10. The
initial state ∣Ψex

κ ; 0μi, comprises the exciton with no photons present, while
the final state ∣G; 1μi consists of the system’s ground state accompanied by
the emission of one photon (see Fig. 10). According to Fermi’s golden rule,
the radiative decay rate is given by,

γκ ¼
2π

ℏ2

X
μ

G; 1μ∣Ĥint∣Ψ
ex
κ ; 0μ

D E

× Ψex
κ ; 0μ∣Ĥint∣G; 1μ

D E
δðωκ � ωμÞ;

ð29Þ

In the following, κ is restricted to the ground relative motion state ~1s for
arbitrary CMmomentumQ. Applying the interactionHamiltonian to both

the initial and final states, the radiative decay rate can be written as,

γ~1sðQÞ ¼ πe2ω~1sðQÞ∣̂rcv∣2
ε0ℏ

jϕ~1sð0Þj2

×
Z

d3rΦCMðrÞ
Z

d3r0 Φ�
CMðr0Þ

×
P
μ

eyðrcvÞ � ðAμðrÞ eμ � eyμA
�
μðr0ÞÞ � eðrcvÞ

h i
δðω~1sðQÞ � ωμÞ:

ð30Þ

The final term accounts for the contribution from the quantized electro-
magnetic field, emphasizing the necessity of summing over all possible
photon frequencies. To incorporate a classical electric field into this fra-
mework,we replace this termwith theGreen’s function,which characterizes
the electromagnetic response in the presence of the tip. This substitution
allows for a bridge between the quantummechanical formalism and a semi-
classical treatment61. The relation between the Green’s function tensor and
the vector potential is given by59,61,

Im Gðr; r0;ω~1sðQÞÞ
 �
¼ πc2

2ω~1sðQÞ
P

μ AμðrÞeμ
h i

� eyμA
�
μðr0Þ

h i
δðω~1sðQÞ � ωμÞ:

ð31Þ

Thus, the radiative decay rate can be expressed as,

γ~1sðQÞ ¼
2e2ω2

~1s
ðQÞ

ϵ0ℏc2
∣̂rcv∣

2∣ϕ~1sð0Þ∣2

×
R
d3rΦCMðrÞ

R
d3r0 Φ�

CMðr0Þ
× feyrcv � Im Gðr; r0;ω~1sðQÞÞ
 � � ercv g:

ð32Þ

In this study, we focus on the SFD exciton. Since the tip does not alter the
dipole selection rules, the dipole matrix element r̂cv adheres to the group
theory analysis presented in refs. 3,7. Specifically, these selection rules
indicate that the SFDexciton couples to z-polarized light3. Thedipolematrix
element ẑcv corresponds to the transition amplitude between the lowest
conduction band and the highest valence band at the K point3.

Considering the relationship between the electric field and the Green’s
function for z-polarized light at theML located on the substrate surface (z =
0), we obtain

Gzzðr; r0;ωκÞ ¼ ηzðρ; z ¼ 0ÞGB;zzðr; r0;ωκÞ: ð33Þ

Here, we neglect the imaginary part of the enhancement factor, i.e.,
ηzðρ; z ¼ 0Þ � Re½ηzðρ; z ¼ 0Þ�. Using the Fourier transform of
Gðr; r0;ωκÞ presented in (19), Eq. (32) becomes,

γ~1sðQÞ ¼ π
e2ω2

~1s
ðQÞ∣ẑcv ∣2
ϵ0ℏc2

∣ϕ~1sð0Þ∣2
km

2

×
R
d2qk η̂ðqkÞ

∣qkþQ∣2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km

2�∣qkþQ∣2
p ;

ð34Þ

where q∥ represents themomentum transfer induced by the presence of the
tip. In the case without the tip, we obtain,

γ~1sðQÞ ¼ π
e2ω2

~1s
ðQÞ

ϵ0ℏc2
∣ẑcv∣

2∣ϕ~1sð0Þ∣2
1

km
2

Q2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km

2 � Q2
q : ð35Þ

Tip-enhanced photoluminescence
The effect of the tip on the SFD exciton can be probed via PL spectroscopy.
We consider the weak excitation regime, in which exciton-exciton and
exciton-charge interactions are negligible. Assuming a quasi-equilibrium

, {1 } , {1 } , {1 } , {1 }

| ⟩ = , {0 }

| ⟩ =

Fig. 10 | Transition froman initial state ∣Ψex
κ ; 0μi to a set offinal states ∣G; 1μi.The

states are products of the excitonic state ∣Ψex
κ

�
or the ground state∣Gi and single-

photon states (∣0μi or ∣1μi) of a given mode μ.
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distribution of excitons, the PL intensity is given by34,62,

IσðℏωÞ ¼
2
ℏ
Im

X
κ

jCκ
μj2

Eκ � ℏωþ iðℏγκ þ γ0Þ
Nκ

" #
: ð36Þ

whereNκ ¼ hbþκ bκi denotes the occupation of the corresponding excitonic
state34. At low carrier densities, this occupation follows a Boltzmann dis-
tribution,Nκ / expð� ℏ2Q2

2MkBT
Þwhere c is a constant63. The Eqs. for emission

(7) and absorption (36) follow the Elliot formula for exciton34,62. Despite
their structural similarity, they are distinguished by the presence of the
exciton occupation factor, which appears only in the equation of PL62,64.
Furthermore, the effect of the tip is captured by thematrix elementCκ

μ given
by Eq. (28) end the radiative decay rate γκ as defined in Eq. (34).

Data availability
The data presented in this study were generated using the mathematical
models and computational methods described in the main text and Sup-
plementary Information. All relevant processed data supporting the find-
ings are available from the corresponding author upon reasonable request.
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