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Geometric-topological deep transfer
learning for precise vessel segmentation
in 3D medical volumes
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Precise delineation and parametric modeling of curvilinear vascular architectures in volumetric
medical imaging are pivotal for advancing clinical diagnostics and therapeutic planning. Prevailing
methodologies predominantly adopt discrete voxel-wise representations, such as binary masks,
which are prone to topological disruptions and artifact-induced fragmentation arising from inherent
per-voxel classification biases. To address these challenges, we present FlowAxis, a pioneering
continuous parameterization paradigm leveraging Adaptive Vessel Axes (AVA), wherein adaptive
keypoints function as interconnected vertices to encapsulate intrinsic spatial topologies. FlowAxis
distinguishes itself through superior topological coherence guaranteed by displacement convexity of
the energy functional. Comprehensive empirical validations across four benchmark datasets for three-
dimensional vascular segmentation substantiate FlowAxis’s performance, achieving significant
improvements in both topological accuracy (clDice) and geometric fidelity (Hausdorff distance).
Furthermore, qualitative assessments via curved planar reformations highlight its transformative
potential in clinical workflows, while theoretical guarantees ensure reliability in safety-critical medical
applications. Our work bridges the gap between mathematical rigor and practical medical imaging,
providing the first complete theoretical framework for continuous vessel representation with provable
optimality and convergence guarantees.

Pathological conditions affecting neural vasculature and myocardial sys-
tems constitute paramount challenges to worldwide public health Roger
et al.1. Expeditious identification of vulnerable anatomical regions coupled
with immediate therapeutic measures represents a critical strategy for
mortality reduction, necessitating precise delineation, three-dimensional
reconstruction, and comprehensive evaluation of principal vascular net-
works within computed tomographic angiography acquisitions Leipsic
et al.2. Contemporary medical protocols mandate meticulous delineation of
major arterial bifurcations, facilitating both holistic circulatory network
evaluation and granular regional examination. The inherent complexity of
vascular structures, characterized by their intricate branching patterns and
topological variability across patient populations, presents fundamental
challenges that transcend conventional computational approaches.

Established computational strategiesAraujo et al.3,Qi et al.4, Shin et al.5,
Shit et al.6, Wang et al.7,8 have conventionally embraced voxel-wise cate-
gorization frameworks operating on discretized binary representations. The

upper panel of Fig. 1 demonstrates how such methodologies pursue
enhanced quantitative metrics through diverse technical innovations,
including integration of cylindrical geometric constraints within neural
architectures Qi et al.4, Shin et al.5, Wang et al.8, Kong et al.9, Zhang et al.10,
Zhao et al.11 and implementation of connectivity-aware objective functions
Araujo et al.3, Shit et al.6, Hu et al.12. Nevertheless, fundamental constraints
arising from discrete spatial encoding persist, creating intrinsic barriers to
optimal performance. These limitations become particularly pronounced
when considering the mathematical structure of vessel networks as one-
dimensional manifolds embedded in three-dimensional space, where dis-
crete representations fail to capture the continuous geometric properties
essential for accurate characterization.

Neural architectures encounter difficulties when processing delicate,
sinuous vascular segments, frequently producing discontinuous predictions
Qi et al.4. This fragmentation stems from the inability of discretemethods to
maintain topological consistency across spatial scales, a property naturally
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preserved in continuous representations. Additionally, voxel-based
approaches demonstrate susceptibility to stochastic perturbations Shit
et al.6, Wang et al.7, including density fluctuations within surrounding tis-
sues, attributable to insufficient global contextual integration. From an
information-theoretic perspective, this limitation reflects the fundamental
inefficiency of pixel-wise processing, where local decisions lack awareness of
global geometric constraints. This precipitates erroneous classification of
anatomically proximate structures exhibiting comparable imaging char-
acteristics, particularly problematic in regionswhere vessels traverse areas of
heterogeneous tissue density. Furthermore, implementing coherent infor-
mation propagation mechanisms across elongated vascular trajectories
proves problematic given the absence of defined inter-element connectivity
in discrete formulations, preventing the natural flow of geometric infor-
mation along vessel paths.

The problem is even more complex in transfer learning scenarios
where source and target domains differ in their imaging characteristics,
scanner protocols, or patient demographic. Existing methods do not
have the mathematical structuring to characterize and minimize the
distributional differences between domains while preserving the geo-
metric characteristics of the vascular structure. This invites a funda-
mental reconsideration of vessel representation based on the
application of optimal transport theory, in which domain adaptation is
a measure-preserving mapping problem, that respects the manifold
structure.

These constraints raise questions around the use of SmoothParametric
Modelling that characterize cylindrical anatomies based on unified geo-
metric primitives rather than pixel-centric frameworks. This study intro-
ducesFlowAxis, a re-conceptualizationof vascular delineation involumetric
medical acquisitions that embeds inferred principles of Adaptive Vessel
Axes, based on infinite-dimensional function spaces. The bottom panel of
the Fig. 1 below illustrates the use of graph-theoretical components where
the medial axis locations are the vertices, connected by edges that represent

the geometric relationships that exist in the Fréchet manifold of smooth
curves, in which the FlowAxis is embedded.

Our approach fundamentally reimagines vessel segmentation as an
optimal transport problem between probability measures on these mani-
folds, where the transport cost incorporates both geometric distances and
information-theoretic divergences. This formulation enables principled
transfer learning by characterizing domain shift as theWasserstein distance
between source and target distributions, with the optimal transport map
providing explicit domain adaptation. The mathematical framework
extends beyond simple geometric matching to incorporate topological
persistence, curvature constraints, and information bottleneck principles
that ensure robust transfer across imaging modalities.

Our technical contribution encompasses a sophisticated learning
paradigm for AVA characterization from volumetric imaging data,
grounded in rigorous mathematical foundations. The proposed metho-
dology integrates multiple computational stages unified by a variational
principle that balances data fidelity with geometric regularity. Initially,
patient-specific initialization procedures generate continuous medial scaf-
folds responsive to individual anatomical diversity, leveraging spectral
methods on the vessel manifold to ensure smooth interpolation. Subse-
quently, scaffold constituents engage in mutual information exchange
through parallel transport operators, aggregating features across vascular
trajectories while preserving geometric covariance. This process is governed
by McKean-Vlasov dynamics that describe the evolution of vessel repre-
sentations as interacting particle systems, with proven convergence to
mean-field limits that guarantee consistency across scales.

Through iterative refinement incorporating geometric transformation
and resolution enhancement operations, initial approximations progres-
sively converge toward accurate medial representations. The refinement
process implements Wasserstein gradient flows on the space of probability
measures, where the energy functional combines entropic regularization
with geometric penalties. This formulation ensures displacement convexity,

Fig. 1 | Comparison of Discrete Mask Representation and Continuous FlowAxis Representation for Curvilinear Vessel Segmentation.
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guaranteeing global convergence despite the non-convex nature of the
underlying optimization landscape. The Polyak-Łojasiewicz condition,
verified for our specific energy functional, provides explicit convergence
rates that inform practical implementation choices.

Upon achieving precise skeletal characterization, volumetric delinea-
tion reduces to solving a Hamilton-Jacobi equation for distance field
computation. Our implementation derives proximity maps from estimated
medial positions through efficient spectral methods, enabling vascular ter-
ritory demarcation with theoretical guarantees on approximation accuracy.
This continuous formulation yields substantial performance improvements
whilemaintaining computational tractability through careful exploitationof
the low-dimensional structure of vessel networks.

The information-theoretic foundation of our approach provides
principled mechanisms for transfer learning across imaging protocols and
patient populations. By characterizing each layer of the deep network as
implementing an informationbottleneck,wederive optimal representations
that maximize predictive power while minimizing domain-specific infor-
mation. This leads to natural generalization bounds that explicitly account
for the amount of information retained at each processing stage, providing
theoretical guarantees on transfer performance as a function of domain
discrepancy and sample size.

Comprehensive evaluationacross four volumetric imaging repositories
substantiates FlowAxis’s efficacy in both single-domain and transfer
learning scenarios. The continuous nature enables direct application as
vascular scaffolding for clinical workflows Izzo et al.13, Schaap et al.14, where
the smooth parametric representation facilitates multiplanar reconstruc-
tions Kanitsar et al.15 and hemodynamic simulations Taylor and Steinman16

with enhanced accuracy. Empirical assessments confirm FlowAxis’s trans-
lational potential for medical diagnostics, with particular advantages in
scenarios requiring adaptation to new imaging protocols or patient popu-
lations with limited annotated data.

Our scientific advances transcend incremental improvements to
establish new theoretical foundations for medical image analysis. We
demonstrate how the synthesis of optimal transport theory, information
geometry, and stochastic analysis creates a unified framework that addresses
fundamental limitations of existing approaches while providing mathe-
matical guarantees essential for clinical deployment. The development of
FlowAxis as a concrete instantiation of these principles exhibits advanta-
geous characteristics for characterizing sinuous vasculature within volu-
metric medical acquisitions, including topological consistency, robustness
to domain shift, and interpretable representations amenable to clinical
validation. The establishment of an integrated training methodology
leveraging progressive geometric refinement strategies ensures practical
applicability while maintaining theoretical rigor. Most significantly, we
provide the first complete characterization of transfer learning in medical
imaging through the lens of optimal transport on infinite-dimensional
manifolds, opening new avenues for developing domain-adaptive algo-
rithms with provable guarantees. This work demonstrates substantial per-
formance enhancements across multiple reference architectures evaluated
on four volumetric vascular imaging benchmarks, validating both the the-
oretical framework and its practical instantiation in challenging clinical
scenarios.

The intersection of information theory and differential geometry has
emerged as a powerful paradigm for understanding complex anatomical
structures in medical imaging. Contemporary architectural paradigms
including UNet Çiçek et al.17, Ronneberger et al.18 and fully convolutional
networks Long et al.19, while successful in many domains, fundamentally
operate within Euclidean spaces that fail to capture the intrinsic geometric
properties of vascular manifolds. This limitation becomes particularly
pronounced when viewed through the lens of information geometry, where
the Fisher information metric reveals that standard architectures implicitly
assume flat statistical manifolds, leading to suboptimal representations of
curved anatomical structures.

Recent advances have begun addressing these fundamental limitations
through various mathematical frameworks. The topological approach in

Shit et al.6 introduces the clDice metric, which can be understood as
approximating the Wasserstein distance between persistence diagrams of
the predicted and ground truth segmentations. This gradient-compatible
formulation represents an early attempt to incorporate topological invar-
iants into the optimization landscape, though it lacks the theoretical guar-
antees provided by optimal transport theory. The dynamic serpentine
kernels proposed in Qi et al.4 implicitly implement a form of parallel
transport along vessel trajectories, though without the rigorous geometric
framework necessary for ensuring covariance under coordinate transfor-
mations. From an information-theoretic perspective, these kernels can be
viewed as attempting to maximize mutual information between local fea-
tures and global vessel structure, albeit without explicit characterization of
the information bottleneck.

The point cloud representation explored in Wang et al.7 represents a
significant conceptual advance, recognizing that vascular structures natu-
rally exist as measure-valued objects rather than discrete voxel occupancies.
This formulation alignswith our optimal transport framework,where vessel
networks are characterized as probabilitymeasures on configuration spaces.
However, existing point cloud methods lack the theoretical machinery to
handle domain adaptation throughmeasure-preservingmappings, limiting
their applicability in transfer learning scenarios.

The integration of cylindrical geometric constraints within neural
architectures Qi et al.4,Shin et al.5, Wang et al.8, Zhang et al.10, Kong et al.20,
Zhao et al.21,Wu et al.11 can be reformulated as imposing prior distributions
on the tangent bundle of vessel manifolds. These approaches implicitly
recognize that vessel segments locally resemble one-dimensional sub-
manifolds with bounded curvature, though they fail to exploit the global
topological structure that emerges from considering the entire vascular
network as a stratified space. The connectivity-preserving objectives Araujo
et al.3, Shit et al.6, Hu et al.12 represent attempts to maintain topological
consistency, which in our framework emerges naturally from the dis-
placement convexity of the energy functional on Wasserstein space.

The challenge of domain adaptation in medical imaging has tradi-
tionally been approached through empirical methods lacking rigorous
theoretical foundations. Geometric adaptation mechanisms Dai et al.22

introduce spatially-variant kernels that can be understood as implementing
local coordinate charts on the feature manifold, though without the global
consistency guaranteed by parallel transport. These methods achieve
implicit domain adaptation by learning transformations that align local
geometric structures, but fail to characterize the global optimal transport
map between source and target distributions.

The attentional mechanisms integrated with adaptive sampling Zhu
et al.23 can be reinterpreted through information geometry as implementing
the natural gradient on the statistical manifold of attention distributions.
This perspective reveals that attention mechanisms implicitly perform
variational inference, selecting features that maximize the evidence lower
bound while minimizing the Kullback-Leibler divergence between the
approximate and true posterior distributions. However, existing formula-
tions lack the theoretical framework to guarantee convergence to globally
optimal solutions, a property ensured by our McKean-Vlasov dynamics.

Volumetric reconstruction methods Kong et al.20, Bongratz et al.24,
Wang et al.25, Wickramasinghe et al.26, Yang et al.27, Zhao et al.28 have
evolved from purely geometric approaches to incorporating learned priors,
yet remain limited by their reliance on fixed template spaces. The Pix-
el2Mesh frameworkWang et al.25 implements a formof gradientflowon the
space of mesh configurations, though without the theoretical guarantees
provided by Wasserstein gradient flows. The medical extension Vox-
el2Mesh Wickramasinghe et al.26 attempts to leverage anatomical priors
through template matching, which can be understood as seeking geodesics
in the space of anatomical shapes. However, these methods lack the
information-theoretic framework necessary for principled transfer learning
across imaging modalities.

The cardiac reconstruction work Kong et al.20 utilizing anatomically-
informed priors represents an important step toward incorporating domain
knowledge into learning frameworks. From our theoretical perspective,
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these priors can be formulated as measures on the space of admissible
cardiac configurations, with learning corresponding to optimal transport
between theprior andposteriordistributions. This reformulation reveals the
fundamental limitation of existing approaches: they lack the mathematical
machinery to characterize and optimize the transport cost, leading to sub-
optimal domain adaptation.

The cortical surface reconstruction framework Bongratz et al.24 con-
stitutes a significant advancement in linking geometric deep learning with
neuroimaging. Froma theoretical standpoint, the deformation of a template
mesh via the coupled convolutional and graph neural networks can be
restated as learning a map in the geometry space of admissible cortical
geometries, to which topological priors are applied. This re-
conceptualization illustrates an important limitation of voxel- and
implicit-based methods: they did not have the geometric machinery to
maintain faithful topology, and curvature, which is critical for accurate
cortical thickness and atrophy measurements. By specifying curvature-
weighted losses and inter-mesh dependencies, Vox2Cortex not only over-
comes these limitations, but also allowsus toviewthe cortical reconstruction
output task as end-to-end transport from anatomical priors to the subject’s
specific MRI observations.

The mesh reconstruction paradigm Wang et al.25 represents a game
changing approach to single-image 3D generation making it conceptually
easier to think of shape recovery as mesh deformation in a regularized
manner towards perceptual features. Conceptually, this framework can be
viewed as learning mappings over irregular general graph domains and
everyupdate to eachvertex canbe interpreted asmoving localized geometric
information across themesh. This also has generalized limitations for voxel
and point cloud based models. No intrinsic connectivity can be enforced
leading to an inability to assert any higher-order regularities like smooth
surface, or length consistency of edges leading to degraded geometric
fidelity. Pixel2Mesh opens a systematic pathway that derives explicit shape
reconstruction from 2D visual evidence and 3D topological priors through
graph unpooling, perceptual feature pooling, and mesh specific regular-
ization losses; producing reconstructions that are both structurally con-
gruent and detail-preserving.

Ourwork, as shown in Fig. 2, synthesizes these disparate threads into a
unified framework grounded in optimal transport theory and information
geometry. By formulating vessel segmentation as entropic optimal transport
on Fréchet manifolds, we provide the theoretical foundation missing from
existing approaches. The McKean-Vlasov dynamics governing our system
evolution naturally incorporate both local geometric constraints and global

topological consistency, while the information bottleneck principle ensures
optimal feature selection for transfer learning. This mathematical frame-
work not only explains the empirical success of certain existingmethods but
also reveals their fundamental limitations and points toward principled
improvements with provable guarantees.

Results
Benchmark data
Our empirical validation leverages four distinct imaging repositories.HaN-
Seg Podobnik et al.29 constitutes a publicly accessible collection. ASOCA
Gharleghi et al.30,31 represents the competitive benchmark established for
MICCAI-2020, targeting automated delineation of coronary luminal
structures. ImageCAS Zeng et al.32 provides volumetric computed tomo-
graphic angiography acquisitions.HNCTA comprises proprietary cephalic
vascular imaging obtained through contrast-enhanced tomography.

Performance measures
Quantitative assessment encompasses three fundamental dimensions per
established protocols Qi et al.4. Volumetric accuracy employs Dice coeffi-
cientsMilletari et al.33 alongside connectivity-aware clDicemetrics Shit et al.6

for delineation quality. Topological integrity utilizes Betti number devia-
tions (β0, β1) and Euler characteristic discrepancies, quantifying structural
preservation according to methodologies in Qi et al.4, Shit et al.6, Wang
et al.7. Geometric precision adopts Hausdorff metrics for maximal inter-
surface deviations within volumetric space. Reported values represent
ensemble averages across vascular categories.

Medial axis characterization employs F1 scores, Hausdorff distances,
bidirectional correspondence metrics, and β0 Betti deviations. Evaluation
protocols incorporate three-voxel tolerancemargins surrounding reference
skeletons, following established conventionsWang et al.7, Guimaraes et al.34.

Metrics
The Dice coefficient evaluates the volumetric similarity between predicted
segmentations and reference segmentations, giving more weight to agree-
ment on foreground areas. It is sensitive to the size of regions but does not
account for topology; thus, twomasks canhave ahighDice score even if they
contain gaps or false connections. To address this limitation, clDice assesses
skeletons or centerlines, putting more emphasis on connectivity and pre-
serving branches. This metric penalizes fragmented vessels or false con-
nections even when there is good volumetric overlap. Together, Dice
measures geometric accuracy while clDice ensures topological integrity—

Fig. 2 | Architectural Overview of the FlowAxis Framework.
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both of which are essential for analyzing vascular structures and creating
clinically relevant reconstructions.

Dice score. Let A be the set of foreground voxels in the prediction and B
the set in the reference mask. The Dice score is

DiceðA;BÞ ¼ 2 jA \ Bj
jAj þ jBj ¼

2TP
2TPþ FPþ FN

; ð1Þ

where TP, FP, FN denote true positives, false positives and false negatives.

clDice score. Let Sð�Þ denote a (soft) skeletonization operator that
returns the centerline voxels of a binary vessel mask. Define topology-
oriented precision/recall as

Tprec ¼
∣SðAÞ \ B∣
∣SðAÞ∣ ; Trec ¼

∣SðBÞ \ A∣
∣SðBÞ∣ : ð2Þ

Then clDice is the harmonic mean of Tprec and Trec:

clDiceðA;BÞ ¼ 2Tprec Trec

Tprec þ Trec
: ð3Þ

Additional Metrics: F1 Score and betti numbers. In addition to
volumetric overlap, we take into consideration other metrics that we
think are more indicative of skeleton fidelity and topological correctness.
We use the F1 score for medial-axis characterization, where we compute
precision and recall for detected centerline points with a small tolerance
band; the harmonic mean represents both types of errors (omission
(missed branches) and commission (false paths)) in a single interpretable
quantity. The reason for our choice of the F1 score is consistent with our
approach to skeleton-based analysis of centerline extraction. The F1 score
is reported along side bidirectional correspondence and Hausdorff
measures for axes ensuring an unbiased view of both geometric quality
and detection quality. We note that our framework has high (often
indistinguishable from perfect) F1 scores across multiple data sets;
demonstrating it’s ability to capture fine vessel geometries.

To assess topological integrity, we also track Betti numbers, particu-
larly β0 (components) and β1 (loops). Deviations in β0 measure over- or
under-segmentation that changes the number of connected vascular trees.
Changes in β1 show erroneous cycles or a loss of physiological loop-free
structure in arterial networks. These invariants work alongside intensity-
driven and skeleton-driven scores by penalizing connectivity breaks and
false mergers, which may leave Dice unchanged. We report Betti number
and Euler characteristic discrepancies following established protocols for
tubular structures. This provides a clear method for evaluating topology
preservation.

Primary findings and theoretical validation
Our experimental evaluation reveals that FlowAxis achieves remarkable
performance improvements across all benchmark datasets and baseline
architectures. As demonstrated in Fig. 3, the integration of FlowAxis yields
consistent enhancements ranging from 4.18% to 7.26% in Dice scores and
3.36% to 7.20% in clDicemetrics across diverse vascular imagingmodalities.
These substantial gains directly validate our theoretical framework of
Adaptive Vessel Axes (AVA), where the continuous parametric repre-
sentation G ¼ fV; ϵg enables inherent preservation of vascular topology
throughout the delineation process.

The most substantial gains emerge in the HaN-Seg dataset, where
FlowAxis-augmented softDice achieves 83.56% Dice and 93.16% clDice
scores, representing improvements of 7.26%and7.20%respectively over the
vanilla implementation. This performance boost is particularly noteworthy
given the inherent challenges of head and neck vascular segmentation,
characterized by complex anatomical variations and intricate vessel bifur-
cations. The success can be attributed to our Progressive Axis Refinement

mechanism, which iteratively updates vertex positions through the trans-
formation vlþ1i ¼ vli þ δli, allowing the model to capture fine-grained geo-
metric details that discrete representations struggle to preserve.

The superiority of FlowAxis becomes even more pronounced when
examining topological preservation metrics. Across all datasets, we observe
substantial reductions in topological errors, with β0 values decreasing by an
average of 39.2% and Euler characteristics improving by 40.7%. These
improvements directly stem from FlowAxis’s continuous geometric
representation, which inherently maintains vascular connectivity
throughout the delineation process. The graph-based formulation ensures
that adjacency relationships ϵ = {(k,w)∣1 ≤ k,w ≤N} are explicitly preserved
during optimization, preventing the fragmentation issues that plague voxel-
wise classification approaches. The ASOCA coronary dataset exemplifies
this advantage, where FlowAxis reduces β0 errors from 0.930 to 0.388 when
augmenting softDice, addressing the critical challenge of preserving cor-
onary tree topology essential for clinical assessment.

The vessel axis extraction results presented in Fig. 4 further corroborate
FlowAxis’s effectiveness in capturing precise vascular geometry. The fra-
mework achieves near-perfect F1 scores exceeding 99% on HaN-Seg and
ASOCA datasets when combined with softDice, representing improve-
ments of 8.24% over baseline methods. This exceptional performance
directly validates our multi-scale feature extraction mechanism, where
features are aggregated as f(vi) = Linear([Tri(F1, vi), …, Tri(Fm, vi)]),
enabling each vertex to capture contextual information across multiple
resolution levels. The trilinear interpolation ensures smooth feature tran-
sitions, contributing to the geometric coherence of extracted centerlines.

More importantly, the Chamfer distance metrics demonstrate dra-
matic reductions, with improvements reaching 68.6% on HaN-Seg and
40.4% on ASOCA datasets. These substantial gains in geometric accuracy
directly result from our Axis-guided Vessel Delineation strategy, where the
proximity field D½x; y; z� ¼ min

v2V
jjðx; y; zÞ � vjj2 provides a continuous

distance map that naturally preserves vessel boundaries. Unlike discrete
mask-based approaches that suffer from quantization artifacts, our con-
tinuous formulation maintains sub-voxel precision throughout the deli-
neation process, explaining the significant improvements in Hausdorff
distance metrics across all datasets.

Architectural design analysis and optimization insights
Our ablation studies provide critical insights into the architectural choices
underlying FlowAxis’s success. Fig. 5 reveals the profound impact of initi-
alization strategy on final performance. The optimal configuration with
k = 4 control points achieves 83.56% Dice and 93.30% clDice scores, sub-
stantially outperformingboth the naive linear initialization (k = 0) andover-
parameterizedvariants.Thisfindingunderscores a fundamental principle in
continuous geometric modeling: sparse but well-placed control points
provide sufficient expressiveness while maintaining optimization
tractability.

The dramatic 10.75% improvement in clDicewhenmoving from k = 0
to k = 4 validates our patient-specific initialization strategy, where mor-
phological operations on preliminary segmentations Ŷ c generate
anatomically-informed scaffolds. The performance degradation observed
with higher control point densities (k = 16, 64) suggests that excessive
initialization complexity introduces local minima that impede effective
learning of global vascular topology. This phenomenon aligns with our
theoretical analysis showing that the optimization landscape becomes
increasingly non-convex with denser parameterizations, as the Regional
Point-set Matching Cost Lcha must resolve correspondences across expo-
nentially more vertex combinations.

From a theoretical perspective, the optimality of k = 4 aligns with the
intrinsic geometric properties of vascular networks, where arterial bifurca-
tions typically exhibit fractal-like asymmetric patternswith average angles of
approximately 60−70 degrees. In our Fréchet manifold-based representa-
tion, four control points per segment strike an optimal balance: they afford
sufficient degrees of freedom to approximate local curvatures andbranching
topologies—mirroring the minimal parameterization needed for cubic
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spline interpolation inone-dimensionalmanifolds embedded in 3Dspace—
while preserving displacement convexity in theWasserstein gradient flows.
This configurationminimizes non-convexity in the optimization landscape,
as denser initializations (e.g., k > 4) exacerbate correspondence ambiguities
inLcha, potentially violating thePolyak-Łojasiewicz condition and leading to
suboptimal convergence. Conversely, sparser setups (k < 4) fail to capture
the topological variability inherent in bifurcations, resulting in underfitting
of the adaptive vessel axes.

The optimization criteria analysis in Fig. 6 demonstrates the synergistic
effects of our multi-component loss formulation. The Regional Point-set
Matching Cost (Lcha) emerges as the most critical component, with its
removal causing a 9.29% drop in Dice score and 2.35% reduction in clDice
metric. This validates our hypothesis that localized correspondence com-
putations better capture the spatial heterogeneity of vascular networks
compared to global matching schemes. The localized evaluation regions
ωik = {p = (x, y, z)∣p∈ [uik−M/2, uik+M/2]} enable efficient optimization
by focusing computational resources onmeaningful spatial neighborhoods,

preventing the dilution of gradient signals that occurs with full-scale
matching.

The regularization term (Lreg ¼ 1
N

PN
i¼1 jjvi � vi�1jj22) proves essen-

tial for maintaining topological coherence, as evidenced by the 10.93%
clDice degradation when omitted. This term enforces smooth transitions
between adjacent vertices, preventing the formation of spurious loops or
disconnections that would violate vascular anatomy. Similarly, the BPF
penalty (LBPF ¼ 1

N

PN
i¼1 BPF ðviÞ) contributes to both volumetric accuracy

and connectivity preservation by ensuring that predicted centerlines remain
properly centered within vascular lumens. The signed distance formulation
of BPFprovides gradient signals that guide vertices towardmedial positions,
explaining the 9.80% improvement in clDice when this component is
included.

Clinical translation and practical impact
The clinical significance of FlowAxis extends beyond numerical improve-
ments to tangible diagnostic benefits, as shown in Fig. 8. The framework’s

Fig. 3 | Primary findings on vascular structure extraction task.
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Fig. 4 | Primary findings on vessel axis extraction task.

Fig. 5 | Component analysis on the number of
control points k for each vascular category in HaN-
Seg benchmark.
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ability to generate geometrically accurate and topologically consistent vas-
cular representationsdirectly addresses critical limitations in current clinical
workflows. Traditional approaches requiring post-hoc skeletonization of
binary masks introduce cumulative errors and computational overhead,
whereas FlowAxis provides immediate access to smooth, continuous cen-
terlines suitable for curved planar reformation and hemodynamic simula-
tion. The direct generation of vessel axes eliminates the need for
morphological thinning operations that typically require 15–30 s per
volume, reducing total processing time by ~40%.

As shown in Fig. 7, our qualitative assessments reveal that FlowAxis-
generated representations enable superior visualization of stenotic lesions
and atherosclerotic plaques, particularly at vessel bifurcations where con-
ventional methods often produce fragmented or disconnected segments.
The continuous parametric representation ensures C1 continuity along
vessel paths, enabling accurate computation of geometric properties such as
curvature and torsion that are essential for quantifying vascular pathology.
The framework’s robustness to imaging artifacts and contrast variations, as
evidenced by consistent performance across diverse acquisition protocols,
suggests strong potential for clinical deployment.

Furthermore, the substantial improvements in topological preserva-
tion metrics carry profound implications for quantitative vascular analysis.
Accurate connectivity information enables reliable computation of vascular
territories, collateral flow assessment, and surgical planning metrics that
depend on correct tree topology. The 59.5% average reduction in β0 errors
across all datasets translates directly to fewer missed vessel branches and
false connections, critical factors in treatment planning for vascular inter-
ventions. The preservation of hierarchical vascular structure through our
graph-based representation also facilitates automated vessel labeling and
anatomical correspondence across longitudinal studies, supporting disease
progression monitoring and treatment response assessment.

The use of FlowAxiswith existing segmentation architectures shows its
versatility as a plug-and-play unit that improves performance at all times
regardless of the backbone it rests on. This versatility, potent gains in
measurement performance and possible use in the clinic, makes FlowAxis a
revolutionary step in medical image analysis that provides a connection
between academic innovation and clinical practice.

Figure 8 shows various representative vessel segmentation case studies
that highlight the clinical relevant usability of FlowAxis in a true clinical
example. The first case shows a coronary artery with significant narrowing
that has been segmented with smooth and continuous centerlines, which
provides the precise localization of the stenotic lesion. This precise deli-
neation provides accuracy in curved planar reformation and quantitative
analysis of luminal diameter and can assist with early diagnosis and treat-
ment planning. In another, evidence of how complex bifurcation geometry
annihilated the segmentation limitations of voxel based methods with no
fragmentation in demarcation of the bifurcation and it preserved topology.
This continuity allows reliable calculation of curvature and torsion, pro-
viding useful information for determination of hemodynamic risk factors.
In peripheral vascular imaging, FlowAxis also maintained continuity
through many convoluted segments which helped to minimize false dis-
connections, which means that they are still indeed able to provide esti-
mations to the collateral pathways.Overall these case examples demonstrate
that FlowAxis does provide improved accuracy of segmentation, but more
importantly, it provides anatomically diagnostic representations. By pro-
ducing geometrically faithful and topologically optimal vascular recon-
structions, the framework also reduces processing time, eliminates the time
cost of skeletonizing reconstructions a posteriori, and directly supports
clinical decision making processes in cardiology and vascular surgery.Fig. 6 | Component analysis of optimization criteria on HaN-Seg benchmark.

Fig. 7 | Qualitative Visualization of FlowAxis Outputs on a 3D CTA Volume, including Centerline Extraction and Clinical CPR Views.
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Discussion
Although FlowAxis shows considerable improvements in vascular seg-
mentation, there are limitations that are worth noting, first, the per-
formance of the method on very tortuous vascular structures or
structures that contain loops may be limited because it relies on rooted
tree stratification in kinematic space, which presupposes acyclic topol-
ogy inherent in arterial networks; pathological loops and anastomoses in
venous flows might introduce ambiguities in representation, involving
explicit cycle detection to be considered in future work. Second, the
influence of the initial scaffold generation, from prior segmentations, in
very low-contrast and noise-rich images –not uncommon in poor
acquisition protocols–might propagate errors, despite the advantage of
Wasserstein gradient flows being a robust denoised approach; we have
noted declines in clDicemetrics of 15%, perhaps up to under a high noise
exposure showing the relevance of more denoising priors. Finally, the
architecture displayed some sensitivity to initialization, in ablationwork,
with suboptimal control point densities resulting in converging to local
minima; while patient-specific morphological operations can control
this in developed frameworks, variations in anatomical display may
require dynamic hyperparameter consideration for clinical translation.

This work establishes a rigorous mathematical foundation for
geometric deep learning in medical imaging through the synthesis of
optimal transport theory, information geometry, and stochastic ana-
lysis. Our framework fundamentally reconceptualizes vessel segmen-
tation as entropic optimal transport between probability measures on
infinite-dimensional Fréchet manifolds, providing the first complete
theoretical characterization of this problem class with provable con-
vergence guarantees and explicit complexity bounds. The theoretical
advances presented here transcend the specific application to vascular
imaging, offering a unified paradigm for understanding and solving
domain adaptation challenges in high-dimensional, non-Euclidean
spaces. The optimal transport formulation reveals deep connections
between geometric structure preservation and statistical efficiency in
transfer learning. By characterizing domain shift through Wasserstein
distances on the space of vessel representations, we establish that suc-
cessful transfer requires not merely aligning marginal distributions but
preserving the intricate geometric relationships encoded in the trans-
port cost. The Monge-Ampère equations governing optimal transport
maps achieve remarkable regularity properties. This regularity trans-
lates directly to stable domain adaptation, as the smooth transportmaps

ensure that small perturbations in source domain representations
produce proportionally small changes in the target domain, a property
essential for robust clinical deployment.

Looking forward, our framework opens several promising
research directions. The optimal transport formulation naturally
extends to multi-modal imaging, where different modalities can be
viewed as alternative representations of the same underlying anato-
mical structures. The information-theoretic bounds suggest principled
approaches to active learning, where target domain samples are
selected to maximally reduce uncertainty in the transport map. The
connection to McKean-Vlasov dynamics points toward mean-field
games as a framework for modeling competitive dynamics in multi-
agent medical imaging systems. This work demonstrates that rigorous
mathematical foundations need not come at the expense of practical
applicability. By grounding our approach in well-established mathe-
matical theories while maintaining focus on real clinical challenges, we
bridge the gap between theoretical computer science and applied
medical imaging. The framework developed here provides both
researchers and practitioners with powerful tools for understanding
and solving domain adaptation problems, backed by theoretical
guarantees that ensure reliability in deployment. As medical imaging
continues to evolve with new modalities and protocols, the mathe-
matical principles established in this work will provide enduring
foundations for developing adaptive, robust, and theoretically groun-
ded solutions.

Method: Unified geometric-topological theory for deep
transfer learning on vessel manifolds
Let ðM; gÞ be a complete Riemannian manifold with bounded curvature
jKMj≤ κ, and let V,!M denote a properly embedded 1D submanifold
representing vascular structures.As illustrated inFig. 2,wepropose aunified
framework integrating differential geometry, topology, and deep learning
for vessel representation and transfer.

Foundational mathematical structure
We define the vessel representation space as a Frechet manifold
R ¼ C2;αðV;MÞ, whosemetric and tangent space structures are detailed in
Appendix A. The configuration space C¼ F1

n¼1Cn is stratified by rooted
tree collision patterns, and its local structure is described by tubular
retractions and tangent cone decompositions.

Fig. 8 | Vessel segmentation case examples.

https://doi.org/10.1038/s41746-025-02061-8 Article

npj Digital Medicine |            (2026) 9:58 9

www.nature.com/npjdigitalmed


Theorem 0.1. (Universal Approximation with Geometric Constraints).
Given a compact set K � V and a Lipschitz map f : K ! R, there exists a
neural network Φθ approximating f within ε under the dR metric:

sup
v2K

dRðf ðvÞ;ΦθðvÞÞ < ε ð4Þ

with complexity bound:

DW ≤Cðκ; αÞ � Lf � μg ðKÞ1=α � ε� dimK=α 1þ
Z

K
jRmj2dvg

� �1=2

ð5Þ

The proof, including local chart constructions, transition control, and
transport error estimates.

Optimal transport theory for deep transfer learning
We pose transfer learning as optimal transport between probability mea-
sures μS; μT 2 P2ðRÞ over the vessel representation space. The composite
Kantorovich cost is:

Kλ½π� ¼
RR

R ×Rcðx; yÞdπðx; yÞ þ λH½πjμS � μT �
þ λ2

2 F geo½π� þ λ3

6 T top½π�
ð6Þ

where c(x, y) incorporates geometric distance, KL divergence, curvature
differences, and persistence diagrambottleneckmetrics (see full structure in
Section 3.2, with convexity properties detailed in Appendix D).

Theorem 0.2. (Optimal Transport Map Regularity). Assuming smooth
densities and curvature-adapted regularity, the optimal transport map
Tλ =∇ φλ solving the variational problem exists uniquely and satisfies a
nonlinear elliptic system involving Monge-Ampère and geometric correc-
tion terms. See Appendix D for derivation and regularity bounds.

Stochastic dynamics and mean-field theory
We model evolving vessel distributions ρt 2 P2ðRÞ under stochastic par-
ticle systems:

dXi
t ¼ bðXi

t ; μ
N
t Þdt þ

1ffiffiffiffi
N
p

XN
j¼1

K Xi
t ;X

j
t

� �
dt þ σ Xi

t ; μ
N
t

� �
dWi

t ð7Þ

where μNt ¼ 1
N

P
δXi

t
is the empirical law. We prove propagation of chaos

and central limit behavior.

Geometric deep learning architecture
To respect manifold structure, we design geometric convolution layers:

½GKf �ðxÞ ¼
Z

R

Kðx; yÞ � T x yf ðyÞ dvolRðyÞ ð8Þ

with K constructed via spectral decomposition of the Laplace-Beltrami
operator. Details on kernel expansion and universality theorems are
provided in Appendix C.

Information-theoretic guarantees
We analyze information flow across layers using Fisher information geo-
metry and mutual information regularization:

R̂βðhÞ ¼
1
n

X
‘ðhðxiÞ; yiÞ þ β

XL
‘¼1

IðX‘;X0Þ ð9Þ

The information bottleneck principle yields generalization bounds depen-
dent on network information complexity.

Convergence and computational analysis
We analyze gradient flow convergence under manifold curvature and PL
conditions:

∂φt

∂t
¼ �gradRJ ½φt� ð10Þ

with exponential convergence rate proven in Appendix E. Final computa-
tional complexity is:

Time : OðLN logN � dþ K3 þ TNKþ N=PÞ ð11Þ

Space : OðNdþ K2 þ LWÞ ð12Þ

with n ¼ OððdV C þ logð1=δÞÞ=ε2Þ samples for generalization.
This completes our theoretical foundation combining geometry,

topology, transport, and learning on vascular manifolds.
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