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General formalism of the quantum equivalence
principle

Saurya Das'™, Mitja Fridman® "™ & Gaetano Lambiase® 23>

A consistent theory of quantum gravity will require a fully quantum formulation of the
classical equivalence principle. Such a formulation has been recently proposed in terms of the
equality of the rest, inertial and gravitational mass operators, and for non-relativistic particles
in a weak gravitational field. In this work, we propose a generalization to a fully relativistic
formalism of the quantum equivalence principle, valid for all background space-times, as well
as for massive bosons and fermions. The principle is trivially satisfied for massless particles.
We show that if the equivalence principle is broken at the quantum level, it implies the
modification of the standard Lorentz transformations in flat space-time and a corresponding
modification of the metric in curved space-time by the different mass ratios. In other words,
the observed geometry would effectively depend on the properties of the test particle.
Testable predictions of potential violations of the quantum equivalence principle are
proposed.
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general relativity (GR)!-3, However, gravity is expected to
be fundamentally a quantum force, just as the other three
forces in Nature, with various approaches to quantum gravity
being proposed*f, it follows that there must exist a Quantum
Equivalence Principle (QEP), from which the standard Equiva-
lence Principle follows in the classical limit. Such a QEP was
proposed by Zych & Brukner’, which was applied to non-
relativistic particles and weak gravitational fields. In this article, a
necessary and sufficient generalization of the applicability of the
QEP to relativistic bosons and fermions as well as to curved
space-times is proposed. It is shown that if the QEP is violated,
the Lorentz transformations in flat space-time and the corre-
sponding metrics in curved space-times depend on the properties
of the test particle itself and energies and momenta of non-
interacting particles do not simply add up. In other words, if these
problems are to be avoided, then the QEP should be exactly
satisfied in Nature! Furthermore, not only should every theory of
quantum gravity take into account this principle, but the latter
may even provide useful guidance in the formulation of such
theories.
The QEP is proposed in the form of an equality between the
quantum operators representing the inertial, gravitational and
rest masses of a given particle as”

The Equivalence Principle is the cornerstone of classical

M; = Mg = Mg, (1)

which in turn can be written in terms of the ‘ground state mass’
m, and the internal interactions of the composite particle,
described by the internal energy operator H,

mt [0

int,« (2)

where & =1, G, R signify the inertial, gravitational and rest masses
of the test particle, and c the speed of light. Eq. (1) encompasses
all three features of the Equivalence Principle. M; = My, repre-
sents the quantum version of the weak equivalence principle
(WEP), I:Iim,R = I:IintﬁI implies the quantum version of the local
Lorentz invariance (LLI) and H intR = H,,, ; implies the quantum
version of the local position invariance (LPI). Note that the
formalism of Zych & Brukner’, in which Egs. (1) and (2) are
applied, is non-relativistic (i.e. slow-speed particles) and considers
a weak gravitational field that can be described by Newton’s
gravity. In this article, it is shown, for the first time to the best of
the authors’ knowledge, that Eqgs. (1) and (2) can be applied in a
generalized formalism, which can be used to test the QEP with
massive bosons and fermions at relativistic speeds and in strong
gravitational fields as well.

Results

Modifications of special relativity. First, as shown in Method
Special Relativity, when the three masses are not equal, the
standard dispersion relation of a free relativistic particle, namely
E2 = p2c% 4+ m2c4, gets modified to the more general relation

E2 Rp262 + ch (3)

which reduces to the dispersion relation, considered by Zych &
Brukner’ in the non-relativistic limit and in the absence of a
gravitational field. This results in the following modified Lorentz

transformation for any four vector, for a boost v

AN(my, mg, mp) = Al(m,)

y P\ ﬂV%% —yy
NE 1+-DE (-D3 (D%
N -DEE 1+(-DF  (

VZ
Nme @-DIF ( L+ (=D
(4)

which is a transformation between reference frames with different
velocities, e.g., x* = Af(m,)x". The corrections in the i0 com-
ponents appear as such, to preserve the norm V,V¥ of an arbi-
trary 4-vector V¥ under boosts, and to be consistent with the
modified Lorentz factor

)} =
1 my 2 (5)

as explained in Method Special Relativity. Now, it follows from
Eq. (4) that

Ay )Py + A(my )P # Ny (my g+ my )Y +p5)- - (6)

This means that even for two non-interacting particles, their
masses do not just simply add up under the modified Lorentz
transformations. This is known as the so-called soccer-ball
problem3, and the above result shows that if this problem is to be
absent in Nature, the LLI must necessarily be satisfied. Note
however, that regardless of whether LLI holds or is broken,
transformation (4) still forms a group. The generators of this
group are still the standard Lorentz generators, since the mod-
ifications enter only through the boost parameters.

Modifications of general relativity. Next, one considers an
arbitrary curved space-time, given by the (contravariant) metric
g". For this, as shown in Method General Relativity, the metric
g% now contains the ratios between inertial, gravitational and rest
masses, ie., g'¥=g"(my, mg, mg) =g (m,). As expected, the
standard form of the metric is recovered when m; = mg = my. To
arrive at a specific background space-time, one must solve the
Einstein equations with the relevant stress-energy tensor and
boundary conditions, and evaluate the integration constants,
taking into account the masses m,. This is done by re-writing
Newton’s second law of motion and Newton’s law of gravity for a
freely falling particle with different inertial and gravitational
masses as

2,i
dx'  mg

mla:—mGV¢ = @__W
1

ai(p 9 (7)

where ¢ is the classical gravitational potential. A standard deri-
vation of the metric from the Einstein equations follows, with the
integration constants left arbitrary at first. To evaluate the inte-
gration constants, the weak field limit of the metric, where
&uv ="y + hyy and |h,| <1 (here, #,, is the Minkowski flat
space-time metric and h,, the small perturbation term), or
equivalently, the weak ﬁeld limit of the geodesic equation for that
metric, is then compared to the above version of Newton’s law of
gravity. One must also simultaneously consider the modification
of the relativistic energy-momentum dispersion relation due to
the different masses (see Eq. (28) in Method Special Relativity).
By doing so, the resultant metric obtains modification factors in
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the form of ratios m,/m,, where o,/ =1, G, R, as for example
goo—1‘|‘ho—1‘|‘2 G(/) (8

for the 00 component of the weak gravitational field metric. For
more general cases, where there is more than one integration
constant, one must consider classical limits of other quantities,
such as angular momentum of a rotating object in the case of the
Kerr space-time (see Method Kerr Metric), to obtain the modified
integration constants. This may have measurable consequences,
as will be shown later. Note that the mass ratios do not change the
differential equations of GR, since they modify only the inte-
gration constants.

Next, one considers the specific example of the Schwarzschild
metric, which as one knows, is obtained by solving the vacuum
Einstein equations under the assumptions of staticity, spherical
symmetry and asymptotic flatness®. In the standard derivation of
the Schwarzschild metric there is only one integration constant
K = — %M where G is the universal gravitational constant and M
the mass associated with the static, spherically symmetric metric.
This constant is obtained in the asymptotic (weak field) limit, by
comparing |goo — 1| to the classical Newtonian potential ¢ =
— GTM (see Eq. (8)), where r is the distance from the central object.
However, in the case where one distinguishes between the masses
m, of a test particle, it turns out (see Method Weak Gravitational
Field and the Schwarzschild Metric) that these masses modify the

integration constant K = —2¢2%M and the metric reads as
-1
me 2GM
(1 ) 0 o 0
m 26M
" (m,) = 0 (1) o o
0 0 -+t 0
0 0 0 " sinZ6

©)

where 6 the polar angle. In the above, one can see that the mass
ratio mg/my modifies only the temporal and radial components
of the metric (in the spherical coordinate system) and leaves the
angular parts unchanged, while the inertial mass m; does not
affect the components in this case. Therefore, if the ratio mg/mg
is universal, i.e., the same irrespective of the composition of the
test particles, then it can be set to unity and the above metric
becomes independent of the test masses, just as in standard GR.
However, if the ratio does depend on the composition, then our
result shows that it affects the effective space-time geometry itself,
which should have observable consequences. Such effects can be
studied in the weak gravitational field!%, or a general case of the
Kerr space-time, where the modifications are obtained by
following the procedure of Papapetrou!! (see Method Kerr
Metric for details) and reads as

32(my) mgmy’ GMar
A,y 0 0 2% ERm Ay
0 —fml 0
v p*(my)
g"(m,) =
* 0 0 — 0
p(my)
. A(mg)—2Lg2sin?Q
mbm GMar o)y
2 m;” Zp2(m,)A(m,) 0 0 = P A0
(10)
2 (42 M 22 m 2 2 _
where X%(m,) = (r" + m—;a ) — m—;u A(m,)sin®0,  A(m,) =

m
2 _ CZGMr+mI 2
my

above modified Kerr metric, one can see that all three masses m,
modify the metric in all coordinate directions, i.e., the temporal,
radial, polar and azimuthal directions. If the rotation of the

r and p*(m,) = r* + La’cos’. From the

central object vanishes, i.e., a — 0, the modified Schwarzschild
solution from Eq. (9) is recovered. Note that for the cases studied
here, the inertial mass m; enters the metric only in the rotating
(non-static) case as seen from Eq. (10), where there is inertial
frame dragging surrounding the central gravitating object. It
turns out that m appears in the metric of any arbitrary rotating
object, since in the asymptotic limit of the corresponding g#?, one
always obtains Eq. (64), where m; enters through Eq. (48).

Generalized formalism. Equipped with the above building
blocks, one now proceeds to construct a formalism of the QEP,
which is valid for bosons and fermions, travelling at arbitrary
speeds and in arbitrary curved space-times. The corresponding
wave equations reduce to the standard Klein-Gordon and Dirac
equations in curved space-time in the limit when the QEP is
satisfied.

First, one considers a bosonic particle, and writes its effective
Hamiltonian in the Feshbach-Villars formalism!2-14, suitably
generalized to curved space-times and incorporating the three
types of masses

H=1 L mpc® — (7, + it )7gij(m“) p;iﬁj
TVERm) g
0i P
+(T3 +iT2) g (mzx) p()pi

V goo(moc) v mRmI ’

where 7,(k = 1, 2, 3) are the Pauli matrices. It can be easily shown
that the above gives rise to the generalization of the Klein-Gordon
equation in curved space-time!® incorporating the three masses
(see Method Feshbach-Villars Formalism in Curved Space-time).
Note that in the above, the gravitational mass enters through the
metric g#¥(m,). It can also be straightforwardly shown that the
above modified Hamiltonian exactly corresponds to the modified
Klein-Gordon Lagrangian

1 ch

1 v 3 3
L= Eg" (my)0,® 0,0 — 3

— (la
[z o
study the QEP with bosons in Quantum Field Theory in curved
space-times. On variation, it gives rise to the same modified
Klein-Gordon equation as obtained from Eq (11).

For fermions, on the other hand, one writes the standard Dirac
Hamiltonian in curved space-time!®, modified by the different
masses as

q>2 12
2 ) (12)

where 0 "7:!—‘1‘8) The above Lagrangian can be used to

A= % Ym0 Y (m) py(my) ¢ + ihTy(m,)

. (13)
+W )_/ (ma) I’}’ZRC2 s

where y¥(m,) = éq(m,)y* with és(m,) being the vierbeins (or

tetrads), defined by g (m,) = éi(m,) e} (m,) n**, while y* and 5*
are the flat space-time Dirac gamma matrices and Minkowski
metric, respectively, of the tangent space, whose basis is denoted by
Latin indices. The derivative V,(m,) from the momentum operator
pi(m,) = —ihV (m,) takes the form Vu(mg) = 9, — I',(m,), where

F‘u(ma) - 7yuyb I/(m )gl//\(m )e/\y(m ) (14)

is the spinor affine connection. Note that K(mu) and T, (m,) are
functions of my,, since they depend on g*Y(m,). In the above
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ei;”(ma) = ayeﬁ(ma) - Fﬁ/\(ma) eﬁ(ma), where

FZA(mu) = % pg(ma)(a,ug/la(ma) + axlgyn(m(x) - aagwl(m(x))

(15)

are the modified Christoffel symbols.

It can be easily shown that Eq. (13) gives rise to the
generalization of the Dirac equation in curved space-time
incorporating the three masses. It can also be shown that the
above modified Hamiltonian corresponds exactly to the modified
Dirac Lagrangian

£ =y (i omy) ¥, mp) — myc)y

where ?M(ma) = (% Vo(m,), :"n—TV(m(X)). The above Lagrangian

can be used to study the QEP with fermions in Quantum Field
Theory in curved space-times, and gives rise to the same modified
Dirac equation as obtained from Eq. (13). In this case, the
gravitational mass enters not only through the metric g#¥(m,), but
also implicitly through y#(m,) and T, (m,).

To describe the internal quantum effects of the test particle in
the above generalized formalism, the masses m, are promoted to
quantum operators (see Eq. (2)) in Egs. (11) and (13), which can
be used to study the QEP in any given scenario. Note that the
operators M, describe the total mass-energy of a composite
quantum system, with m, being the ground state, and H,,,
effectively describe the relativistic internal effects of the composite
particle, related to its degrees of freedom and drives the non-
trivial internal evolution’. This completes the generalization of
the applicability of the QEP, introduced Zych & Brukner’, to
relativistic bosons and fermions in arbitrary curved space-times.

(16)

Experimental bounds. The generalization of the applicability of
the QEP proposed in this work may be tested in Earth-based
experiments, such as interferometers and particle accelerators,
and in strong gravitational fields, such as in the vicinity of stars
and black holes. The most common experiments are Earth-based
experiments, which corresponds to a non-relativistic limit and a
weak gravitational field. Such experiments include the neutron
interferometer experiment by Colella, Overhauser and Werner
(COW)!7 to test the WEP and other proposals’ to test the LLI
and the LPI. The COW experiment can be used to measure the
effective gravitational mass (Mg) = mg + Ey g/ of the neu-
tron, since the violation of the QEP modifies the phase shift to

mGgA Eint,GgA (17)

hv hetv
where g is the gravitational acceleration, A = Ih is the area, [ the
length and & the height of the interferometer, v is the velocity of
the neutron in the lower branch and Ej, g = (Hing) is the
deviation, obtained from the precision of measuring A®, which
is ~ 107318, The effective inertial mass of the neutron corresponds
to the accepted value of the mass of the neutron, since it is
measured kinematically. Comparing the above masses provides
an upper bound of < 1073 for the deviation of mg/m; from unity.
The above bound corresponds to the upper bound on the dif-
ference of eigenvalues —L;(E; s — E;, ), where one assumes

AD =

int,
m=mg=my as the ground state value for both M and M.
Keeping the masses different would not change the order of
magnitude of the correction. This provides a test for the WEP.
To test the QEP at relativistic speeds in the absence of a
gravitational field, one can for example consider the mean
lifetime 7 of a particle in cosmic ray showers. It can easily be
shown that the measured lifetime 7 in a cosmic ray shower is

given by
(18)

where 1q is the mean lifetime of the particle in its rest frame and y
is defined in Eq. (26), containing the mass ratio my/mp.
Considering a charged pion decay, the mean lifetime in its rest
frame is 7o =26.0231 +0.0050 ns!?. It can be shown that this
measurement provides a speed dependent upper bound of

62
§<3.84x107* (—2 - 1>
1%

T:yT07

(19)

for the deviation of myj/my from unity. (One can write the
relevant mass ratio as
m
il G 1+ 57
mgr

(20)

where § <1 is the deviation of m;/my from unity. By expanding y
in Eq. (18) over § and comparing the obtained deviation with the
measurement uncertainty of 7
2
~ =37
0 = ya‘ro ~ 70010 - yOZ_CZTO 87

@D

where y, = 1/4/1 — Z—Z and o, the uncertainty of 7o, one obtains

the deviation in Eq. (19)). One can see that the upper bound
becomes smaller as the speed of the pion increases. Pions with the
highest measurable energies travel with speeds close to the speed
of light v =0.9999996¢2Y. For such pions the above upper bound
is §53.33 x 10710, The above bound corresponds to the upper
bound on the difference of eigenvalues -5 (E, | — Ej, z), where
one assumes m = m; = my as the ground state value for both M;
and My, for the same reason as in the WEP case. This provides a
test for the LLI

To test the QEP in strong gravitational fields and at relativistic
speeds, one can for example consider the perihelion precession of
planets. Following the standard procedure? (p. 194-200) and
using the metric in Eq. (39), it turns out that the perihelion
precession during one orbit gets modified by the relevant mass
ratio as

GM

Mg
my a(l — e?)’

Ap = 671 (22)
where a is the semimajor axis and e the eccentricity of the orbit.
Considering a number of orbits N around the central object, the
above expression is multiplied by N and the deviation should be
detectable for a large enough N if the EP is to be violated. It can
be shown that the precision of the measured precession of the
perihelion of Mercury AQsercur, = 42.9799 +0.0009"cy 1 2! pro-
vides an upper bound of < 2.1 x 10~ for the deviation of mg/mg
from unity in a similar manner as seen from Egs. 20, 21. The
above bound corresponds to the upper bound on the difference of
eigenvalues —L5 (E;, ; — E;, z)» where one assumes m = mg = mg

as the ground state value for both M and My, for the same
reason as in the WEP case. This provides a test for the LPI.

Conclusions

A precise formulation of the QEP is essential for the formulation
of quantum gravity, since gravity is an intrinsically quantum
interaction in such a theory. In this work, adapting the for-
mulation of Zych & Brukner”, the most general formalism for the
QEP is proposed, valid in generic curved space-times, for bosonic
and fermionic particles, and moving with arbitrary velocities. The
most important results that one obtains here are that the soccer-
ball problem and LLI are related, and that the geometry, probed
by a test particle, e.g., via the geodesic motion that it follows, in
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general depends on the ratios of the inertial, gravitational and rest
masses of the test particle. In other words, the observed geometry
is no longer just a function of the background metric, but also
depends on the properties of the test particle (i.e., observer) itself,
unless the QEP holds exactly! While it may be argued that such
observer dependence of measurable physical quantities is already
a feature of standard quantum mechanics, and that the above
mass ratio dependence is present in our QEP, one notes here that
the aforementioned test particle dependence should be there even
at the purely classical gravity level. Although seemingly counter-
intuitive, there is nothing intrinsically impermissible about it, and
furthermore such a necessary dependence from quantum
mechanics now persists in its classical limit as well.

Methods
Special relativity. One first considers the relativistic dispersion relation and its
non-relativistic limit. From the non-relativistic limit of the energy-momentum
dispersion relation one finds

2
P

o
2m

2
22 204 A 2 P
prcc+m mc+2m

E= —  mp® + (23)
where one distinguishes between the inertial and rest masses. One can trace back
the steps, and in a straightforward manner identify where masses m, enter the
standard relativistic energy-momentum dispersion relation, which then reads
m
E = —szcz + m%c‘l.

mI 24)

Note that the form of Eq. (24) is necessary to obtain the non-relativistic limit of
Eq. (23). Since there is no corresponding non-relativistic relation for massless
particles, there is no equivalent of Eq. (24) for photons. Therefore, the issues related
to the equivalence principle and its quantum counterpart, as studied in this work,
do not apply to massless particles. To satisfy Eq. (24) and the Lorentz scalar for the
four-momenta p¥p, = m3c?, the four-momentum must take the form of

E m
u— (= IR
p <67 mIP>’

where p = myvy is the relativistic momentum, y is the Lorentz factor and

E = mgc?y is the energy of the particle, equivalent to Eq. (24). By using the defi-
nitions of E and p containing the Lorentz factor y, and plugging them in the
Lorentz scalar product for four-momenta Pp, = m3c?, one can immediately see
that the Lorentz factor y also contains a ratio of inertial and rest masses

1

y= ——
Y (26)

my ¢

(25)

The above modified Lorentz factor can be interpreted in terms of a modification to
the time dilation and length contraction of a relativistic particle. Note that the
above Lorentz factor is also a function of m,,. Specifically, a function of the ratio my/
my. This is the case for all of the following considerations.

To define the four-velocity, one can write the four-momentum from Eq. (25) in
terms of the four-velocity as

o = gimel [T Yy = v ( Lot i)
p mRm1C< ml}’-,c)’ mpmy e\ g my c dr mpmy Cu,
(27)

“
the above, one can read out the zeroth component of the four-velocity as

lcdt my dt\>  my ,

-—=. =y = (=] =2
cdr my ¥ (dr) my v

Using the modified Lorentz transformation from the main paper with the four-

velocity defined above, for a particle moving in the x-direction, one finds the
composition law for velocities

where factoring out the masses appears as such that w*u, = ',"n—‘: is satisfied. From

(28)

my vyv
= 1— L 29
y m( ch2>’ (292)
or Y =yy— /¥ -1/ -1, (29b)
/o Vo —V
= V_l_%%’ (29¢)

where v is the particle velocity corresponding to y, in the initial inertial frame, v is
the velocity of the boosted inertial frame corresponding to y and v/ is the particle
velocity corresponding to y’ as measured in the boosted inertial frame. It is

interesting to note that Eq. (29b) does not explicitly depend on m,, and is identical

as in the standard case. However, the addition of velocities does depend on m,, as
seen in Eq. (29¢), due to the dependence of the Lorentz factors on m,.

General relativity. Here, the formulation of the equivalence principle is general-
ized to curved space-times, using masses #1,.

Weak gravitational field and the schwarzschild metric. In GR, the motion of a
particle in a background space-time is described by the geodesic equation®

d2x#

dr?

" dxf dx”

- — 30
PO dr dr ’ 30)

where 7 represents the proper time. In the case of the weak field limit of GR, when
8uv = Huv + My and |h,,| < 1 (in the following, all terms of second order and higher
in hy, are ignored), and the Newtonian limit for which % < %‘, one has 1"30 =

—19,hyy and the geodesic equation reduces to

dx & 1a 0 dt’
drz " de2 T 277"\dr)
To obtain kg, one must identify % and fd—d; in the non-relativistic limit, using test

particle masses m,. For the former, one considers Newton’s second law applied to
gravity, with the inertial and gravitational masses assumed to be different

(31

(32)

where ¢ is the gravitational potential and g= — V ¢ is the gravitational field. The
acceleration can be written in component form as

mpa=—mgVe,

5
dx’:_E "
dr? my

(33)

Since one must consider the non-relativistic limit to obtain hg, in which case
we can set y = 1, since > < ¢2. To evaluate the small deviation (in this case of the
00 component) of the metric from the flat Minkowski space-time, due to a weak
gravitational field, one plugs Eqs. (28) and (33) in Eq. (31) to obtain

me ¢

my 2’ (34
R

hyy=2—- = =14+hyy=1+4+2
00 g 8o 00

Using the same approach, one obtains the modifications for other components of
the metric. Because the equations in this work make use of a contravariant metric

g"", one must calculate the inverse of g,,. For the case of a diagonal metric, the
inverse simply inverts the diagonal elements. Therefore,

00 1 1

& S T igmE T

8oo - 1+2 my ¢ 9

2
my ¢

since ¢ < c2 in the weak field limit. These results can then be used to write the
weak field metric as

1 -2 O0(c™)
g = : : (36)
o) -1, (1 +2 ;’j;j;)

where one can see that the mass ratio mg/myr modifies the metric in the temporal
and all spatial components, while the inertial mass m; does not affect it. The off-
diagonal elements are of order O(c~°) and can be ignored. Note that the above
metric is given in a Cartesian coordinate system for convenience of use in Earth
based experiments. It turns out that every p? obtains a factor 1/m in front (or
equivalently, every v2 obtains a my in front), every ¢ obtains a factor mg in front
and every c? obtains a factor of my in front, which can be used as a rule of thumb to
enter masses m, in expressions.

For a strong gravitational field, described by a Schwarzschild space-time, the
general solution for a covariant metric, before evaluating the integration constant
K, has the form

(1+5 0 0 0
-1+57" o 0
G = ( J(r),) L . (37)
0 —r’sin?

The constant K is obtained in the asymptotic limit, where r — oo and the
gravitational field is weak. Therefore, one can use the result from Eq. (34) to
compare to the gyo component of the above Schwarzschild metric. It follows that

K=2Me$, _ _mc2GM.

38
" (39)

2
my

The inverse of the metric from Eq. (37), using the above constant, exactly
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corresponds to the modified Schwarzschild metric

-1
mg 2GM
(1 - aag) 0 o o
, _ (1 — ma26M
&(m,) = 0 (1 e a,) 0 0 (39)
0 0 -3 0
r
1
0 0 0  Psin’

In the above one can see that the mass ratio mg/mg modifies the metric only in the
temporal and radial components, while the inertial mass m; does not affect it. Note
that in the weak field limit of the geodesic equation from Eq. (30) for the above
metric, one obtains the second Newton’s law from Eq. (32).

Kerr metric. To obtain the additional integration constant L, due to the rotation of
the central object, the procedure of Papapetrou!! is followed. The general form of a
Kerr metric with the constants K and L can be written as®

Kr _KLr
(1 + Pz) 0 0 s 5in’f
2
0 _£ 9 0
8w = A 5 , (40)
0 0 —p 0
~Brinzg 0 0 —(r 412 - Knnl)ing

where A =%+ Kr+ L? and p? = r? + L?cos?0. Since the procedure of
Papapetrou!! makes use of Cartesian coordinates, it is convenient to write the
above metric in Cartesian coordinates as a line element’

2 Kr 21,2 Kr 2 2
&= <1+r‘*+Lzz2 A Gl il b

3 2
- 17K7’2<Lx+ry)2 dyt( Lz>dz
(r* + L222)(r2 + L?) 4+ 172
2Kr? 2Kr?
—  _(Ly— dtdx — ——o————
NI s A o) e )
2Kr?z 2K7?
= Lzzcdtdz—74 v 22(Ly—
rt 4 L*Z (r* + L222)(r2 + L?)
2Kr?z

TP D)

(Lx +ry) cdt dy

rx)(Lx + ry) dx dy

2Kr?z

Ly—m)dvdz+—— o o
Ly =) dx dz 4 e+ 1)

(Lx +ry)dy dz,
(41

where x = (rcos¢ + Lsin@)sin6, y = (rsing — Lcos ¢)sin 6, z = rcos 6 and
-2 +y?+22 - [2) - [222=0.

One obtains the metric of a rotating object in the asymptotic limit from the
weak field Einstein equations (g, = 7,y + hy,, with |h,,| < 1), which is later
compared to the asymptotic limit of the metric in Eq. (41), to obtain constants K

and L. The weak field Einstein equations read as!!

Dyw/ = —21Ty, (42)

where

1
E nwfh ) (43)

y}w = hw/ - h= nghpa
« is a constant, which takes the value 87G/c? in the standard case (for now « is

taken to be arbitrary, because it obtains modifications, as seen in Eq. (61)) and (T,
is the special-relativistic energy-momentum tensor which describes the source of
the gravitational field for a weak gravitational field. The Kerr metric is stationary,

which means that the temporal derivative in Eq. (42) vanishes and one obtains

VY, = 26T, - (44)
The general solution to the above equation reads as
K 1
0=~ 32 [ 2 TW(0EX (15)

where x is an arbitrary location outside the gravitating object, X is the location
inside the gravitating object, over which the integral is evaluated, and R is the
distance between the two locations, defined as

R = —X) =r —2xX + XX, (46)
where the Einstein summation rule is applied and 2 = xix is the square of the
distance of the observer from the central object. Note that in this notation x! = x,
P=yP=7X'=X,X2= Yand X3 = Z. Since all quantities must be evaluated in
the asymptotic limit, where ¥ « 1, one can write 1/R (as seen in Eq. (45)) as

1 1 1, xX

T T — N

R/ —2iX' 4 XX 1 T

The energy momentum tensor of a distribution of matter is defined as

oTuy pc u, iy, where u, = 1,,u” is defined through Eq. (27). For the case of a
rotating body, which rotates around the z axis in Cartesian coordinates, the

(47)

components of OT,‘v turn out to be

0Too_p—c70 o= 1/—cvsm(p 1/ 0101 and T,
/MR /MR o
= —p, |-& = [Rop
P Icvcostp o lo

where p is the matter distribution density, v is the rotational velocity of the central
object, assumed to be small v<<¢, and { T, and T are the unmodified tensor
components. Note that other tensor components vanish. Using the above energy-
momentum tensor and Eq. (47), one can write the two components of the solution
from Eq. (45) as

(48)

K x 3
27_[73/X0T02d X,
where the axial symmetry of the system ensures that the 1/r terms and terms with

other coordinate components vanish. Choosing the z-axis as the axis of rotation,
the special relativistic angular momentum reads

J =l/(X8T°2— Y
Cc

The axial symmetry of the system also relates the two terms in the above definition

as
/X3T°2d3x 7/Y8T°1 d3x=§]z.

Note that the energy-momentum tensor components in the definition of the
angular momentum is contravariant. To make this consistent with the previous
steps, it is straightforward to show the relations to the covariant energy-
momentum tensor components 7% = — T, and 7% = —JT,. Using these
relations, the second and third expressions in Eq. (48), and Eq. (51), the solutions

from Eq. (49) become
. _ kex fmg
I and y, = 2\ / m[] .

What remains is to evaluate the constant «. To do this, one must first consider
the first integral of the geodesic equation

dxt dx”

O

To compare this result with the Newtonian limit, one neglects all terms (1/r)? and
higher in the above expression, after plugging in the Kerr metric. One considers a

geodesic trajectory for a particle orbiting the central object in the x — y plane. After
some algebraic manipulation and differentiating over ¢ of Eq. (53), one obtains

& (1 LK
de* \r) " r— 202’
where { = r? df is a constant of motion, related to angular momentum, for an

orbiting particle. According to Newtonian mechanics, the energy of an orbiting
particle is constant for any distance from the central object 7, and is given by

* y/YondX and y, = (49)

Yo = o

oT) &'X (50)

(51)

Kcy

T 4nr3 ¢2)

Yoo =

1. (53)

(54)

mi*  GmgM
2

where one can clearly differentiate between #; and mg. Without loss of generality,
one can assume that the particle is orbiting the central object in the x — y plane.
Then, one can write the particle position vector as r = r(cos ¢, sin ¢) and its

angular momentum as J = rx p = ,/mym; c£ 2, where p is defined by the spatial

components of Eq. (27). Using the above, J = Iw = m;r? ‘;—‘f% and differentiating
with respect to ¢, one obtains

&y 1
de? \r r

By comparing Egs. (54) and (56), one can identify the constant K, which is exactly
the same as in the Schwarzschild and weak field cases (see Eq. (38)). Note that the
angular momentum, used to derive Eq. (56) corresponds to the angular
momentum of a test particle orbiting the central object and is different from the
angular momentum, defined in Eq. (50), which corresponds to the rotation of the
central object.

To obtain «, one uses the first expression in Eq. (48) with Eq. (44) to obtain

(55)

= const. ,

mg GM

. 56
my 2 (56)

m
Vg = 26p R, (57)
m

which must correspond to the Poisson’s equation for the gravitational potential in
the weak field limit
V¢ = 4nGp. (58)

Note that the above Poisson’s equation does not obtain corrections, since the mg/m;
ratio would modify it on both sides equally, which would then cancel. By comparing
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the above two equations, it turns out that

2
myp K

—— 59
my 2nG 9

Yoo =
and by using the inverse relation of Eq. (43), the goo component in the weak field
approximation turns out to be

mp K K
=l4+———¢=1+4+— 60
&oo + m; 4nG + (60)
Precisely the same terms appear in components g1;, g2, and gs3. Since the constant K
and potential ¢ are known (see Eq. (38)), the modified constant « can easily be
identified as

mgm; 8nG
=1 61
o 1)
thus effectively modifying the Einstein equations as
1 mgmy 8nG
Rw/ - ERgI“’ = m%{ A (62)

By plugging the modified Einstein constant from Eq. (61) in the expressions
from Eq. (52) and using Eq. (43), one obtains

meI/ 2Gx]z
m3/2 3

Mg mI

2Gy
hoy = yo = — m3/2

s

ST and hy, =y, = (63)

At this point one can define the constant a = MC * Using a and the above
information, one can write the line element of the metric of a rotating object as

. 2GM . 2GM
dsz=<1— G >2dt27(17 G )(dx2+dy +dz?)
my cAr my

m(;ml/ 4GM y
m;/z 2

64
meI/ 4GM x ©64)

sa cdt dx + a2
my

=4 cdt dy.

Comparing the above line element with the asymptotic limit when r — oo of the
line element from Eq. (41), one can identify the remaining constant L as
m

L=,/—a.

s (65)

The obtained constants K and L are then plugged in the metric from Eq. (40),
which is then inverted to obtain the contravariant Kerr metric as

=(m,) mm”  GMa
b 0 0 27 Em, Ay
0 _ Az(mu() 0 0
— p*(my)
g.“)/(m“) — 0 0 L 0 )
> (mg)
2 _ Alm, )—mla*sin®0
mg m GMar
2 ;5 2p2(m,)A(m,) 0 0 P2 (my)A(m,)sin’6
(66)
2
2 _ (2 m 2 moA 2 _ 2 _ MGg2GM m
where X*(m,) = (r +m—;a ) —m—l‘{u Asin*0, A(m,) =1> — m; m;a

and p* =1 + ::—;uzcosze.

Feshbach-Villars formalism in curved space-time. For convenience the
Feshbach-Villars formalism is used for bosons, suitably generalized to background
curved space-times. The effective Hamiltonian for bosons in a curved space-time
background in the Feshbach-Villars formalism takes the form

zp]
0 2m

. 1 Pop i

H=T3\/7Wmc2 (73 \/g—m ,
where 7 (k= 1, 2, 3) are the Pauli matrices, g!” is the metric of the curved space-time
background (4, v=0, 1, 2, 3 with 0 representing the time component and i, j=1, 2, 3
the spatial components), m is the mass of the boson, ¢ the speed of light, 130 = i% Vo
p; = —ihV, h the reduced Planck constant and V, the covariant derivative compatible
with the background metric. Note that the Feshbach-Villars formalism in curved space-
time has been previously studied in other representations, as seen in refs. 1> 14, How-
ever, the formulation with the simple representation given in Eq. (67) is introduced, for
the first time to the best of the authors” knowledge, in this work. Also, the Pauli matrices
in this formalism are used here simply for convenience and are in no way related to the
spin of the particle. They are also not affected by the curvature of space-time, unlike for
the Dirac matrices, which are relevant for particles with half-integer spins.

The eigenstates of the effective Hamiltonian in Eq. (67) are represented by a
pair of scalar functions ¢ and y as
v=[*].
X

The above definition of scalar functions ¢ and  is used for convenience to
formulate a Hamiltonian corresponding to relativistic bosons. They are related to

+ (75

(67)

(68)

the two degrees of freedom of the wavefunction from the Klein-Gordon equation,
which correspond to the two possible charge states!2. The Hamiltonian in Eq. (67)
and the wavefunction in Eq. (68) satisfy a Schrédinger-like equation

= ihd,¥ (69)

In the above, the partial derivative with respect to time is identical to the covariant
derivative, i.e., dg¥ = V¥, since ¥ consists of scalar functions. This identity is
taken into account in the following steps.

The wavefunction from the Klein-Gordon equation in this formalism is defined
as ® = ¢+ y. To see that the above formalism indeed represents the Klein-
Gordon equation in curved space-time, one plugs Eqs. (67) and (68) in Eq. (68) to
obtain two coupled differential equations

I VAR 0 PV, VY,
&5 P O+ mcg=ih/g"Vop, 70)
m KG
and
_WV.V, KAV V,
_ ol t _ G0 0vi _ 2, _ ; 00 (71)
& m o —g e © —mcy=ih\/g"Vy.

The above pair of equations represent a coupled system of equations for ¢ and y.
However, it is required to obtain the equation of motion for (D , since it is defined
as the wavefunction from the Klein-Gordon equation. To achleve this, Egs. (70)

and (71) can be used to retrieve additional relations between ¢ and y. Egs. (70) and
(71) may then be added together and derived over time to obtain a useful identity
ih\/gﬁvod)m — mcz(Vqu —Vox) =

mc(p —x) = TV, V0 .

(72)

In the above, the identity V,g#¥ = 0 has been used. Furthermore, subtracting Eq.
(71) from (70), one obtains
2

h"V,V; h VoV
j
! m ®K(; +2g

*q> A mPd =i /gW(Vop — Vop). (73

Plugging Eq. (72) in Eq. (73) and with a bit of algebraic manipulation, one obtains
the Klein-Gordon equation in curved space-timel®

. m2c?
(g" vV, + ?> ®_=0.

As expected, in the non-relativistic limit and in flat space-time, the standard
quantum mechanical results are obtained. This shows that Eq. (67) is indeed the
right Hamiltonian for a bosonic particle in an arbitrary gravitational field. This
demonstrates that the Klein-Gordon equation, relevant for spin 0 particles can be
written as an effective Hamiltonian for a Schrodinger-like equation.

By implementing the different masses to the Hamiltonian in Eq. (67), as seen in
the main paper, and following the above procedure, one obtains a modified Klein-
Gordon Equation in curved space-time

e
= )@KG =0,

(% Vos Z—‘:V), which is consistent with the quantum version of

(74)

(g" "(my)V,V, +2 (75)

where V, =
Eq. (25), when multiplied by iA.
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